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DERIVED COISOTROPIC STRUCTURES I: AFFINE CASE

VALERIO MELANI AND PAVEL SAFRONOV

ABSTRACT. We define and study coisotropic structures on morphisms of commutative dg
algebras in the context of shifted Poisson geometry, i.e. P,-algebras. Roughly speaking,
a coisotropic morphism is given by a P,;j-algebra acting on a P,-algebra. One of our
main results is an identification of the space of such coisotropic structures with the space
of Maurer—Cartan elements in a certain dg Lie algebra of relative polyvector fields. To
achieve this goal, we construct a cofibrant replacement of the operad controlling coisotropic
morphisms by analogy with the Swiss-cheese operad which can be of independent interest.
Finally, we show that morphisms of shifted Poisson algebras are identified with coisotropic
structures on their graph.
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INTRODUCTION

This paper is a continuation of the work of Calaque, Pantev, Toén, Vaquié and Vezzosi
[ | on shifted Poisson structures on derived stacks. In this paper we introduce shifted
coisotropic structures on morphisms of commutative dg algebras and show that they possess
certain expected properties:

e Suppose A is a P, 1-algebra, i.e. a commutative dg algebra with a Poisson bracket of
degree —n. Then the identity morphism A — A carries a unique n-shifted coisotropic
structure.

e A morphism of commutative algebras A — B is compatible with n-shifted Poisson
structures iff its graph A ® B — B has an n-shifted coisotropic structure.

We generalize these results to general derived Artin stacks in [MS2].

Classical setting. Let us recall two ways of defining Poisson structures and coisotropic
embeddings in the classical setting. Suppose X is a smooth scheme over a characteristic
zero field k. Then one has the following equivalent definitions of a Poisson structure on X:

(1) The structure sheaf Ox of X is a sheaf of k-linear Poisson algebras where the multi-
plication coincides with the original commutative multiplication on Oy.
(2) X carries a bivector my € H(X, A*Tx) such that [rx,7x]| = 0.

The equivalence of the two definitions is clear: a bivector 7y is the same as an antisymmet-
ric biderivation Ox ®; Ox — Ox; an easy computation shows that the equation [rx,mx] =0
is then equivalent to the Jacobi identity for the corresponding biderivation.

Now suppose X is a scheme carrying a Poisson structure in one of the senses above and
consider a smooth closed subscheme ¢: L < X. Then one has the following equivalent
definitions of L being coisotropic:

(1) The ideal sheaf I, defining L is a coisotropic ideal, i.e. it is closed under the Poisson
bracket on Ox.
(2) Let Ni,x be the normal bundle of L. The composite

N7, x — i'Tk =% i*Tx — Np/x

1S zero.

The equivalence of the two definitions is well-known and follows from the identification
N7 x =90/

Shifted Poisson algebras. Now suppose A is a commutative dg algebra. To generalize
the first definition of a Poisson structure we simply replace the Poisson bracket of degree 0
by one of degree —n.

To generalize the second definition, consider

Pol(A,n) = Homa(Sym4(Laln + 1), 4),

the algebra of n-shifted polyvector fields, where IL4 is the cotangent complex of A. It is
equipped with a commutative multiplication, a Poisson bracket of degree —n — 1 gener-
alizing the Schouten bracket and an additional grading such that L4 has weight —1, i.e.
Pol(A, n) is a graded P, 1 o-algebra. A bivector of the correct degree is a morphism of graded
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complexes k(2)[—1] — Pol(A,n)[n + 1] and the Jacobi identity can be succinctly summa-
rized by assuming that the morphism k(2)[—1] — Pol(A,n)[n + 1] is a map of graded dg
Lie algebras.

Therefore, we can give the following two definitions of an n-shifted Poisson structure on
a cdga A:

(1) A carries a P, 1-algebra structure compatible with the original commutative struc-
ture on A.
(2) One has a morphism of graded dg Lie algebras

k(2)[-1] — Pol(A,n)[n + 1].

In fact, both definitions give a whole space Pois(A, n) of n-shifted Poisson structures. An
equivalence of the two spaces is the main theorem of [\¢] (see also Theorem 4.5).

Shifted coisotropic structures. Now suppose f: A — B is a morphism of commutative
algebras. One can generalize the classical definitions of coisotropic submanifolds to n-shifted
coisotropic structures as follows.

To generalize the first definition, let us consider a certain colored dg operad P, ;) intro-
duced in [Sal]. Its algebras are triples (A, B, F') consisting of a P,,;;-algebra A, a P,-algebra
B and a morphism of P, ;;-algebras F': A — Z(B). Here Z(B) is the so-called Poisson center
and is given by twisting the differenital of Pol(B,n —1) by [rg, —|. In particular, we obtain
a morphism of commutative algebras A — Z(B) — B. To establish a relation between this
definition and the classical definition of coisotropic ideals, we show in Section 3.5 that the
homotopy fiber U(A, B) of the morphism A — B carries a canonical structure of non-unital
P, 1-algebra such that the projection U(A, B) — A is a morphism of P, -algebras.

To generalize the second definition, consider the algebra of n-shifted relative polyvectors

Pol(B/A,n — 1) = Hompg(Symg(Lg/a[n — 1]), B).

It is equipped with a graded P, -algebra structure as before. There is a natural morphism
of commutative algebras

Pol(A,n) — Pol(B/A,n—1)
induced from the morphism Lp/a — f*L4[l] of cotangent complexes. In Section 4.2 we
show that the pair (Pol(A, n), Pol(B/A,n — 1)) is naturally a graded P}, 2 ,11-algebra and
thus we obtain a graded non-unital P, ;5-algebra Pol(f,n) = U(Pol(A,n), Pol(B/A,n—1)).
Thus, we can consider morphisms of graded dg Lie algebras

k(2)[-1] — Pol(f,n)[n + 1].

To see that this indeed generalizes the classical definition, consider the case when f is
surjective which corresponds to a closed embedding of a subscheme. Then the morphism
Pol(A,n) — Pol(B/A,n — 1) is surjective as well and by Proposition 4.12 we can identify
Pol(f,n) with its strict kernel. Thus, bivectors in Pol(f, n) are bivectors in Pol(A, n) which
vanish when restricted to the normal bundle of B.

Therefore, we can make the following two definitions of an n-shifted coisotropic structure
on a cdga morphism f: A — B:

(1) One has a Pp,;q ,-algebra structure on (A, B) such that the induced morphism
A — Z(B) — B of commutative algebras is homotopic to f.
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(2) One has a morphism of graded dg Lie algebras
k(2)[-1] — Pol(f,n)[n + 1].

Let us denote the space of n-shifted coisotropic structures in the first sense by Cois(f,n).
The following theorem is the first main result of the paper (Theorem 4.16):

Theorem. Let f: A — B be a morphism of commutative dg algebras. Then one has an
equivalence of spaces

Cois(f,n) = Map,e- (k(2)[—1], Pol(f,n)[n +1]).

Let us mention that our first definition was based on | , Definition 3.4.4], which is
given as follows. By a theorem proved independently by Rozenblyum and the second author
(see [S5a2, Theorem 2.22]) there is an equivalence of co-categories

(1) Algp | — Alg(Algp)

beween P, -algebras and associative algebra objects in P,-algebras. Thus, one can define
an n-shifted coisotropic structure in terms of an associative action of the P, -algebra A on
the P,,-algebra B. An equivalence of the two definitions is shown in [5a2, Corollary 3.8].

Braces and the Swiss-cheese operad. Let us briefly explain some intermediate construc-
tions that go into the proof of Theorem 4.16 which can be of independent interest.

To prove the claim, we have to construct a cofibrant replacement of the colored operad
Pln41,n), which is done as follows. First of all, we have to replace the center Z(B) by a
homotopy center Z(B) which is defined as an operadic convolution algebra associated to the
cooperad colP,, Koszul dual to P,,. A priori the homotopy center Z(B) associated to some
cooperad € is merely a Lie algebra, but as shown by Calaque and Willwacher [C"\W], it carries
a canonical action of the so-called brace operad Bre if C is a Hopf cooperad, i.e. a cooperad
in commutative algebras, which is the case for € = colP,. Moreover, they have constructed
a morphism from a resolution of P, to Brep,. Thus, if B is a P,-algebra, Z(B) becomes
a homotopy P, i-algebra.

We can now generalize the problem of construction of a cofibrant replacement for P,
as follows. Let C; be a dg cooperad and Gy a Hopf dg cooperad together with a morphism
Q(Cy) — Bre,. In Section 3.3 we construct a certain semi-free colored operad SC(Cy, Cz)
whose algebras are given by triples (A, B, F'), where A is an (C;)-algebra, B is an (Cy)-
algebra and F': A — Z(B) is an oo-morphism of §2(C;)-algebras. In the case of Poisson
algebras we get a cofibrant colored operad P11, whose algebras are triples (A, B, F') con-
sisting of a homotopy P, -algebra A, homotopy P,-algebra B and an co-morphism of ho-
motopy P, 1-algebras F': A — Z(B). Moreover, by Proposition 3.19 the natural morphism
Pli1,m] = Ppngin) is @ weak equivalence.

Let us mention why we call SC(€;, C5) the Swiss-cheese construction. Consider the colored
operad SC = SC(coE,, coAss). Its algebras are triples (A, B, F') consisting of an Es-algebra
A, an Eq-algebra B and a morphism of Eq-algebras A — HH®*(B, B), where HH®*(B, B) is the
Hochschild cochain complex endowed with its natural Eo-structure. It is thus expected that
SC is a model for the chain operad on the two-dimensional Swiss-cheese operad of Voronov
(we refer to [Th] for a similar statement in the topological setting).
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We also generalize the construction of Calaque—Willwacher of the brace operad to a relative
setting of a morphism of 2C-algebras A — B. In this case one can consider a triple of a
convolution algebra of A, a convolution algebra of B and a relative convolution algebra. For
instance, one can interpret Pol(B/A, n—1) as a relative convolution algebra of the morphism
of graded P, q-algebras A — B — Pol(B,n — 1), where both A and B are equipped with
the zero Poisson bracket. Therefore, the construction of the graded P4 »41-algebra on the
pair (Pol(A,n),Pol(B/A,n—1)) follows from the action of the convolution algebra of A on
the relative convolution algebra constructed in Proposition 3.9.

Poisson morphisms. Let us finish the introduction by stating the last main result of
the paper. Recall that a morphism of Poisson manifolds ¥ — X is Poisson iff its graph
Y — Y x X is coisotropic, where Y is the same manifold with the opposite Poisson structure.
We show that a similar statement holds in the derived context as well. Namely, we have the
following statement (see Theorem 4.21).

Theorem. Let A, B be P, 1-algebras, and let f: A — B be a morphism of commutative
algebras. Then the space Pois(f,n) of lifts of f to a morphism of P, 1-algebras is equivalent
to the space of coisotropic structures on A ® B — B, where B is the same algebra B with
the opposite P, 1-structure.

Here by a decomposable n-shifted coisotropic structure on A ® B we mean one whose
underlying n-shifted Poisson structure on A ® B is obtained by a sum of n-shifted Poisson
structures on A and B separately.

The main idea of the proof is to use the Poisson additivity functor (1) to reduce the
statement to the following basic algebraic fact (see Lemma 4.20). Let A and B be associative
algebras and consider the right B-module Bg. Then lifts of Bg to an (A, B)-bimodule are
equivalent to specifying a morphism of associative algebras A — B since an (A, B)-bimodule
4Bg gives rise to a morphism of associative algebras A — Endrmoea,(B) = B.

Acknowledgements. We would like to thank D. Calaque, G. Ginot, M. Porta, B. Toén and
G. Vezzosi for many interesting and stimulating discussions. The work of P.S. was supported
by the EPSRC grant EP/1033343/1. We also thank the anonymous referee for his/her useful
comiments.

1. BASIC DEFINITIONS

1.1. Model categories. Let k be a field of characteristic zero and let dg,, be the symmetric
monoidal category of unbounded chain complexes of k-vector spaces. Moreover, it carries a
projective model structure, whose weak equivalences are the quasi-isomorphisms and whose
fibrations are degree-wise surjections. Together these structures are compatible in the sense
that dg, forms a symmetric monoidal model category.

Throughout the paper we are going to work in the setting of a general model category
M following [ , Section 1.1], which the reader can safely assume to be the category
of chain complexes dg, or the category of diagrams in it. In this section we will list the
necessary assumptions on the model category M.

Consider M, a closed symmetric monoidal combinatorial model category. In addiction to
this, suppose M is enriched over dg,, or, equivalently, M is a symmetric monoidal dg,-model
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algebra in the sense of Hovey (see [Ho, Definition 4.2.20]). It is shown in | , Appendix
A.1.1] that such an M is a stable model category. Furthermore, we will make the following
assumptions on M:

(1) The unit 1, of M is cofibrant.
(2) Suppose f: A — B is a cofibration and C' an object of M. Then for any morphism
A ® C — D the strict pushout of the diagram

AC——D

|

BeC

is also a model for the homotopy pushout.

(3) If A is a cofibrant object, then the functor A ® —: M — M preserves weak equiva-
lences.

(4) M is a tractable model category.

(5) Finite products and filtered colimits preserve weak equivalences.

We denote by M the localization of the model category M which is a symmetric monoidal
dg category.

1.2. Graded mixed objects. Most of the results in this section can be found in | ,
Section 1.1], so we will be brief; the reader is invited to consult the reference for details.

Let V be a complex and € a square-zero endomorphism of V' of degree 1 such that [d, e] = 0.
We can then twist the differential on V' by ¢, i.e. consider the same underlying graded vec-
tor space equipped with the differential d + e. This construction does not preserve quasi-
isomorphisms and so does not make sense in the underlying oo-category. We use the realiza-
tion functors of graded mixed objects as replacements for this construction: these preserve
weak equivalences and make sense for any M.

Let us recall the symmetric monoidal model categories M9 and M9"¢ of graded and
graded mixed objects of M respectively. We denote by M9 and M9™¢ the corresponding
oo-categories.

Definition 1.1. The category of graded objects in M
MI" = COMOdo(Gm)(M)
is the category of comodules over O(G,,) = k[t,t~!] with deg(t) = 0.

Explicitly, an object of M9" consists of a collection {A(n)},ez of objects of M with tensor
product defined by

(A B)(n)= @ A(m)@ B(na).
ni+n2=n
Note that the braiding isomorphism does not involve Koszul signs with respect to this grad-
ing. We will refer to this grading as the weight grading.
Now consider the commutative bialgebra B = k[z,t,t!] with deg(x) = —1, deg(t) = 0,
where A(t) =t®@tand A(z) =21+t ® x.
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Definition 1.2. The category of graded mized objects in M
M€ = CoModp(M)
is the category of comodules over B.

Explicitly, objects of M9™¢ are graded objects {A(n)},ez together with operations
e: A(n) — A(n+ 1)[1]

such that €2 = 0. Equivalently, M9 is the category of comodules over k[z] in M9", where
the weight and degree of x are both —1. Since k[z] is dualizable, M9"¢ is equivalently the
category of modules over k[e] in MY", where the weight and degree of € are both 1.

The category M9™¢ has a projective model structure whose weak equivalences and fibra-
tions are defined componentwise.

Consider the functor triv: M — M9 which associates to any object of M the same
object with the trivial graded mixed structure. Let 1;,(0) be the trivial graded mixed
object concentrated in weight 0. Then triv(V) = V ® 1,,(0). It is naturally a symmetric
monoidal functor.

Definition 1.3. The realization functor
| —|: M9 — M
is the right adjoint to the trivial functor triv: M — M9"™€.

Explicitly, [A| = Map, . (11(0), A), where Map, (=, —) is the M-enriched Hom. The
realization functor has the following strict model. 1/(0) has a cofibrant replacement in the
projective model structure given by k ® 1, for k = k[z,w], where deg(z) = 0, deg(w) =1
and the weights of both z and w are 1. We define dz = w and ez = wz. The natural

morphism k& — k given by setting z = w = 0 is a weak equivalence. Assume A € M9 ig
fibrant in the projective model structure. Then

| Al =Map, . (13(0), A) = Hom yor (1 ® k, A) € M.
Post-composing the realization functor with the forgetful functor M — dg, we get the
following description:
A= T A(n)

n>0
with the differential given by twisting the original differential by e. Since | — | is a right
adjoint to a symmetric monoidal functor, it naturally has a structure of a lax monoidal
functor.

Definition 1.4. The left realization functor
| — [ M — M
is the left adjoint to the trivial functor triv: M — M9™€,

Explicitly, it is given by A — (A ®q k)9m. We have a strict model of | — |' which is a
functor M€ — M given by A — (A ®y(q k). In the case M = dg, we have explicitly

A" = P Aw)

n<0
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with the differential given by twisting the original differential by e.
We have the following statements about our strict models of the realization functors.

Proposition 1.5. The realization functor | — |: M9 — M preserves weak equivalences
between fibrant objects.

Proof. The internal Hom Hom,e.(—, —) is a Quillen bifunctor in the projective model
structure. Therefore, Hom 4 (13 ® k, —) preserves weak equivalences between fibrant
objects. ([l

Proposition 1.6. The left realization functor |—|': M9 — M preserves weak equivalences.

Proof. By definition the functor on A € M9™¢ is given by
|A|l = (A ®1M®k[5} (1M ® ]%))Gma

The functor of G,,-invariants clearly preserves weak equivalences, so we just need to show
that the functor

MOdk[E}(MgT) — MI"
given by

A A®k[4 k

preserves weak equivalences. .
But k is cofibrant as a k[e]-module and hence 1), ® k is flat over 1) ® k[e] by our
assumptions on the model category. 0

An important feature of the realization functors are the natural filtrations that they carry.
For a graded mixed object A € M9 we define |A|=" to be the realization of A ® k(—n).
Similarly, we define |A|%<" to be the left realization of A ® k(—n)

Proposition 1.7. Suppose A € M9 is a graded mixed object. Then
[AEHD — JA]E" = A(n)

is a cofiber sequence.
Simalarly,

A(n) — |A]bS? — | A)bs(-D

is a fiber sequence.

Since | — | is left adjoint to a symmetric monoidal functor, it is naturally an oplax sym-
metric monoidal functor.

Proposition 1.8. Suppose Ai, Ay € M9 are two objects concentrated in non-positive de-
grees. Then the natural morphism

|41 @ Ao — | 4] ® | A’

18 an isomorphism.
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We denote by M= C M the full subcategory of objects concentrated in non-positive
weights and similarly for M=% c M9"¢. The previous Proposition implies that we have a
well-defined functor

| — | CAlg(M=%) — CAlg(M).

We also have a functor of Tate realization which combines both left and ordinary realiza-

tions.

Definition 1.9. The Tate realization functor
| —[F: M9 — M
is defined to be
|A|f = coii0m|A ® k(—1)|.

Finally, we will need a certain weakening of the notion of a graded mixed object. By
definition the data of a mixed structure on a graded object A € MY boils down to a
morphism of graded Lie algebras

€A k‘(Q)[—l] — HOInMgr(A, A)
Replacing strict morphisms by co-morphisms we arrive at the following definition:

Definition 1.10. A weak graded mized object is a graded object A € MY" equipped with
endomorphisms €1, €5, ... of A where ¢; has degree 1 and weight i such that

(d+e+e+...)2=0.

Note that graded mixed objects correspond to the case where ¢; = 0 for ¢ > 1. Similarly,
we can define oco-morphisms of weak graded mixed objects:

Definition 1.11. An oco-morphism of weak graded mixed objects f: A — B is given by
a collection of maps fy, f1,...: A — B, where f; has degree 0 and weight ¢ such that for
f=fo+ fi+... we have

fod+ef+..)=(d+ef+...)of.

It is obvious that weak graded mixed objects form a category whose localization is equiv-
alent to M9, see | , Section 3.3.4].

1.3. Operads. Our conventions about operads follow those of [D1R] and [.V]. All operads
we consider are operads in chain complexes.

Recall that a symmetric sequence V is a sequence of chain complexes V'(n) € dg, together
with an action of S, on V(n). The category of symmetric sequences is monoidal with
respect to the composition product and an operad is an algebra in the category of symmetric
sequences. We denote the category of operads as Opy.

We denote by Tree,,(n) the groupoid of planar trees with labeled n incoming edges and
m vertices. The morphisms are not necessarily planar isomorphisms between trees. For
instance, the groupoid Treey(n) has components parametrized by (p, n — p)-shuffles o for any
p, where a shuffle o corresponds to the tree t, as shown in Figure 1.

We will also be interested in the set Isomg(n, ) of pitchforks with n incoming edges and
r + 1 vertices, see Figure 2 for an example and [ , Section 2] for more details. The
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W

FIGURE 2. A pitch-
FIGURE 1. The tree fork in Tsomg (7, 3).

t, corresponding to a
(2,3)-shuffle o.

2 4 1 3 5

groupoid Treez(n) has trees of two kinds: pitchforks in Isomg(n,2) and the complement
Tree3(n).

Given a tree t € Tree,,(n) and a symmetric sequence O we define O(t) to be the tensor
product

o(t) = @ 0(n)

where the tensor product is over the vertices of t and n; is the number of incoming edges at
vertex 1.
Given an operad O, a tree t € Tree,,(n) defines a multiplication map

my: O(t) = O(n).
Similarly, for a cooperad € we have a comultiplication map
Ag: C(n) — C(t).

All cooperads are assumed to be coaugmented and conilpotent and we denote by € = CH1
the natural splitting.

Given a symmetric sequence P, the free operad Free(P) has operations parametrized by
trees t whose vertices are labeled by operations in P. Given a cooperad € we define its cobar
complex €€ to be the free operad on €[—1]. The differential on the generators X € C(n)[—1]
is given by
(2) dX = —sdi(s'X) = D (s®s)(t, Ay(sT'X))

temo(Treea(n))
where d; is the differential on the symmetric sequence C.

The following lemma is standard, and its proof can be found for example in [V, Propo-
sition 6.5.6].

Lemma 1.12. The cobar differential d on QC squares to zero.
We will also need a slight generalization of the above construction.

Definition 1.13. A curved cooperad is a dg cooperad € together with a morphism of sym-
metric sequences 0: € — 1[2] such that

(0 ®@ide — ide ® 0)A(x) =0
for any z € C.
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Note that this definition is slightly more restrictive than the corresponding notion in [HM\],
but it will suffice for our purposes. Given a curved cooperad C we can also consider its cobar
complex QC, we refer to [H)\, Section 3.3.6] for explicit formulas for the differentials on Q€.

Given an operad O and a complex A, we define the free O-algebra on A to be

0(4) = (0(n) @ A®")g, .

n

Similarly, for a cooperad C and a complex A, we define the cofree conilpotent C-coalgebra

on A to be
C(A) = @ (C(n) ® A%

We will also be interested in colored symmetric sequences and colored operads. Let V be
a set. A V-colored symmetric sequence is a collection of complexes V(vi™ & - - - @ 02" 1)
for every collection of elements v, vy, ..., v, €V together with an action of S, x--- xS, .
As before, the category of V-colored symmetric sequences has a composition product and a
V-colored operad is defined to be an algebra object in the category of V-colored symmetric
sequences. We denote the category of colored operads by VOp,; in particular, if the set of
colors has two elements, we denote it by 20p;,.

The following theorem is due to Hinich [Hi] in the uncolored case; the colored case is
treated in [BM], [Cav] and [PS].

Theorem 1.14. The category of (colored) dg operads VOp,, has a model structure which is
transferred from the model structure on V-colored symmetric sequences by the free-forgetful
adjunction.

Considering the coradical filtration on a conilpotent cooperad €, one has the following:
Proposition 1.15. Let C be a conilpotent (colored) cooperad. Then QC is cofibrant.

Here are our main examples of operads and cooperads:
e If A is an object of M, End, is a dg operad with End4(n) = Hom,,(A®", A). Sim-
ilarly, if we have a pair of objects A, B € M, then End, g is a {A, B}-colored dg
operad with

Endy p(A®" @ B®™ A) = Hom(A®" @ B®™, A)

and similarly for End p(—, B).

e Comm is the operad of unital commutative algebras, Lie is the operad of Lie algebras.
IP,, is the operad of unital shifted Poisson algebras with the commutative multiplica-
tion of degree 0 and the Poisson bracket of degree 1 —n. We denote by Comm™ and
P> the non-unital versions of the operads Comm and P,.

e The operads Lie and PP, can also be upgraded to operads in graded complexes where
we set the weight of the bracket to be —1 and the weight of the multiplication to be
Zero.

e coComm is the cooperad of non-counital cocommutative coalgebras, colLie is the
cooperad of Lie coalgebras. colP, is the cooperad of non-counital shifted Poisson
coalgebras with the cocommutative comultiplication of degree 0 and the Poisson
cobracket of degree 1 —n. We denote by coComm and coP$" the counital versions
of the cooperads coComm and colP,,.
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e If O is a symmetric sequence, we denote by O{n} the symmetric sequence defined by
0{n}(m) = 0(m) @ sgn;;"[n(m — 1)},
where sgn, is the sign representation of S,,. If O is a (co)operad, then so is O{n}.
For instance, Lie{n} is the operad of Lie algebras with bracket of degree —n.
Given a dg operad O, we can consider O-algebras in M. We denote the corresponding

category by Algy (M) and its localization by Algy(M). We also introduce shorthands
Algfi, = Algy;e(dgf),  Alg(M) = Alg, (M).

1.4. Lie algebras. Given a nilpotent L., algebra g, the set of Maurer—Cartan elements is
defined to be the set of degree 1 elements = € g such that

1
dx+zg[aj,...,x]n:0.

n>2

When there is no confusion, we will omit the subscript on the bracket. Similarly, if g is a
curved nilpotent L, algebra with curvature 6, the Maurer-Cartan equation is

9+dx+Z%[m,...,x]n:0.

n>2

Let Q24 be the cosimplicial commutative algebra of polynomial differential forms on sim-
plices. For instance, 0y = k and Q; = k[z, y| with deg(z) =0, deg(y) = 1 and dz = y.

Definition 1.16. The space of Maurer—Cartan elements MC(g) is the simplicial set of
Maurer—Cartan elements in g ® §2,.

Now suppose that g is a (curved) L., algebra equipped with a decreasing filtration
g =g D g®' O ... such that [g™,...,g*], C g=%*'"" and such that the quotients
g/g® are nilpotent. We call such filtrations admissible. For an L, algebra g equipped with
such an admissible filtration, we define

MC(g) = lim MC(g/g")-

Definition 1.17. Let g be a (curved) L, algebra and x € g a Maurer—Cartan element. The
L, algebra g twisted by x has the same underlying graded vector space; the brackets are
defined by

1
[xl,...,xn]n:ZE[:L’,...,x,xl,...,xn]n+k.
E>0

Lemma 1.18. Let g; and go be two admissible filtered Lo, algebras with a pair of morphisms
p: g1 — g2 and i: go — g1 such that poi =idy,. Then the homotopy fiber of

MC(g:) — MC(g2)

at a Maurer—Cartan element x € go 1s equivalent to the space of Maurer—Cartan elements
in the Lo, algebra ker p twisted by the element i(x).
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Proof. By assumption the morphism p: g; — go is surjective. By [Yal, Theorem 3.2] the
induced morphism MC(g;) — MC(gs) is a fibration of simplicial sets. Hence the homotopy
fiber is equivalent to the strict fiber, i.e. the inverse limit of fibers of MC(g;/g7) — MC(g2/95%).
The set of m-simplices of the strict fiber of MC(g,/g7) — MC(g2/g5) at « € go is isomor-
phic to the set of Maurer-Cartan elements y € g; ® €, such that p(y) = z. Using ¢ we can
identify
g1 = g2 Dkerp

as filtered L., algebras.
Therefore, the set of m-simplices of the strict fiber consists of elements y, € ker p satisfying
the equation

0+ d(yo + iz +Z Yo + (), ... yo + i(x)].
n>2

Let us now expand this equation. The term not involving vy is
: 1. .
0+di(z)+ Y —li@). i), =0
n>2
by the Maurer—Cartan equation for i(x). Therefore, we get the equation
1 , :
dy0+2m[i( ) Yoln +Z Zk' (@), .-, i(2), Y0, - - -+ Yo,
n>2 ’ n>2 k>0

i.e. the Maurer—Cartan equation in the L., algebra ker p twisted by i(z). O

Recall that the operad Lie is an operad in graded complexes where the weight of the
bracket is —1. The operad of non-curved L.-algebras can also be enhanced to an operad in
graded complexes by assigning weight 1 — n to the bracket [—,..., —],. Alternatively, one
can consider the coComm{1} as a graded cooperad with coproduct of weight 1 and define
the L., operad as Q(coComm{1}).

Given a graded L., algebra g we denote by

=[] s(n)

n>m
its completion in weights > m. Then g=? carries an admissible filtration
2o gt ...

A version of the following statement was proved by the first author in [\Me, Section 4]. Let
k(2)[—1] be the trivial graded L., algebra in degree 1 and weight 2.

Proposition 1.19. Let g be a graded Lo, algebra in dg,. There is an equivalence of spaces
MapAlgfzo (1{3(2)[—1], g) = M_C(922)
Similarly, if g s a graded dg Lie algebra, then there is an equivalence of spaces

MapAlggje (k(2)[-1],9) = MC(g=?).
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Proof. Recall that in the model category of L., algebras every object is fibrant, so we just
need to find a cofibrant replacement L for k(2)[—1].

By [V, Lemma 6.5.14] the symmetric sequence Lo, 0, coComm{1} equipped with the
Koszul differential « is quasi-isomorphic to the unit symmetric sequence, so the natural
morphism

Lo Sy, (VID[-1]) = V
is a quasi-isomorphism for any complex V. Here Sym, is the reduced symmetric algebra and
the free Lo-algebra L. (Sym,(V[1])[—1]) is equipped with the Koszul differential a.

Let V' = k(2)[—1], then Sym,(V[1])[—1] = span{p2, p3, ...}, where p, has weight n and

degree 1. Let p = >, p;. Then the Koszul differential gives

dp+> [p,...,p] =0.
n=2

Therefore, if we define Ly to be the free graded L., algebra on the generators py, ps, ...
equipped with the differential as above, then the natural morphism Ly — k(2)[—1] given by
projecting on ps is a quasi-isomorphism. Moreover, by construction L is cofibrant.

Therefore, one has equivalences of spaces

Map e (K(2)[=1], ) = Homyjger o(Lo, 9)
= Hom g (Lo, g ® Q).
The latter Hom is easy to compute and it exactly gives the set of Maurer—Cartan elements

in g=2 ® Q.. O

2. OPERADIC RESOLUTIONS

In this section we collect some useful results which describe spaces of O-algebra structures
for an operad O and spaces of O-algebra morphisms.

2.1. Deformations of algebras. Let € be a coaugmented dg cooperad so that we can split
C = C@ 1. For an operad P we introduce the convolution algebra Conv(C,P), a dg Lie
algebra, as follows. As a complex it is defined to be

Conv(€,P) = [ [ Homg, (C(n), P(n)).

For brevity we denote
Conv(C; A) = Conv(C, Endy).
We introduce a pre-Lie structure on Conv(C, P) by
(fe)X)= Y m((f®g9AX))
temo(Treez(n))
for any f,g € Conv(C,P) and X € €(n). The Lie bracket is defined to be
[frg)=Ffeg—(-1)"ger.
Here is a more explicit description of the pre-Lie structure. Recall that operations of arity

m in the pre-Lie operad are parametrized by rooted trees with m vertices [C'.]. Given a
rooted tree t we denote by Tree,, (t,n) the groupoid of trees obtained by attaching incoming
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FIGURE 3. A rooted tree t and an element of Trees(t, 7).

edges at each vertex of the tree t such that the total number of incoming edges is n (Fig. 3).
The action of the rooted tree t on the elements fi,. .., f,, € Conv(C; A) is given by the sum
over the trees t' € mo(Tree,,(t,n)) where each term in the sum is given by the composition
associated to the tree t’ with vertices labeled by the elements f;.

For example, consider the tree t defining the pre-Lie bracket. Then Treey(t, n) = Treey(n)
whose connected components are parametrized by trees t, associated to the shuffles o € S, ,,_,,.
Therefore,

(3) (f .g)(X;ala .- '>an) = Z Z :tf(Xg‘f)ag(X(tg)vacr(l)a .- 'aa'cr(p))aao(p—l—l)a cee aa'cr(n))>

p=0 UESp,nfp

where the sign arises from the permutation of {f, g, X{f), X&'), ai,...,a,} and the tree t, is
the tree corresponding to the shuffle o.

If P is an operad in M, we can enhance Conv(C, P) to a Lie algebra in M by considering
the internal Hom in M and similarly for Conv(C; A) in the case A is an object of M.

If € is a graded cooperad, we introduce a graded Lie algebra structure on Conv(C, P) by
considering the internal grading on € and putting P in weight 1. In this way Conv(C,P)
acquires a Lie structure of weight —1. Note that graded morphisms Q€ — P give rise to
elements of Conv(C, P) which are pure of weight 1.

Finally, if € is a curved cooperad, we obtain a curved Lie algebra structure on Conv(C, P)
as follows. The curving on Conv(C,P) is the weight 1, degree 2 element obtained as a
composite

e(1) S k2] —» P12,

where the second morphism is the unit morphism in P.
The following statement is proved by considering the coradical filtration on C:

Lemma 2.1. Suppose C is a conilpotent (curved) cooperad. Then Conv(C,P) is pronilpotent.

Using this Lemma we have the following statement.

Proposition 2.2. Assume O is an operad with a weak equivalence Q€ = O, where C is a
conilpotent (curved) cooperad. Then we have an equivalence of spaces

Mapg,, (0, P) = MC(Conv(C, P)).
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Proof. Note that since € is conilpotent, Q€ is cofibrant. We have a sequence of equivalences
of spaces
Mapg,, (0, P) = Mapg,, (2€,P) = Homg,, ,(Q2€,P) = Homg,, (Q2€,P @ ).
An operad morphism f: € — P is uniquely specified by a degree 0 map of symmetric
sequences fy: C[—1] — P satisfying the equation
d(fo(sX)) = f(dsX)

=fl-sdX - > (s@s)(t, AX))

temo(Treea(n))

=—fo(sdX) = f| Y (s®s)(t, Au(X))

temo(Treez(n))

for any sX € C,(n)[—1]. Since f is a morphism of operads, the last term can also be written
in terms of fy, so we obtain

d(fo(sX)) + fo(sdX) + Z pe((fos @ fos)Ag(X)) = 0.

temo(Treea(n))
Finally, identifying degree 0 maps fo: C[—1] — P with degree 1 maps fos: C — P we
get exactly the Maurer—Cartan equation in Conv(C, P). Since the simplicial set of Maurer—

Cartan elements in a dg Lie algebra g is defined to be the set of Maurer—Cartan elements in
g ® Q, and Conv(C, P ® Q,) = Conv(C, P) ® €2, we obtain an equivalence of spaces

Mapg,, (0, P) = MC(Conv(C, P)).

We will also need a variant of the convolution algebra

Conv’(€,P) = ] [ Homsg, (C(n), P(n))

which does not use a coaugmentation on C.
The Lie bracket on Conv(C,P) extends to one on Conv’(€, P). Note that in contrast to
Conv(C, P), the Lie algebra Conv’(€, P) is not pronilpotent.

2.2. Harrison complex. Suppose A is a commutative algebra in M. We will begin by
constructing a canonical resolution of A, i.e. a graded mixed commutative algebra A€, free
as a graded commutative algebra, together with a weak equivalence |A¢|" = A. For this we

will use the canonical cobar-bar resolution, the reader is referred to [LV, Section 11.2] for
details.
Let coLie’ be the cooperad of curved Lie coalgebras. Then as in [[1)\], Section 6.1] one

can construct a weak equivalence of operads
Q(coLie’{1}) — Comm.

The cooperad coLie? admits a weight grading where we set the weights of comultiplication
and curving to be —1. Under this grading coLie? is concentrated in non-positive weights.
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Similarly, Comm has a filtration by the number of generating operations. Moreover, the
morphism Q(coLie?{1}) — Comm is compatible with the filtrations.

We define A¢ = Sym(coLie’{1}(A)) = Comm o coLie’{1} o A as a commutative algebra,
where o is the composition product of symmetric sequences with A considered as a symmetric
sequence in arity 0. We define the grading on A¢ using the grading on coLie?{1}. The mixed
structure on A€ consists of two terms and coincides with the differential on the cobar-bar
resolution for which we refer to [[I\, Section 5.2].

The counit morphism coLie’{1} — 1 induces a morphism

coLie’{1}(A) — A
which defines a morphism of graded commutative algebras
Sym(coLie?{1}(A)) — A.
It is easy to see that it is compatible with the mixed structure, hence one obtains a morphism
fi]A — A
The following statement is [V, Theorem 11.3.6] and [.C:, Theorem 15]:

Proposition 2.3. Let A be a commutative algebra in M cofibrant as an object of M. Then
the morphism f: |A|'! — A is a weak equivalence.

Lemma 2.4. Let A be a commutative algebra in M cofibrant as an object of M. Then | A¢|'
s a cofibrant commutative algebra.

Proof. Consider a filtration on the resolution A€ as follows. Let AS be the symmetric algebra
on coLie?{1}(A) in weights at least —n; the mixed structure on A€ restricts to one on A¢.
In particular, A§ = Sym(A) with the trivial mixed structure.

Since A is cofibrant as an object of M, the object

P (coLie’{1}(m) @ A=™)5

0<m<n
is cofibrant as well. |A¢|' is given as the colimit of the direct system
€|l €|l
|AGl = AL — ..,

but each arrow is a cofibration of commutative algebras and hence |A€|' € CAlg(M) is
cofibrant. 0

Lemma 2.5. Let B € CAlg(M=%¢) be a graded mizred commutative algebra in M concen-
trated in non-positive weights. We have an isomorphism
I~
Q5] = Q.
of | B|'-modules, where on the left we use the functor

| —|": Modp(M?") — Mod g (M).
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Proof. Recall the following explicit construction of the module of Kéhler differentials. Let
A be a commutative algebra in M.

Denote by i: Sym,(A) — A® A the space of Sy-invariants. We denote mg: Sym,(A) — A
the multiplication map given by m, = %moz'. The module of Kéhler differentials QY € Mod (M)
is defined to be the coequalizer of A-modules

(m®id)o(id®i)
QY = coeq [ A ® Sym,(A) AR A |,
1d®ms
where A ® Sym,(A) and A ® A are the free A-modules on Sym,(A) and A respectively.
Since | — |! is a left adjoint, it preserves colimits and therefore the claim follows from the
explicit description of the module of Kahler differentials given above. O

We are now going to define the Harrison chain and cochain complexes for a commutative
algebra A € CAlg(M) which will be certain graded mixed A-modules whose realizations
represent the cotangent and tangent complex respectively.

Define

Harr, (A, A) = A ® coLie{1}(A) = QY. @4 A € Mod (M)

with the mixed structure coming from the one on Q.. By construction we have a morphism
of graded mixed A-modules

Harr, (A, A) — QY
given by

f®g— fdirg

in weight 0, where we consider the trivial graded mixed structure on QY.
Proposition 2.6. Suppose A € CAlg(M) is a cofibrant commutative algebra in M. Then
the morphism

Harr, (A, A) — Q4
mduces a weak equivalence

|Harr, (A, A)|' — QY
of A-modules.
Proof. By | , Proposition A.1.4] the forgetful functor CAlg(M) — M preserves cofi-

brant objects, so A is cofibrant as an object of M.
By Proposition 2.3 and Lemma 2.4 the morphism of A-modules

QiAe‘l ®‘As|l A — Q}4

is a weak equivalence.
By Lemma 2.5 we get an isomorphism

Q‘1A€|l ®|Ae‘l A g ‘91145 ! ®‘As|l A
But since | — |' preserves colimits and is monoidal,
|QUe]' @pacp A2 [Qhe ®ac Al' = Harro (4, A).
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Let us now introduce the Harrison cochain complex. Let
Harr*(A, A) = Homy,q, (pore) (Harre (4, A), A) = Hom,, (coLie? {1} (A), A).
As graded objects we can identify
Harr®(A, A) = Conv(coLie{1}; A)(—1).

The multiplication and unit on A defines an element m € Conv(coLie’{1}; A) satisfying
the curved Maurer—Cartan equation. It is not difficult to check that the mixed structure on
Harr®(A, A) is given by [m, —].

Let Der™ (A, A) € Alg,.(M) be the Lie algebra of derivations of A. Consider the mor-
phism of graded objects

Der™ (A, A) — Harr®(A, A)
induced from the morphism Der™ (A, A) — Hom,, (4, A).

Proposition 2.7. Suppose A € CAlg(M) is a fibrant and cofibrant commutative algebra in
M. Then the morphism

Der™ (A, A) — Harr®(A, A)
induces a weak equivalence of Lie algebras in M

Der™ (A, A) — |Harr®(4, A)|.

Proof. The compatibility with the Lie brackets is obvious since the weight 0 part of Harr®(A, A)
is Hom,, (A, A) and the pre-Lie structure (3) restricts to the composition of endomorphisms.
The morphism Harr,(A, A) — QY induces the morphism

Der™ (A, A) — Harr®(A, A)

after applying Homy,q, (=, A). Since A is fibrant, the functor Homyoq, (=, A) pre-
serves weak equivalences between cofibrant objects. By construction |[Harr, (A, A)|' is a semi-
free A-module, hence it is cofibrant. Since A is cofibrant, QY is also a cofibrant A-module.
Therefore,

Der™ (A, A) — Ho_mMOdA(M)(|Harr.(A, AL A)

is a weak equivalence by Proposition 2.6. The statement follows by observing that the
natural morphism

HO_mModA(M)(|Ha1"1"-(A> A)|laA) - |HO—mModA(MW"€)(Harr'(AaA)aA)| = |Harr*(4, A)|

is an isomorphism. O]

3. BRACE CONSTRUCTION

3.1. Braces. Let € be a cooperad. In Section 2.1 we have shown how to make the convolu-
tion algebras Conv(C; A) and Conv’(C; A) into pre-Lie algebras for any complex A. In this
section we introduce two important generalizations of this construction.

Recall from [5a2, Definition 1.12] the following notion. Given a symmetric sequence € we
define C°" to coincide with € in arities at least 1 and C®(0) = C(0) @ k in arity 0.
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FIGURE 4. Generating operations of Bre.

Definition 3.1. A Hopf counital structure on a (curved) cooperad € is the structure of a
(curved) Hopf cooperad on € such that the natural projection €™ — € is a morphism of
(curved) cooperads and such that the unit of the Hopf structure on €(0) = C(0) & k is
given by inclusion into the second factor.

Remark 3.2. If C is a coaugmented cooperad, € will not in general inherit the coaugmen-
tation.

Calaque and Willwacher extend the action of the pre-Lie operad preLie on Conv®(€; A)
to an action of the operad preLie, whose definition we will now sketch. We refer to | ,
Section 3.1] for details.

Recall that the operations in the pre-Lie operad preLie are parametrized by rooted trees
with numbered vertices. The operadic composition t; o, ts is given by grafting the root of
the tree to into the m-th vertex of t;. Now suppose € is a cooperad with a Hopf counital
structure. The operad preLie, has operations parametrized by rooted trees where each vertex
is labeled by an operation of C°" whose arity is equal to the number of incoming edges at the
given vertex. The operadic composition is again given by grafting trees and it uses the Hopf
cooperad structure on €. The action of preLiee on Conv”(C®; A) is essentially the same as
the pre-Lie structure on Conv’(€"; A) and uses the Hopf structure on G to multiply the
label on the rooted tree by the label in the convolution algebra.

Given a Maurer—Cartan element f in a dg Lie algebra, the same Lie algebra with the
differential d + [f, —] is still a dg Lie algebra. This is no longer true for pre-Lie algebras and
one has to twist the operad. Using the general notion of twisting introduced in | | one can
construct the brace operad Bre which has operations parametrized by rooted trees where
“external” vertices are labeled by elements of C* and the rest of the vertices, “internal”
vertices, are labeled by elements of €[—1]. In the pictures we will draw, external vertices are
colored white and internal vertices are colored black. The generating operations of Bre are
shown in Figure 4, where the root is labeled by an element of €. We refer to | , Section
9] for an explicit description of the differential on Bre, but roughly it is obtained by the sum
over all vertices of the following terms:

e If the vertex is external, we replace it by the first expression shown in Figure 5 and
apply the composition in the pre-Lie operad.

e If the vertex is internal, we replace it by the second expression shown in Figure 5
and apply the composition in the pre-Lie operad.

e We discard all trees which have internal vertices with fewer than 2 children.

Consider a morphism of operads
(4) Q¢ — Bl"e
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F1GURE 5. Differential on Bre.
defined in the following way. The operad € is freely generated by C[—1] and we send a
generator sz € C[—1] to the first corolla shown in Figure 4 with the internal vertex labeled
by z.
To see that the morphism (4) is compatible with the differential, note that the differential
applied to the first tree in Figure 4 is equal to the sum of trees of the form

2.

temo(Treea(m))

where the labels of the two internal vertices are obtained by applying the comultiplication
in the cooperad € to the original label which is exactly the image of the cobar differential
on Q€.

Suppose now A is a Bre-algebra. Applying the forgetful morphism (4) we get an 2C-algebra
structure on A and hence a differential on the cofree C°"-coalgebra C*(A). Moreover, we get
an associative product on C°*(A) defined in the following way. A multiplication

CUA) ® CM(A) — CM(A)

of cofree conilpotent C-coalgebras is uniquely determined by the projection to the cogener-
ators
CU(A) ®CM(A) — A,

i.e. by morphisms

CU() ® A% ® € (m) ® A®™ — A.
We let the morphisms with [ = 1 be given by the second corollas in Figure 4 and those with
[ # 1 are defined to be zero. The unit is defined to be the inclusion of k into the second
summand of C"(A) = C(A) & k.

Remark 3.3. The multiplication
CU(l) ® A% ® C(m) ® A®™ — C™(A)

is given by the composition

)
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In the composition the C®-label of the square vertex is the label of the output in €**(A) and
the number of incoming edges at the square vertex is the arity of the operation in C™(A).

Proposition 3.4. Let A be a Bre-algebra. Thus defined multiplication defines on C*(A) a
structure of a dg associative algebra which is compatible with the C"-coalgebra structure.

Proof. We refer to [5al, Proposition 3.3| for a detailed proof in the case € = coAss.

By construction the product is compatible with the C®-coalgebra structure, so we just
need to check the associativity of the product and the fact that the differential d on C®(A)
is a derivation of the product. To check these axioms, it is enough to check that these hold
after projections to the cogenerators A.

e (Associativity). The only nontrivial equation is expressed by the commutative dia-
gram

(A ® ecu(l) ® A®l) ® ecu(m) QA _“ o AR (ecu(l) ® A®! ® ecu(m) ® A®m)

|

A®CM(A)

l

A®CM(m)® A®™ A

We denote by x the element of the first A factor, by y elements of A®! and by z
elements of A®™. Then the composition along the bottom-left corner is given by

%o

which coincides with the composition along the top-right corner following Remark
3.3.
e (Derivation). The differential on C"(A) is given by the sum

The compatibility of the differential and the multiplication then immediately fol-
lows from the compatibility of the differential and the composition in the operad Bre
since the multiplication on C™*(A) is defined in terms of the composition.

O

This proposition motivates the following definition.
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Definition 3.5. An oco-morphism of Bre-algebras A — B is a morphism of dg associative
algebras C(A) — C°(B) compatible with the C®-coalgebra structures.

Suppose C(A) — C®(B) is an oo-morphism of Bre-algebras. Using the canonical unit
morphism coComm — C° we obtain a morphism Sym(A) — Sym(B) which preserves the
cocommutative comultiplication and the multiplication. In particular, it induces a strict
morphism of Lie algebras A — B after passing to primitive elements.

Let us now consider the case when C® is a graded Hopf cooperad, i.e. a cooperad in
graded commutative dg algebras. The operad Bre inherits the grading given by the sum of
all weights of labels in €. Now recall that Bre acts on Conv’(C*{n}, A) for any n. If €*{n}
has a structure of a graded module over €, then the natural grading on the convolution
algebra Conv’(C*{n}, A) makes it into a graded algebra over the graded operad Bre.

Remark 3.6. Note that we do not assume that the grading on C®{n} coincides with the
grading on C. In fact, in our main example of polyvector fields the two gradings are
distinct.

Fix the number n.

Definition 3.7. Let A be an Q(C{n})-algebra whose structure is determined by a Maurer—
Cartan element f € Conv(C{n}; A). The center of A is the shifted convolution algebra

Z(A) = Conv’(C*{n}; A)[—n]
twisted by the Maurer—Cartan element f.
Note that by construction the center Z(A) is naturally an algebra over Bre{n}.

3.2. Relative brace construction. Let us now describe a relative version of these con-
structions. Consider a pair of complexes A, B. Then we can define a relative convolution
algebra to be the complex

Conv’(C; A, B) = Hom,(C(A), B).
We are now going to introduce a certain algebraic structure on the triple
(Conv?(C™; A), Conv’(€; A, B), Conv’(C™"; B))

which generalizes the pre-Lie structure on the convolution algebra.

Consider the set of colors V = {A - A, A — B, B — B}. We introduce a V-colored
version of the pre-Lie operad denoted by preLie™ in the following way. Operations of preLie™
are parametrized by rooted trees with edges of two types: of type A that we denote by solid
lines and of type B that we denote by dashed lines. We disallow any vertices which have
incoming edges of different types or those that have incoming edges of type B but an outgoing
edge of type A. A color of the vertex is determined by the type of inputs and outputs and we
denote it as e.g. A — B. To resolve ambiguities, we draw incoming edges to leaves (recall
that in the case of the ordinary pre-Lie operad we de not draw incoming edges to leaves
following [C'L]). One can read off the arity of the operation parametrized by a rooted tree in
the following way. Each vertex has a color determined by incoming and outgoing edges and
so does the whole graph and this determines the arity. See Figure 6 for an example. The
operadic composition is given by grafting trees exactly in the same way as in the case of the
pre-Lie operad.
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FIGURE 6. An example of an operation in prelie” of arity
(A— A)®? 2 (A — B),(A— B)).

b6 o avo
¢ 0d 0 -0

FIGURE 7. L brackets on a preLie™ algebra.

The colored operad preLie™ acts on the triple
(Conv?(C™; A), Conv’(€; A, B), Conv’(C™"; B))

exactly in the same way as in the case of the usual pre-Lie operad. Namely, given a rooted
tree we substitute elements of the convolution algebras into vertices based on colors:

e if a vertex has color A — A, we substitute an element of Conv®(C"; A),
e if a vertex has color A — B, we substitute an element of Conv’(C; A, B),
e if a vertex has color B — B, we substitute an element of Conv®(C"; B).

After such a substitution one reads off the result by composing the morphisms using the
pattern given by the rooted tree.
Given a preLie”-algebra (C1, Cy, C3) one has a natural L., structure on

C1 @ Cy[—1] @ C;

given by expressions in Figure 7. Here the first three trees give rise to ordinary Lie brackets
and the last tree gives rise to an L., operation.

Since €™ is a Hopf cooperad, one can similarly define a V-colored operad preLieg” whose
operations are parametrized by rooted trees with edges of two types as in the case of
preLie” and whose vertices are parametrized by elements of €. As before, the triple
(Conv®(C; A), Conv?(€; A, B), Conv’(C"; B)) is an algebra over the colored operad preLieg’.

Using the forgetful map from preLiey -algebras to L..-algebras, one can apply the general
formalism of twistings of | | to construct the colored operad Brg” whose operations are
parametrized by rooted trees with dashed and solid edges and external and internal vertices
as before.

Suppose

f = (f1, f2, f3) € (Conv’(C™; A), Conv’(€; A, B), Conv’(C™; B))
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N 3
N 7
N 4
N 7
!
|
|

FIGURE 8. An QC-structure on Cy, the morphism C5 — Conv(C; Cy) and
the oo-morphism C; — Conv;(C; Cy) respectively.

is a Maurer—Cartan element in the underlying L..-algebra. We can twist the differential on
Conv®(C°"; A) using f1, we can twist the differential on Conv’(C®*; B) using f3 and we can
twist the differential on Conv’(C; A, B) using all three elements. Then as before the triple

(Convy, (€ 4), Conv}(€: A, B), Convy (€ B))

becomes an algebra over the colored operad Brg™ if we assign f to internal vertices.

Suppose now (C4, Cy, C3) is any Brg'-algebra. In particular, C; and C3 are Bre-algebras.
One naturally has an QC-algebra structure on Cy given by sending an element sz € €[—1]
to the first corolla shown in Figure 8 where the internal vertex is labeled by the element
x. In particular, Conv(C;Cy) has a Maurer—Cartan element that we denote by f. Note
that this should not be confused with the previous occurrence of Maurer—Cartan elements
in Conv’(C; B).

We have a morphism

(5) Cg — COHV?(GCU; Cg)
defined in the following way. The second corolla shown in Figure 8 defines a morphism
CMm) ® C, @ C5™ — Cy,

where the element of C®(m) labels vertex 0. By adjunction this gives the required morphism.
Similarly, we define the morphism

(6) C(Cy) — Convy(€™; ()
in the following way. The third corolla shown in Figure 8 defines a morphism
C(m) ® CY™ ® Cy — Cy
which by adjunction gives the morphism
CU(Cy) — Hom(Cs, Cs) — Conv?c((icu; Cy).
Remark 3.8. One can give the following pictorial representation of the morphism

C (m) @ CF™ — € (Convy(€; C)) -
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Here the label of the rectangle on the left is the element ¢ € C®(m). The labels of the
unmarked vertices on the right are given by applying the coproduct in the cooperad C* to
¢ with respect to the corresponding picthfork.

Proposition 3.9. Let (Cy,Cy,C3) be a Brg -algebra. Then the morphism (5)
03 — COHV?(GCU; 02)

1s a morphism of Bre-algebras.
Similarly, the morphism (6)
C) — Conv?((?cu; Cy)
s an co-morphism of Bre-algebras.

Proof. For the first statement we have to show that the diagram

Bre(m) @ C$™ — Bre(m) ® Conv?c((fcu; Cy)®m

| |

Cs Conv?c((icu; Cy)

commutes. Pick t € Bre(m) and z1,...,x,, € C3. The composition along the bottom-left
corner is given by applying composition using the pattern given by the trees

N ’
N ’
N s

@ og t

where the vertices of t are labeled by the elements ;. Similarly, the composition along the
top-right corner is given by the sum over numbers ny, ..., n,, of trees given by attaching n;
incoming edges at vertex i of t. The two expressions obviously coincide. For instance, in the

composition
ORI D
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the term with n; =1, no =2 and ng =0 is

De
© 0o
o

For the second statement we have to check that
e Cy) — GC“(COHV?(GC“; C3))

is a morphism compatible with the differentials and multiplications. The computation is
similar to the proof of the first statement and uses the description of the morphism given in
Remark 3.8. O

Remark 3.10. If C' is a Bre-algebra and D is an (2C-algebra, then an oo-morphism of Bre-
algebras C' — D is essentially the same as the notion of a brace module from [Sal, Definition
3.2] when € = coAss. In this case an analog of the second statement in the previous
proposition is [Sal, Proposition 4.2].

3.3. Swiss-cheese construction. Recall from [T'h] that a Swiss-cheese algebra consists of
an Es-algebra A, an Ej-algebra B and an Ey-morphism A — HH®*(B) to the Hochschild
cohomology of B. A model of the [E; operad is given by the brace operad which can be
obtained in our notation as Breoass{1}, the brace construction on the Hopf cooperad of coas-
sociative coalgebras. In this section we construct a colored operad SC(Cy, Cy) generalizing
the Swiss-cheese operad using the brace construction. An algebra over SC(Cy, Cy) will be
an (2C;-algebra A, an (Cy{n})-algebra B and an co-morphism of {2C;-algebras A — Z(B).
The construction of the colored operad SC(Cy, C2) will be modeled after the resolution of
the operad controlling morphisms of O-algebras constructed in [\Ma, Section 2].

Fix a number n. Let C; be a cooperad and €y a cooperad with a Hopf counital structure
together with an operad morphism

F: Q€ — Bre,{n}.

From this data we define a semi-free colored operad SC(Cy, Cs) in the following way.
The set of colors of SC(Cy, Cs) is {A, B}. The operad is semi-free on the colored symmetric
sequence P(C1, Cy) whose nonzero elements are

P(Cy, Cy)(A®™, A) = € (m)
P(Cy, Co)(B¥, B) = Ca{n}(l)
P(Cy, o) (A®™ @ BEL B) = €, (m) ® C{n}(D)[n + 1].

The colored operad Free(P(Cq, Cy)[—1]) has operations parametrized by trees with edges of
two types: those of color A that we denote by solid lines and those of color B that we denote
by dashed lines. The vertices of the trees are labeled by generating operations in P(Cy, Cy).
We define a differential on Free(P(Cq, Cy)[—1]) in the following way. The differentials in
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arities (A%, A) and (B®~,B) are the usual cobar differentials (2). The differential on an
element s™"X ® Y for X € C;(m) and Y € C§"{n}(l) has four components:

(1)
("X RY)=(-1)"s"d X Y + (-1)" s X @ d,Y
where d; are the internal differentials on the complexes C;(m) and C§"{n}(l).

(2)
d(s"X@Y)=(-)"(s" " @l) > (s®@s)(t,AfX)) oY,

temo(Treez(m))
where we use the following notation. Let A¢(X) = X() ® X(1) with X(g) the label of
the root. We denote by (t, A¢(X)) oo Y the tree t with additional [ dashed incoming
edges at the root which is labeled by Xy ® Y. The right-hand side consists of a
composition of an operation in P(A®~, A) and P(A®~ ® B¥",B). See Figure 9 for

an example.
///
//
|
|
|

FIGURE 9. A tree t and t og Y with [ = 2.

d3(s "X ®@Y) = (-1)"(s "' @1)Xog > (s®8)(t,A(Y))
temo(Treea(l))

+(-D)"1®@s T X o Y (s@s)(t,A(Y)),

temo(Treez (1))

where we use the following notation. Let A¢(Y') = Y{o)®Y{y) with Y{g) the label of the
root. We denote by X o (t, A¢(Y')) the tree t with additional m solid incoming edges
at the root which is labeled by X ® Y(g). Similarly, X o; (t, A¢(Y")) is the tree t with
additional m solid incoming edges at the other node which is labeled by X ® Y(y).
See figure 10 for an example.

FIGURE 10. A tree t, X oyt and X oy t with m = 1.
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di(sT"X®@Y)=>" Y F(t,AX)Y).
r  telsomgy (m,r)

Here F(t,A¢(X),Y) is defined in the following way. Denote by X € C; the
labels of the vertices in A¢(X) with X(g) the label of the root. The image of sXg
under F': QC; — Bre,{n} is a rooted tree F'(sX(g) labeled by r elements Z;, € C5"
Consider the composition t oy F(sX(g)). We consider the following set of trees t:
a tree t is obtained from t oq F' (sX(0)) by adding an arbitrary number of incoming
dashed edges to vertices so that the total number of incoming dashed edges is [.
Let us denote by tyasheq the tree obtained from ¢ by erasing all solid edges. We let
AgyineaY) =Y1)®- @Y. The labelings of vertices of t are of two kinds: external
vertices are labeled by the tensor product X;y ® Y(;)Z(;y where Y{;)Z;) is the product
in the Hopf cooperad C5" and they belong to the operations in P(A¥~ @ B®~, B); the
internal vertices are simply labeled by elements of Cy and they belong to the opera-
tions in P(B®~, B). We refer to Figure 11 for an example. We define F'(t, Ay(X),Y")
to be the sum over all such trees t

¥ y S
\s\ A
o

FIGURE 11. A pitchfork t, a rooted tree F'(sX(g)), an example of t and tygshed-

Remark 3.11. Let us informally explain the differentials. The first differential d; is simply
the sum of the internal differentials on C; and C,. The differentials d; and d3 are analogous to
the cobar differentials (2) on QC; and QC, respectively. Finally, the differential dy expresses
the fact that A — Z(B) is an co-morphism of 2C;-algebras and the complicated structure
comes from the fact that Z(B) is an QC;-algebra via the morphism F': 2€; — Bre,{n}.

Lemma 3.12. The total differential d on Free(P(Cy, Co)[—1]) squares to zero.

Proof. The claim in arities (A®™ A) and (B®', B) follows from Lemma 1.12.

Let us split the differentials on the generators in arities (A®~, A) and (B®~,B) asd = d;+dx
and d = d; + dg respectively.

Given an element s X ®@ Y for X € €;(m) and Y € €5%(I) the expression d*(s™"X ® Y
splits into the following combinations:

(1) di(s"X ®Y),

(d1d2 + dgdl)(S_nX X Y),
(d d3 + dgdl)(s_"X X Y),
(d d4 -+ d4d1)(S_nX & Y),
(@3 + dada)(s X @ V),
(d -+ dBdg)( . ®Y),
(

) d
)
)
)
g
) (dads + d3ds)(s™"X ® Y),

(2
(3
(4
(5
(6
(7
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(8) (d2d4 + d4d2)(S_nX X Y),
(9) (d3d4 + d4d3)(S_nX X Y),
(10) (d2 +dpdy)(s™X ®Y).

We claim that each of these is zero. It is obvious for terms of type (1). Terms of type
(2) and (3) vanish due to compatibility of the cooperad structure on €; and C§" respectively
with the differentials. The vanishing of terms of type (5) and (6) follows as in Lemma 1.12.
The vanishing of the terms of type (7), (8), (9) is obvious as the corresponding modifications
of the trees are independent.

Differentials on both Q€; and Bre,{n} have a linear and a quadratic component. There-
fore, the compatibility of the morphism F': QC; — Bre,{n} with differentials has two impli-
cations. First, the compatibility of the linear parts of the differentials implies the vanishing
of terms of type (4). Second, the compatibility of the quadratic parts of the differentials
implies the vanishing of terms of type (10). OJ

Definition 3.13. The Swiss-cheese operad SC(Cy, Cz) is the colored operad Free(P(Cy, Co)[—1])
equipped with the above differential.

We define the L, algebra L£(Cy, Cy; A, B) as follows. As a complex,
L£(Cy,Cy; A, B) = Conv(Cy; A) @ Conv(Ce{n}; B) & Hom(C(A) ® CS'{n}(B), B)[—n — 1].
The L., operations are given by the following rule:
e The first two terms have the standard convolution algebra brackets.
e The first two terms act on the third term by precomposition, i.e. by using the pre-Lie
structure on the convolution algebras.
e The second term acts on the third term by post-composition.

o Given Ry,..., R, € Conv(Cy{n}; B) and T1,...,T, € Hom(C(A) ® C§*{n}(B), B),
their bracket is

[Rl,...,Rq.Tl,...,Tr](X®Y;CI,1,...,am,bl,...,bl)

for X € C;(m) and Y € €5"{n}(l) is given by the sum over pitchforks t € Isomg(m, )
where each term is given as follows. Let A¢(X) = X(g) ® ... where X(g is assigned
to the root and recall the tree t og F/(sX(g)). The value of the bracket is given by the
sum over all ways of assigning 77, ..., T, to the white external vertices and Ry, ..., R,
to the black internal vertices of t oy F'(sX(g)) and then reading off the composition
using the pattern given by the tree.

Proposition 3.14. The space of morphisms Mapyg, (SC(C1, Cy), Enda p) is equivalent to
the space of Maurer—Cartan elements in the Lo, algebra L£(Cq, Ca; A, B).

The proof of this Proposition is similar to the proof of Proposition 2.2, so we omit it.
Let B be a (Co{n})-algebra and consider its center Z(B) (see Definition 3.7), which is a
Bre,{n}-algebra. Using the morphism

F: Q€ — Bre,{n}

one defines an Q€;-algebra structure on Z(B). From Proposition 3.14 and the formulas for
the L., brackets we get the following description of SC(Cy, Cs)-algebras.
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Corollary 3.15. An algebra over the colored operad SC(Cq, Cy) is an QCi-algebra A, an
Q(Cy{n})-algebra B and an oco-morphism of QC;-algebras A — Z(B).

Let us now define a small model of the colored operad SC(Cy, C5). Suppose Q2€; — O; and
Q(Co{n}) — Oy are quasi-isomorphisms of operads. An algebra over SC(Cy, Cy) is a triple
consisting of a homotopy O;-algebra A, a homotopy Os-algebra B and an co-morphism of
homotopy O;-algebras A — Z(B). Define the colored operad SC(O1, O3) to be the quotient
of SC(Cy, Cy) whose algebras are triples consisting of a strict O;-algebra A, a strict Os-algebra
B and a strict morphism of homotopy O;-algebras A — Z(B).

For the following statement we assume that C; and O; admit an increasing exhaustive
filtration {F), },>0 satisfying the following properties:

(1) F(]GZ =1 and F(]OZ =1.
(2) The morphisms Q€; — O; are compatible with filtrations.

Proposition 3.16. The projection SC(Cq, Cy) — SC(O1, O2) is a quasi-isomorphism.

Proof. Consider an intermediate operad SC'(O1, O5) whose algebras are triples consisting of
a strict O;-algebra A, a strict Os-algebra B and an oco-morphism of homotopy O;-algebras
A — Z(B). Thus, we have a sequence of projections

SC(Gl, (‘32) — SC/(Ol, Og) — SC(Ol, Og)

We will prove that each morphism is a quasi-isomorphism.

Define the colored operad (01)4 @ (O2)s whose set of colors is {A, B} and whose algebras
are given by pairs of an O;-algebra and an Os-algebra and similarly for (QC;)4®(2(C2{n}))s.
By construction we have a pushout of operads.

(2€1)a & (ACo{n}))s — (01)a & (O2)s

| |

SC(Gl, eg) —_— SC’((‘)l, 02)

But the left vertical morphism is a cofibration and the top morphism is a quasi-isomorphism,
hence the bottom morphism SC(€y, C3) — SC'(01, O3) is a quasi-isomorphism.

We can identify the projection SC'(0y, ;) in arities (A®~ @ B? B) with the morphism
of symmetric sequences C; og O; — 1, where the differential d comes from the morphism

C; — O;. But since the latter morphism is a quasi-isomorphism, by [I.\V, Theorem 6.6.2]
the former morphism is a quasi-isomorphism as well. The claim in arities (A®~ @ B!, B) is
proved similarly. ([l

3.4. Relative Poisson algebras. In this section we define the main operad to be used in
this paper.

Definition 3.17. Let B be a P,-algebra. Its strict Poisson center is defined to be the
P, . i-algebra
Z(B) = Homyoa, (Symp(Qp[n]). B).

The Lie bracket on Z(B) is given by the Schouten bracket of polyvector fields, we refer to
[Sal, Section 1.1] for explicit formulas.
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Definition 3.18. A unital IPj,4; ,-algebra consists of the following triple:
e A unital P, -algebra A,

e A unital P,-algebra B,
e A morphism of unital P, ;-algebras f: A — Z(B).

We denote by P41, the colored operad controlling such algebras, see [Sal, Section 1.3]
for explicit relations in the operad. Similarly, we denote by IP’E;‘JFLM the non-unital version
of this operad.

Given a P41 ,-algebra (A, B, f), the morphism

A—Z(B)— B
is strictly compatible with the multiplications, so it defines a forgetful functor

Algp, ., — Arr(Algeomm)-

n+1,n
Our goal now is to define a cofibrant resolution of the operad Pp,;;,. The cooperad
coP? of curved non-unital IP,,-coalgebras has a Hopf counital structure coP?<" given by the

cooperad of curved counital P,,-coalgebras. Calaque and Willwacher [("\V] define a morphism
of operads
(7) Q(coPy 1 {1}) — Breopy

on the generators by the following rule:
e The generators

z € coLie’{1 —n}(k) C coP?_ {1}(k)
are sent to the tree drawn in Figure 12 with the root labeled by the element
x € coLie?{1 — n}(k) C coP? (k).
e The generator
z1 A Ty € coComm{1}(2) C coP?_,{1}(2)

is sent to the linear combination of trees shown in Figure 13.
e Given y € coLie’{1 —n}(k—1) C coP?_,{1}(k—1) for k > 2, we denote by z Ay its
image under coP?_,{1}(k — 1) — coP?_ {1}(k).
The generators
v Ny € coP, {1} (k)
are sent to the tree shown in Figure 14 with the root labeled by the element
y € coLie?{1 —n}(k — 1) C coP? (k —1).
e The rest of the generators are sent to zero.
Note that the composite

Q(coComm{n + 1}) C Q(coP,1{n+ 1}) — Breep, {n}

gives a strict Lie structure and it coincides with the morphism Lie — preLie as easily seen
from Figure 13. We define

Iﬁ[n+1,n] = SC(coP?,, ,{n + 1}, coP?),
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so by Corollary 3.15 a IAE;’[”Jrl,n]-algebra is a homotopy unital P, -algebra A, a homotopy
unital P,-algebra B and an oo-morphism of homotopy unital P, ;-algebras A — Z(B).
Similarly, one has a morphism of operads

Q(coP,41{1}) = Breep,

and thus we can define the non-unital version of the operad IAE;’FT‘LJH )’

P, g = SC(coPyi1 {n + 1}, coP,).

Proposition 3.19. The natural morphism of colored operads

18 a quasi-isomorphism.

Proof. Let IPE; 1] be the colored operad obtained as a quotient of ﬁ?#+1,n} whose algebras
are strict non-unital P, -algebras A, strict non-unital P,-algebras B and a strict morphism
of homotopy P, -algebras A — Z(B). We have morphisms of colored operads

Phrs1n] = Plasin) — Phyinp

where the first morphism is a quasi-isomorphism by Proposition 3.16 where we note that
Py 1 = SC(PR%, PRY). Therefore, it is enough to show that the second morphism is a quasi-

[n+1,n
isomorphism. For this it is enough to show that the morphism in arities (A®™ @ B®~ B)
is a quasi-isomorphism. The following argument is similar to the proof of [Sa2, Proposition
3.4].

The relevant morphism is an isomorphism if m = 0. We will give the proof for m = 1
since the case of higher m is similar.

If B is a P,-algebra and M a P,-module over B, we can consider its Poisson homology
CEn(B, M) which as a graded vector space is isomorphic to

coP,(M[n]) @ B = Syms,(coLie(M[1])[n — 1]) @4 B.

We also have the canonical chain complex C* (B, M) which as a graded vector space is
isomorphic to Syms,(Q},[n]) @ B. We refer to [I're, Section 1.3, Section 1.4.2] for explicit
formulas for the differentials on these complexes.

Consider an arbitrary complex V. We can identify the colored operad IP’E’;L 1, 10 arity

(A®! ® B® B) with the coefficient of V® in CE»(P,(V),P,(V)). Similarly, we can identify
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the colored operad P!, ; in the same arity with the coefficient of Velin Cen(P,(V), P, (V)).

But since P, (V) is free, the natural projection
Co(Pu(V), Pu(V)) = CI"(Po(V), Pu(V))
is a quasi-isomorphism which proves the claim. 0]

One proves similarly that the morphism of colored operads Pp,11,,) — P11, is a quasi-
isomorphism.

Let us now explain how to construct graded versions of these operads. Recall that through-
out the paper we consider the grading on P, such that the bracket has weight —1 and the
multiplication has weight 0. In this section we consider a different convention where the
bracket has weight 0, multiplication weight 1 and the unit weight —1. In particular, A is a
graded IP,,-algebra with respect to the current convention iff A®k(—1) is a graded P,,-algebra
in the original convention.

Define the grading on the Hopf cooperad coP?<" to be such that the comultiplication has
weight 0 and the cobracket has weight 1. It is compatible with the Hopf structure making
it into a graded Hopf cooperad. Also observe that the morphisms

Q(coP? {n}) — P,

and (7) are compatible with gradings. Thus, if A is a graded P,-algebra, its Poisson center
Z(A) becomes a graded homotopy P, ;-algebra.

3.5. From relative Poisson algebras to Poisson algebras. Suppose that one has a
Pl 41,n-algebra (A, B, f) in M. In this section we show how to produce a P, -structure on
the homotopy fiber of the underlying map of commutative algebras A — B.

Recall that the strict Poisson center of a P,-algebra B is defined to be the algebra of
polyvectors

Z(B) = Homp(Symp(Q5(n]), B)

with the differential twisted by the Maurer-Cartan element |7z, —| defining the Poisson
bracket.

Definition 3.20. Let B be a P,-algebra in M. Its strict deformation complex is defined to
be the algebra of polyvectors
Def(B) = Homp(Sym3z' (Q%[n]), B)

with the differential twisted by [7g, —].

As for the center, the deformation complex Def(B)[—n] is a P,;-algebra, albeit non-
unital.

We have a fiber sequence

Def(B)[—n] — Z(B) — B

in M. Rotating it, we obtain a homotopy fiber sequence
(8) B[—1] — Def(B)[—n] — Z(B),

where the morphism B[n — 1] — Def(B) is given by b+ [rg,b]. Note that Bln — 1] is a Lie
algebra with respect to the Poisson bracket.
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Proposition 3.21. Let B be a P,-algebra in M. Then the morphism
B[n — 1] — Def(B)
given by b — [mp, b is a morphism of Lie algebras.
Proof. Indeed, compatibility with the brackets is equivalent to the equation

{{b1, b2}, bs} = {b1, {b2, bs}} — (1)1 1%21{0; {0y, b5}}

for b; € Bn — 1] which is exactly the Jacobi identity in the Lie algebra B[n — 1]. O

Since the morphism Def(B)[—n] — Z(B) is a morphism of non-unital P, -algebras, the
sequence (8) can be upgraded to a fiber sequence in Algpn (M). In particular, B[—1] carries
a homotopy non-unital P, ;-structure such that the underlying Lie structure by Proposition
3.21 coincides with the one on B.

Remark 3.22. The fiber sequence of non-unital P, ;-algebras (8) is a P,-analog of the se-
quence

B[—1] — Def(B)[—n] — HHg, (B)
of non-unital E, ;;-algebras constructed by Francis in [I'r, Theorem 4.25] (see also [Lu, Sec-
tion 5.3.2]) when B is an E,-algebra.

Next, suppose (A, B, f) is a Pp,41,,-algebra in M. Then we can construct a commutative
diagram of non-unital P, -algebras

B[-1] — U(A, B) A

| l |

B[~1] —— Def(B)[~n] — Z(B)

where both rows are homotopy fiber sequences and the square on the right is Cartesian. This
defines U(A, B), a non-unital P, -algebra, which as a Lie algebra fits into a fiber sequence

B[n — 1] — U(A, B)[n] — A[n].
Proceeding as in [ , Definition 1.4.15] it defines a forgetful functor
U: Algp, ., M) — Alg]pml(M).

Let us now give explicit formulas for the Lie brackets on U(A, B). From the IP,, . ;-morphism
A — 7(B) we obtain a morphism of Lie algebras

Aln] — Z(B)[n] — Hom(Sym(B[n]), B[n]),

where the object on the right is equipped with the convolution Lie bracket. Therefore, by
results of [La, Section 3] we obtain an L, structure on A[n]@® B[n — 1]. The brackets are as
follows:

e The bracket on A[n] is the Poisson bracket on A,

e The bracket on B[n — 1] is the Poisson bracket on B,

e The mixed brackets A[n] ® (B[n — 1])®* — B[n — k| are given by the components
fr: A — Hom(Sym*(B[n]), B) of the morphism above.
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3.6. Mixed structures on relative Poisson algebras. Let A be a graded P, ;-algebra
in M. Moreover, suppose we have a morphism

a: k(2)[~1] — Aln]

of graded Lie algebras. The bracket defines a morphism A[n] — Der(A4, A) ® k(1) of graded
Lie algebras and hence we obtain a morphism

k(2)[~1] — Der(A, A) @ k(1)

of graded Lie algebras, i.e. the graded commutative algebra A is enhanced to a graded mixed
algebra. Let Ag be the weight 0 component of A. By the universal property of the de Rham
algebra (see | , Proposition 1.3.8]) we obtain a morphism

DR™(Ap) — A

of graded mixed commutative algebras.
More explicitly, given an element a € A we construct a graded mixed structure on A given
by €4 = [a, —]. The morphism DR™(Ay) — A is given by

rdary1darye - - - darYn — zla, y1]la, yo] . . . [a, yn].

We proceed to a relative version of this construction. Fix a graded Pp,, 1 ,-algebra (A, B, f)

in M and suppose
(a,b): k(2)[=1] — U(A, B)[n]

is a oo-morphism of graded L..-algebras. By Proposition 1.19 it is given by a collection
of elements a = ay + ... and b = by + ... satisfying the Maurer—Cartan equation, where
the subscript denotes the weight. Twisting the Lo, brackets on U(A, B)[n] by (a,b) as in
Definition 1.17, we obtain mixed structures on A and B. Using the explicit description of
the Lo, brackets on U(A, B)[n] given in Section 3.5, we see that the mixed structure €4 on
A is given by €4 = [a, —| while the mixed structure ez on B is given by

€ — [b, —] —|—Z ﬁfk(a; b,. . .,b,—).
k=1

It is clear from these formulas that the mixed structures €4 and eg are derivations of the
commutative multiplication, thus both A and B become weak graded mixed commutative
algebras. Moreover, the morphism fy: A — B extends to an oo-morphism of weak graded
mixed commutative algebras whose components are given by % fre(=;b,...,b). The corre-
sponding relation between the mixed structures on A and B simply follows by observing
that twisting the differential on an L.-algebra produces a mixed structure.

In this way we construct an oo-morphism of L..-algebras

U(A, B)[n] — Der(A — B, A — B) @ k(1),

where we consider A — B as a commutative algebra in Arr(M). Moreover, this can be
enhanced to a natural transformation of functors

Algd (M)~ — Alg?: .

P[nJrl,n]

Considering again Ay — By as a commutative algebra in Arr(M) we can identify
DR™(Ay — By) = (DR™(Ay) — DR™(By)).
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Therefore, given a graded P, 1 ,-algebra (A, B, f) we obtain a diagram

DRZTLt(AO) - DRZTLt(BO)

l |

A B

of graded mixed commutative algebras in M, where A and B are endowed with the graded
mixed structure constructed above.

4. COISOTROPIC STRUCTURES ON AFFINE DERIVED SCHEMES

In Sections 2 and 3 we have established the necessary facts about convolution and relative
convolution algebras. In this section we use those notions to define polyvector and rela-
tive polyvector fields. We also define the notion of Poisson and coisotropic structures and
compute these spaces explicitly in terms of Maurer—Cartan elements in the Lie algebras of
polyvectors and relative polyvectors respectively.

4.1. Poisson structures and polyvectors. Let A be a commutative algebra in M which
we view as a graded P,.i-algebra with the trivial bracket. Recall from Definition 3.7 its
center Z(A) which is a graded BrCOPeLH—algebra and hence a graded homotopy P, o-algebra.

Definition 4.1. Let A be a commutative algebra in M. Its algebra of n-shifted polyvectors
Pol(A,n) is the graded homotopy P, . o-algebra Z(A).

By considering the internal Hom in M, we can upgrade Pol(A4,n) to a graded homotopy
P, .o-algebra in M that we denote by Pol™ (A, n) and call the algebra of internal n-shifted
polyvectors.

Let CAlg/®(M) ¢ CAlg(M) be the wide subcategory of commutative algebras in M
where we only consider morphisms which are formally étale, i.e. morphisms A — B such
that the pullback morphism QY ® 4 B — Q} is a quasi-isomorphism. Denote by CAlg’“*(M)
its localization. Then as in [ , Definition 1.4.15] one can upgrade Pol”(—,n) to a
functor of co-categories

Pol™(—,n): CAlg/"(M) — Algg, _,(M"").
The complex
Pol(A, n) = Hom, (Sym 4(Q4[n + 1]), A)

carries a natural graded P, o-algebra structure where Q! has weight —1 and where the Lie
bracket is given by the Schouten bracket (see [Sal, Section 1.1] for explicit formulas). The
following statement explains the term “polyvectors”:

Proposition 4.2. Let A be a bifibrant commutative algebra in M. Then one has an equiv-
alence of graded P, 5-algebras

Pol(A,n) = Pol(A,n).
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Proof. By definition we have
Pol(A,n) = Homy4(Sym 4 (Harre (A, A)[n + 1])A).
The morphism Harr,(A, A) — Q4 induces a morphism
Pol(A,n) — Pol(A,n)

which is strictly compatible with the homotopy P, o-structures by | , Theorem 1].

Since A is a cofibrant commutative algebra, it is also cofibrant in M, so by Proposition 2.6
the morphism Harr,(A4, A) — Q is a weak equivalence between cofibrant A-modules and
hence so is

Sym 4 (Harr, (A, A)[n + 1]) — Sym ,(QY4[n + 1]).

Since A is fibrant, the functor Hom4(—, A) preserves weak equivalences. O

Corollary 4.3. For any commutative algebra A in M we have an equivalence of graded
objects

Pol(A,n) = Homu (Sym 4(La[n + 1]), A).
In particular, if L4 is perfect, we get an equivalence
Pol(A,n) = Sym 4(Ta[—n — 1]).

Definition 4.4. Let A be a commutative algebra in M, The space of n-shifted Poisson
structures Pois(A,n) is given by the fiber of the forgetful functor

Algp (M)~ — CAlg(M)~
at A € CAlg(M).

One has an explicit way to compute the space of shifted Poisson structures in terms of
the algebra of polyvectors. The following theorem is a version of | , Theorem 1.4.9]
and [Me, Theorem 3.2]:

Theorem 4.5. Let A be a commutative algebra in M. One has an equivalence of spaces

Pois(A,n) = Mapager (£(2)[—1], Pol(A, n)[n + 1]).

Proof. Assume A is a bifibrant commutative algebra in M. By [Rez] (see also [Ya2]) we can
identify the space Pois(A, n) with the homotopy fiber of

Mapg,, (Pry1, Enda) — Mapg,, (Comm, End )

at the given commutative structure on A.
We have a commutative diagram of spaces

Mapgy, (Prt1, Enda) Mapg,,, (Comm, Endy)

A |

MC(Conv(coP?, {n + 1}; A)) — MC(Conv(coLie’{1}; A)

with the vertical weak equivalences given by Proposition 2.2.
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By Lemma 1.18 we can identify the fiber of the bottom map with the space of Maurer—
Cartan elements in the dg Lie algebra

Homy,(Sym=?(coLie? (A[1])[n]), A) = Hom 4 (Sym75>(Harre (A, A)[n + 1]), A)
which can be identified with the completion of Pol(A,n) in weights 2 and above. The claim

therefore follows from Proposition 1.19. O

Remark 4.6. The main difference with the formulation we give and the one in [\Me] and
[ | is that we consider the non-strict version of polyvectors. To obtain the same
result, one should couple Theorem 4.5 with Proposition 4.2.

If Ais a P, i-algebra, we define the opposite algebra to have the same multiplication and
the bracket {a,b}°P? = —{a,b}. This defines a morphism of spaces
opp: Pois(A,n) — Pois(A,n).

It is easy to see that under the equivalence given by Theorem 4.5 it corresponds to the

involution on Pol(A,n) given by multiplication by (—1)¥*! in weight k.

4.2. Relative polyvectors. Suppose f: A — B is a morphism of commutative algebras
in M. We regard A as a graded P, ,i-algebra with the trivial bracket and B as a graded
P,,-algebra with the trivial bracket. In particular, the composite

A-Ls B— Pol™(B,n —1)

is strictly compatible with the P, -structures and we denote it by f )
Recall from Section 3.2 the complex

Conv®(coP’$}{n + 1}; A, Pol™(B,n — 1)).
The morphism f defines a Maurer—Cartan element in the L., algebra
L0(coP’S3{n + 1}; A, Pol™(B,n — 1))
and hence we can consider the twisted convolution algebra

Conv?;(col[”f;ﬂ{n +1}; A, Pol™(B,n — 1)).

As shown in the same section, it carries a natural structure of a graded homotopy P, 1-
algebra which we denote by Pol(B/A,n — 1). Similarly, we can define its internal version
Pol"™(B/A,n — 1) which is a graded homotopy P, -algebra in M.

Proposition 4.7. Let f: A — B be a cofibrant diagram of commutative algebras in M,
where B 1s also fibrant. Then one has an equivalence of graded objects

Pol™(B/A,n— 1) = HOIIlB(SymB(QlB/A[n])v B).

Proof. Since B is bifibrant as a commutative algebra, it is enough to prove that the projection
Sym(coLie(A[1])[n]) ® Symp(Q5p[n]) — Sym(Qp 4 [n])

induced by the morphism Q} — QL /A induces a weak equivalence after passing to left
realizations. This will follow once we prove that

Harr (A, A) ®4 B ® Qp — QIB/A
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induces a weak equivalence of B-modules after passing to left realizations. Here the grading
is inherited from the Harrison complex on the left-hand side and given by putting the Kahler
differentials in weight 0. The mixed structure on the right-hand side is trivial. The mixed
structure on the left-hand side is a sum of two terms:

(1) The first term is the usual Harrison differential.
(2) The second term is given by the composite

A® B0l @, B — Qb
where A ® B is the weight —1 part of Harr,(A, A) ®4 B.
Since A is cofibrant, by Proposition 2.6 it is enough to prove that
Yy ®a B[](-1) ® Qp — Qpa,

where the left-hand side is equipped with the mixed structure given by the pullback of
differential forms QY ® 4 B — Q} induces a weak equivalence after passing to left realizations.
But since A — B is a cofibrant diagram, the natural sequence of B-modules

2y ©aB— Qp = Qp/y
is exact and by Proposition 1.7 this finishes the proof. O

Using the morphism f: A — B one can regard B as a commutative algebra in Mod 4 (M).
In particular, we can compute internal strict polyvectors of B in Mod A(M) which we denote
by Pol'7(B,n — 1). It is easy to see that the composite

Pol’7*(B,n — 1) — Pol™(B,n — 1) — Pol™(B/A,n — 1)
is strictly compatible with the homotopy P, ;-structures.

Remark 4.8. Note that the map Pol™ (B,n — 1) — Pol™(B/A,n — 1) is not compatible
with differentials and is not model-independent. However, it is easy to see that the composite
map Poly*(B,n — 1) — Pol"™(B/A,n — 1) is compatible with the differentials.

Corollary 4.9. Let A — B be a cofibrant diagram of commutative algebras in M, where B
1s also fibrant. Then the morphism

Poly"(B,n — 1) — Pol™(B/A,n — 1)
15 a weak equivalence of homotopy P, 1-algebras in M.

Proof. Tt is enough to prove that the morphism is a weak equivalence of graded objects in
M which follows from Propositions 4.7 and 4.2. O
By Proposition 3.9 we have an co-morphism of graded homotopy P, i-algebras
Pol™ (A, n) — Z(Pol™(B/A,n — 1))
and hence (Pol™(A,n),Pol™(B/A,n — 1)) forms a graded homotopy Py, s ,1-algebra

in M. Similarly, (Pol(A,n),Pol(B/A,n — 1)) is a graded homotopy Pp,;2,,11j-algebra in
complexes.

Definition 4.10. Let f: A — B be a morphism of commutative algebras in M. The algebra
of relative n-shifted polyvector fields is the graded homotopy non-unital P, o-algebra

Pol(f,n) = U(Pol(A,n), Pol(B/A,n — 1)).
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As before, we can upgrade it to a functor

Pol(—,n): Arr(CAlg’(M)) — Algp, (M9T).

n+2,n+1]
Note that as a graded vector space we can identify
Pol(f,n)[n+ 1] = Pol(A,n)[n + 1] & Pol(B/A,n — 1)[n].
In particular, we get a morphism of graded vector spaces

Pol(f,n)[n+ 1] = Pol(B/A,n — 1)[n] — Pol(B,n — 1)[n].

Restricting to weight 0 we get the morphism A[n+1]@B[n] — Bn| which is not compatible
with the differentials. Nevertheless, in highest weight this phenomenon does not occur.

Proposition 4.11. The morphism PolZ'(f n)[n + 1] — Pol='(B,n — 1)[n] is a morphism
of filtered L., algebras.

Proof. Recall from Section 3.5 that the L, brackets on Pol(A,n)[n+1]@&Pol(B/A,n—1)[n]
are given by the original brackets on each summand and the mixed L., brackets between
Pol(A,n) and Pol(B/A,n — 1) which land in Pol(B/A,n —1).

The map Pol(B/A,n — 1)[n] — Pol(B,n — 1)[n] is compatible with the Lie structures,
so we need to show that the image of the mixed brackets vanishes. By definition they come
from the action of the convolution algebra

Pol(A,n) = Conv’(coP’{n + 1}; A)
on the relative convolution algebra
Pol(B/A,n — 1) = Conv’(coP?}{n + 1}; A, Pol(B,n — 1))

given by the last tree in Figure 8. But elements in Pol='(A,n) have at least one A input, so
the result in Conv®(coP’<}{n+1}; A, Pol(B,n—1)) will have at least one A input. However,
the projection map

Conv’(coP? {n + 1}; A, Pol(B,n — 1)) — Pol(B,n — 1)
annihilates all such elements which proves the claim. ([l

We get a diagram of Lie algebras

)>2<f, n)n+1]
Pol=*(B,n — 1)[n] Pol=?(A,n)[n + 1]

The Lie algebra Pol( f, n)[n+1] is quite complicated, so in practice we will use the following
strict model. Define the graded non-unital P, »-algebra

Pol(f,n) = ker(Pol(A4,n) — Pols(B,n — 1)),

where the graded non-unital P, o-structure on Pol( f, n) is induced from the one on Pol( A, n).
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Proposition 4.12. Suppose f: A — B is a bifibrant object of Arr(CAlg(M)). Moreover,
assume that

Pol(A,n) — Polu(B,n — 1)

is surjective. Then we have a quasi-isomorphism of L., algebras

Pol(f,n)[n+ 1] = Pol(f,n)[n + 1].

Proof. The Lie algebra Pol(f,n)[n + 1] is given by the complex
Pol(A,n)[n+ 1] ® Pol(B/A,n — 1)[n]
with the differential from the first term to the second term given by the morphism
Pol(A,n) — Pol(B/A,n—1)

and the following brackets:

e The convolution bracket on Pol(A,n).
e The convolution bracket on Pol(B/A,n —1).
e The action of Pol(A,n) on Pol(B/A,n —1).

By Proposition 4.2 the morphism Pol(A,n) — Pol(A,n) is a quasi-isomorphism, so we
can replace the above dg Lie algebra with

Pol(A,n)[n+ 1] & Pol(B/A,n — 1)[n].

Moreover, the inclusion Pols(B,n—1) — Pol(B/A,n—1) is a quasi-isomorphism. Extend-
ing it to a deformation retract and applying the homotopy transfer theorem [V, Theorem
10.3.9] we obtain a quasi-isomorphic L, structure on the complex

Pol(f,n)[n + 1] = Pol(A, n)[n + 1] ® Pol4(B,n — 1)[n]
with the differential twisted by the morphism
Pol(A,n) — Pola(B,n —1).
Using the explicit formulas for the transferred structure, we see that all the brackets
[—, oo =]m: (Pol(A,n)[n + 1])®™ — Pols(B,n — 1)[2+ n — m]
vanish for m > 1. Therefore, the morphism
Pol(f,n)[n + 1] = Pol(f,n)[n + 1]

is strictly compatible with the L., brackets and is a quasi-isomorphism by the surjectivity
assumption. O
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4.3. Coisotropic structures.

Definition 4.13. Let f: A — B be a morphism of commutative algebras in M. The space
of n-shifted coisotropic structures Cois(f,n) is defined to be the fiber of the forgetful functor

Algp . (M)” — Arr(CAlg(M))~
at f € Arr(CAlg(M)).

One has the following alternative point of view on coisotropic structures following | ,
Section 3.4]. First of all, one has the following additivity statement for Poisson structures
shown independently by Rozenblyum and the second author, see [Sa2, Theorem 2.22]:

Theorem 4.14. One has an equivalence of co-categories
Algp, ., (M) = Alg(Algg, (M)).

In other words, a P, ;-algebra is equivalent to an associative algebra object in IP,-algebras.
Let us now denote by LMod(Algp (M)) the oo-category of pairs (A, B) of an associative
algebra object A in P,-algebras and a left A-module B.

The following is [5a2, Corollary 3.8]:

Theorem 4.15. One has a commutative diagram of co-categories

Algs, (M) ~ LMod(Alg;, (M))

\/

Arr(CAlg(M))

Therefore, a coisotropic structure on the morphism f: A — B consists of a P, -algebra
structure on A, a P,-algebra structure on B and an associative action of A on B, all com-
patible with the original morphism f.

Returning to our definition of coisotropic structures, we have forgetful maps

Cois(f,n)

T

Pois(B,n — 1) Pois(A,n).
One has the following explicit way to compute this diagram of spaces.

Theorem 4.16. Let f: A — B be a morphism of commutative algebras in M. Then one
has an equivalence of spaces

COiS(fv n) = MapAlgﬂe(k(z)[_lL POl(f7 n) [n + 1]) = M_C(P()lzz(fv n) [n + 1])
compatible with the diagram of spaces
Cois(f,n)

TN

Pois(B,n — 1) Pois(A, n)
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on the left and the diagram of Lie algebras
Pol>2(f, n)[n + 1

T

Pol=*(B,n — 1)[n] Pol=?(A,n)[n + 1]
on the right.

We will give a proof of this theorem in the next section. Here is one application of the above
theorem. Recall that classically the identity morphism from a Poisson manifold to itself is
coisotropic. Similarly, we show that in the derived context there is a unique coisotropic
structure on the identity.

Proposition 4.17. Let A be a commutative algebra in M and id: A — A the identity
morphism. Then the forgetful map

Cois(id, n) — Pois(A, n)
1 a weak equivalence.
Proof. We have a fiber sequence of graded Lie algebras
Pol(A/A,n —1)[n] — Pol(id, n)[n + 1] — Pol(A, n)[n + 1].

But Pol(A/A,n — 1) = k, hence the morphism Pol(id,n)[n + 1] — Pol(A,n)[n + 1]
becomes an equivalence after applying Map  or (k(2)[—1], —). O
Definition 4.18. The forgetful map

Pois(A,n) — Pois(A,n — 1)
is the composite
Pois(A,n) +— Cois(id,n) — Pois(A4,n — 1).
This forgetful map is the classical analog of the forgetful functor Algg . — Algg .

4.4. Proof of Theorem 4.16. Assume f: A — B is a bifibrant object in Arr(M) with
respect to the projective model structure. Then Cois(f,n) is equivalent to the homotopy
fiber of

Mapsoyp, (Ppt1,n), Enda g) — Mapg,, (Comm, End 4, )
at f: A— B.
By Proposition 2.2 we can identify

Mapg,,, (Comm, End 4, 5) Conv(coLie?{1}; A — B),
where we can identify Conv(coLie’{1}; A — B) as a complex with
ker(Conv(coLie?{1}; A) ® Conv(coLie?{1}; B) — Hom(coLie’{1}(4), B)).

Recall from | , Section 3.2] (a related construction also appears in [I'7]) the cylinder
L.-algebra
L(coLie?{1}; A, B) = Cyl(coLie?{1}; A, B)’
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which fits into a homotopy fiber sequence of complexes
L(coLie?{1}; A, B) — Conv(coLie’{1}; A)@Conv(coLie’{1}; B) — Hom(coLie?{1}(A), B).
Since A — B is a cofibration in M and B is fibrant, the obvious morphism
Conv(coLie?{1}; A — B) — L(coLie?{1}; A, B)

is a quasi-isomorphism. Moreover, it is strictly compatible with the L., brackets.
Combining Propositions 3.19 and 3.14 we obtain a commutative diagram of spaces

Mapsoy, (Ppnt1,n), Enda ) Mapyop, (Comm, End 4, 5)
MC(L(coP?, {n + 1},coP?; A, B)) — MC(L(coLie?{1}; A, B))

By Lemma 1.18 we can identify the fiber of the bottom map with the space of Maurer—
Cartan elements in the L., algebra

Hom(Sym=2(coLie? (A[1])
@Hom(Sym=2(coLie’ (B[1])[n — 1]), B)[n]
@Hom(Sym=?(coLie’ (A[1])[n]) ® Sym(coLie’ (B[1])[n — 1]), B)[n]
@Hom(Sym=*(coLie’ (A[1])[n]) ® Sym=*(coLie’(B[1])[n — 1]), B)[n].

1)[nl), A)ln +1]

We can identify the first term with the completion of Pol(A4,n)[n + 1] in weights 2 and
above. The rest of the terms are identified with the completion of Pol(B/A,n — 1)[n] in
weights 2 and above. It is easy to see that this identification is compatible with the Lie
bracket on Pol(A,n)[n + 1] and the L, brackets on Pol(B/A,n — 1)[n].

The mixed brackets given by the aciton of Pol(A,n)[n + 1] on Pol(B/A,n — 1)[n] can be
identified as follows. Recall from Proposition 3.9 that the co-morphism of Br.ps  -algebras

Pol(A,n)[n+ 1] — Conv?c(copiﬁ, Pol(B/A,n —1)[n])
has an underlying strict Lie morphism which factors through
Pol(A,n)[n + 1] — End(Pol(B/A,n — 1)[n])

and which is given by the precomposition map of the convolution algebra of A on the
relative convolution algebra of B/A. But this exactly coincides with the mixed bracket
in £(coP?, {n + 1},coP?; A, B) and hence we have identified Cois(f,n) with the space of
Maurer—Cartan elements in Pol(f,n)=?

The claim therefore follows from Proposition 1.19.

4.5. Poisson morphisms. Recall that classically a Poisson morphism f: X — Y between
two Poisson manifolds can be characterized by the property that the graph X — X xY
is coisotropic, where Y is the same manifold with the opposite Poisson structure. In this
section we define a derived notion of Poisson morphisms and show that an analogue of this
result holds in the derived setting as well.
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Definition 4.19. Suppose A and B are commutative algebras in M and f: A — B is
a morphism of commutative algebras. We define the space Pois(f,n) of n-shifted Poisson
structures on the morphism f to be the fiber of the forgetful functor

Arr(Algp, ,, (M))™ — Arr(CAlg(M))~
at f: A — B.

We can also consider the morphism f: A — B as a commutative algebra in Arr(M).
In particular, Theorem 4.5 gives an efficient method of computing the space of Poisson
structures on f.

We begin with the following general paradigm. Suppose € is a monoidal co-category which
admits sifted colimits and which are preserved by the tensor product. Denote by BMod (C)
the oo-category of triples (A, B, M), where A, B € Alg(C) and M is an (A, B)-bimodule.
Similarly, let RMod(€) be the oo-category of pairs (B, M) where B € Alg(C) and M is a
right B-module. We have a functor

Alg(C) - RMod(C)
given by sending an associative algebra B to the canonical right B-module B.

Lemma 4.20. We have a Cartesian square of oco-categories

9) Arr(Alg(€)) —— BMod(€)

ltarget l

Alg(€) —~ RMod(C).

Proof. This is a slight variant of [Lu, Corollary 4.8.5.6].
Let LMode be the oo-category of C-module categories and LMod; the oo-category of
pointed C-module categories, i.e.

LMod; = (LModg)e, .
By [l.1, Theorem 4.8.4.1] we have a Cartesian diagram of oo-categories
BMod(C) Arr(LModg)
Alg(C) x Alg(C) —— LMod¢ x LMode

where BMod (€) — Arr(LMode) sends a triple (A, B, M) to the functor
—&a M RModA(G) — RModB(G)

determined by M. Therefore, the pullback P of the diagram (9) fits into a Cartesian square
P Arr(LModg)

|

Alg(€) x Alg(€) —= LMod}; x LMod,
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By [Lu, Theorem 4.8.5.5] the functor Alg(C) — LMod; given by A — RMod,(C) is
fully faithful. Therefore, we have a Cartesian diagram of co-categories

Arr(Alg(@)) Arr(LMody)

| |

Alg(€) x Alg(€) —= LMod};, x LMod;,

and hence P = Arr(Alg(C)). O

To prove the following theorem we are going to use the above lemma in the cases when
€ = Algp, (M) and C = CAlg(M).

Theorem 4.21. Let f: A — B be a morphism of commutative algebrasin M and g: AQB — B
its graph, i.e. g(x ® y) = f(x)y. Then we have a Cartesian square of spaces

Pois(f,n) — Pois(A, n) x Pois(B,n)

l lidxopp

Cois(g,n) Pois(A ® B, n).

Proof. In the proof we will repeatedly use the statements of Poisson additivity given by
Theorems 4.14 and 4.15.
If C is a symmetric monoidal co-category, we have a Cartesian square of oo-categories

(10) BMod(€) — Alg(C) x Alg(C)
LMod(C) Alg(@),

where the functor Alg(C) x Alg(€C) — Alg(C) is given by sending (A, B) — A ® B.
Let F' be the fiber of

BMod(Alg, (M)~ — BMod(CAlg(M))~
at (A, B, B). Taking the fiber of (10) applied to the forgetful functor
(€1 = Algp, (M) — (€2 = CAlg(M))
we get a Cartesian square of spaces

F Pois(A,n) x Pois(B,n)

l lidxopp

Cois(g,n) Pois(A ® B, n),

so we have to show that F' = Pois(f,n).
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Now consider the Cartesian square

(11)

Arr(Alg(€)) — BMod(€)

l/ target l/

Alg(€) —~ RMod(C).

given by Lemma 4.20. Taking the fiber of (11) applied to the forgetful functor

(C1 = Algg, (M)) — (€, = CAlg(M))

we get a Cartesian square of spaces

Pois(f,n) F

| |

Pois(B, n) — Cois(id, n)

The bottom morphism is induced by the functor

Alg(C) — LMod(C)

splitting the obvious forgetful functor

LMod(€) — Alg(C)

and hence Pois(B,n) — Cois(id, n) is a weak equivalence by Proposition 4.17. Therefore,
Pois(f,n) — F is also a weak equivalence which proves the claim. O

In particular, the fibers of the horizontal morphisms of the Cartesian diagram of Theorem
4.21 are thus equivalent. It follows that given two Poisson structures 74 and mp on A and
B respectively, lifting a map of algebras f : A — B to a Poisson map is equivalent to giving
a coisotropic structure on the graph g : A ® B — B, where A ® B is endowed with the
P, 1-structure (m4; —7p).

REFERENCES

C. Berger, I. Moerdijk, Resolution of coloured operads and rectification of homotopy algebras,
Contemporary Mathematics 431, 31-58, arXiv:math /0512576

G. Caviglia, A model structure for enriched coloured operads, arXiv:1401.6983.

D. Calaque, T. Pantev, B. Toén, M. Vaquié, G. Vezzosi, Shifted Poisson structures and deforma-
tion quantization, J. Topol. 10 (2017) 483-584, arXiv:1506.03699.

D. Calaque, T. Willwacher, Triviality of the higher Formality Theorem, Proc. Amer. Math. Soc.
143 (2015) 51815193, arXiv:1310.4605.

F. Chapoton, M. Livernet, Pre-Lie algebras and the rooted trees operad, Int. Math. Res. Not.
(2001) 395-408, arXiv:math/0002069.

V. Dolgushev, C. Rogers, Notes on algebraic operads, graph complexes, and Willwacher’s con-
struction, Contemp. Math. 583 (2012) 25-146, arXiv:1202.2937.

V. Dolgushev, T. Willwacher, Operadic Twisting — with an application to Deligne’s conjecture,
J. of Pure and Appl. Alg. 219 (2015) 1349-1428, arXiv:1207.2180.

V. Dolgushev, T. Willwacher, The deformation complex is a homotopy invariant of a homo-
topy algebra, Developments and Retrospectives in Lie Theory, Dev. in Math. 38 (2014) 137-158,
arXiv:1305.4165.


https://arxiv.org/abs/math/0512576
http://arxiv.org/abs/1401.6983
http://arxiv.org/abs/1506.03699
http://arxiv.org/abs/1310.4605
http://arxiv.org/abs/math/0002069
http://arxiv.org/abs/1202.2937
http://arxiv.org/abs/1207.2180
http://arxiv.org/abs/1305.4165

[PS]

[Rez]
[Sal]

[Sa2]
[Th]
[Yal]

[Ya2]

DERIVED COISOTROPIC STRUCTURES I: AFFINE CASE 49

J. Francis, The tangent complex and Hochschild cohomology of E,-rings, Compos. Math. 149
(2013) 430480, arXiv:1104.0181.

B. Fresse, Théorie des opérades de Koszul et homologie des algebres de Poisson, Ann. Math. Blaise
Pascal 13 (2006) 237-312.

Y. Frégier, M. Zambon, Simultaneous deformations of algebras and morphisms via derived brack-
ets, J. Pure Appl. Algebra 219 (2015) 5344-5362, arXiv:1301.4864.

V. Hinich, Homological algebra of homotopy algebras, Comm. in Alg. 25 (1997) 3291-3323,
arXiv:g-alg/9702015.

J. Hirsh, J. Milles, Curved Koszul duality theory, Math. Ann. 354 (2012) 1465-1520,
arXiv:1008.5368.

M. Hovey, Model categories, Mathematical surveys and monographs 63, AMS, Providence (1998).
A. Lazarev, Models for classifying spaces and derived deformation theory, Proc. LMS 109 (2014),
40-64, arXiv:1209.3866.

B. le Grignou, Homotopy theory of unital algebras, arXiv:1612.02254.

J-L. Loday, B. Vallette, Algebraic operads, Grundlehren Math. Wiss. 346, Springer, Heidelberg
(2012).

J. Lurie, Higher Algebra, available at http://math.harvard.edu/~lurie/papers/HA.pdf.

M. Markl, Homotopy diagrams of algebras, Proceedings of the 21st Winter School “Geometry
and Physics”, Palermo: Circolo Matematico di Palermo (2002) 161-180, arXiv:math/0103052.
V. Melani, Poisson bivectors and Poisson brackets on affine derived stacks, Adv. in Math. 288
(2016) 1097-1120, arXiv:1409.1863.

V. Melani, P. Safronov, Derived coisotropic structures II: stacks and quantization, to appear in
Selecta Mathematica, arXiv:1704.03201.

D. Pavlov, J. Scholbach, Admissibility and rectification of colored symmetric operads, to appear
in J. of Topology, arXiv:1410.5675.

C. Rezk, Spaces of algebra structures and cohomology of operads, MIT thesis (1996).

P. Safronov, Poisson reduction as a coisotropic intersection, Higher Structures 1 (2017) 87-121,
arXiv:1509.08081.

P. Safronov, Braces and Poisson additivity, arXiv:1611.09668.

J. Thomas, Kontsevich’s Swiss Cheese Conjecture, Geom. Top. 20 (2016) 1-48, arXiv:1011.1635.
S. Yalin, Maurer—Cartan spaces of filtered L-infinity algebras, J. Homotopy Relat. Struct. (2015)
1-33, arXiv:1409.4741.

S. Yalin, Function spaces and classifying spaces of algebras over a prop, Algebr. Geom. Topol. 16
(2016) 2715-2749, arXiv:1502.01652.

DIPARTIMENTO DI MATEMATICA, UNIVERSITA DI MILANO, VIA CESARE SALDINI 50, 20133 MILAN,

ITALY

E-mail address: valerio.melani@outlook.com

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF (GENEVA, 2-4 RUE DU LIEVRE, 1211 GENEVA,
SWITZERLAND

Current address: Institut flir Mathematik, Winterthurerstrasse 190, 8057 Ziirich, Switzerland

E-mail address: pavel.safronov@math.uzh.ch


http://arxiv.org/abs/1104.0181
https://arxiv.org/abs/1301.4864
https://arxiv.org/abs/q-alg/9702015
https://arxiv.org/abs/1008.5368
https://arxiv.org/abs/1209.3866
https://arxiv.org/abs/1612.02254
http://math.harvard.edu/~lurie/papers/HA.pdf
http://arxiv.org/abs/math/0103052
http://arxiv.org/abs/1409.1863
https://arxiv.org/abs/1704.03201
https://arxiv.org/abs/1410.5675
http://arxiv.org/abs/1509.08081
https://arxiv.org/abs/1611.09668
https://arxiv.org/abs/1011.1635
http://arxiv.org/abs/1409.4741
https://arxiv.org/abs/1502.01652

	Introduction
	Classical setting
	Shifted Poisson algebras
	Shifted coisotropic structures
	Braces and the Swiss-cheese operad
	Poisson morphisms
	Acknowledgements

	1. Basic definitions
	1.1. Model categories
	1.2. Graded mixed objects
	1.3. Operads
	1.4. Lie algebras

	2. Operadic resolutions
	2.1. Deformations of algebras
	2.2. Harrison complex

	3. Brace construction
	3.1. Braces
	3.2. Relative brace construction
	3.3. Swiss-cheese construction
	3.4. Relative Poisson algebras
	3.5. From relative Poisson algebras to Poisson algebras
	3.6. Mixed structures on relative Poisson algebras

	4. Coisotropic structures on affine derived schemes
	4.1. Poisson structures and polyvectors
	4.2. Relative polyvectors
	4.3. Coisotropic structures
	4.4. Proof of Theorem 4.16
	4.5. Poisson morphisms

	References

