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Mathematical analysis of plasmonic resonances for nanoparticles:
the full Maxwell equations*

Habib Ammarif Matias Ruiz* Sanghyeon Yu' Hai Zhang®

Abstract

In this paper we use the full Maxwell equations for light propagation in order to analyze
plasmonic resonances for nanoparticles. We mathematically define the notion of plasmonic
resonance and analyze its shift and broadening with respect to changes in size, shape, and
arrangement of the nanoparticles, using the layer potential techniques associated with the full
Maxwell equations. We present an effective medium theory for resonant plasmonic systems
and derive a condition on the volume fraction under which the Maxwell-Garnett theory is
valid at plasmonic resonances.

Mathematics Subject Classification (MSC2000): 35R30, 35C20.
Keywords: plasmonic resonance, Neumann-Poincaré operator, nanoparticle, scattering and absorption enhance-

ments, Maxwell equations, Maxwell-Garnett theory.

1 Introduction

The aim of this paper is to analyze plasmon resonant nanoparticles. Plasmon resonant nanopar-
ticles have unique capabilities of enhancing the brightness and directivity of light, confining
strong electromagnetic fields, and outcoupling of light into advantageous directions [44]. Recent
advances in nanofabrication techniques have made it possible to construct complex nanostruc-
tures such as arrays using plasmonic nanoparticles as components. A thriving interest for optical
studies of plasmon resonant nanoparticles is due to their recently proposed use as labels in molec-
ular biology [28]. New types of cancer diagnostic nanoparticles are constantly being developed.
Nanoparticles are also being used in thermotherapy as nanometric heat-generators that can be
activated remotely by external electromagnetic fields [19]. Plasmon resonances in nanoparticles
can be treated at the quasi-static limit as an eigenvalue problem for the Neumann-Poincaré
integral operator [6l, 20, 38, [39]. At this limit, they are size-independent. However, as the par-
ticle size increases, they are determined from scattering and absorption blow up and become
size-dependent. This was experimentally observed, for instance, in [45].
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The objective of this paper is twofold: (i) To analytically investigate the plasmonic reso-
nances of a single nanoparticle and analyze the shift and broadening of the plasmon resonance
with changes in size and shape of the nanoparticles using the full Maxwell equations; (ii) To
derive a Maxwell-Garnett type theory for approximating the plasmonic resonances of a periodic
arrangement of nanoparticles. The paper generalizes to the full Maxwell equations the results
obtained in [12], 17] where the Helmholtz equation was used to model light propagation. It
provides the first mathematical study of the shift in plasmon resonance using the full Maxwell
equations. On the other hand, it rigorously shows the validity of the Maxwell-Garnett theory
for arbitrary-shaped nanoparticles at plasmonic resonances. The paper is organized as follows.
In section 2] we first review commonly used function spaces. Then we introduce layer potentials
associated with the Laplace operator and recall their mapping properties. In section [3] we first
derive a layer potential formulation for the scattering problem and then we obtain a first-order
correction to plasmonic resonances in terms of the size of the nanoparticle. This will enable us
to analyze the shift and broadening of the plasmon resonance with changes in size and shape of
the nanoparticles. The resonance condition is determined from absorption and scattering blow
up and depends on the shape, size and electromagnetic parameters of both the nanoparticle
and the surrounding material. Surprisingly, it turns out that in this case not only the spectrum
of the Neumann-Poincaré operator plays a role in the resonance of the nanoparticles, but also
its negative. We explain how in the quasi-static limit, only the spectrum of the Neumann-
Poincaré operator can be excited. However, when the particle size increases and deviates from
the dipole approximation, the resonances become size-dependent. Moreover, a part of the spec-
trum of negative of the Neumann-Poincaré operator can be excited as in higher-order terms in
the expansion of the electric field versus the size of the particle. In section ] we establish the
quasi-static limit for the electromagnetic fields and derive a formula for the enhancement of the
extinction cross-section. It is not clear for what kind of geometries in R? the spectrum of the
Neumann-Poincaré operator has symmetries, that is, if A € o(K},) so does —\. In section
we provide calculations for the case of spherical nanoparticles wherein these symmetries are not
present and we explicitly compute the shift in the spectrum of the Neumann-Poincaré opera-
tor and the extinction cross-section. In section [6] we consider the case of a spherical shell and
apply degenerate perturbation theory since the eigenvalues associated with the corresponding
Neumann-Poincaré operator are not simple. It is also worth mentioning that the spectrum of the
associated Neumann-Poincaré operator is symmetric around zero. In section [7] we analyze the
anisotropic quasi-static problem in terms of layer potentials and define the plasmonic resonances
for anisotropic nanoparticles. Formulas for a small anisotropic perturbation of resonances of the
isotropic formulas are derived. Finally, section 8 is devoted to establish a Maxwell-Garnett
type theory for approximating the plasmonic resonances of a periodic arrangement of arbitrary-
shaped nanoparticles. The Maxwell-Garnett theory provides a simple model for calculating the
macroscopic optical properties of materials with a dilute inclusion of spherical nanoparticles
[9]. Tt is widely used to assign effective properties to systems of nanoparticles. We rigorously
obtain effective properties of a periodic arrangement of arbitrary-shaped nanoparticles and de-
rive a condition on the volume fraction of the nanoparticles that insures the validity of the
Maxwell-Garnett theory for predicting the effective optical properties of systems of embedded
in a dielectric host material at the plasmonic resonances.



2 Preliminaries

Let us first fix some notation, definitions and recall some useful results for the rest of this paper.

e For a simply connected domain D & R3, v denotes the outward normal to D and 8% the
outward normal derivative;

o <p|i(x) = limy_,o+ p(x £ tv);

e /d denotes the identity operator;

e Vx denotes the curl operator for a vector field in R3;

e For any functional space E(9D) defined on 0D, Ey(0D) denotes its zero mean subspace.

Here and throughout this paper, we assume that D is simply connected and of class C1® for
0<a<l.
Let H*(0D) denote the usual Sobolev space of order s on 9D and

H3(0D) = {tp € (H*(0D))’,v - o = o} .

Let Vop, Vop- and Agp denote the surface gradient, surface divergence and Laplace-Beltrami
operator respectively and define the vectorial and scalar surface curl by curlygpy = —v x Vgpp
1

for p € H%(OD) and curlppyp = —v - (Vop X ) for ¢ € Hyp2(0D), respectively.
Remind that

Vop-Vop = Asp,

curlyppecurlsgp = —App,
Vop -curlygp = 0,
curlypVop = 0.

We introduce the following functional space:

N=

_ _1
H,*(div,0D) = {gp € H,.?(0D),Vop-p € H_%(OD)} .
Let G be the Green function for the Helmholtz operator A + k? satisfying the Sommerfeld
radiation condition in dimension three
9C e < C|z|™2
O]
for some constant C' as |x| — 400, uniformly in z/|z|.
The Green function G is given by

eik‘w_y‘
G(z,y. k) = —m- (2.1)



Define the following boundary integral operators

Shlol: Hp2(0D) — HZ(AD) (2.2)
p — Shlel(x) = | Gl kp)doly), z € RY;
Sklo]: H2(0D) — HZ2(dD) (2.3)
p — Splel(x) = Gy kew)do(y). z € R
Kplel : H2(0D) —s H™2(dD) (2.4)
¢ Kolelta) = [ BN o)inty), e op
Mb] : Ho?(div,0D) — Hy(div,dD) (2.5)

o — Mblgl() = / v() x Va x G(z,y, k)p(y)do(y), =€ OD:
oD

_1 _1
LYle] s Hp? (div,dD) —  Hp?(div,dD) (2.6)

Throughout this paper, we denote Sh. S0 , MY by Sp,Sp, Mp, respectively. We also denote
Kp by the (-,-)_1 1-adjoint of K7,, where (-, )_%% is the duality pairing between H_%(ﬁD).

2’2

We recall now some useful results on the operator K7, [7, 16 32] 34].
Lemma 2.1. (i) The following Calderon identity holds: KpSp = SpK},;

(i1) The operator K7, is compact self-adjoint in the Hilbert space H _%(8D) equipped with the
following inner product

(u,v)px = —(u,Spv])_1 1, (2.7)

which is equivalent to (-,-)_

)

[NIES

)

N

(1it) Let (Nj,;), 3 =0,1,2,... be the eigenvalue and normalized eigenfunction pair of K7,
H*(OD). Then, \; € (—% %] Nj #1/2 for j>1,A\; =0 as j — 0o and p; € H(0D) for
J > 1, where H(OD) is the zero mean subspace of H*(@D);

(iv) The following representation formula holds: for any ¢ € H_1/2(8D),

[
Z)‘] ¢ 90] H* ®90]a
7=0



(v) The following trace formula holds: for any v € H*(0D),

OSply]

(+ Id+IC*)[] 24

(vi) Let H(OD) be the space H %(E?D) equipped with the following equivalent inner product
(’LL, U)’H = _(‘951[“]7 U)—

Then, Sp is an isometry between H*(OD) and H(OD).

(2.8)

11.
222

The following result holds.
Lemma 2.2. The following Helmholtz decomposition holds [23]]:

l\'}\»—‘

H,2(div,0D) = VopH? (D) & curlyp H2 (9D).

Remark 2.1. The Laplace-Beltrami operator App : H0 (E?D) — H,? (8D) is invertible. Here
H2 (0D) and H, (aD) are the zero mean subspaces of o; (0D) and H™ (aD) respectively.

The following results on the operator Mp are of great importance.

_1
Lemma 2.3. Mp: (dlv 0D) — Hp*(div,0D) is a compact operator.
Lemma 2.4. The followmg identities hold [0, [27]:

./\/lD[lerlaDgp] = chlaDlCD[cp], Yo € H%(E?D),
— 3
Mp[Vopp]l = —VepA  KplAepe] + cutlopRple], Vo € H2(9D),
where Rp = —Agll)curlaDMDVg)D.

3 Layer potential formulation for the scattering problem

We consider the scattering problem of a time-harmonic electromagnetic wave incident on a
plasmonic nanoparticle. The homogeneous medium is characterized by electric permittivity e,,
and magnetic permeability u,,, while the particle occupying a bounded and simply connected
domain D € R3 of class CM for 0 < o < 1 is characterized by electric permittivity e. and
magnetic permeability ., both of which depend on the frequency. Define

km = WA/ EmMm, ke = Wy/Eclhe,

and
ep = emX(R*\D) + (D),  pp = emx(R*\D) + e.x(D),

where x denotes the characteristic function.
For a given incident plane wave (E?, H'), solution to the Maxwell equations in free space

VxE = iwpn,H" inR?
VxH = —iwen,E' inR3



the scattering problem can be modeled by the following system of equations

VxE = iwupH inR3\dD,
VxH = —iwepE inR3\OD, (3.1)
VXE|+—V><E‘_ = 1/><H|+—1/><H‘_:0 on 0D,

subject to the Silver-Miiller radiation condition:

lim |z|(y/im(H — H')(z) X — — \/Em(E — E")(x)) =0
ol =00 |z
uniformly in z/|z|. Here and throughout the paper, the subscripts £ indicate, as said before,
the limits from outside and inside D, respectively.

Using the boundary integral operators ([2.2)) and (2.5, the solution to ([B.I]) can be represented

as [46]

Ei(@) + iV x S5 [l(@) + ¥ x V x S5fl@) @ e ROD,
E(r) = She e (3.2)
peV x Syl(z) +V x V x S5 [¢](x) x €D,
and .
H(z) = ———(V x E)(z) z€R3D, (3.3)
WD
_1
where the pair (¢, ¢) € (Hp?(div, 8D))2 is the unique solution to
M1d+ MchDC _ /LmMIZ)m £/€Dc _ Elz)m " -
o ) (- ()
Gty (goram) s L) el
(3.4)
Let D = z + 6B where B contains the origin and |[B| = O(1). For any = € 9D, let

r—z

T = ¥5% € OB and define for each function f defined on 9D, a corresponding function defined
on B as follows

n(f)(@) = f(z +01). (3.5)

Throughout this paper, for two Banach spaces X and Y, by £(X,Y) we denote the set of
bounded linear operators from X into Y. We will also denote by £(X) the set £(X, X).

_1
Lemma 3.1. For ¢ € H;?(div,0D), the following asymptotic expansion holds
Mplpl(@) = Mpn()](@) + Y & M ;[n(9))(#),
j=2

where

—(ik‘)j
B 47T]'

M ()] (7) = /8 V(&) x Vi x [£ — 57 0(0)(5)do (7).

Moreover, ||M& .

]H ( _ %( 5 )) is uniformly bounded with respect to j. In particular, the
JUL(Hy 2 (div,0B



convergence holds in L(Hyp (dlv dB)) and ME is analytical in 6.

Proof. We can see, after a change of variables, that

M [g](x) = / V(7) x Vi x G(&. 5, 6k)n(¢) (§)do(d).
0B

A Taylor expansion of G(Z, 7, dk) yields

o . S~ ‘] o . y )
CER R i D Z b,
=0

Jlm|z — gl 4W\x—y! —

hence

Mb[A(E) = Mpln()(E) + 39 / U3 x Vs x [ — g0 (o) (§)do (7).

= Jop Amj!

where it is clear from the regularity of |Z—g|/~1, j > 2, that | M} PIC2)] | is uniformly
' H, 2 (div,0B)

bounded with respect to j, therefore, ||/\/l]f3 is uniformly bounded with respect

J Hz(H; 3 (div,0B))
to 7 as well. O

_1
Lemma 3.2. For ¢ € H;?(div,0D), the following asymptotic expansion holds

(Lhs — L) ZéjwﬁBJ (&),

T—gf2@—g
Lasti@ = Cv@ < ([ 5= g nemao - [ EEEEZDG,0 ) g)asm).

and
Z‘](lﬁg+1 - k%—i—l)

Ci= win(j — 1)

Moreover, ||Lp ;|| 1s uniformly bounded with respect to 7. In particular, the con-

c(H *%(dw oB))
vergence holds in L(Hp (dlv OB)) and LY is analytical in §.

Proof. The proof is similar to that of Lemma [3.11 O

Using Lemma B and Lemma [B.2] we can write the system of equations ([B.4]) as follows:

) n(v x EY)

n — m — Mc,

Ws(6) < () > — 77@’/ y MH,) . (3.6)
Em —&c



where

kam - chc 1
NId — My + 2 m B2 T ReTB | o sy (6Lp1 + L) + O(6)
Wg(6) = Hm — He Hm — He i i
2 3 9 eEmMpy —ecMp, 3
— (0Lp1+6°Lp2) + O(5°) Aeld — Mp +9 6’ — =+ 0(6%)
(3.7)
and fhe + 1 Ect¢
A, = Hethm oy Cetem 38
: 2(Nm - Nc) : 2(Em - EC) ( )
It is clear that
B _( Add—Mp 0
WB(O)_WB’°_< 0 AeId — Mp >
Moreover,
Wg5(8) = Wpo + Wg1 + 8*Wga + O(5%),
in the sense that
”WB((S) — WB70 — (5WB,1 — 52WB,2H < 0(53,
for a constant C' independent of 6. Here ||A| = sup, ; [|A; ;|| 1 for any operator-valued

H,. 2 (div,0B)
matrix A with entries A4; ;.
We are now interested in finding ng(é). For this purpose, we first consider solving the problem

(Md—Mp)[¢] =¢ (3.9)

_1
2

for (¢, ¢) € (Hy ?(div, 83))2 and X\ ¢ o0(Mp), where 0(Mp) is the spectrum of Mp.

_1
Using the Helmholtz decomposition of H;?(div,9B) in Lemma 22] we can reduce (33]) to an
equivalent system of equations involving some well known operators.

_1 3
Definition 1. For u € H;?(div,0B), we denote by uV) and u® any two functions in H (B)
and H> (0B), respectively, such that

u = VaBu(l) + chlaBu@).
Note that ©) is uniquely defined and u® is defined up to the sum of a constant function.

Lemma 3.3. Assume A # %, then problem [B3) is equivalent to

_ (1) (1)
(AId — Mp) < Z(z) > = < i(z) > (3.10)



3
where (oW, o)) € HZ (0B) x H%(ﬁB) and

—~ —AGLKE App 0
_ OB'"~B
v < Kihon 0 ),

p= VaBtp(l) + CIIrlaB(p@).
We have

(Md + A KC008) 0] = M) (3.11)
ME = RppV] - Kplp®] = . (3.12)

Taking Vyp in [B.11)), curlyp in (B12), adding up and using the identities of Lemma [2.4] yields
(Md — Mp) [Vopp™ + curlopyp®] = Vope®) + curlgpe!®.
Therefore
v = VoW + curlppy®,

is a solution of (3.9)).
3
Conversely, let ¥ be the solution to [B3). There exist (1) ¢?) € HZ(9B) x H%(E?B) and
3
(oW, @) € HE(0B) x Hz(0B) such that

¢ = VoW + curlypyp®,
¢ = VoppW + curlypp®.

and we have . .
(Md — Mp) [VappV + curlypyp®] = Vope + curlype®. (3.13)

Taking Vgp- in the above equation and using the identities of Lemma [2:4] yields
App(Md + A5 5KEA08) 0] = Agpe™.
Since (™M), 1) € (HO%(OB))2 we get
(Md+ AgpKiAop) Y] = W,
Taking curlpp in (B13]) and using the identities of Lemma 2.4] yields

Nop(Mp® — RplpW] — Kp[p@]) = Agpp®.



Therefore there exists a constant ¢ such that

@ — R[] — Kplp®] = @ + ex(9B).

Since Kp(x(0B)) = %X((‘)B) we have

@ _ ¢ N oo —nu® - ] @
Mo >\—1/2> Rl = Kp |07 = S35 = ¢

c

Hence, (1/1(1)7¢(2) RNV

3
) € H} (0B) x H%((‘)B) is a solution to (B.10) O

Let us now analyze the spectral properties of M B in
3
H(0B) := HE(OB) x H%(9B) (3.14)
equipped with the inner product

(u, ) o) = (Dapu™, AgpvM)y + (u® 0@y,

3
which is equivalent to H (0B) x H? (0B).

By abuse of notation we call u(!) and u(?) the first and second components of any u € H(9B).
We will assume for simplicity the following condition.

Condition 1. The eigenvalues of Kp are simple.

Recall that K}; and Kp are compact and self-adjoint in H*(0B) and H(0B), respectively.
Since Kp is the (-, )_%% adjoint of K%, we have o(Kp) = o(K}), where o(Kp) (resp. o(K}))
is the (discrete) spectrum of Kp (resp. K}).

Define

o1 = oK\ (o(cn) U{—5)).
oo = o(Kp)\o(—K%y), (3.15)
o3 = o(—Kg)Nno(Kp).

Let A\j1 € 01,7 =1,2... and let ;1 be an associated normalized eigenfunction of K7 as defined
1

in Lemma 2l Note that ¢;1 € H, 2(9B) for j > 1. Then,

i1 = < Agé(fj’l -1 >
’ (ANjald — Kp)" ' RplAype)i]
satisfies

MB[j1] = Nt

10



Let A\j2 € 02 and let ¢;2 be an associated normalized eigenfunction of Kp. Then,
0
! $j,2

M3z (V2] = Aj2vja.

satisfies

Now, assume that Condition [l holds. Let \;j3 € o3, let 4,0% be the associated normalized
(2

eigenfunction of K} and let ¢; 5 be the associated normalized eigenfunction of Kp. Then,

¢ =
j,3 2
’ Q0§73)

Ml 3] = Njatja,

satisfies

and A; 3 has a first-order generalized eigenfunction given by

-1,.(1)
CAaé%‘g
3.9 = _ ’ _ 3.16
Vj3g (Ajsld — Kp) 1PSpan{sp§2§}lRB [CAaé‘pg}?z] ( )
for a constant ¢ such that Pspan{cpfg}RB [CAgégpg}g] = _(pgzg Here, span{spfﬁz } is the vector

space spanned by cpfg, span{cpg-?}L is the orthogonal space to span{gof?z} in H(0B) (Lemma

21), and P

Span{@fg) }

2
(resp. Span{gp§’§ ).
We remark that the function ;3 4 is determined by the following equation

(resp. P pan{p2)}L is the orthogonal (in H(9B)) projection on Span{wg}
Span 7.3 ,

5

Mp[ia) = Njstjsg + 13-
Consequently, the following result holds.

— 1
Propsition 3.1. The spectrum o(Mp) = 01 Uoy Uog = o(—K};) U O’(]C*B)\{—a} in H(OB).

Moreover, under Condition [, MVB has eigenfunctions 1;; associated to the eigenvalues \;; € o;
for 3 =1,2,... and i = 1,2,3, and generalized eigenfunctions of order one ;3 4 associated to
A3 € o3, all of which form a non-orthogonal basis of H(OB) (defined by (3.17)).

Proof. Tt is clear that A — M is bijective if and only if A ¢ o(—Kp)Ua(Ky) \ {—3}.

It is only left to show that ;1,v;2,v;3,%j34, j = 1,2,... form a non-orthogonal basis of
H(0B).

11



Indeed, let

¢(1)
Y= < e ) € H(0B).

Since 1/)](11) U %(',1?3,5;7 j = 1,2,... form an orthogonal basis of H{(0B), which is equivalent to

_1
H, ?(0B), there exist o,k € I :={(j,1) U(4,3,9) : 5 = 1,2,... } such that
W =" aA; e,
kel
and

Z love|? < 0.

kel

It is clear that ||1,Z),g2) I is uniformly bounded with respect to k € I;. Then

L(H? (8B))

hi=>Y" aw® e H:(9B).

rely

Since 1/))(22) U?/)§? ,j =1,2,... form an orthogonal basis of H(0B), which is equivalent to H 3 (0B),

there exist ay, k € I := {(j,2) U (4,3) : j = 1,2,... } such that
W& —h =" ),
k€l

and

Z love|? < 0.

k€l

Hence, there exist oy, k € I} U I such that
¢ = Z anwm
rkel Uly

and

Z love|? < 0.

rel1Ulo

To have the compactness of M B we need the following condition
Condition 2. o3 is finite.
Indeed, if o3 is not finite we have ./K/IVB({l/Jm,g; 1> 1}) = {\j3¢jg3+ 3 Jj > 1} whose

adherence is not compact. However, if o3 is finite, using Proposition B.I] we can approximate

12



M B by a sequence of finite-rank operators.

Throughout this paper, we assume that Condition 2] holds, even though an analysis can still be
done for the case where o3 is infinite; see section [Gl

Definition 2. Let B be the basis of H(OB) formed by the eigenfunctions and generalized eigen-

functions of M as stated in Lemmal3d. For Y € H(OB), we denote by a(1),1y) the projection
of ¥ into ¥, € B such that

¢ = Z 04(1/}7 %)%-

The following lemma follows from the Fredholm alternative.

Lemma 3.4. Let
¢(1)
Then,

(¥, %) H(oB)

(Tzz)li?iz;li)H(aB)
(Y, V) H(8B) . .

1/}7 T/Jn = N = ) 37 ) = 9 3 9
a( ) (%, wn’)H(ﬁB) : (j g) ) (j )

(¥, b, H(0B) — Oé(jb, Yiey ) (Ureys Uiy ) E(0B)
\ (7/)/47 7/)/49 )H(@B)

k= (j,i),1=12,

K= (]7 3)7’{9 = (]7 379)7

where JR € Ker(\, — M%) for k= (j,i),i=1,2,3; Q,ZH € Ker(\, — M%)? for k = (4,3,9) and
% is the H(OB)-adjoint of Mp.

The following remark is in order.
Remark 3.1. Note that, since ¢;1 and 4,0% form an orthogonal basis of Hy(0B), equivalent to

_1
H, *(0B), we also have

(Ao, i) K= (4,1),

Of(w7wﬁ) - { %(Aan(1)7¢§’1§)H* R = (j737.g)7

where ¢ is defined in (3.10]).
Remark 3.2. Fori=1,2,3, and j=1,2,...,

V)| = i
(Md— Mp) Y] = Py
()\Id—MvB)—l[w%&g] _ Vj3,g I (R

A=Xs (A= Asg)?

Now we turn to the original equation ([3.4]). The following result holds.
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Lemma 3.5. The system of equations [B.4) is equivalent to

n(v x Ei)(l)

Hm — He
n(y)V (v x B
(1)@ o — B
= s 3.17
Wi (6) wn ()M n(iv x HHYD aB, (3.17)
wn(¢)(2) Em — E¢
n(iv x H)®?
Em — €e
where
Wp(6) = Wpo+6Wp1+ 6 Waa+ O0(5°)
with
Who — Add — Mp 10 - ’
’ O Aeld — Mp
1~
@ Lp1
WBJ = 1 _ Mm — He ,
Lp1 @)
Em — Ec
1 —~ 1 ~
Yo — It Ml o T Lp2
WB72 = m 1 CZ ml C/_\/8
Em — Ec B2 Em — E¢ B,2
and
A - IC Aé)B 0
Mo = < Kp ) ’
lv Mk'm Mk)c V A—lv ( Mk‘m Mk;c _’1
Mﬂ _ OB Y 0B ,um He B]f) OB 9B VY oB " (Um e B]f)cuEaB
B,2 _éCHYIaB Mkam teME 2)Von —Agj_%,curlaB(um./\/lB’2 peME 5)curlyp
~ — éva EmMB )2 ECM%CQ)VQB AgéVaB . (EmM% B ECM%CQ)CJI‘I@B
B,2 —écurlaB &?mM’gnz _ ECMIEQ)V[)B —AgécurlaB(gmM]gnz - EcM]fgc,g)CuﬂaB

E _ A{)BvaB : EB,své)B AgBVaB . ﬁB,sCl;l;laB
B.s —AgécurlaB£B78VaB —AgécurlaB£B7scurlaB

fors=1,2.
Moreover, the eigenfunctions of Wpg in H(0B)? are given by

Vi = (1’%2) j=0,1,2,...;i=1,2,3,

Uoji = (7:[)?2) j=0,1,2,...;1=1,2,3,

14



associated to the eigenvalues A\, — \;; and A\ — N\ ;, respectively, and generalized eigenfunctions

of order one
Vi3
O )

O

associated to eigenvalues N\, — \j3 and A: — \; 3, respectively, all of which form a non-orthogonal
basis of H(OB)?.

V1539

Proof. The proof follows directly from Lemmas and .11 O

We regard the operator Wp(d) as a perturbation of the operator Wp o for small §. Using

perturbation theory, we can derive the perturbed eigenvalues and their associated eigenfunctions
in H(0B)?.
We denote by I' = {(k:,j,z') ck=1,25 = 1,2,...51 = 1,2,3} the set of indices for the
eigenfunctions of W g and by I'y = {(k:,j, 3,9):k=1,2,7=1,2,... } the set of indices for the
generalized eigenfunctions. We denote by v, the generalized eigenfunction index corresponding
to eigenfunction index ~ and vice-versa. We also denote by

A k=1
Ty = { NNy k=2 (3.18)

Condition 3. )\, # ..

In the following we will only consider v € I' with which there is no generalized eigenfunction
index associated. In other words, we only consider v = (k,4,j) € I" such that \;; € o1 U o (see
BI5) for the definitons). We call this subset [gp,.

Note that Conditions[I]and Blimply that the eigenvalues of Wp o indexed by v € I, are simple.
As § goes to zero, the perturbed eigenvalues and eigenfunctions indexed by v € T'giy, have the
following asymptotic expansions:

(0) = T+ 671 + 6270+ O(8), (3.19)
U, (6) = Wy460,,+0(5),

where

(Wp1¥,, ‘Tf»y)H(aB)2
Tfy’l == = == 0,
(W, V) H(oB)?
(WB2¥y, ¥y )y — (We1Yqy1, ¥y mon)

(\I’% \II’Y)H(é)B)Z

, (3.20)

(TV_WB,O)\I/ml = —WB71\I/-y.

Here, \TJV/ € Ker(7,y —Wj ) and W} g is the H(0B)? adjoint of Wpg.
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Using Lemma [3.4] and Remark we can solve W, ;. Indeed,

Oé(—WB 1\Iffy,\1ffyl)\1’.y/ \Il’y’ v
Uop= ) : > a(-Wp1T,, Uy g 7
b ; Ty = Ty " / o B Vg) Ty — Ty " (79— 7y)?
y'er 'ygng
v #y o £~

+ a(-WpaV,,¥,)V,.
By abuse of notation,

a(xhwﬁ) Y= (17j7i)7 K= (]71)7

a(@, ¥y) = { a(z2, ) 7 = (2, 5,1), 5 = (jr1), (3:21)

for

z = < “ > € HOB)?,

L2

and « introduced in Definition

Consider now the degenerate case v € I'\I'yim =: T'qeg = {7 = (k,4,j) € T s.t \j; € o3}. It is
clear that, for v € I'qeg, the algebraic multiplicity of the eigenvalue 7, is 2 while the geometric
multiplicity is 1.

In this case every eigenvalue 7, and associeted eigenfunction ¥, will slipt into two branches, as
d goes to zero, represented by a convergent Puiseux series as [13]:

() = 7+ (1) 4 (1), + 0(6%?), h=0,1, (3.22)
U n(0) = W, + (—D)"6Y20, )+ (-1)26%20, 5 + 0(6%?), h=0,1,

where 7, ; and U, ; can be recovered by recurrence formulas. For simplicity we refer to [33] for
more details.

3.1 First-order correction to plasmonic resonances and field behavior at the
plasmonic resonances

Recall that the electric and magnetic parameters, €. and pu., depend on the frequency of the
incident field, w, following the Drude model [6]. Therefore, the eigenvalues of the operator Wp o
and perturbation in the eigenvalues depend on the frequency as well, that is

(0,w) = Ty(w)+ (527'%2(00) +0(8%) v € Tsim,
(G w) = 7+ 02 (1)1 (w) + 62 (1) o (w) + O(8%?), 4 €Tgeg, h=0,1.
In the sequel, we will omit frequency dependence to simplify the notation. However, we will

keep in mind that all these quantities are frequency dependent.
We first recall different notions of plasmonic resonance [12].

Definition 3. (i) We say that w is a plasmonic resonance if |7,(0)| < 1 and is locally min-
imized for some v € Dgim or |7y 4(0)] < 1 and is locally minimized for some v € T'geg,
h=0,1.
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(i) We say that w is a quasi-static plasmonic resonance if |7,| < 1 and is locally minimized
for some v € I'. Here, 7, is defined by ([3.18]).

(iii) We say that w is a first-order corrected quasi-static plasmonic resonance if|7'«,+527'%2| <1
and is locally minimized for some v € Tgym or |7, + 51/2(—1)h7'%1\ < 1 and is locally
minimized for some v € I'qeg, h = 0,1. Here, the correction terms 7,2 and 71 are defined

by B20) and (3.22).

Note that quasi-static resonance is size independent and is therefore a zero-order approxi-
mation of the plasmonic resonance in terms of the particle size while the first-order corrected
quasi-static plasmonic resonance depends on the size of the nanoparticle.

We are interested in solving equation ([B.17)

Wg(0)U = f,

where

n(v x EHM

Mm — He
n(w)ili (v x Ez)(Q)
()@ -
v = = Hm ,LL'C
wn(@® [ @S ||
(,U’I’](qb)@) Em — Ec
n(iv x H*)?)
Em — Ec

for w close to the resonance frequencies, i.e., when 7.,(0) is very small for some 7’s € I'sy, or
Ty.1(0) is very small for some 7’s € I'qeq, B = 0,1. In this case, the major part of the solution
would be the contributions of the excited resonance modes ¥, () and W, ,(0).

It is important to remark that problem (B:4]) could be ill-posed if either R(e.) < 0 or R(u.) <0
(the imaginary part being very small), and this are precisely the cases for which we will find the
resonances described above. In fact, what we do is to solve the problem for the cases R(e.) > 0
or R(pue) > 0 and then, analytically continue the solution to the general case. The resonances
are the values of w for which this analytical continuation ”almost” cease to be valid.

We introduce the following definition.

Definition 4. We call J C I index set of resonances if 7,’s are close to zero when v € I' and
are bounded from below when v € I'°. More precisely, we choose a threshold number ng > 0
independent of w such that

|7y > 1m0 >0 for ve JC.

From now on, we shall use J as our index set of resonances. For simplicity, we assume
throughout this paper that the following condition holds.
Condition 4. We assume that A\, # 0, A: # 0 or equivalently, (o # —fim, Ec # —Em.-

It follows that the set J is finite.
Consider the space £; = span{¥.,(6), U ,(d); v € J, h = 0,1}. Note that, under Condition[, &;
is finite dimensional. Similarly, we define £ as the spanned by W, (9), ¥, ,(6); v € J¢, h=0,1
and eventually other vectors to complete the base. We have H(0B)? = £; @ Eje.
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We define Pj(d) and Pje(0) as the projection into the finite-dimensional space £; and infinite-
dimensional space &, respectively. It is clear that, for any f € H(0B)?

f=Prd)[f] + Pr(0)[f]-

Moreover, we have an explicit representation for Pj(d)

PiO)fl= Y as(f @) (0) + Y as(f,Van(9) V(). (3.23)

YE€JMCsim YEJNL§eg
h=0,1

Here, as in Lemma [3.4]

(590 uesy .
a5(f7 \II’Y((S)) - (‘%(5),@’«,(5))1{(33)2 ) ’Y € ermma
B (f+ %0 (0)) o) B
as(f, VU n(d) = @on(0), T oy Y € JNTqeg, h =0, 1.

where ., € Ker(7, 4(8) = W3(6)), U, 4 € Ker(7, 4(8) —W3(8)) and W} (9) is the H(9B)*adjoint
of Wg(9).
We are now ready to solve the equation Wg(0)¥ = f. In view of Remark [3.2]

as(f, 05 (0)¥(9) T as(f, Uy ,n(0)) ¥y, (9)

7(9) YEIATgeg Ty,n(6)
h=0,1

+ W5 (8)Pre(8)[£].

UV=W5' 0= >

VEJOme

(3.24)
The following lemma holds.

Lemma 3.6. The norm |[W5'(8)Pye (Dl z(roB)2, H0B)?) 18 uniformly bounded in w and §.

Proof. Consider the operator
W5(8)| e : Pye(8)H(OB)? — Pye(6)H(dB)?.

We can show that for every w and 0, dist(oc(Wp(0)|sc),0) > L, where o(Wg(d)|se) is the

discrete spectrum of Wg(d)|se. Here and throughout the paper, dist denotes the distance.
Then, it follows that

W5 (6)Pre )1 = W5 (6) e Pre@) A S %exp(g—g)HPJc(é)[f]H < n—loexp(%)llfll,

where the notation A < B means that A < CB for some constant C' independent of A and
B. O

Finally, we are ready to state our main result in this section.

Theorem 3.1. Let n be defined by (3.7). Under Conditions [, [3, [3 and []) the scattered field
Es = E — E' due to a single plasmonic particle has the following representation:

E* = iV x SEn[p)(z) + V x V x Sprlgl(z) = € R3\D,
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where

= n_l(VaB{/;(l) + chlaB{/;(z)),
1 ~ - ~
o = i (Vopol +curlypd®),

[

- al(f, 0,) ¥, + O(5 Ny + G(f) ¥y + 062
= > o 2 o))

YEJMgim Y€ Ml geg

+O(1),

[

— o~~~
DN )

<]
Il
ASRASRASHESE)

and

(f, \Ilv’l)H(aBVTV - (f, \I’v)H(aB)Z(Tml + T.yg—f)

a(f) = o ,
(f. 9 mom)e
G(f) = OB
a1
ar = (Yo, Yy 1)m@B2 + (Ya1, Yy)H0B)?2:
az = (U, Wy 2)gom)ye + (Va2, Vs monye + (Yat, Ya1)mon):?-

Proof. Recall that

VeJmFsim

By Lemma [B.6] we have ng(é)PJc(é)[f] =0(1).
If v € J N Tgm, an asymptotic expansion on § yields

as(f, V4(6)) ¥y (0) = alf, ¥,V + O(0).

If vy € JNTgeg then (U, \ily) H(oB)2 = 0. Therefore, an asymptotic expansion on ¢ yields

(_1)h(fa \i’v)H(aB)z v,

as(f, Uy n(6))Van(0) = 5—12a,

az

1 (((f7 ) (6B)2 — (f7 )H(aB)Qa_l) 7+(f, ) 63)2\1’7 1)
+0(5Y/2)
with

a1 = (U0, U ) gomye + (Uy 1 V) miomye,
az = (Y, Uy 2)gom)ye + (Ya2, Va)ron)e + (Va1 Ya1)mon):?-
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Since 7, 4 (8) = 7 + 6Y/2(=1)"7, 1 + O(3), the result follows by adding the terms

as(f, ¥y,0(0) %5000 o+ as(f, ¥y.1(8)) 94,1 (9)
7—%0(5) T’y,l(é) ‘

The proof is then complete. [l

Corollary 3.1. Assume the same conditions as in Theorem[31l Under the additional condition
that

. 3 .
Jin |7y(9)[ > 0%, L 7(8)] >0, (3.25)
we have
1/2
T + 02749 T2 — o1
YEJMCsim 7 7 YEJMLgeg gl 7.1

Corollary 3.2. Assume the same conditions as in Theorem[31. Under the additional condition
that

. 2 . 1/2
Lo |7(6)] > 6%, vel}%l%ldcg |7y (0)] > 67/, (3.26)
we have
U)W o6 v \)U v v
vo o CTIEO0 s Iy (Y B o)
' Try Ty Ty Ty
YEJNLsim “/GJﬂFng

Proof. We have

. 1 _as(f 0 00T 0(0)  as(f, V., 1(6)) T, 1(0)
Hy Ws (O Bspanga o] = iy ;y,o(é) V+ ;%1((5) }
= WB?,%)(é)Pspan{\Ilq,,\Ilwg}[f]
a(f,¥,)¥

v v

2
Ty Ty T’Y

where v € JNTq4eq, f € H ((‘9B)2 and )Pspane is the projection into the linear space generated
by the elements in the set F. O

Remark 3.3. Note that for v € J,
7y ~ min {dist(\,,0(K5) U —0(K}3)), dist (A, 0 (KR) U —o(K5)) } -

It is clear, from Remark B3] that resonances can occur when exciting the spectrum of KCj;
or/and that of —K7};. We substantiate in the following that only the spectrum of K}; can be
excited to create the plasmonic resonances in the quasi-static regime.
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Recall that
n(v x Ei)(l)

Mm — He
n(v x EH?)
F=\ o ||
n(iv x H") o
Em — E¢
n(iv x H*)?)
Em — Ec

and therefore,

o= n(v x Ei)(l) _ Aggvag -n(v x E’)
Hm — He Hm — He

Now, suppose v = (1,7,1) € J (recall that J is the index set of resonances). Then 7, = X, — Ay,
where A1 j € 01 = 0(—K})\o(K}). From Remark B.1]

1

P — [ (Vog - n(v x E), 1)+,
m (&

a(f, V) = (Ao fi,9j1)n = alf,¥y) =

where ;1 € H;(0B) is a normalized eigenfunction of K3(0B).
A Taylor expansion of E* gives, for x € 9D,

; 2 (z—2)P0°E (2

2
Thus
(v x BY)(&) = n(v)(Z) x E'(2) + 0(3),
and
Vo -n(v x E) (&) = —n(v)(&)-V x E'(2) + O(3)
= 0(9).

Therefore, the zeroth-order term of the expansion of Vyp - (v x E?) in § is zero. Hence,

Oé(f, \II“/) =0.
In the same way, we have

Oé(f, ql“{) = 07
a(f? \P'Yg) =
for v = (2,7,1) € J and 74 such that v € J.

As a result we see that the spectrum of —K7 is not excited in the zeroth-order term. However,
we note that o(—K7%) can be excited in higher-order terms.
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4 The quasi-static limit and the extinction cross-section

4.1 The quasi-static limit

In this subsection we recall the quasi-static limit of the electromagnetic field at plasmonic reso-
nances. The formula was first obtained in [6], but it can be derived by pursing further compu-
tations in Corollary

We first recall the definition of the polarization tensor

M\, D) = /a (M= ) pl(whado(a), (4.1)

where A € C\(—1/2,1/2). The polarization tensor is a key ingredient of the quasi-static limit,
or zeroth-order approximation, of the far-field.

Theorem 4.1. Let d, = min {dist(\,,c(K},) U—0c(K},)),dist(Az, 0(K,) U—0(K3)) }. Then,
for D = 2+ 6B € R? of class Cb* for 0 < a < 1, the following uniform far-field expansion holds

4

— T X G, 2, ki) M (N DYH(2) = w2t Ga(@, 2 k) M (A, D)E*(2) + O

ES — J—
- i)

where

Ga(x, 2, k) = em (G, 2, kp, ) Id + kizDgG(x, 2, k)

is the Dyadic Green (matrixz valued) function for the full Maxwell equations.

4.2 The far-field expansion

The following lemma deals with the far-field behavior of the electromagnetic fields. We first
recall the representation for the scattering amplitude.

Lemma 4.1. The solution (E, H) to the system B.J) has the following far-field expansion:

etkm ||

B'(a) = =i Ax() + 0 <ﬁ>

x

as |z| — 400, where & = Bk

Ao (Z) = —ifimkm@ X /

e FmEVp(y)do (y) — k@ X & X / et G(y)do(y),
oD

oD
and
eikm ||

Ho@) =~ x A (i) + O <i> .

" amla] " ]

The following result is known as the optical cross-section theorem for the scattering of elec-
tromagnetic waves [24].
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Theorem 4.2. Assume that the incident fields are plane waves given by

E’(x) — peikmd-ac7
Hi(z) = dx pehmde

where p € R3 and d € R® with |d| = 1 are such that p-d = 0. Then, the extinction cross-section
18 given by

4T p- Aoo(d):|
ext __ e |: ,
GRS e

where Aso is the scattering amplitude.

Doing Taylor expansions on the formula of Theorem [E1] gives the following proposition,
which allow us to compute the extinction cross-section in terms of the polarization tensor.

Propsition 4.1. Let & = x/|x|. The following far-field asymptotic expansion holds:

etkm |z|

ES = ~ Gl (wumkmeikm(d_i)'z(i’ x Id)M (N, D)(d x p) — k2,e*m =82 (1q — 33" M ()., D)p)
7I
1 54
+O(—!w\2) + O(a).

Then we have, up to an error term of the order O(%),
Aoo(#) = Whtmkme™ =9 % (& 5 I1d) M (N, D)(d x p) — k2, @==(1d — 33") M (\., D)p.
In particular,
Aco(d) = whtmkim (d x Id) M (N, D)(d x p) — k2, (Id — dd") M ()., D)p,
where M(\,, D) and M (X, D) are the polarization tensors associated with D and X = X\, and
A = A, respectively.
5 Explicit computations for a spherical nanoparticle

5.1 Vector spherical harmonics

Let 2 = ﬁ For m = —n,..,nand n = 1,2, ..., set Y to be the spherical harmonics defined

on the unit sphere S = {x € R3, |x| = 1}. For a wave number k > 0, the function
Vngn(k; ) = WY (k|2 Y, (2)

satisfies the Helmholtz equation Av+k?v = 0 in R3\ {0} together with the Sommerfeld radiation
condition

lim (M(k‘, x) — zkvnm(kz,w)) = 0.
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Similarly, let vy, ,,,(x) be defined by
Unm (@) = jn(K|z)Y,"(2),

where j, is the spherical Bessel function of the first kind. Then the function v, ,, satisfies the
Helmholtz equation in R3.
Next, define the vector spherical harmonics by

1
Upm = ——=—==VsY,"(2) and V., =2 xUpm
n(n+1)

form = —n,...,nand n =1,2,.... Here, & € S and Vg denote the surface gradient on the unit
sphere S. The vector spherical harmonics form a complete orthogonal basis for L(S5).

Using the vectorial spherical harmonics, we can separate the solutions of Maxwell’s equations
into multipole solutions; see [41l Section 5.3]. Define the exterior transverse electric multipoles,
ie., -2 =0, as

ELY () = —/n(n+ DAL (kl2]) Vi m(2),
HI'E (z) = —WLMVX( Va(n+ DD (k|z)) nm(@)), (5:1)

and the exterior transverse magnetic multipoles, i.e., H -z = 0, as
E;C%(x) = = Vx( =Vl + DAY (ko)) Vi (2)).
HIM(z) = —/n(n + DAY (k[z]) Vim (2).

The exterior electric and magnetic multipoles satisfy the Sommerfeld radiation condition. In

(5.2)

the same manner, one defines the interior multipoles (E;{ Lol TE ) and (E;LF Mgl TM ) with S
replaced by j,, i.e., N
ETE m(2) = (n + 1) jn(klz) Vam(2), 5 3
HTE(:E) VXETE() ()
wp
and B
HTM(@’) = n(n +1)jn(klz])Va,m(2), (5.4)
ETM — _v HTM ) :
n,m(x) we X n,m( )
Note that one has
1 1
v x B8 ) = Y a0, 0) + O ey @ (59)
and
~ nin+1) . n(n+1) . M AN A
V x By (k@) = Y= T klal)Unm (@) + =2 a (kDY (@02, (56)
where

Ta(t) = ju(t) + i (), Halt) = P () + t(RG)) (1).
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For |z| > |y|, the following addition formula holds:

e S BB

hE

G(:Evyv k)I =

Il
—_

n m=—n

Zk - TE —T
— E ETE

M

S
I
—_

m=—n

_%’ 3 Voun (@) Vonm(y) - (5.7)

n=1m=-—n

Alternatively, for |z| < |y|, we have

n

'lk € —_——
- ETM ETM T
T 2 P @B ()

hE

G(:Evyv k)I =

S
Il
—_

ik n =
ETE ETE T

WK

I
—_

n

—%Z 3" Vo (@) Vonm(y)" (5.8)

n=1m=-—n

m=—n

5.2 Explicit representations of boundary integral operators

Let D be a sphere of radius » > 0. We have the following results.

Lemma 5.1. Let 0D = {|z| = r}. Then, for v’ >r, we have

v XV x ShUnml| 0 = (=ikr)h (k') T (k) U, (5.9)
v x V X §g[vn,m]|‘;‘:¢, = zk::—f (k) Ho (k1) Vim,s (5.10)
v XV XV x Sh[Unmllf ., = —z‘k%jn(kr)Hn(kr')Vn,m, (5.11)
VX VXV x §g[vn,m]|‘;‘:¢, = ik(kr)2j, (kr)hD (k1" Up.m. (5.12)
Forr' <,
v XV % SHUnml| e = (=ikr)ju(kr' )Y Ho (k) Un i, (5.13)
v x VX §g[vn,m]\‘;‘:r, = ik:—fjn(kr’)hg)(kr)vmm, (5.14)
v X VXV X Sh[Un [, = —ik%jn(kr’)Hn(kr)anm, (5.15)
v x VXV x §g[vn,m]\‘;‘:r, = ik(kr)2jn (kr )R (k) Upm. (5.16)

Proof. We only consider (5.9]). The other formulas can be proved in a similar way.
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From (5.3), (5.6), and the definitions of ELZ  ETM ETE and ETM e have

n,m? n,m? n,m?

Vg X G(x v, k:)U m(9)

=—Z n+1 ZVXETM ETM (y)  Upg(9)
+Z n+1 ZVXETE (y)’Upvq@)

>

—11 N N
M Z V x ETM —E;jn(k'r)Un,m(y) : UZMI(y)

m=—n

( 1)]n(kr)vn,m(g) ’ Up,q(g)

Z\/Tﬂ > vk

m=—-n

for |y| = r and |z| > |y|. Therefore, we get on |z| =r

V x gﬁ)[Un,mHJ’_ = Vx X G(%% k)Un,m(Q)
lyl=r
kr 1
- j kr)(V x B0 (@)) - 5.17
s o (Y % Bl (5.17)
Since )
T™ v TE 2pTE
VXxE,, :w—EVxVprvq w—k o
we obtain
&%V x S Ul = — e T (k)@ x BLE ()]s
T n(n + 1) ’
= (—ikr)h$) (kr) Ty (kr)Upm  on || =7,
which completes the proof. O
Note that

vV x Shlol], = (F5 1 + Mb)[s] onaD,
and recall the following identity, which was proved in [46],
v XV xVxShl¢] = LE]4] on dD.
For m=—n,...,nand n=1,2,3,..., let H, ,,(0D) be the subspace of H(0D) defined by
H,, m(0D) = span{Up m, Vim }-

Let us represent the operators M and ﬁD explicitly on the subspace H,,,(0D). Using
Un,m;s Va,m as basis vectors, we obtaln the following matrix representations for M’B and £’B
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on the subspace Hy, y,(0D):

1
— — ikrh\D (kr) T, (r) 0
Mhy =12 1 ; (5.18)
0 3 + ikrjn (kr)Hy (kr)
and 0
- 0 ik (kr) 24 (k)RS (k)
£b <—z'k:jn(k:r)7-ln(kr) 0 ‘ (5.19)

5.3 Asymptotic behavior of the spectrum of Wg(r)

Now we consider the asymptotic expansions of the operator Wp(r) and its spectrum when r < 1.
It is well-known that, as ¢t — 0,

‘ " 1
Inlt) = (2n + 1)l (1 T 202n 3)t2 + O(t4)>’
W) = =20 = ) (1 5o 4+ 00 ). (5.20)

By making use of these asymptotics of the spherical Bessel functions, we obtain that

z’jn(t)h,@(f):”“(i)"i+2( ntl )@”5—2( nts )G)nﬂt—l—O(t?’),

2n +1 2n—1)2n +1 2n+1)(2n+3
.. ~ -n nl —n + 2 t\"~ t\n+1
Un(tVHalt) = 5= ( ) 2(2n — 1)(2n + 1) (Z) oy 1)(2n ¥3) (t) t+0(t),
.. ~ 1 t ”1 1 t\"~ 1 £\ n+1
ign(Oh5)(F) = on + 1 (Z) it 2(2n — 1)(2n + 1) (Z) b 2(2n + 1)(2n + 3) (2) t+0(t%),
. -~ (—n)(n+1) t\nl  (n+1)(—n+2) st\n; n(n+ 3) t
Wn(OHa(t) = =57 (? it (Z) 2(2n + 1)(2n + 3) (Z) t+0(t),
(5.21)
for small ¢, < 1 with t ~ .
So, we have
(=1 2
—— + (kr)*r, 0
0 2@n 1) + (kr)°sp,
and
ck ( ( 1)2 ’ rpn) +O(r?) (5.23)
=1 nn+ ), .
o\ e 0
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where

1
b= o
. (m+DHn-2) n(n +3)
M= en—1)(2n+1) 2@2n+1)(2n+3)
B n+1 (n+3)
T T - D@n+ 1) 2@+ 1)(2n +3)
n—2 n

2(2n — 1)(2n + 1)

Therefore, we can obtain

* 2(2n +1)(2n + 3)

WB(T) = WB,() + TWB71 + 7’2WB,2 + O(Ts),

where
(—1)
— 0 0
Booo2n+1) .
0 Ay — 0
Wi o — o2(2n +1)
nee 0 0 A (=1)
°2@2n+1)
0 0 0 Ae —
0 0 0 wcupn
B 0 0 wCuan 0
Wi1 = 0 wC.pp, 0 0 ’
wCeqn 0 0 0
w?D,ry 0 0 0
_ 0 w?D,,sp, 0 0
Wa.,2 = 0 0 w?D.ry, 0
0 0 0 w?D. sy,
and
CM _ HeEe — ,Umgm7 C. = He€c — :umgm7
Hm — He &m — Ec
D, = 60#% - €mlu72n D. = 53:“6 B 8%uu’?’ﬂ
p, N e — - _
Hm — He &m — Ec

(5.24)

(5.25)

(5.26)

(5.27)

(5.28)

(5.29)

By applying the standard perturbation theory, the asymptotics of eigenvalues of Wp(r) are
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obtained as follows: up to an error term of the order O(r?),

(_1) 2 Pndn ] 3
2 P | D, :
QARPTeTES VR e vl I
Ay — b + (rw)?|C.C _Pin 4 p Sn- + O(r?)
"9+ 1) A= Ae—pn " ’

(_1) 2 Pndn ] 3
- P LDy, :

A ot T + (rw) CeC“Aa—)\u—kpn + Dera +0(r7)
Ae — 1 + (rw)?|C.C S L U N— Desn- +0(r®)
2(2n+1) u)\a_)\u_pn J ’

and the asymptotics of the associated eigenfunction are given by

Cean

1,0,0,0" + ro——""
[ ] Tw)\u_)\a+pn

0,0,0,1]" + O(r?),

C 1
0,1,0,0]7 + rw—=

1 T 2

C
0,0,1,00" 4 o4t — ;‘qf;p 0,1,0,0]7 + O(r?),
e m n

C 1
0,0,0,1]7 + re—£

1 T 2).

5.4 Extinction cross-section
In this subsection, we compute the extinction cross-section Q°**. We need the following lemma.

Lemma 5.2. Let D be a sphere with radius > 0 and suppose that E* is given by

o0 n
Ei(z) = Z Z alFEMY (25 ky) + oM EDM (2 k),

n=1ll=—n
for some coefficients aZ:E ,ale . Then the scattered wave can be represented as follows: for
|z > 7,

o0 n
E(z) = Z Z alFSTEEN T (25 k) + ol MSTMET Y (23 k),

n=1l=—n
where SEE and SIM are given by
STE _ ,ucjn(kcr)jn(kmr) - ijn(kmr)jn(kcr)
" i Tnker)h ) — icgin (ker Y ()

GTM _ ecJn(ker) Tn(kmr) — emfn(kmr) Tn(ker) '
emTn(ker )W (ki) — cjin(ker Y H (k)
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Proof. Let E* = Eg? (z; k). We look for a solution of the following form:

B aE‘i?(:n;kJ, x| <r
Eﬁf(:ﬂ;km)—l—bng(x;k’m), |x| > r.

Then, from the boundary condition on 9D, we easily see that
jn(ka) _ ]n(kc'r') _hg)(kmr) a (5 30)
ﬁjn(k’mr) ijn(ch) _;%m%"(kmr) b) " '

Therefore, the coefficient a and b can be obtained as follows:

<1/a>_ Jnllmr) B (kpr) B guller) B (ker) <1>

bla) L%mjn(k'mr) “LmHn(k‘mT) ijn(k'cr) iHn(k‘CT) 0/’

kit (o) D2 (ki) <jn<fw>>
_M%jn(kmr) jn(kmr) ijn(ch) ’

Ho (k)i (ker’) — 22 B D) (1) Trn (o)
— ik "; , (5.31)
_jn(kmr)jn(kcr) + M_mjn(ka)jn(kcr)

7

where we have used the following Wronskian identity for the spherical Bessel function:

Jn(®Ha(t) = D (O Ta(t) = t(jaOEDY @) = u0RD @) = ;

Therefore, we immediately see that

_ ,ucjn(kcr)jn(kmr) B ijn(kmr)jn(kcr)

b .
i T (e VS (ko) = i (her )M (o)

Now suppose that E? = Eg ?/[ (x; k). We look for a solution in the following form:

B cﬁgj\/[(x;kc), lz| <,
Ei?/[(:n;km)—l-dEﬂV[(x;km), |x| > r.

Then, from the boundary conditions on |z| = r, we obtain

LTuker) 2Halker)\ (& (2 Tulkmr) ZHalknr)) (1
By solving (5.32]), we get

Ecjn(kcr)jn(kmr) - Emjn(kmr)jn(kcr)

d= 0
emjn(kcr)hn (kmr) - 5cjn(kc7')%(kmr)
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By the principle of superposition, the conclusion immediately follows.

O
We also need the following lemma concerning the scattering amplitude Ao
Lemma 5.3. Suppose that the scattered electric field E° is given by
[ee] n
=D > BPENT (wika) + B3 EX Y (3 Kim)
n=1l=—n
for R3\ D. Then the scattering amplitude Ay, can be represented as follows:
[e.9] n .
4 (—2)" . 7
=3 > D ) (6 a@) + | )
= ikm Em
Proof. 1t is well-known that
(1) Loit —intln
hy, (t)w;ee P as t — 00,
and )
(hDY (t) ~ ;eite_i%” as t — 00.
Then one can easily see that as |z| — oo,
B eikm|m| nt1 X
m
and
eikm|1’| .n
ETM(pk) ~ ——— — Tl + DUy (2).
’ m|33| Em
By applying these asymptotics to the series expansion of E?, the conclusion follows.
O

A plane wave can be represented as a series expansion. The following lemma is proved in

Lemma 5.4. Let E' be a plane wave, that is, E'(x) = pe®*m®® with d € S and p-d = 0. Then
we have the following series representation for a plane wave as follows:

ZZO/MTEE (z; kpy )+ozp7)TM wa(:mk‘m),

n=1l=—-n

where

prE (_1)47”” .
T (Vi(d) ),

prM ( 1)47” Em .
i \/T—Fl (U (d) p)

Now we are ready to compute the extinction cross-section Q.

31



Theorem 5.1. Assume that E'(z) = pe®n?® with d € S and p-d = 0. Let D be a sphere with
radius . Then the extinction cross-section is given by

Qemt Z Z k‘2 |p|2 1)SZE(Vn,l(d) : p)2 + ZSEM(Un,l(d) : p)2) .

n=11=

Moreover, for small r > 0, we have
1 3
ext (—1)(47T/<3m7‘) o~ 2 e — [ 2 e.—€Em 9
— z Vi (d ZZe T Em (d) -
Q l;l kgn’pP v Z32Mm +IU'C( 171( ) ) * 32€m+€c( l’l( ) p)

+ O((kmr)h).

Proof. Let us first compute the scattering amplitude A, when E° is a plane wave. From

=30 3 T )

n=1]l=—n
x <a§;§“’TES,{ BV (@) + 4/ ’;—maff’TMsg MUn,l>
47T .
= Z Z ~1)SEEW,, 1(d) - p)Viy + iSTM (U, 1(d) - p)Upy) -

n=1l=—n

Therefore, we have

K p[?
[e.e] n T 3

=30 3 1 aS (CUSTEd) ) + iS5 () )?).
n=ll=—n ™

Now we assume that r < 1. By applying (5.20]), one can easily see that

_ 3
S;.I“E _ Zg (e = o) (k1) + O(T4),

3 2 + pe
2 (ec — em)(kmr)?
STM S 9] 4
! 3 2m + Ec +00),

STE §TM — O(r%), for n > 2.

Therefore, we obtain, up to an error term of the order O(r?),

1

ext (_1)(477)3% Zg (tte = ptm) (kmr)? 2 g(Ec—Em)(ka)g .
¢ _lzz—:l k2, Ip|? (3 2 + fhe (Viu(d) - p)” + (Ur(d) - p) >

The proof is complete.
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6 Explicit computations for a spherical shell

6.1 Explicit representation of boundary integral operators

Let Ds and D, be a spherical shell with radius rs and r. with 4 > r. > 0. Let

(emnuﬁl) iH DCv
(57 :u') = (65, ,us) in Dy \ Dca
(Em,pm)  in R3\ Dy.
Let
Te
p=—
Ts

The solution to the transmission problem can be represented as follows

HeV % S [s] (2) + V x V x S 6] (x)
eV x S [e](@) + V x V x S§ [oc] () z € D,,

1V % S [hs](x) + V % V x S 6] (x)

Ble) = TV < S @)+ V x Y x 85 [6d(@)  zeD\D, OV
B+ 1V x SEr (@) + V x V x S [6) ()
{ HumV X Spre(z) + V x V x Sp(oe(z)  x € R3\D;,
and )
H(z) = ———(V x E)(z) z¢€R3\AD, (6.2)

WD

1 _1
2 2

where the pair (¢s, ¢s, e, Pc) € (HT (div, 8DS))2 X (HT (div, 8Dc))2 is the unique solution to

Vs Vs v X E
sh bs Wlslh W182h bs iwv x H'
W = sh sh -
wc W21 W22 wc 0
e e 0
with
_|_
Rs 2 Im 1 4 p M — pp M chs — Ll
sh 2 s s s s
Wi = rks _ phn <k§ . ki >Id+ kngs ki A |
Do 2us  2fim T 63
6.3
usuxVx‘S?%c—umuxngkDf uxVxVx‘S?%c—uxVxngkDf
Wsh _ ~ < k2 . kz .
12 uxVxVxS’Z;;—uxVxVxSkD’? M—SuxVxSszc—u—muxVxSkDT oD,
S m
B B B - (6.4)
—pcuxVngcs—l—usVXVXSf’i —uxVxVxSﬁ’)ﬂS—i—yxVxVxSﬁz
Wil = . - k? R -
21 —yxVxVxS'Eﬁ+uxVxVxSsz ——cyxVxS'g+—suxVxS'Ef\
S S c S /I/S S
(6.5)
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+
L M, ~cl + £l

k2 k2 k2 k2
_ﬁkc _|_£ks o < c 4 s ) Id — _chc + _sMkS
D, D, 2/1’6 2/1’8 Iuc D, Ius c

sh
Wy =

(6.6)
Note that Wil and Wik are similar to the operator in left-hand side of (3.4]). In the previous
section for the sphere case, we have already obtained the matrix representation of this operator
and its asymptotic expansion.
By Lemma 5.1l we can represent v x V X 5'75||m|:,1/ and v x V x V x ‘S_%hx‘:,r/ in a matrix
form as follows(using Uy, m, Vi m as basis):
(i) For r' > r,

y VS| (—ikr) T (kr) D (k") o0 6.7
Dllei=r 0 ik g (k) Hu (k') )
G 0 ik(kr)2gn (k)b (k1) |
VXV XV XSEP|z|=r = < ik, T (k)M (k) 0 ; (6.8)
(ii) For " < r,
- (—ikr)jn (kr" ) Hy (kr) 0
v % V X Sp|jpj=p = < 0 ik To(kr') (S (k) ) 09
3 0 ik (k)2 (ke B (k
VXV XV X Sy = < e ) Uy (he) ) (6.10)

Using the above formulas, the matrix representation of the operators Wi§* and Wil can be easily
obtained.

We now consider scaling of W*". First we need some definitions. Let Dy = z + r,B, where
Bg contains the origin and |Bs| = O(1). Let B. be defined in a similar way. For any x € 9D, (or
0D.), let T = £=2 € 0B, (or 0B, with 7, replaced by 7.) and define for each function f defined

Ts
on 0D (or 0D,), a corresponding function defined on B as follows

ns(f)(%) - f(Z + TSE)7 nc(f)(%) - f(Z + ch)’ (6’11)

Then, in a similar way to the sphere case, let us write

05 (1s) )
S S Hm — s,
(ivx H")
Wsh o wns(qbs) — 177717_5
B (T ) nc(l/}c) : ()€
wie(¢e) 0

Using (Un,ms Vams Unms Vi) X (Unms Vims Unom, Vim) as basis, we can represent Wgh(rs)
in a 8 x 8 matrix form in a subspace Hy, ,,(0Bs) X Hp m(0B:). Then, by using (5.21]), their
asymptotic expansion can also be obtained.
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Here, the resulting asymptotics of the matrix Wgh are given as follows. Write

Wi (rs) = Willy + 1 Wi + r2Wily + O(rd), (6.12)
where
A F Qo
Wik, = e ) + < o o) 6.13
Bo ( A,u,e RO,n _PO,n ( )

P, @ h <P2 n Q2n >
Wsh — R0 N , Wsh — ; ; )
Bl <R1,n _Pl,n B2 R2,n _P2,n

Here, the matrix P;,, @, and R;,, are given by

)\“ Pn
A —p
A, = H Py = "
,€ /\€ ; 0,n P ;
Ae —DPn
In fn
QO,TL = P2 fTL g 3 RO,n - In f )
n n
fn 9n
Cupn DMT"
Cuq D,s
P =W pem ) P =w e ’
Ln Cepn 2m D.ry,
Cetn D.sy,
CDn D,ry
_ CMQNn 2 Dugn
Ql,n - wp Cgﬁn 9 Q2,n =w p Dg’Fn 9
CaQNn D5§n
Cubn D,s,
CLq _ -D,7
R17n - (_1)wp ! Ceﬁn Hq” b R27n = w2p ! e Degn
Caqn _Defn
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Here, pp, qn,7n, S are defined as (5.24) and py, Gn, T, 5n, D), and D. are defined as follows:

n n n—1 T + 1
=t = 14
Fo=p"g g =0 g (6.14)
~ 1 n+1
= 1
bn =GP (6.15)
_ n+1)(n—2 n(n+3
22n —1)(2n+1) 22n 4+ 1)(2n + 3)
. n+1 n (n+3) 2
=— 6.17
T on—Den+ D’ T 2en+ DEns)” (6.17)
. n—2 n+1 n n+3
=— 6.18
T on—Den+ D’ T 2ensDEn+3)” (6.18)
and
D, = S Emity gy Ehls S (6.19)
Hm — s E€m — &s
6.2 Asymptotic behavior of the spectrum of W3l (r,)
Let us define
NI = —————\/1+4 1)p2n .,
Note that +\3" are eigenvalues of the Neumann-Poincaré operator on the shell.
It turns out that the eigenvalues of ngo are as follows
D D W N D WD W
for n =0,1,2, ..., and their multiplicities is 2. Their associated eigenfunctions are as follows:

X+ pn)er + fres,  E = (A — pn)es + gnes,
—X +pn)er + foes,  Ef = (=A)" — pn)ea + gnes,
X!+ pn)es + frer,  EQ = (A — pn)es + gnes,
—X5" 4 pn)es + fuer,  EQ = (=X — pn)es + gnes,

A+ Xh — E9
D
A+ — B

Ae =X —  ED

= (

(
=
(

where {e;}>_; is standard unit basis in R®.
To derive asymptotic expansions of the eigenvalues, we apply degenerate eigenvalue pertur-
bation theory (since the multiplicity of each of these eigenvalues is 2). To state the result, we
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need some definitions. Let

(L B pn)al,n - bl,n

fon =T e
Tosm = Ce Chs fgéﬂg&f b2’n, Torn
T36. = Cs (L - fgz?i?gé’_ b37n7 T38.1n
Tusn = Cs (L fgf)ﬁégé’_ b4’n7 Ta7n
Tso,n = gj Ti6n, Tsapn = gj T18,n,

_ G

C
_ L i
Tron = FT36,7L7 Tryn = C 1381,
I3 €

where

—C.

(_L - pn)al,n - bl,n

| D Eg)| ’
—C. (=L +pn)agn —ban
| B9 E?| ’
—C. (=L - Pn)azn — ban
| E3|| 3 ’
—C. (_L +pn)a4,n - b4,n
|E3|| 7] ’
Te1n = g—ZT%,m To3n = g:TWm

C C
Tg1n = C“T45 ny  183n = C:T47n7

£

a1n = )\ sh +pn)Qn + pfnq~na

agn =

az,n

;1

asn sh

;1

and

n = fnGnGn +p~
n = fnGnPn +p
b3.n = fagndn +p
ban = fngnPn + p

-1

We also define

= (

(X" = pn)pn + Pgnn,
( /\Sh + pn)Qn + panm
= (=)

—1

—1

— Pn)Pn + PInDns

YOS+ P) gndin
( pn)fnpm
(=X + D) Gndin,
(=X = pn) fubn-

Ki. =D (/\fzh + pn)((/\fzh + Pn)Tn + pfnTn) + fn((/\fzh + pn)p_lgn — faurn)
A B2 ’
Ky, =D gn((_/\fzh +pn)p_lfn - gnsn) + (/\fzh - pn)((/\fzh - pn)sn + pgngn)
n=Ds B /
K -D (_)\zh +pn)((_>‘izh + pn)rn + pfnfn) + fn((_/\fzh + pn)p_l,§n - fn'r'n)
S [EP? ’
Kio =D gn(()‘izh + pn)p_lf - gnsn) + (_)‘Zh - pn)((_)‘izh - pn)sn + pgngn)
o i ’
D. D, D, D,
Kn—_K ) Kn— Krn Kn:_K ny Kn:_K n-
5, D, 1, 6, D, 2 7, D, 3, 8, D, 4,
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Now we are ready to state the result. The followings are asymptotics of eigenvalues of Wgh(rs)

T6nT61,n n T8 nT81,n
D VD W WP
Ti6nT61,n n T8 n 181,
SV W W W) v

A+ A+ (rsw)? < + K17n> +0(rd),

T36,n163,n n T38 0183,
M= Ao — 20—

( K ) 01

( )
Ap = Ae + (rsw)? < ToonTosn _\ Tssnloan | g n) +O(r

( Ko

( Ko ) +01

( ) +or

+K3n —l—O

WS W VS S
T52.nTo5n T54.0Ty5.n
SV W WD W) v
T52.0nT5n T54.0Ta5.n
PV WL WD W) v
Tro.nTo7 5 Tr4nTa7n
YD W) TS W

Tro.nTo7 5 Tr4nTa7n 3
Ae — A ? S K O(r3).
e — Ap+ (rsw) <A5—Au—2>\fﬁ+ - + Kgn ) +O(ry)

+ O(r

+ O(r

+K7n ‘|‘O

We also have the following asymptotic expansions of the eigenfunctions:

T72.n

EY + row <)\flfi\ Eg—#% ) +0(r?),

B+ o (S5 B + e ) + 002,

Eg + 1w <)\“ _iiﬁf o Eg + /\fgi’ri\s Eg) + O(T?),

EY + row <)\H _%\%f Xl EY + )\541773\6 E?) +O(r?),

Eg + 1w <)\Z5j’7;\€ ES + » _1):554’: oA Eg) + O(T?),

EQ + rsw < To1n EY + Tos.n Eg) + O(r?),
“( )

Interestingly, the first-order term (of order ¢) is still zero in the asypmtotic expansions of
the eigenvalues. This is due to the fact that degenerate eigenfunctions does not interact with
each other.
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7 Plasmonic resonances for the anisotropic problem

In this section, we consider the scattering problem of a time-harmonic wave u’, incident on
a plasmonic anisotropic nanoparticle. The homogeneous medium is characterized by electric
permittivity &,,, while the particle occupying a bounded and simply connected domain 2 € R?
of class C1® for 0 < o < 1 is characterized by electric anisotropic permittivity A. We consider
A to be a positive-definite symmetric matrix.

In the quasi-static regime the problem can be modeled as follows

V- (emldx(R*\Q) + Ax(Q))Vu = 0,

. 7.1
lu—u'] = O(z|™?), |z = +oo, )

where x denotes the characteristic function and u’ is a harmonic function in R3.
We are interested in finding the plasmonic resonances for problem (Z.1]).
First, introduce the fundamental solution to the operator V - AV in dimension three

GA(z) =

1
_477\/det(A)\A*a:\

with A, = VA~ From now on we will note G4 (x,y) := G4(x — y).
The single-layer potential associated with A is

Silpl: H 2(0Q) — HZ(09Q)

o — Shlel(x) = aQGA(%y)cp(y)dU(y% z € R,

We can represent the unique solution [9] to (ZIJ) in the following form:

(z) = { u® + SqlY], r € R3\Q,
=S4, zeqQ,

where (¢, ¢) € (H —3 (89))2 is the unique solution to the following system of integral equations
on 0€:

Salt] - S5 l9] = —u',
oS o 7 (7.2)
Em aQVW] L —v- AVSE (9] = —6m8—?i.

Lemma 7.1. The operator S : H_%(E?Q) — H%((‘)Q) is invertible. Moreover, we have the
jJump formula

1
v Avsg‘i = s 1d+ (K3,

with

(dyi@ = [ —— ﬁ,’ Z(f?_ Se)do(y)
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Proof. Let Ta, € L(H(0Q), H*(0)) be such that Ta,[¢](z) = ¢(A.z) for p € H5(0Q) and
Q= A.Q. Let r, € LIH*(0N), H*(0N2)) be such that T,,[ () = |A 7 v(z )]cp( ). It follows by
the change of variables § = A,y that do(y) = dety/A,|A; v (y)|do(y ) Thus

A —1..—1
SQ - TA*SQH* 7",/ s

and in particular S& is invertible and its inverse (S&)~! = r,,TA*Sf_Zlml.
Note that, for x € 02,
Alv(x)

"= e

where () is the outward normal to O at T = A,z. We have

v AVSA| = v-AV, (TA*sﬁTgr;l) ‘i

= v AA (T VaSyTil )|

= A7 (TA*Vg‘SﬁTfLI’P;1>‘i

= g ld+ (nTa K5 Ta) (7.3)

The result follows from a change of variables in the expression of the operator (K3)* =

(Tun*)K%(TVTA*)_l' O

Lemma 7.2. Sé is negative definite for the duality pairing (-,-)_1 1 and we can define a new
272
inner product

(w,0)2, = —(u, SH[v])

=
=

which is equivalent to (-,-)_

=
[T

Proof. Let ¢ € H_%(OQ). Using Lemma [(.T] we have
o =v- AVSHll| —v-AVSA| .
Thus

| e@siid@ao@) = [ v-avsilyl] @sdldl@dot) - [
o0 o0 +

v AVSHlel| (2)S4le)(x)do(a)
o0

- / USHlel() - AVSAlR (0)do(e) — | SAel@)V - AVSAp|(x)do(z)
R3\Q) R3\Q
/ VSAlpl(x) - AVSAp / SA1¢)(x)V - AVSA[)(2)do(z)

= [ VSAll) - AVSAp(x)do(z) <0,

R3
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where the equality is achieved if and only if ¢ = 0. Here we have used an integration by parts,
the fact that S&[¢](z) = O(|z|7!) as |z| — oo, V - AVS[p](z) = 0 for 2 € R¥\ 0N and that A
is positive-definite.

In the same manner, it is known that

lol3 = /a @l / VSallel (2)|2do (z).

Since A is positive-definite we have

clollfe < /89 p(2)Shlel(x)do(z) < ClollF-,

for some constants ¢ and C.
Using the fact that (-, )y~ is equivalent to (-, )_% 1, we get the desired result. O

From (.2]) we have ¢ = (Sé)_l(SQ [¢] 4+ u?), whereas, by Lemma [T1], the following equation
holds for :
Quly] =F (7.4)
with
(emld +(S0) ™" Sa) + (emKg — (K5)"(84) "' Sa), (7.5)

NI)—t

Qa =

and

F = —Em%—uy + v - AVSH[(SH) 1]

Theorem 7.1. Q4 has a countable number of eigenvalues.

Proof. Tt is clear that (K§)* : H_%((‘)Q) — H_%(E?Q) is a compact operator. Hence, €,,K8 —

(K§)*(S8)7'Sq is compact as well. Therefore, only the invertibility of 3 (e, 1d + (S&)™'Sq)

needs to be proven.

Since 87 is invertible, the invertibility of 3 (e, /d+(S4)~'Sq) is equivalent to that of £,,S4 +Sa.
~2(09))°

Consider now, the bilinear form, for (¢,v) € (H

Blg, ) = —em /a _e@Sil@)r(z) - /a @)Salv@)do ()
From Lemma [[.2] we have

By, ¢) = Clly|l

Hiﬁﬂ

for some constant C' > 0. X
It follows then, from the Lax-Milgram theorem that €,,S4 +Sq is invertible in H 2 (02), whence
the result. O

Recall that the electromagnetic parameter of the problem, A, depends on the frequency, w
of the incident field. Therefore the operator Q4 is frequency dependent and we should write
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Q4(w).

Following definition Bl we say that w is a plasmonic resonance if
leig;(Qa(w))| <1 and is locally minimal for some j € N,

where eig;(Q4(w)) stands for the j-th eigenvalue of Q4(w).
Equivalently, we can say that w is a plamonic resonance if

w = arg max HQZl(w)HE(’H*(aﬂ))' (7.6)

From now on, we suppose that A is an anisotropic perturbation of an isotropic parameter,
ie, A=c¢e.(Id+ P), with P being a symmetric matrix and ||P| < 1.

Lemma 7.3. Let A = e.(Id+JR), with R being a symmetric matriz, ||R| = O(1) and 6 < 1. Let
Tr denote the trace of a matriz. Then, as 6 — 0, we have the following asymptotic expansions:

4

1
E_(SQ + 0801 + 0(5)),

(S = oSt +Bas + 0(d)),
(K& = Ko+ 06Ka, +o(0)

with
B 1 1 (R(x—y),x—y)
Saalella) = —5TmSald@) — 5 [ I o()da(y),
Boi = —85'Sa185%,
G = TR - 5 [ Ot E ) g0

Proof. Recall that for é small enough

(I+0R)"1 = Id—gRJrO(cSZ),

det(I +0R) = = 1+ Tr(R) + o(9),
(I4+6x+0(6)° = 1+dsx+o0(d), seR.
1
The results follow then from asymptotic expansions of — , 8 =1,3 and the
i P (A A

identity

(S = ec(Id+ 685 Sa1 + 0(5)) 1S5

O

Plugging the expressions above into the expression of Q4 we get the following result.

Lemma 7.4. As § — 0, the operator Q4 has the following asymptotic expansion

Q4 =0Qa0+5Qa1+ 0(5),
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where

Emt+¢€ "
QA,O = %Id—i'(em_ec)lcﬂy

1
Qa1 = 60((§Id—lcg‘2)897189—/€571)-

We regard the operator Q4 as a perturbation of Q4. As in section [B] we use the standard
perturbation theory to derive the perturbed eigenvalues and eigenvectors in H*(91).

Let (A\j,¢j) be the eigenvalue and normalized eigenfunction pairs of K, in H*(9€2) and 7;
the eigenvalues of Q4. We have 7; = 57”2& + (em — €0)A;.
For simplicity, we consider the case when JA; is a simple eigenvalue of the operator Kf,. Define

Pji = (Qales], eu)ae-
As § — 0, the perturbed eigenvalue and eigenfunction have the following form:

Tj((;) = Tj+5Tj71—|—0(5),
©i(6) = @j+dpj1+o(6),

where
Ti1 = P

P
N ©r.
J ; (em —ec)(Nj — A1)

8 A Maxwell-Garnett theory for plasmonic nanoparticles

In this subsection we derive effective properties of a system of plasmonic nanoparticles. To begin
with, we consider a bounded and simply connected domain 2 € R3 of class C1'® for 0 < a < 1,
filled with a composite material that consists of a matrix of constant electric permittivity e,
and a set of periodically distributed plasmonic nanoparticles with (small) period n and electric
permittivity e..

Let Y =] —1/2,1/2[* be the unit cell and denote § = n” for 3 > 0. We set the (rescaled) periodic
function

v =emx(Y\D) +e.x(D),

where D = 6B with B € R3 being of class C1** and the volume of B, |B|, is assumed to be equal
to 1. Thus, the electric permittivity of the composite is given by the periodic function

Yo(@) = v(x/n),
which has period n. Now, consider the problem

V-mVu, =0 in Q (8.1)
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with an appropriate boundary condition on 0f2. Then, there exists a homogeneous, generally
anisotropic, permittivity v*, such that the replacement, as n — 0, of the original equation (&1])
by

V- -y*Vuy=0 in Q

is a valid approximation in a certain sense. The coefficient v* is called an effective permittivity. It
represents the overall macroscopic material property of the periodic composite made of plasmonic
nanoparticles embedded in an isotropic matrix.

The (effective) matrix v* = (7,,)p,q=1,2,3 is defined by [9]

o= [ 1@y (a) - Vi),
where u,,, for p = 1,2, 3, is the unique solution to the cell problem
V-yVu, =0 inY,
up — x, periodic (in each direction) with period 1, (8.2)
[y up(z)dz = 0.
Using Green’s formula, we can rewrite v* in the following form:

Ouy

o= [ ta(0) G2 )i (o) 53

The matrix v* depends on 7 as a parameter and cannot be written explicitly.
The following lemmas are from [9].

Lemma 8.1. For p =1,2,3, problem 2] has a unique solution u, of the form

up(x) = xp + Cp + Spi(Acld — K})ﬁ)_l[l/p](x) inY,

where C), is a constant, v, is the p-component of the outward unit normal to 0D, \. is defined

by (3.8), and

Spylel(@) = /8 Gl y)el)da(y)

bl = [ 28 oda)

with Gy(x,y) being the periodic Green function defined by

ei27rn-(w—y)

Gy(z,y) = — W

nez3\{0}

Lemma 8.2. Let Spy and IC*Dﬁ be the operators defined as in Lemma [81. Then the following
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trace formula holds on 0D

For the sake of simplicity, for p = 1,2, 3, we set
op(y) = (A\eId — ICBﬁ)_l[Vp](y) for y in 0D (8.4)

Thus, from Lemma B we get

yp+S
Vog = Em /aY (yq + Cq + Spildg)(v)) (s aDVﬁ [9)(v) do(y).
Because of the periodicity of Spy[¢,], we get
* ISpg[dp)
Tpg = Em (51711 + /ay yq%(y)da(y)) (8.5)

In view of the periodicity of Spyl¢,], the divergence theorem applied on Y\D and Lemma
yields (see [9])

OSpyldp) ,
|, 5,0 = [ wentiot)

Let

Yp(y) = ¢p(dy) for y € OB.

Then, by (8.3]), we obtain
v = em(Id + fP), (8.6)

where f = |D| = §%(= 1*?) is the volume fraction of D and P = (Pp;), 4123 is given by

Py = /é)B qup(y)da(y)' (8.7)

To proceed with the computation of P we will need the following Lemma [9].

Lemma 8.3. There exists a smooth function R(x) in the unit cell Y such that

1

Gy(z,y) = e r— +

R(z —y).
Moreover, the Taylor expansion of R(x) at 0 is given by
1
R(x) = R(0) — 6(417% +a + a3) + O(|z]).

Now we can prove the main result of this section, which shows the validity of the Maxwell-
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Garnett theory uniformly with respect to the frequency under the assumptions that

f < dist(A\e(w), o (K5))*°  and (Id — 6°R;

,\E(w)TO)_l =0(1), (8.8)

where R);l(w) and Tp are to be defined and dist(\:(w), 0(K7},)) is the distance between A, (w) and
the spectrum of 7.

Theorem 8.1. Assume that (88) holds. Then we have

* f a
Y =em(Id+ fM(Id = 2 M) 1)+O<dist()\e(

8/3
: )

), o (K5))? (8.9)

uniformly in w. Here, M = M (A:(w), B) is the polarization tensor (A1) associated with B and
Ac(w).

Proof. In view of Lemma B3] and ([84]), we can write, for z € D,

(el - Kp)lgyl(w) - [ 2D

o) Pp(y)do(y) = vp(z),

which yields, for x € 0B,

(e (W)Id — K 1) () — o / OR((z —y))

o  Ov(z) Up(y)do(y) = vp(x).

By virtue of Lemma [B.3] we get

VR~ y) = -3 (e ) + OF)

uniformly in x,y € dB. Since [,5v,(y)do(y) =0, we now have
(B () — 3*To + 55T1)[¢p]($) = vp(2),

and so

(Id = &Ry To + 0" Ry T[] (x) = Ry, vl (), (8.10)

where

Ry w)lpl(x) = (Ac(w)ld — Kp)[p](),

Tl = 25 o)

1Tt s By = O(1).

N

Since K7 is a compact self-adjoint operator in H*(9B) it follows that [30]

I(Ae (@) Id — KB) Ml oaeom))

S T @), 0 (K5)) (8.11)

for a constant c.
It is clear that Tp is a compact operator. From the fact that the imaginary part of Ry (., is
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nonzero, it follows that I'd — 53R;61(W)T o is invertible.
Under the assumption

(Id = &Ry, To) ™" = O(1),
6% < dist(A\e(w), o(KF)).
and (810), (BII) we get
Up(x) = (Id =Ry, To+ 8 R\ ) Ry ) (@)

55
= (Id=8R ) 'R (@) + O (dist(Ag(w), o(Kp)) )

Therefore, we obtain and estimate for 1/,

1
-o( ).
¥ = O\ st @), o (k)
Now we multiply (8I0) by y, and integrate over 0B. We can derive from the estimate of v,
that

55

/ )
dist( A (w), o(K5))% /"

P(Id - $M) :M+O<

and therefore,

e >
P=MId+ gM)™ + (G )

with P being defined by (87). Since f = 6% and

53

M= O(dist()\a(w), a(/c*B))>’

it follows from (8.6 that the Maxwell-Garnett formula (89) holds (uniformly in the frequency
w) under the assumption (8] on the volume fraction f. O

Remark 8.1. As a corollary of Theorem [81], we see that in the case when fM = O(1), which
is equivalent to the scale f = O<dist()\€(w),a(lC*B))), the matriz fM(Id — %M)_1 may have

a negative-definite symmetric real part. This implies that the effective medium is plasmonic as
well as anisotropic.

Remark 8.2. It is worth emphasizing that Theorem [81] does not only prove the validity of the
Mazwell-Garnett theory but it can also be used together with the results in section[7 in order to
derive the plasmonic resonances of the effective medium made of a dilute system of arbitrary-
shaped plasmonic nanoparticles, following ([Z.6])

w = argmax || Q. (W)l 3 (90)) -
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