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Abstract

A generalisation of Kingman’s model of selection and mutation has been made in a previous
paper which assumes all mutation probabilities to be i.i.d.. The weak convergence of fitness
distributions to a globally stable equilibrium was proved. The condensation occurs if almost
surely a positive proportion of the population travels to and condensates on the largest fitness
value due to the dominance of selection over mutation. A criterion of condensation was given
which relies on the equilibrium whose explicit expression is however unknown. This paper
tackles these problems based on the discovery of a matrix representation of the random model.
An explicit expression of the equilibrium is obtained and the key quantity in the condensation
criterion can be estimated. Moreover we examine how the design of randomness in Kingman’s
model affects the fitness level of the equilibrium by comparisons between different models.
The discovered facts are conjectured to hold in other more sophisticated models.

Keywords Population dynamics - Mutation—selection balance - House of cards - Random
matrices - Size-biased distribution - Bose—Einstein condensation

1 Motivation

The evolution of a population involves various forces. Kingman [14] considered the equilib-
rium of a population as existing because of a balance between two factors, other phenomena
causing only perturbations. The pair of factors he chose was mutation and selection. The
most famous model for the evolution of one-locus haploid population of infinite size and
discrete generations, proposed by Kingman [14], is as follows:

Let the fitness value of any individual take values in [0, 1]. Higher fitness values represent
higher productivities. Let (P,) = (P,),>0 be a sequence of probability measures on [0, 1],
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and denote the fitness distribution of the population at generation n. Let b € [0, 1) be a
mutation probability. Let Q be a probability measure on [0, 1] serving as mutant fitness
distribution. Then (P,) is constructed by the following iteration:

xPp_1(dx)

Py(dx) =1 — b)ifyp ()

+b0(@dx), n>1. (1)

Biologically it says that a proportion b of the population are mutated with fitness values
sampled from Q and the rest will undergo the selection via a size-biased transformation.
Kingman used the term “House of Cards” for the fact that the fitness value of a mutant is
independent of that before mutation, as the mutation destroys the biochemical “house of
cards” built up by evolution.

House-of-Cards models, which includes Kingman’s model, belong to a larger class of
models on the balance of mutation and selection. Variations and generalisations of Kingman’s
model have been proposed and studied for different biological purposes, see for instance
Biirger [4-7], Steinsaltz et al. [17], Evans et al. [12] and Yuan [18]. We refer to [19] for a
more detailed literature review.

But to my best knowledge, no random generalisation has been developed except in my pre-
vious paper [19], in which we assume that the mutation probabilities form an i.i.d. sequence.
The randomness of the mutation probabilities reflects the influence of a stable random envi-
ronment on the mutation mechanism. The fitness distributions have been shown to converge
weakly to a globally stable equilibrium distribution for any initial fitness distribution. When
selection is more favoured than mutation, a condensation may occur, which means that almost
surely a positive proportion of the population travels to and condensates on the largest fitness
value. We have obtained a criterion of condensation which relies on the equilibrium whose
explicit expression is however unknown. So we do not know how the equilibrium looks like
and whether condensation occurs or not in concrete cases.

As a continuation for [19], this paper aims to solve the above problems based on the
discovery of a matrix representation of the random model which yields an explicit expression
for the equilibrium. The matrix representation also allows to examine the effects of different
designs of randomness by comparing the moments and condensation sizes of the equilibriums
in several models.

2 Models

This section is mainly a summarisation of Sect. 2 in [19], in addition to the introduction of a
new random model where all mutation probabilities are equal but random.

2.1 Two Deterministic Models

Let M be the space of probability measures on [0, 1] endowed with the topology of weak
convergence. Let (b,) = (b,)n>1 be a sequence of numbers in [0, 1), and Py, Q € M;.
Kingman’s model with time-varying mutation probabilities or simply the general model has
parameters (b,,), Q, Py. Inthis model, (P,) = (P,),>0 is a (forward) sequence of probability
measures in M) generated by

xPy_1(dx)

Pp(dx) = (1 - b”)ifyp ()

+b,0(@dx), n>1, 2)
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where [ denotes fol . We introduce a function S : M — [0, 1] such that
Sy =sup{x : u([x, 1]) > 0}, VYu € M.

Then S, is interpreted as the largest fitness value of a population of distribution u. Let
h := Sp, and assume that 1 > So. This assumption is natural because in any case we have
S P = SQ.

We are interested in the convergence of (P,) to a possible equilibrium, which is however
not guaranteed without putting appropriate conditions on (b,). To avoid triviality, we do not
consider Q = §, the dirac measure on 0.

Kingman’s model is simply the model when b,, = b for any n with the parameter b € [0, 1).
We say a sequence of probability measures («,) converges in total variation to u if the total
variation ||u, — ul| converges to zero. It was shown by Kingman [14] that (P,) converges to
a probability measure, that we denote by /C, which depends only on b, Q and % but not on
Py.

Theorem 1 (Kingman’s theorem, [14]) Iff % > b1, then (P,) converges in total vari-
ation to
bOy Q(dx)

M G ==

where 0y, as a function of b, is the unique solution of

/ by Q(dx)

Op— (1 —byx )

Iff 0Wx) _ p=1 then (Py) converges weakly to

1—x/h
bQ(dx) bQ(dy)
1—x/h+(1_/l—y/h

We say there is a condensation on h in Kingman's model if Q(h) = Q{h}) = 0 but
KC(h) > 0, which corresponds to the second case above. We call IC(h) the condensate size on
h in Kingman’s model if Q(h) = 0.The terminology is due to the fact that if we let additionally
Py(h) = 0, then any P, has no mass on the extreme point /; however asymptotically a certain
amount of mass (/) will travel to and condensate on /.

K(dx) = )6/1(dx)-

2.2 Two Random Models

We recall the notation of weak convergence for random probability measures. Let (i) be
random probability measures supported on [0, 1]. The sequence converges weakly to a limit
w if and only if for any continuous function f on [0, 1] we have

Jim E[f () (@n)] = E[f(x)p(dx)].

Next we introduce two random models which generalise Kingman’s model. Let 8 € [0, 1)
be a random variable. Let (8,) be a sequence of i.i.d. random variables sampled from the
distribution of B. If b, = B, for any n we call it Kingman’s model with random mutation
probabilities or simply the first random model. It has been proved in [19] that (P,) converges
weakly to a globally stable equilibrium, that we denote by Z whose distribution depends on
B, O, h but not on Py.
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For comparison we introduce another random model. If b, = B for any n, we call it
Kingman’s model with the same random mutation probability or the second random model.
Conditionally on the value of 8, it becomes Kingman’s model. So we can think of this model
as a compound version of Kingman’s model, with b replaced by . We denote the limit of
(P,) by A which is a compound version of K.

In this paper, we continue to study the equilibrium and the condensation phenomenon in
the first random model. By Corollary 4 in [19], if Q(h) = 0,then Z(h) > O a.s.orZ(h) =0
a.s.. We say there is a condensation on h in the first random model it Q(h) = 0butZ(h) > 0
a.s.. We call Z(h) the condensate size on h if Q(h) = 0. A condensation criterion, which
relies on a function of B and Z, was established in [19]. As the equilibrium has no explicit
expression, the condensation criterion cannot be used in concrete cases. This paper aims to
solve these problems based on a matrix representation of the general model which can be
inherited to the first random model. The objectives include an explicit expression of Z, and
finer properties of Z on the moments and condensation. The comparisons of Kingman’s model
and the two random models will be performed and to this purpose we assume additionally
that

E[B,]=E[Bl=be (0,1), Vn=>1.

The case with b = 0 is excluded for triviality.

3 Notations and Results
3.1 Preliminary Results

In this section, we again recall some necessary results from [19]. We introduce
x4 Q(dx)
Jykow@y)’

We introduce the notion of invariant measure. A random measure v € M| is invariant, if
it satisfies

0% (dx) := my = /ku(dx), Yk > 0.

xv(dx)
Jo yv(dy)

with B independent of v. Note that Z, the limit of (P,) in the first random model, is an
invariant measure.

In the general model a forward sequence (P,) does not necessarily converge. But the
convergence may hold if we investigate the model in a backward way. A finite backward
sequence (P;) = (P}’)osjsn has parameters n, (bj)1<j<n, Q, P;, h with h = Spn and
satisfies

v(dx) £ (1 - p) + BO(dx)

x P (dx)
bjp1) i ——

f ij+1 (dy)
Consider a particular case with P}’ = §;. Then Pj’7 converges in total variation to a limit,

denoted by G; = G 5 (and G = Gy, Gp = gO,SQ), as n goes to infinity with j fixed, such
that

Pl (dx) = (1 — +bj410Wx), 0<j<n—1. (4)

xGj(dx)

g(,'—l(dx) =(1- bj)m
J

+b;0dx), j=>1 (&)
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where G : [0, 1)*° — M is a measurable function, with G; = G(b;41, bj42,...) which is
supported on [0, Sp] U {h} for any j. Moreover, (5) can be further developed

)

mbwm ;07 (dx). (©6)

o J
Go(d))=Gosudx)+ Y [ ]

j=01=1

where Gg = Goj, = 1 — Z(])O:o ]_[[j:1 f(vlg_il?él)y)bj_i_lmj. Then Gy can be considered as a

convex combination of probability measures {5y, Q, 0!, 02, ...}. We introduce also G j=
GjpforGjpforany jand G = Gy, Gg = Go,sQ.

The above results hold regardless of the values of (b,). So they hold also in the other three
models. In particular, we replace the symbol G, G by Z, I in the first random model (i.e., the
terms involving G, which are G, Go, G;, G; 1, g,-,SQ, are replaced by 7,79, Z;,Z; p, Ij,SQ.
The change from G to [ is done in the same way. The same rule applies to the other two
models), by A, A in the second random model and by K, K in Kingman’s model.

For the first random model, (Z;) is stationary ergodic and Z is the weak limit of (P,).

Moreover £ [ln &] € [—oo, —1In f yQ(dy)] is well defined, whose value does not

JyZo(dy)
depend on the joint law of (8, 7). This term is the key quantity in the condensation criterion.
. .. . S (1-8)
Note that we neither have an explicit expression of Zgp nor an estimation of £ [ln TyTo@) ] .
Theorem 2 (Condensation criterion, Theorem 3 in [19])
1. If h = Sg, then there is no condensation on Sg if
So(1 —
E [m M} <o0. )
J yZo(dy)
2. If h > So, then there is no condensation on h if and only if
h(1l —
E |:ln &] <0. ®)
[ yZo(dy)

3.2 Notations on Matrices

The most important tool in this paper is the matrix representation in the general model. We
need to firstly introduce some notations and functions related to matrix. One can skip this
part at first reading.
(1). Define
1—-b; 1-b 1—8; 1 -
J — FJ — ﬂ] , 1—v — 7’3

Bi B
where the 4 terms all belong to (0, co]. Forany 1 < j < n < oo (except j = n = 00),
define

a2 3 ... gnit2
—yj mp my - My jy

Wi =1 0 —yjp1im - : , %)
0 0 :
0 0 =y m
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and
mp  my M3 - Mp_jy2
—Yyj mp mp -+ Mu_jq]

Wi ::/W{""Q(dx): 0 —yjpim - . (10)

0o o0 . :
0 0 =y m

Introduce

Wh=wlhn we=wlheer Wit — (), W = (1),Vm > n+ 1
and

wr=whn o w=wher W = (my); W= (1), Ym >0+ 1.

(2). For a matrix M of size m x n, let r; (M) be the ith row and c; (M) be the jth column,
for1 <i <m,1 < j < n.If the matrix is like

May May -+ Mg, | Mg,

man+l

May 4 m

define, for any k > 0

Mitay Mk+ay = Mk+a,_y Mk+a,
. . e man+1

May, 1y

Here U ,: increases the indices of the first row by k, with r referring to “row”, and U to
“upgrade”. Similarly define

Mgy Mgy -+ Mg, | Miq,
Mi+ay,

mk+an+m

which increases the indices of the last column by k, with ¢ referring to “‘column”. In particular
we write

U =U], U¢=Uf.

(3). Let |- | denote the determinant operator for square matrices. It is easy to see that, if none
of yj, ¥j+1, - .-, ¥n is equal to infinity,

\ULWIm >0, [USW/"| >0, YVk>0,1<j<n+1.
Define

_ |W./'+1,n| . |U/:Wj’”|

n._ pn .
Jon = W, jk .—W, R-.—R<,1, Vlfjfl’l,kzl (11)

J J
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Specifically, let Lyy1, = m%’ Rl ;= ka, . In the above definition, if one or some of

Yjs»Yj+1,---, Y are infinite, we consider L; ,, R’}’ « @s obtained by letting the concerned
variables go to infinity. As a convention, we will not mention again the issue of some y;’s
being infinite, when the function can be defined at infinity by limit.

Notice that expanding W/>" along the first column, we have

|Wj+1,n| |Wj+1,n| 1
Lj’” = Jj.n = ji+1,n r ji+1,n = n (12)
|WJ-n my|WItLR] oy [UT Wt m1+)/jRj+1
If y; = oo, let
L 0 L !
jon =Y Vikjn= 75—
R7+1

Lemma 1 In the general model, R’; ¢ increases strictly in n to a limit that we denote by R
(and Rj = Rj 1) which satisfies

Mi41 + ViRj+1k+1

Riy= (13)
! mi+¥yiRjt+1
And y;Lj , decreases strictly in n to a limit that we denote by y; L j which satisfies
1/Rjt1, ifyj = o00;
viLj = (14)
vi/mi +yiRjt1), if yj < o0.
Moreover
Vi Vi
——— <yiLij< ————, m <Rj;1 <1 (15)
my+y; T (L4 y)) I

3.3 Main Results

(1). Matrix Representation
We set a convention that for a term, say o, in the general model, we use o j to denote the
corresponding term in the first random model and @; in the second random model, &; in
Kingman’s model. If the corresponding term does not depend on the index j, we just omit
the index.

Consider a finite backward sequence (P;l) in the general model:

; . xPJ'~'+l(dx) )
J+l1

The previous sequence used in Sect. 3.1 starts with P)) = 6, and this one starts with P;) = Q.
The advantage of this change is that the latter enjoys a matrix representation, which is the
most important tool in this paper.

Lemma 2 Consider (P]’7) in (16). Forany 0 < j <n,

xPl(dx) w{t
[yPidy)  [With]

Q(dx), a7
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and

Jj+2.n
Wi "

P;'l(dx) = (- ij)W

Q(dx) +bj11Q(dx). (18)

Letting n go to infinity, we obtain the following.

Theorem 3 For j fixed and n tending to infinity, PJ’.’ converges weakly to a limit, denoted by
H ;. If we denote H = Ho, then H : [0, 1)*° — M is a measurable function such that

Hj=Hbj+1,bj+2,...), (19)
and
XHj41(dx)
Hi(dx) =1 —bjp))—L—"— +b;110(dx). (20)
! P Iy @y T
Moreover
1—biyg
f}’T'j(-d‘_y) =Vj+1Lj+1. (21)
J

Note that (7;) is the limit of (P;‘) with P} = 0, and (G) is the limit of (P;‘) with P = 6.
When i = S, it remains open whether H = G or not. But the equality holds in the first
random model.

Corollary 1 It holds that

Zj.s0) < (ﬁ/) :
(2). Condensation Criterion
A remarkable application of the matrix representation is that the condensation criterion in
Theorem 2 can be written into a simpler and tractable form using matrices.
Corollary 2 (Condensation criterion)
1. Ifh = Sg, then there is no condensation on {Sg} if

E[InSoILi] <o. (22)
2. Ifh > Sq, then there is no condensation on {Sq} if and only if

E[lnhIL] <0. (23)

Note that the key quantity E [ln %] in Theorem 2 is now rewritten as E [ln L 1].
An estimation of it is highly necessary to make the criterion applicable. To achieve this, we
introduce the second important tool of this paper in the following lemma, which is interesting

by itself.

Lemma3 Let f(x1,...,x,) bea C? bounded real function with x; € R, 1 < i < n. For
1 <i,j < n, let fy, be the first-order partial derivative of f with respect to x;, and fxx;
the second-order partial derivative with respect to x;, x j. Assume that ), <itj<n S x < 0.
Let (&1, ..., &,) be n exchangeable random variables in R. Then

ELf G, ... 601 = ELf &1, ..., 6D

The estimation of E[In I L 1] is given as follows.
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Theorem 4 We have

E[ln FZ] <E[nNLj]<In yL (24)
where
1-b - 0(dx) —1.
o 1—b W’lff 17x/)§Q > b7
b= kg @
YAholay 1 : 0(dx) —1
50 U sg =07
and
~ 1—
rt=-—_=F_|
[ yAo(dy)

Remark 1 The two inequalities in (24) are not strict in general. Here is an example. By
Theorem 1, if f Q(dx) < b1, one can obtain by simple computations that y L = 1/Sp.

1-x/So
For the same reason, if [ % < B~ almost surely, then I'L = 1/Sp almost surely. So

taking B and b small enough, the two inequalities in (24) become equalities.

As Kingman’s model is a special kind of the first random model, Corollary 2 applies to
Kingman’s model as well. The second inequality in (24) implies that Kingman’s model is
easier to have condensation than the first random model in general. This is made more clear
in the next Theorem 5.

(3). Comparison Between the First Random Model and the Other Models

For succinctness, the results that we present in this part are only in the case & = Sp.
However all the results can be easily proved for 4 > Sp, if we do not stick with strict
inequalities. The main idea is to take a new mutant distribution (1 — %) o+ %Sh and consider
the limits of equilibriums as n tends to infinity.

We consider an equilibrium to be fitter if it has higher moments and bigger condensate
size. In the following, we provide three theorems on the comparisons of moments and/or
condensate sizes.

Theorem 5 Between Kingman’s model and the first random model, if P(8 = b) < 1, we
have

1. in terms of moments,

E[/ykIQ(dy)] < /yk/cg(dy), Vk=1,2,....
2. in terms of condensate size, if Q(Sp) =0and Igp > 0, a.s., then
E[lg] < Kg.

Theorem 6 Between the two random models, the following inequality holds

B [ln / yIQ(dy)] <E [ln / yAQ(dy>].

Theorem 7 Between Kingman’s model and the second random model, it holds that
E[Ag] = Ko, if Q(Sg) =0.
But there is no one-way inequality between IE[f yAop(dy)] and f YKo (dy).
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It turns out that the first random model is completely dominated by Kingman’s model in
terms of condensate size and moments of all orders of the equilibrium. We conjecture that
the first random model is also dominated by the second random model in the same sense,
as supported by a different comparison in Theorem 6. The relationship between Kingman’s
model and the second random model is more subtle.

4 Perspectives

Recently, the phenomenon of condensation has been studied a lot in the literature. Biaconi
et al. [3] argued that the phase transition of condensation phenomenon is very close to Bose-
Einstein condensation where a large fraction of a dilute gas of bosons cooled to temperatures
very close to absolute zero occupy the lowest quantum state. See also [2] for another model
which can be mapped into the physics context. Under some assumptions, Dereich and Morters
[9] studied the limit of the scaled shape of the traveling wave of mass towards the condensation
point in Kingman’s model, and the limit turns out to be of the shape of some gamma function.
A series of papers [1,8,10,11,15] were written later on to investigate the shape of traveling
wave in other models where condensation appears and have proved that gamma distribution is
universal. Park and Krug [16] adapted Kingman’s model to a finite population with unbounded
fitness distribution and observed in a particular case emergence of Gaussian distribution as
the wave travels to infinity.

The first random model, as a natural random variant of Kingman’s model, provides an
interesting example to study condensation in detail. The matrix representation can be a handy
tool to study the shape of the traveling wave to verify if the gamma-shape conjecture holds.
On the other hand, we can also ask the question: will the relationships between the three
models revealed and conjectured in this paper be applicable to other more sophisticated
models under the competition of two forces, particularly to those models on the balance of
selection and mutation? It is very tempting to say yes. The verification of the universality
constitutes a long term project.

5 Proofs
5.1 Proof of Lemma 2

Proof of Lemma 2 Note that

xPdx)  xQ(dx) Wit

= = dx).
Tybrdy) — mi - qwerta 2
Assume that for some 0 < j <n — 1,
xXPl(dx) Wit 0w
JyPldy) — [Witan| '
Then
Wit
Pidx)= (- bj+1)WQ(dx) +bj410(dx).
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Consequently
fo;r(f(Z;)) _ (1 ]+I)X‘W]+2n| +bj+1x Q(dx)
PRI [y 0y + by,

yix WL | 4 x| Wit ) (Wit
- n X
yj|UrW]+2,n|+m1|Wj+2,n| |Wj+ln|

Q(dx).

The last equality is obtained by expanding W;C" L and Wit on the first column. By
induction, we prove (17). As a consequence, we also get (18). ]

Lemma 2 allows us to express PJ’.l using {Q7, /%!, ..., 0"7}. To write down the explicit

expression, we introduce

-1
Djini= (l_[ )/i+jLi+j,n> Ljiinmiyy, n>j>1,1>0.
i=0

Corollary 3 For (P}) with P} = Q

Pldx)=Y C!,Q'dx), 0<j<n-—1 (26)

where C;'l,o =bji1; C;’J =0 =bj;1)Pjt21-1n 1=lI=<n-—j.

Proof Let0 < j <n—1.Notethatforany 1 </ <n—j
|Wj+l,n| -1 |Wi+j+1,n| -1

T . = — T = L' i .
LA LA o

i=0

Expanding the first row of W){ " and using the above result, we get

|Wj’n| 1 n—j+2 /1-2
X i+, I
Wi = Wi > (HVH./)'WJ "l

=1 i=0
n—j+2 n—j+2
Z (1_[)/1+J i+j, n) JjH- lnx = Z ¢]l ln . 27
=1 =0
Then we plug it in (18), changing j to j + 2. O

5.2 Proof of Lemma 1

We need to prove first a few more results on monotonicity. The following Holder’s inequality
will be frequently used:

il o M2y 28)
mij42 mjy mi
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Lemma4 Forj>1,n>j—1, R;? increases strictly inn to R; € (0, 1], as
mp < R;’ < R;"H < 1.

Proof By Holder’s inequality, for j =n + 1,

n M2 mymp+ yppm3
m <R, ,,=—<-—F—"

< 5 =R 1.
mi my + Yngy1m2

n+1

Consider n > j. Without loss of generality let j = 1. Using (11)

" _ |Ur Wn |

Toqwep
The two matrices U” W", W" differ only on the first row, which is (ma, ..., m,y3) for the
former, and (m, ..., m,41) for the latter. Again by Holder’s inequality, we have

my <R} <1, Vn>1.

For the comparison of R and Ri‘“, we use Lemma 9 in the Appendix where the values

n n+l n n+1
Xg, X are exactly R} and R{™". O

Simply applying the above lemma and (12), we obtain the following Corollary.

Corollary 4 Forany j > 1, y;L; , decreases strictly inn to y;L ;. Define

-1
d)j,l = (HJ’HJ'L”J') Lj+1m1+1, Vj >1,1>0.
=0

Then @, = @;; =0if yj4 = 00, otherwise D |, decreases strictly inn to ®; .
Corollary5 Forany j > 1,1 > 1, R;‘,k increases strictly inn to Rj .

Proof The case k = 1 has been proved by Lemma 4. We consider here k£ > 2. Without loss
of generality we let j = 1. The idea is to apply Lemma 8 in the Appendix. Following the
notations in Lemma 8 we set

al=/y"+‘Ql<dy>=M, bz=ny’(dy)=@, Vo<l <n:
m mj

and
= ngl, = Cos» YO<I<n—1; ¢ =0, = Con
Then by the definition of R} ; and Lemma 2
opw [y R dy)
Wt [yRgT @)

Rf;l = (29)

So by (26)

_ Yload L, _ Xi=oCa
diocib’ b Y=o cibi
For any n > 1, by Holder’s inequality

n—1
Rl,k

ar  Mitk+1 - Mptk+1 _ dn

i )
b mpy My by
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and

mi4k+1 Mpk+1 mi4k+1 Mptk+1
a = Al Tt =a,, b = Al Tt =b,, VO<Il<n-1.
mj my mj my

Moreover ag, ..., a, bo, . . ., b, are all strictly positive numbers.
Next we consider the ¢;’s and ¢;’s. Note that ¢g = ¢{ = bj. By Corollary 4, for 1 <
I <n—1,if ¢ > 0, then ¢; > ¢, otherwise c; = ¢; = 0. Moreover ¢, = Cj, =

(1 - bl)m#T] :'l:_ol viLi, > 0. So we have the following

n

n
¢ >c¢;>0, YO<I<n—1;, O0=c¢, <c; E c,-:E ¢ =
i=1 i=1

Now we apply Lemma 8 to conclude. O

Proof of Lemma 1. As we have already proved Corollaries 4 and 5, it remains to tackle (13)
and (15). Expanding U] W/*" and W/" on the first column, we get

. il - " on
no_ |U]:Wj’n| _ mk+1|Wj+ & +VJ|U12+1WJ+ i _ M1 +7/]Rj+1’k+1
ik = n = n - =

kT TWIT T e Wy U W] T R

Letting n — o0, we obtain (13).
To show (15), without loss of generality, let j = 1. By Lemma 4

mi <Ry, < 1.

As Rj | decreases to Ry, we have also R;; < 1 which gives the strict upper bound for
R»,1. Using (12), the above display yields

V1 Y1
—— <yiLip < ———. (30)
my + yi "L+ )
Since y1 L1, decreases strictly to y1 L1, we obtain the following using again (12)
Y1 Y1
il = < .
mi+yiRy1  mi(1+y1)
Then we get Ry 1 > mj. Moreover as Ry < 1,
1 1
il = Y > Y .
mi+yiRa1  mi+ oy
So we have found the strict lower and upper bounds for R | and y{ L. O

5.3 Proofs of Theorem 3 and Corollary 1

For measures u, v € M, we write
u=<v

if u([0, x]) > v([0, x]) for any x € [0, 1].

Proof of Theorem 3 Note that Q7 < Q7! for any j. Then using Corollary 3 and Lemma 1,
PJ’7 < PJ’HI. So PJ’? converges at least weakly to a limit 7{;. The weak convergence allows
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to obtain (20) from (4). Expanding (20), we obtain

o0
Hj(dx) = Hjds,(dx) + bj10(dx) + Z(l —bjs)®j42-10'(dx), 0< j <n.
=1

3D

where Hj = 1—bjy1 — Z?il(l —bj11)Pj12,-1. To prove (21), we firstly use (18) and
definition (11) to obtain that

fo}’(dx) =(1- bj+1)ll{;;j:i:,21’|n| +bjrimy
=1 =bj+DR} 5, +bjrimi =bj1(yjr1 R}, +my) = Lbjiﬂ
j+ln
A reformulation of the above equality reads
fly_%,.ljg;) =VjLj+in-
Using the convergences as n — oo, we obtain (21). O

Proof of Corollary 1 By (19), H j is equal in distribution for all j’s. By (20), H j is an invariant
measure on [0, Sp] with Sﬁj = Sp a.s..Recall thathVSQ isalsoinvarianton [0, Sp]. Then by

Theorem 4 in [19], H j 4 j.So- By (5) and (20), for both sequences, the multi-dimensional
distributions are determined in the same way by one dimensional distribution. So the two
sequences have the same multi-dimensional distributions, and the multi-dimensional distri-
butions are consistent in each sequence. By Kolmogorov’s extension theorem (Theorem 5.16,
[13]), consistent multi-dimensional distributions determine the distribution of the sequence,
which yields the identical distribution for both two sequences. O

5.4 Proof of Corollary 2

Proof of Corollary 2 Recall that E ly_—l’:g exists and does not depend on the joint law of

B,Zo. Using (21) in the first random model, together with Corollary 1, we can rewrite
Theorem 2 into Corollary 2. O

5.5 Proof of Lemma 3

Proofof Lemma 3 Since (&1, ..., §,) is exchangeable, we can directly take a symmetric func-
tion f and prove the inequality under fy,,, < 0. For any a > b, we first show that

flab,....b)+ fb.a,....a) = f(a....,a)+ f(b,...,b),
S—— S~—— S———— S————

n—1 n—1 n n
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which is proved as follows.

f@...,a)+ fb,....b)— f(a,b,....b)— f(b,a,...,a)
‘qr—‘ ‘/—’ S—— ~——

n—1 n—1
/ (fx, (x1, &4 — fu (1, b, ..., b))dx
‘,—/
n—1
_Z/ (fe,(x1,b b.-b b,a,a,...,a)— fyx1,b,...,b,b,a,...,a))dx
b\/—J —— —— —
i n—i i—2 n—i

= Z/ / Sz (x1, b b, x;i,a,. a)dxldx,

n—i
a a
=Z/ / fun@1.x2.b, ... b.a, ... a)dxidx) <0
i b b — ———
- i—2 n—i

Applying the above proved result, forany 1 <i <n — 1,
FE 8L & S E) G i 8L i, oL En)
—— S—————
i i
2 f(é]s ~'-a$17$i+27 ~-~7Sn)+f(5i+1, "-s$i+1,§i+2a "'7&")'
—— —
i+1 i+1
Using the above inequality, we obtain
E[f 1, ..., 81, &1, 82, -5 E)]
M
1

1
EE[f(%“l,---,551,&+1,Si+2,---,En)-f-f($i+1,---,$i+1,§1,5i+2,-~-,§n)]
— —

i i

> SE[fGr .. 81 86 8D + [ Gty - G i, -0 )]
R ——
i+1 i+1
=E[f G181 6i42, -, &)
———
i+1
Letting i travel from 1 to n — 1, we prove the lemma. O

5.6 Proof of Theorem 4

Define

n .
P L
|Wn|

Lemma5 For the three models, we have

In¥, — Iny, ~ In¥,
lim —" —lnyL, lim —" =InrL, lim E[n "

n—oo n n—-o0o n n—00

. j|:]E[]nF1L]].
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Proof We prove only the case in the first random model. Note that

- 1 =l |Witln|
Elny,]=E|In| — I'i————
[1’1 n] n mljlj[l J |Wj’"|
n—1 n—1
=Y EIn(I ;)] —tnmy =Y Eln(NL,jr0)] —Inm.
j=1 j=1
Here we use the fact that I'; Zj’n 4 I ZL,,_H]. Then we apply Lemma 1. O

Lemma 6 In Y, is strictly concave down in every bj,1 < j < n.

Proof By basic computations we obtain for b; € (0, 1),

2y, 1 ( d|w?| )( d|wh| )
=—|1/y; — w" 2b; —1)y; — w" .
319? bé} /Vj d)/j /1 | j /Vj d)/j /1 |
. .o 92y,
By Lemma 11 in the Appendix, < 0. O
j

Proof of Theorem 4 To prove (24), we can use Lemma 5 and show instead
E[ln ¥,] < E[ln&,] <In¥,. (32)
Forany 1 < j < i < n, due to Proposition 1 in the Appendix,

@,  9*In|W"|
dbjdb; — 3b;db,

Then we apply Lemma 3 to obtain the first inequality of (32). Next we apply Lemma 6 and
Janson’s inequality for the second inequality of (32). To prove (25), we use (21), and Theorem
1. O

5.7 Proof of Theorem 5

We need two preparatory results before proving the theorem.
Lemma?7 Foranyk,n, R?,k is strictly concave down in every bj, 1 <i < n.
Proof Let b; € (0, 1). Let

f=1UW", g =|W"|.

SoR!, = f. Let 1/, f”, g, g’ be derivatives withrespect to y; € (0, 00). Then by Corollary
8 in the Appendix

dRy,  f'g— f¢
= >

0
dy; g?
Notice that
/ 4 4
g o L _8_y
8 8 8
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The above statements are not difficult to see if it is clear how f, g can be computed. Or one
can refer to Lemma 10 in the Appendix. Then we obtain

2
TRy _ f'e—fg" 28 flg—fg _ 2 AR,

dy)? & g & g dyi
Moreover,
dyi -1 d*y 2
db; b7 db)? b
Then
2
Ry, (-1\" d’Rp 2 dR},
d(b;i)? b? | d(y)* b dyi
2 /o / / 2 dR" /
_ (fg2 4fg)<bi_g7>:74 1.k (bi_g)<0’
g°b; g b} dyi g
where the inequality is due to Lemma 11 in the Appendix. O

Corollary 6 For H; defined in (31), we have

Hj Hj+1
—— = SoVj+2Ljro—"7, (33)
1 _bj+l oVj+2Lj+ 1 _bj+2
and if Q(Sg) =0,
M i SER ok (34)
1—bj+1 koo @ TS

Proof By (20), we obtain

1—bjn

=8
T TyH @y

The above display together with (21)lead to (33).If Q(Sg) = 0, thenlimy _, SékmkH =0.
Using this fact and (18), we obtain

Hj+l~

Hj =™M;(Sg) = lim Sé"/ykﬁj(dy)

= lim lim S, / Y Pl (dy)

k— o0 n—00

= fim fim Sg* (1= by DR + by it )

k— 00 n—00

—(1_}. ; ; —k pn —(1—bh. ; —kp.
= (I =bjy) lim 1im S5"Rj 5 = (1 —=bjr1) im S5"R;o k.

Proof of Theorem 5 There are two statements to prove.
1. By (13)

Mi4+1 + V1R k+1

Rix =
mi + yi1 Ry
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By Corollary 8 in the Appendix, Rj x is strictly increasing in y;. Then

M1
Rix > +

mi
implying that

M+1 ni
—_— < .
Ryky1  Ro

The above inequality entails that for b; € (0, 1)

3Rk _ 2 my Rojpr1 mpyr my
ab% (1 4+ oL bl)
R

So Ry i is strictly concave down in by.

In the following display, the first equality is due to (18) and the first inequality is by the
above strict concavity. The second equality is due to Lemma 1 and the second inequality is
by Lemma 7. The last equality is a consequence of (18) and Corollary 5.

E [f Y5, (dy)] = (1 — b)E[Ry 4]+ bmy

< (1 = LYE[R, k|81 = b] + bmy
= (1 —b) lim E[R},|B = b] + bmy
n—oo ’

<(1- b)nliﬁngoﬁ’{,k + bmy,

= f YKo (dy).

2. By Corollary 1, Ip ) I-NIO:NSince Ip > 0 a.s., by assertion 4) of Corollary 4 in [19], we
have Q(Sgp) = 0. Note that H; /(1 — B;41) involves only B2, Bj+3, . ... Then by (33),

~ H
Ellg] = E[fy] = E [(1 — B _Oﬂl }

Hy
1 —Bi

:(l—b)IE[ i|:(l—b)SQE [FZZQIfIIﬂZ].

Moreover for by € (0, 1)

1—>bp
baymy + (1 = b2)R3

2Ly =

and by (15)

Ly __ 2mm — R31)
b3 (bamy + (1 = b2)R31)3

< 0.
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So the function VZL21 = is strictly concave down on by, as 1~ b does not depend on b;.
Using (34) and the above strict concavity, together with Lemma 7,

- 1 Ao
E[Hy] = (1 —b)E[l —51] < —b)IE[il e ’52 _b]
= (1=b) lim SE'E[Ry k|2 = b]

= (1=b) lim lim S;"EIR] |6 = b]

< (1=b) lim lim_ SO'EIRS (| = b.Vi = 2] =

5.8 Proof of Theorem 6

Proof of Theorem 6 Note that similarly as in the proof of Lemma 5
o T | W]
E|ln||W']||B/ =E B E|ln =——— | —Ilnm.
jl:[l J 1_[ J W/+1n| Z Lln 4l
For the second random model, similarly
n—1 ﬂ
E[ln(IW"|g")] =Y E|In=~—"—|—Inm.
Lin—j+1

By Lemma 13 and (21),

lim E | In | [W"]]B8; /n:]E[m %] :E[ln/yIQ(dy)], (35)

n—oo

and
Jim T [In (|W”|ﬂ")] /n=R [m %} =E [m/ y.AQ(dy)] ) (36)

We compare next E [ln (|W”| ]_[;5:1 ,Bj)] and E [ln (|VT/”|,3”)] . Note that

n n
In [ (W ]]bi | =i W"|+> Inb;.

j=1

Then second order partial derivative of In (|W”| ]_[;‘: 1 b,-) with respect to by, b; equals

2 n
aaigg | which is, by Lemma 11 in the Appendix, strictly positive for any 1 < s # t < n.

Applying Lemma 3, we obtain

E || 1W" T8 || <E[m(#"s")].

Jj=1
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Then by (35) and (36) we conclude that

E[ln/yIQ(dy)] < E[ln/yAQ(dy)].

5.9 Proof of Theorem 7

Proof of Theorem 7 By Theorem 1,

b0x) e Q(dx) —1.
-/ x5 I Toxsg <67

if W)
0, if (20 = 57

So K¢ is a concave up function of b, and consequently E[Ap] > K.

To show that there is no one-way inequality between [E[ f yAp(dy)] and f yKo(dy), we
give a concrete example. Let Q(dx) = dx. In this case, [ lgi‘j?g =/ Ql(fjc‘) =00 >b"!
for any b € (0, 1). By (25)

/y/CQ(dy) =0

/ bopdx .
0, — (1 —b)x
46,

We show that <2 can be strictly positive and negative for different &’s. The above equation

db?
/’ bdx
=1
1 —1tx

can be rewritten as
with t = % € (0, 1) strictly decreasing in b. Then

which satisfies equation

t 1 1

b=—7’ 9=7 _—
mi—n =7 ma—o

So
doy dop/dt  —(1— ) In2(1 — t) 4 12 m(t)

db — db/dt  —(1—02In(1—1)—13  n()
with m(t) the numerator and n(¢) the denominator. Then

d?e, _ d(dBp/dD) @ _ m' (On(t) — m()n' (1)
ab: — dt dt n(r)? 4

where
m' (On(t) —m()n' (1)
=2t(1 =)’ 31 — 1) + (4> + 32 In*(1 — 1) — 22+ 1) In(1 — 1)
=51+ 04", t—0.
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2
Asn()? > 0 and dl; < Oforany ¢ € (0, 1), we have d:f > ( for ¢ small enough. However

2p2
m’(0.5)n(0.5) — m(0.5)n’(0.5) = —4.184810~* < 0, 1mplying Th <0atr =05 Ast

de can be strictly positive and
negative at different b’s. O

Acknowledgements The author thanks Takis Konstantopoulos, G6tz Kersting and Pascal Grange for discus-
sions. The author acknowledges the support of the National Natural Science Foundation of China (Youth
Program, Grant: 11801458), and the XJTLU RDF-17-01-39.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included in the
article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If material is
not included in the article’s Creative Commons licence and your intended use is not permitted by statutory
regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder.
To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

6 Appendix

6.1 Appendix A

Lemma8 Letn > 1. Letay, ..., ay, by, ..., b, all be strictly positive numbers such that
a a
— <2 a<a, b<b, YO<I<n-—1.
bl bn

Letcy, ..., . ¢, - .., ), be nonnegative numbers such that

n
cq>c, YO<I<n—1; cy<cp; ch ch’>0.
=1

Then

Dl Cia Zz | clar
> izicibi Zz—] Clbl

Proof Without loss of generality, assume Y ;_; ¢; = 1. Define

n
AZZClal chal—l— I—ch a,, B= chbl+ I—Zcz -

=1 =1 =1

(37

and

n—1

A .
o) =5, witha >0, ;61 € [0,1].

To prove (37), it suffices to show that forany 0 </ <n — 1

af
— <0, V¢ e(0,1).
acy
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Without loss of generality, we consider only / = 0. We have
3f by —bo)A — (an — ao)B
dco B2 '

Note that by the assumptions on g;’s and b;’s,

a, — ap dap aj
n Y yo<l<n—1.
by—bo by b =t=n

That implies
(bn —bo)A < (an —ao)B

which entails % < 0. m]
0

6.2 Appendix B

Lemma9 Let X" = (x{, ..., x}}) be the unique solution of the equation

X"W"' =rU W" = (ma,m3, ..., 0uq1, Mpg2). (38)

Thenm < x{ < xgH < 1foranyn > 1.

Proof By Cramer’s rule and Lemma 4
|U"w"|
W]

1 1
Xy = =R{ e@m, D, xj™' =R e m,1).

For any n > 1, we are going to construct X"*! from X" and compare X( s xgﬂ. The main
argument is Holder’s inequality (28).
Note that

XoMpg1 + - F XMy = My 0.

Using (28), we get

X(Mpg2 + -+ Xpmy < Mpy3. (39)
Fore > 0, let xS €= x; + &. Let C" be the matrix of W" with the last column removed.
Then there exists a unique vector X""¢ = (xg € xpf) fora given € such that

X"EC" = (ma, m3, ..., Mygy). (40)

It is clear that if ; = oo, then x;"* = 0; otherwise x"* is continuous and strictly increasing
on e.
To construct X" from X", the idea is to find a number A¢ > 0 such that

n,e
Y = (g% x00f, Ao
satisfies
+1 +1
YW = U W' = (ma, m3, ..., Mg, Mpgo, Mpy3).

Then X"t =Y.
To achieve this, let

Ae =y, GO s + -+ XEmy = mps2) (= 0, yupg = 00).
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Then the dot product of ¥ and the second last column of W*t! gives m,,12:
X0 Mpgt o xTmy = Yag1Ag = mpyo.

If A, #£ 0, then A; is continuous and strictly increasing on ¢ with Ag = 0. Therefore, in
view of (39), there exists a unique ¢ > 0 such that the dot product of ¥ and the last column
of Wt gives m,43:

Xy Mpgo + X tmy + Agmy = mpg3.
Then together with (40),
YW = (ma, m3, ... mags3).

So X" = y. As xg " is strictly increasing in € and the € in the above equality is strictly

positive, we obtain that 0 < x{j < x;™“ = x6’+1 <1 O

6.3 Appendix C

Proposition 1 Forany 1 < j <i <nandb;,b; € (0, 1),

32 1In |W"| o %I |w"
— >0, Vn>i; lim —— > 0.
abiabj n—oo ab,»abj

Proof Notice that

le” W“ I d|w"|
W' =ri= witln | = ¥im o WL
1
Dividing both sides by |W"| yields
d|wn| - |Wi+1,n|
1= WH+ W ——— 41
7 /W WS @1)
Using the above display
3% In |W" 1 3 [a|w"
nIW'_ 1w
9b;db; b db; \ v
1
-1 i—1 i+1,n n
= —y 1—|W w w
Y; b2ab( | I [/IW™])
1 ; B .
= i‘b2|W’+1’"|f(|W’ /1w
=yi—1y] b2b2|Wl+ln||WJ 1|/|Wn|2(|Wn||Wj+ll 1| |Wi—1||Wj+1,n|>
_ yfly'fl 1 |Wi+1,n||Wj—1||Wi—1|(|Wj+1.i—1| B |Wj+1,n|)
P W [Wi=T] &
Wi wi

= vilin---viLi,
(=21 —b)> " " ey iy i

X ViLyi—1--viLjic1 —viLin---vjLjn).
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2
By Lemma 1, we can conclude J a]b? i',‘zljnl > 0. Letting n — oo we get the following

3% 1n |W"| 1 [wi=1t wi-l
im = 5 svili---yiLi
n—o0  3b;0b; (I =bj)*(1 = b)) Vi Viml Y1 Viel

x (iLlii—1---yjLji-1 —wviLi---yjL;) > 0.

[m}

Corollary 7 Foranyi > 1, y; L, is strictly decreasing in b; and strictly increasing inbj, Vj >
i. The same result holds for y;L; ,.

Proof We shall only consider y; L. The strict monotonicity in by stems from (14). Take
J > 1. By (14), the monotonicity of y; L1 in b; does not depend on b;. For convenience let
b1 = c € (0, 1). Then we can study L instead. Note that

aL oL W2n| 9| W3 W
oLy _ L | I( I |/|W2*"|— | |/|W”|>
db; n—oco 3bj n—o0 |Wn| b, ob;
a|w2n AW
=y gim (D - ).
n—0oo 3bj 3bj
Notice that the following holds when b; = 1,
W™ W2
/W] = /W,
db; db;
Then by Proposition 1
. W2 2 a|w"| . g sawn
1 <7W’”— W”):l /—( W")db
Jim o, /IW=7 ob, /IWF]) = lim TS /IW"|)db,
. 192 In |wn|
= lim —— db; > 0.
n—c0 |, 8b1db;
Then we obtain %% > 0. O
J

Corollary 8 For any k > 1, both R} ; and R,  strictly decrease in bj, for any j > 1.

Proof We shall prove only for Ry ;. Without loss of generality, we show that Ry x strictly
decreases in b,,,, m > k + 1. Take I%} and expand the top W” for the first & elements on
the first row. A similar approach was used in obtaining (27) where the expansion was made
on the whole first row. Letting n go to infinity we obtain the following, with detailed steps

omitted

k—1 k—1
L= [yl Rivia+ ) @i (42)
j=0 i=1

Taking derivative on b,, on both sides, and using Corollary 7, the derivative of Ry on by,
is strictly negative for b, € (0, 1). O
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6.4 Appendix D

We introduce below a new notation for the special structure of matrix W”.

Definition 1 Assume M is a square matrix of size n. Forany 1 <i < j <n, let M(i, j) be
the square matrix with M; ;, M; ;, M; ;, M; ; as the 4 corner elements. We say M is of type
(*) if the following holds: M; ; > 0ifi < j; M; ; <Oifi =1+ j; M; j =0ifi > 1+ j.

By definition, W is of type (x). To compute the determinant of a matrix of type (), we need
some more notations. Define

Eli={e=(er,....e0): 1l=ej<er<---<e=n+1}, V2<k<n+1
So &} consists of all sequences of length k increasing from 1 to n + 1. Let
E" = Un<k<n+16¢.

For M of type (x) and size n, define

k—1

n

dM) =M, [[IMiial: du(e):=]]dM(ei.eip1 — 1), VYee&, 2<k=<n+1.
i=2 i=1

Let s, be the set of permutations of {1, 2, ..., n}.

Lemma 10 For any matrix M of type (x) and of size n,

M| =Y dule). (43)

eesn

Proof By decomposing M along the last row, we can prove it by induction. Details are
omitted. O

Remark 2 Leibniz formula says that |M| = Z(,Esn sgn(o) ]_[";:1 M; ;j)- It is easy to see
thattheset{o : o € s, ]_[;'»:l M; 5(j) # 0} isinone-to-one correspondence to & . Moreover
sgn(o) = 1 for any o in the former set. If we use o¢ to denote the corresponding element in
s, of an e € &%,

k=1 n
1_[ d(M(ej,ejr1 —1) = 1_[ Mj.oe(j) > 0.
j=1 J=l

In other words, (43) is another writing of Leibniz formula.

We admit the following corollary with proof omitted.

Corollary 9

MO PIMG+1Lml= > du(e.

et jtlee
Lemma 11l Foranyl < j <nandy; € (0, 00),

d|w" 1
| |/|W"|G<bj,—>.
dy; Vj
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Proof By (41),

dIw"| : WY T
dw/Wﬂ=nlo—W’”“W|Zmll—W’WHhﬁ
i=1
Note that as long as y; # 00, we have |Wi_j_1| IV“’-‘;zll'”l € (0, 1). Therefore
d\w"
L wn <y
d)/j J
To prove the strict lower bounds, using again (41), we just need to show that
. . d|w"
ittt AV (44)

d V4 'j
Let M be the matrix obtained by deleting the row and column of W" containing y;. Then

d|w"|
M| = )
d]/j

The purpose is to compare |W/~1||W/ 17| and | M|. Denote
A={eec& " j+1eel).
Corollary 9 tells that

(W/HIWI L = dwn (o). (45)
ecA
To compute |M |, we also seek to find an expression similar to the above display. Let 7(e) be
the corresponding location such that e;,) = j + 1 for any e € A. Denote
e}:ej, ifi <t(e) —1;
A= es:ee A,s‘t.,<
e/j =e€j+1 — 1, ifj >1t(e)}.

There is a clear one-to-one correspondence between A and B. It is easy to verify that

M| =" du(e).
e'cA’
Consequently
. . d n
|W]71||W]+1’”|/|M| — M‘ (46)
Ze’€A/ dM (e )
Letec AN é"k”“ and ¢’ its corresponding element in A’. Recalling the Definition 1,
k-1
dwi (@ =d(W -1, N)A(W'G+ Lo =D) [T d(Weeiri =)

i=Lig{t(e)—1.1(e))
er(e)+1—2 k—1
= l_[ Vi | Mj—eyoyo1+1Mey0y 1 —j—1 1_[ d<W" (ei,eiv1 — 1))
i=er(e)-1,i#] i=lig¢{t(e)—1,1(e)}
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and

Cte)+1 -2 k—1
dM (6/) = 1_[ Vi me,(e)ﬂ—e,(e),l 1_[ d<Wn (6‘[, €i+1 — 1))
i=ei(e)-1,i#] i=Li¢{r(e)—1.1(e)}

By Holder’s inequality (28),

Mj—eyoy—1+1Meyyp1—j—1 < Me;) 1 —ee)—1

Then
dwn (e)
< 47
du(e)
So (44) is proved. ]
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