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layer near shear resonance

Aleksey V. Pichugin and Graham A. Rogerson*
Department of Mathematics, School of Sciences, University of Salford, Salford M5 4WT, UK.

Abstract. A 2-dimensional model is derived for anti-symmetric motion in the vicinity of
the shear resonance frequencies in a pre-stressed incompressible elastic plate. The method
of asymptotic integration is used and a second order solution, for infinitesimal displacement
components and incremental pressure, is obtained in terms of the long wave amplitude. The
leading order hyperbolic governing equation for the long wave amplitude is observed to be not
wave-like for certain pre-stressed states, with time and one of the in-plane spatial variables
swapping roles. This phenomena is shown to be intimately related to the possible existence of
negative group velocity at low wave number, i.e. in the vicinity of shear resonance frequencies.
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1. Introduction

The development and utilisation of lower dimensional (static) structural theories
has been widespread for many years, resulting in such theories as Kirchhoff plate
theory, Kirchhoff-Love shell theory and the refined Timoshenko-Reissner theo-
ries. In the case of static problems, only one type of asymptotic approximation,
coupled with careful boundary layer analysis near the edge, is required, see for
example [1]. In recent years the asymptotic approach has started to be extended
to the dynamic case, for which high frequency motion is an additional feature of
the problem. Moreover, high frequency motion will in general consist of both long
and short wave contributions. A full detailed account of the asymptotic methodol-
ogy required to determine the dynamic response of thin-walled elastic structures
may be found, in the context of linear isotropic elasticity, in [2]. In this present
paper we attempt to develop a model to help elucidate the effects of pre-stress
on the dynamic response of an incompressible elastic plate. Specifically, this will
involve deriving a 2-dimensional model to describe 3-dimensional anti-symmetric
motion in the vicinity of the shear resonance (cut-off) frequencies.

Largely motivated by the widespread industrial application of rubber-like
material, aspects of the effects of pre-stress on the dynamic properties of incom-
pressible elastic media has been an area of considerable research activity in recent
years, see for example [3], [4], [5], [6] and [7]. As a specific application we cite the
use of rubber-like components in vibration control devices, especially as a method
of protection against earthquake damage to bridges and tall buildings, see [8].
The main motivation for the present study is to further explicate the effects of
pre-stress on dynamic material characteristics, by developing a greatly simplified
2-dimensional theory which is asymptotically consistent with the 3-dimensional
theory, something clearly not required in the linear isotropic elastic context. We
also remark that for any general dynamic loading problem waves of all wave
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lengths will contribute to the transient response, as well as those associated with
all dispersion curve branches. For specific loads, or boundary conditions, motion
in the vicinity of the cut-off frequencies may dominate. However, for all loads it
will provide some contribution to transient response and the theory developed will
therefore in part form the basis of possible future hybrid asymptotic-numerical
methods to efficiently determine transient response. In the proposed context,
and with pre-stress synthesising a spectrum of possible material response, some
leading to possible loss of infinitesimal stability, the development of much faster
methods to determine transient response is a highly desirable longer-term goal.
There are also potential applications of this type of motion to fluid-structure
interaction, particularly to jumps in radiation power and first order resonances of
high frequency Lamb waves in scattering, see [9]. A final noteworthy motivation is
the possible dominance of this type of motions in problems with fixed faces, such
problems being characterised by the absence of a fundamental mode, see [10].

In Section 2 of this paper the basic equations of small amplitude time-depen-
dent motions super-imposed upon a pre-stressed incompressible elastic solid are
briefly reviewed. An appropriate dispersion relation is derived in Section 3 to-
gether with its appropriate approximations, which help to reveal the asymptotic
structure of displacement components and incremental pressure. Asymptotically
approximate equations are established in Section 4 and these are integrated ex-
actly, in the vicinity of the first family of cut-off frequencies, to derive a leading
order solution in terms of the long wave amplitude. A governing equation for the
leading order long wave amplitude is obtained from the second order problem, as
are higher order corrections for the infinitesimal displacement components and
incremental pressure. These solutions are found in terms of both the leading order
long wave amplitude and its second order correction. A higher order governing
equation for the long wave amplitude is obtained from the third order problem.
Similar results are given in respect of motion in the vicinity of the second family
of cut-off frequencies.

Some interesting aspects of the governing equation for the long wave amplitude
are especially noteworthy. The dispersion relations obtainable from both the
leading order and second order 2-dimensional governing equation exactly match
appropriate expansions derived from the exact dispersion relation, demonstrating
a high level of consistency. Additionally, it is possible for the hyperbolic leading
order governing equation to become non-wave-like, with time and one of the in-
plane spatial variables swapping roles. Such a phenomenon is closely related to
the possible existence of negative group velocity in the vicinity of the cut-off
frequency. This point is illustrated with some numerical examples in respect of
both a Mooney-Rivlin and a Varga material in Section 5.

2. Governing equations

Our concern in this paper is the propagation of infinitesimal waves in a finitely
deformed layer, composed of incompressible elastic material, in particular de-
riving an asymptotic model for anti-symmetric (flexural) motion in the vicinity
of the thickness shear resonance (cut-off) frequencies. In particular, this section
is devoted to the derivation of equations governing wave propagation in an un-
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bounded pre-stressed incompressible elastic media. We place the origin O of a
Cartesian coordinate system Oxizox3 in the mid-plane of the layer, and assume
that two principal axes of the primary deformation lie in the plane of the layer
along Oz and Ozs, with the third axis Oz orthogonal to the layer. It can then
be shown, see [11], that the appropriate equations of motion are

Biiiui,i1 + (Bii22 + Baii2)ug,12 + (Biiss + Bsi113)us 13
+ Boi21u1,22 + B31g1u1 33 — pra = pin,  (2.1)
(Ba211 + Bi221)u1,12 + Bogooua 22 + (Bo23s + B3223)u3 23
+ Big1oug,11 + Baogoua 3z — pra = piia,  (2.2)
(Bss11 + Bis31)u1,13 + (B3s22 + Ba332)uo,23 + B333zus 33
+ Big13us 11 + Bazasuz oo — pr3 = piiz,  (2.3)

where B;ji; are the only non-zero components of the associated elasticity tensor,
ui, i € {1,2,3}, are the infinitesimal displacement components, p is the material
density and p; is the incremental time-dependent part of the Lagrange multi-
plier p = p + pt, with p a static part associated with the primary deformation.
This is essentially a measure of workless reaction stress brought into play by
imposing incompressibility, usually interpreted as a pressure. Throughout this
paper, unless otherwise stated, a comma subscript denotes differentiation with
respect to x1,xo or x3 and a dot denotes time derivative. Under the assumption
of incompressibility, the equations of motion (2.1)—(2.3) must be considered in
conjunction with the linearised incompressibility condition

u1,1 + U2 +uz3 = 0. (24)

For a detailed account of the background theory of incremental motions super-
imposed upon a pre-stressed elastic body the reader is referred to [12]. Detailed
derivation of the governing equations for a pre-stressed incompressible elastic
body is given in [13].

We seek the solutions of (2.1)—(2.4) in form of a travelling harmonic wave

(u1, ug, uz, pr) = (U1, Uz, Us, kP)ekav2eik@icotasso—vt) (2.5)

in which k& is the wave number, v the wave speed, (cy,0,s9) = (cosf,0,sinf) is
the in-plane projection of the wave normal and ¢ is to be determined from the
governing equations. The analogous plane strain problem has been previously
analysed in [14]. We will therefore concentrate on the three-dimensional case and
tacitly assume that ¢y # 0 and sy # 0. Substituting the solution (2.5) into the
system of equations (2.1)—(2.4), we may derive the equation

Y217236° + (21 +723) 0% — 1) ¢* + (0% — cat? +¢3)* — (0% —c4) (0% —c5) = 0, (2.6)

this being the criterion for existence of non-trivial solutions of the form (2.5)
(this is true strictly for an unbounded media, the condition (2.6) being in general
only necessary for waves propagating in a layer). The parameter v = ,/pv will be
referred to as the scaled wave speed, and

c1 = (2023721 + 723731)83 + (208127723 + 721713)63 )
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ca = (2B23 + Y21 + 731)58 + (2612 + Y23 + M13)Ch

c3 = (4812023 + V21712 + V23732 + V13731 — Ki3)S5CH
+ (2B23731 + Y21732) 55 + (2812713 + Y23712)C)

2 2 4 2 2 4
C4 = Y328y + Y12¢y , C5 = Y3189 + 2ﬂ138909 + 713¢9 »

in which the material parameters v;;, 35, (i; are defined through the components
of the elasticity tensor as follows:

Yij = Bijij » bij = Biiii — Biijj — Bijji 20i5 = bij + by, i FJ,
MZ]ZBZ]_ﬁZk_Bjkv 7'<j7 k¢{27.7}7 Z)j)k€{17273}

Let g2, g3, g5 denote three distinct non-zero roots of the equation (2.6). Then
any solution for uq, uo, ug or p; can be represented as a superposition of six lin-
early independent functions exp(kq;z2) and exp(—kg;x2), i € {1,2,3} (hereafter,
we assume that each ¢; has positive real part). In this paper we restrict attention
to the case for which us is the even function of the normal coordinate x5. For
this type of motion, usually referred to as flexural or anti-symmetric motion,
solutions for ui, ug, ug or p; can be represented as superpositions of only three
linearly independent functions. The coefficients of these superpositions may all

be expressed in terms of 3 disposable constants Uém), m € {1,2,3}, as follows

i = S Do g ) S D))
= V(gm,v) " 2 = V(gm,v) " 2
3 3 2
m mP mo v m
0= CalaU™. = 3 RS U, ()
m=1 m=1 dm;

where Sy, (z2) = sinh(kgpx2), Cpn(z2) = cosh(kqpxe) and

Uy (G, D) = Y23q2, + 1255 — 13¢5 + 072,
Us(Gm, ) = Y2102, — V3155 + piasch + 02,

P (@ 0) = Un (G, 0)Us(gm;, D) + (bs1 — bs2)U (qm, 0) G + (b13 — b12)Us(gm, V)5 ,
V(Gm, D) = (72155 4+ Y23¢2) @2, + 7% — 5.

The above representation of P(gn,, ) has been derived with help of the equality
Gl (G, D) U3 (G, ) = —(113¢° + Y3255 + Y1265 — V)V (gm, ) 4

which is a direct consequence of the equation (2.6).

3. The dispersion relation
The coordinate system specified previously is such that the layer surfaces are

defined by the outward unit normals n, = (0,1,0) and n; = (0,—1,0) for the
upper and lower surface, respectively. In order to formulate zero incremental
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surface traction boundary conditions, an appropriate measure of the surface
traction is chosen in the following component form

71 = Boig1ur 2 + (Bari2 + p)ua 1, (3.1)
Ty = Boor1ui,1 + (Bagea + P)uz 2 + Boassus 3 — py, (3.2)
73 = (Ba332 + D)uz 3 + Basazus 2, (3.3)

see [11]. In the subsequent analysis we eliminate p in favour of the normal Cauchy
stress component oo. Since for the present case the coordinate axes are coincident
with the principal axes of static pre-stress, p and oy are related through

D = Y21 — B1221 — 02 = 723 — Bagzs — 02.

Inserting the displacement and pressure representations (2.7) into (3.1)—(3.3)
and imposing zero surface traction boundary conditions, a homogeneous system
of six linear equations is derived. For flexural motion three of these are satisfied
identically, the remaining three may be written as

where h denotes the half-thickness of the layer and

T1 (g, ©) = Yo1lhs (qm, 0) g2, + g1V(qm, D)

T5(qgm, ) = (g1 — p113)U1 (@, ©)cg + (93 — p13)Us (G, )55 — Ut (@, ©)Us(Gm, D)
T3(qm, ©) = 23Uz (qm, 0) g2, + g3V (qm, D),

in which g; = y2; — 02, G; = 272 — 02, € {1, 3}.

The homogeneous system of three linear equations (3.4) possesses a non-trivial
solution provided its determinant is equal to zero, so we require

Ti(q1,9)C1(h)  Ti(qe,v)Ca(h)  Ti(g3,v)C3(h)
0172(q1,0)S1(h) q2T2(q2,0)S2(h) ¢372(q3,0)S3(h)| = 0. (3.5)
73((]1,17)01(}0 IZES(Q%,D)CQ(h) %(Q&E)Cii(h)

Note, that several non-dispersive factors of equation (3.5) have been omitted.

Evaluating the determinant, and introducing a new function H(g;,q;,v), we
obtain the dispersion relation

(65 — a3)T2(q1,9)H(q2, 43, 0) 1 Th (h) — (65 — 45) Ta(qa, ©)H(q1, g3, D) g2 To(h)
+ (¢ — ) Ta(q3,9)H(q1, g2, 0)gsT3(h) = 0, (3.6)
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which was seemingly first derived, in slightly different notation, in [11]. In (3.6)
we have denoted T,,(h) = tanh(kg,h), m € {1,2,3} and

H(gi, q5,0) = Y21723H1(0) @7 qF + (07 — ¢5) (Y21723(723 — 721) (@ + ¢;) — Ha(D))

Hi(0) = (723 — 721)0% — (21 (112 — Y23 + y21) + Y237731) 55
+ (y23(p23 + y23 — Y21) + Y21713) 8
Ha(D) = Y2391 (p23ch — 3155 + 0°) — Y2193(p1285 — MG + 0°)

with 73(g;, v) given immediately after the system of equations (3.4).

3.1. LONG WAVE HIGH FREQUENCY APPROXIMATIONS

In order to establish a consistent lower-dimensional theory it is necessary to have
deep insight into asymptotic structure of the associated solutions. We therefore
begin our investigation by deriving appropriate approximations of the disper-
sion relation to study dynamic response of three-dimensional theory and, subse-
quently, to verify the consistency of lower-dimensional model. It is well-known
that as the scaled wave number kh — 0, v — oo for all harmonics of the dispersion
relation (3.6), see for example [13], with the corresponding limiting (cut-off)
frequencies finite and non-zero. Following [2], we term this type of motion as
long wave high frequency. Thus, to find appropriate asymptotic approximations
of the dispersion relation, we assume that ¥ — oo as kh — 0. Analysis of the
coefficients of the cubic (in ¢?) equation (2.6) suggests that two of its roots (¢
and ¢3) are O(9?), whereas the third root ¢3 is O(1). Specifying these roots as
power series in 92, and substituting them into the equation (2.6), the following
approximations may be derived

,DQ Q(2)82+Q(2)02 _9 _9 02 e
=D Qe (o4 o 0g) G v o,

qr = ———
721 721
(=2) 2 (=2) 2
q% =14+ Q2S 59 +2_}Q220 Cp — S + 0(17}74)7 (37)
=2 0) 2 (0) 2 2
2 v Q35 59 + Q3. ¢p (—2) 2 (-2) 2\ Sp 4
=——+ -1 Q s Sp T QZC cy) =%+ O(v ,
q3 o3 o3 ( 3 0 3 9) 72 (%)
in which
Qﬁ‘? = 2B12 — Y21, Qﬁ? =31, Q;(),(i) =3, Qé‘? = 20623 — 723,
_ + 2 - + 2
Qgs ) = 31— 32 + (s F 721)7 ; Q;())C D = 13— 2 — (s 7+ 723)"
723 — 721 723 — Y21
ng) = 2012 — Y21 — M2, Q;(;f) = 2323 — Y23 — V32,
ol = o) + oY) — s, ol,? = ol + Q) — 4ss.
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Corresponding expansions for g1, go and g3 are given by

i i[5+ ld)

= - +0(@7?),

n V21 2\/7210 (@)
(-2) 2 (=2) 2
o=1+ s, 55 +2?22<; cg—Cs O™, (3.8)
D
. (~(0) 2 0) 2
o 1| Qsy 55 + Q3. ¢ )

q3 _ v ( 3 0 3 9) + O(@_d) .

V23 - 2\/7230

The equation (2.6) may be treated as quadratic in #2. For long wave high fre-
quency motion the wave speed must tend to infinity as kh — 0 and since #? is
O(q?) (or O(g3)), only the wave speeds associated with ¢7 and ¢ are of interest,

appropriate expansions given by
2
_ 0 0 -2 -2 c _
T = —yo14° + Qgs)s(% + Qgc)cg + (Qgs )53 + Qgc )c(%) q% + O(q; 4, (3.9)
1

2
0 = —yasq} + Qs + Q) cj + (98,73 + 0.7 e}) % +0(g3Y).  (3.10)
3
The two wave speeds associated with ¢3, are of O(1) and are therefore not relevant
for high frequency motion. Lack of a third large wave speed associated with g5 is
a direct consequence of imposing the incompressibility constraint, which disabled
propagation of any longitudinal wave, see [15], and associated thickness stretch
resonance. In an unconstrained material there is a third possible large speed
associated with ¢z, see for example [16] in respect of a compressible transversely
isotropic elastic plate.
To begin asymptotic analysis of the dispersion relation (3.6) we first introduce
a small parameter 7, the ratio of plate half-thickness h and typical wave length [,
hence n = h/l = kh. Recalling that © — oo as n — 0, we insert expansions (3.7)
and (3.8) into the dispersion relation (3.6) to obtain

i (A5 + AP (k) + 50 (A + AP)) To(h) + (A2 + AD) Ty(h) ~ 0,
(3.11)

in which the leading order coefficients A§2), A§5) and AgQ) are given by

G? — c? G2 — 52
A§2) = 1(723 21) . A§5) = — (723 — 721) A:(az) = 3(723 021) .

V721 ’ vV 23

and the second order coefficients of (3.11) Ago), Agg) and Ago) have form

Gic?
0 — 5 17291 {<G1 (721(2721 — 612 4 731) — 723(4023 — 4723 + 4921 + 5731))

— 4y21(723 — 721) (Y32 — Y31 — Y21 — M13))Sg — 2G1 (723 — Y21)C5
+ (G1(2723(,u23 + 23 — 2(Bi2 — 713)) — (723 — 721) (2812 + 6713 — Y21))

+ 4721 (23 — 721)@522))03} ,
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1
Aé?’) = 5{(’723 —y21)(ca + ¢5 — 402)

+ (2921 (112 + Y21 — 2(B23 — 731)) + (Y23 — 721) (6323 + Y23 + TY31)) 55
— (2723 (23 + Y23 — 2(B12 — 713)) — (723 — 721) (6812 + Y21 + 7713))63} )

G352
Aéo) = 2\/37%{ (Gs (723(6p23 — Y13 — 2723) + 21 (4723 — 4y21 + 4512 + 5713))

— 4y23(7v23 — y21) (12 — H13 — Y13 — 723))05 — 2G3(y23 — Y21)C5
- (03(2721(M12 + 921 — 2(B23 — ¥31)) + (v23 — 721) (2823 + 6731 — Y23))

— 4v23(Y23 — ’721)9;());2))55} ;

with parameters g, and G,,, m € {1,2,3}, defined after relations (3.4). We
presume that all of AgZ), Ago), AS’), Ags), AéZ) and Ago) are generally of O(1).
Since qo is O(1), see (3.8), To(h) = O(v~!) and consequently the asymptotic
equality (3.11) implies Ty (h) = O(9?) or, alternatively, T3(h) = O(2?).

Suppose T (h) = O(9?), hence the argument of this hyperbolic tangent must
be imaginary and to the leading order equal to z(% + n)m. Thus we expand the
argument in a power series in small 7 as follows:

1
kquh = i ((2 + n) 7+ ¢! Pn? 4 ol Wt 4 O(n6)> , (3.12)

in which the O(1) parameters d){ @ and qb{ ™) are to be determined. The associated
expansion for 77 (h) is given by

. . f(4)
o 19
TR ey

+0(n%). (3.13)

At this point it is convenient to introduce the parameter A{ = ,/721(% + n)m,
n = 1,2,3..., the physical interpretation of which is deferred until later. We
may now utilise (3.8) and (3.9) to obtain

iAo

0= i¢]®n+ 00, (3.14)

A (e Qs+ QY

U= L 4 ER 1c ~6
n ( 721¢1 QA{

) n+O0(n?). (3.15)

These may now be inserted into (3.8), which allows us to approximate corre-
sponding hyperbolic tangents, thus

Q(QQ)SZ + Q(Z2)CQ _c
o =14 220 2(A{2)2 (R (3.16)
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(-2) 2 _
Ty(h) = + (QQS *m%) % ;) 7+ 00r) (317)
1
A A
q3 = %1377 +O0(m),  T3(h)=itan ( %3) +O0(n°). (3.18)

Substituting expansions (3.12)—(3.18) back into the approximation of the disper-
sion relation (3.11), we obtain expressions for gf){ @ and qb{ @) in the form

ol - GG _ (3.19)
VA (A])?

0 (0 0

1) _ 1o [ AP gy, AL (OS5 + QU0) + AV
o = o 6] + Fr2g®
A1 (A1)2A;

+ Af< (( O 4ol — 732) sg+ (GQ@ +0o %2) 2 — c5) AP
?
2

1A ) A(Q) A A(5) )
oY - tan (oL |~ 2 (A])? 4 A ) 1(2)}. (3.20)
(A7) Aq V723 A7

It is now possible to employ (3.9) to obtain the appropriate long wave high
frequency approximation of the dispersion relation, in a form of scaled frequency
w = v as function of n for each n (note that A{ is a function of n, n = 1,2,3...),
given by

o= W)+ (FPG+ FD ) — (F)G+ FYs3) 't + 00, (3.21)

@ 263
le —

(-2)
(4) _ G% 5G%_ _2 F\2 _Qlic _ 2
e gy ((A{>2 o= 5] = i (2261 = (A0

.7:1(4) = 261Gy tan( A{ ) 2G ’7219( ?
o AmAl) V23 (A])2

2G]_ f
G1(293 + 723 — 731 + ¥32) + 272101
(Af) ( (2 ) )
in which ( \( )
+ — 0 +
D{ _ Y21 T Y23 2)(H13 T VY21 ¥ g1 — a2
Y23 — 721

The analogous analysis, applied to the case T3(h) = O(9?), delivers another
set of frequency approximations, which may be written as

2= (A4 (PP 4 FOR) ot~ (R4 FD3) st + 06, (322)

2G3
‘7:3(: Q3c ’ féi) = >
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(—2)
@ _ Gy (5GE 200 D ALY
= _<A§>4<<A§>2 o = 90| = g (22 = malAdF)

—2

FO 2G1G3 tan( A ) 263 — 12305,

gy \Vm (Af)?
2G'3

- @ (G3(2g1 + Y21 — 113 + Y12) — 2723D§> ;

where Ag = ,/723(% +n)m,n=1,2,3..., and

+ — 0 +
Dl - (V21 + 723 — 02) (113 + Y23) s — s
723 — 721

3.2. RELATIVE ORDERS OF DISPLACEMENTS

Comparison of the relative orders of the particle displacements not only gives us
a clear physical picture of the structure of this type of motion, but also provides
the basis for building a lower-dimensional asymptotically consistent model. To
obtain the relative orders of displacement components and pressure increment
for long wave high frequency motion we utilise the approximations (3.6). When
the dispersion relation is satisfied, the system of boundary conditions (3.4) pos-

sesses non-trivial solutions, for which the coefficients Uz(k), ke {1,2,3}, may be

represented in terms of the single constant UQ(O) as follows

(67 — ¢)H (g, q5,9)V(qr, v)
Cr(h)
Z<]’ k%{i7j}’ Z7j7k6{1’2’3}'

Ui = (—1)k us”. (3.23)

We may use (2.7) to find displacements and pressure in terms of UQ(O). In order

to compare their asymptotic orders we determine the orders of the functions

occurring in (2.7) and (3.23). First note that it is the consequence of (3.8) that
x2 3 2

Sa(w2) = 5 om’), Ca(x2) =1+ 0(n7), (3.24)

in which we assume that x2/h is O(1). Additionally, our expansions for the first

case of asymptotic balance of the dispersion relation (73 (h) = O(9?)) also imply

f
S1(h) = (1"l Dt + O(P),  Su(x) = z'sin< skl ) +0(n?),

\/’Yth
A
Cm(mg):icos<\/7127mh> +0(n?), m € {1,3},

which together with the approximations (3.14)—(3.18) yields

uy ~ O(pt) ) Uz ~ UO(Pt) > us ~ 772 O(pt) . (3-25)
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Repeating the procedure for the second case (T3(h) = O(9?)) one may obtain the
following distribution of relative orders of displacements

Uy ~ 772 O(py), uz ~nO(py), usz ~ O(py) . (3.26)

3.3. PHYSICAL INTERPRETATION

The asymptotic expansions derived in previous sections show that in both cases
(T1(h) = O(v?) or T3(h) = O(#?)) to leading order the wave normal is given
by a non-normalised vector of the form (cp, O(n~1), sg), see (3.14). The second
component of this vector is large, so the leading order direction of wave propa-
gation is normal to plate. The polarisation directions for each case are given by
(non-normalised) vectors of the form (O(1),0(n), O(n?)) and (O(n?), O(n), O(1))
respectively, which is suggested by the relative orders of the displacements (3.25)
and (3.26). As kh — 0, to leading order waves travel along the normal direction
and are polarised along one of the in-plane axes of primary deformation. This
description is essentially that of two shear waves, concurring with the previously
mentioned fact that only two shear waves propagate in any direction in an incom-
pressible elastic solid, see [15], with the longitudinal motion prohibited by the
incompressibility constraint. The parameters Af, = \/7om(3 +n)w, m € {1,3},
n =1,2,3..., are the leading orders of the scaled frequency expansions (3.21)
and (3.22) respectively. They define two infinite families of so-called cut-off fre-
quencies, frequency limits as n — 0. These are in fact natural thickness shear
resonance frequencies of an infinitesimally thin transverse fibre of the layer, which
satisfy one of the eigen-value problems

Yomtm 22 + W tm =0, Umale=tn =0,  me{1,3}. (3.27)

4. Asymptotically approximate equations

The information obtained in the previous sections may be used to build a lower-
dimensional model for long wave high frequency motion. In order to set up the
necessary perturbation scheme we first need to introduce appropriate scales of
space and time. Recalling that | denotes a typical wavelength, and keeping in
mind that n = h/l, we may choose the following spatial scalings

ry=18&,  w2=hC=InC,  x3=IE, (4.1)

where &1, ¢ and &3 are new non-dimensional spatial variables. Let us now focus on
the first family of the shear resonance frequencies (w = A{ ). As expansion (3.15)
shows, a typical (long) wave propagates with scaled speed A{ /n and therefore
travels the distance of one wave length in time in,/p/ A{ . Hence, it is appropriate

to rescale time as
t=1In L. (4.2)
Y21
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According to the distribution of the relative orders (3.25), the displacement
components and pressure increment must have the following asymptotic structure

Um($1,$2,$3,t) = lnm_lurn(glaC7§3,T)a me {13233}a (4 3)
pt<m17 xr2,T3, t) = 721]):({1’ Ca 537 T) )

in which * denotes non-dimensional quantities of a same asymptotic order and
791 is introduced purely for algebraic convenience.
The system of equations of motion (2.1)—(2.3) can now be recast in terms of
the non-dimensional variables, yielding
* A2 — LA 2 * 2(p * *
Yoruy ¢ + (A7) ul — {(A]) ] +y21u] -} + 177 (Briniui ge, + 73107 g4¢,
+ (Bi122 + B1221)u3 ¢,c — 7¥21P5e,) + 1" (Buiss + Bussi)ub e,e, =0, (4.4)
Bagaou ¢ + (AD)2us — {(A{)Quz +y21u5 ;r } + (Biiaz + Biaa1)ul ¢, ¢
—y21Pi ¢ + 0 (125 6,6, + Y3215 5¢, + (Baoss + Bassa)uj epc) =0, (4.5)
Yo3uz ce + (A))2uz — {(A])%u3 + Y21u3 ., } 4 (B113s + B1331)ui ¢,¢, — V2101 ¢,
+ (Baass + Bassa)us gy + 17 (V13U5 6,6, + Basssthgye,) = 0, (4.6)

here comma subscripts denote differentiation with respect to the indicated scaled
(space or time) variable. These equations must be solved in conjunction with the
appropriately rescaled incompressibility condition

ui& + ug,( + 7]2u§7§3 =0, (4‘7)

and solved subject to the zero surface traction boundary conditions

fygluic + 1?(B1221 —i—ﬁ)u;,& =0 at ¢ = =+1, (4.8)
Biigau} ¢, + (Bazao + D )us e — y21pf + n°Basssus e, =0 at (=+£1, (4.9)
’723U§’C + (Ba3s2 —|—]5)u§7£3 =0 at (= =+1. (4.10)

A glance at the boundary value problem (4.4)-(4.10) exposes, that in order to
ensure response compatible with (3.27), and in view of the approximation (3.21),
we require

Yt + (Al ~nul,, me{1,2,3}, (4.11)

which can also be verified by direct substitution of the travelling wave solu-
tion (2.5). Note, that one of the implications of imposing (4.11) is that all values
in braces in system (4.4)-(4.6) must be considered as O(n?). We now seek the
solutions in a form of the power series expansions

% %k % u n *(2n *(2n *(2n *(2n m
(ulau2au3apt) = an (ul( )7u2( >7u3( )7pt( )) +O(772 +2)' (412)
n=0

It must be remarked that although in general the remainder estimate will be
of order indicated in (4.12), for certain combinations of material and pre-stress
parameters it is possible that order of this correction term is modified. In practical
applications care should be taken to ensure that all of the requirements inherent in
the model are satisfied or to adjust the model accordingly. Not withstanding these
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comments, the situation indicated in solutions (4.12) is the most likely to occur.
Inserting these solutions into the equations (4.4)—(4.10) we obtain hierarchical
systems of essentially ordinary differential equations at various orders.

4.1. LEADING ORDER PROBLEM

The leading order equations of motion

ngui(gg + (A{)Q *0) 0 (4.13)
3222211;,(22 + (A])?uy!
723“3,(22 + (A{)QU:&

1122 + 31221)1&(21)4 - 721]0:,(40) =0, (4.14)

g

(B
(B1133 + 31331)%(&)53
+ (32233 + B2332)u§,(§3)4 — ’)/21]9;(5? = 0, (415)

must be solved in conjunction with the leading order incompressibility condition

G+ up =0, (4.16)

subject to the leading order boundary conditions
yui@ =0 at ¢==1, (4.17)
(B2222 +p)u2(<) + anzul(&) — Y21P¢ (O —o at ¢ ==+1, (4.18)
y23u35§) + (Ba3s2 +p)u2(£) =0 at (= =£1. (4.19)

The solution of the boundary value problem (4.13), (4.17) is given by

f
WO = 100 g (A6 ) (4.20)
V21

in which the function with double superscript does not depend on (. Hereafter,
double superscripts will denote functions independent of ¢, with first superscript
referring to the order of the approximation and second denoting the power of
any possible ¢ multiplier. Note, that our choice of scaling ensures that the
displacement components and pressure vary appropriately for flexural motion,
i.e. as an anti-symmetric (uj, uj and pj) or a symmetric (u3) function of the
normal coordinate (. Thus, for the sake of brevity, we will always omit terms of
the solutions which do not comply to this requirement.

Substituting the solution (4.20) into the incompressibility condition (4.16) we

may establish the form of the expression for u;(o)
(0) _ #(0,0 A¢ £(0,0 £(0,0) _ 721 %(0,0
uz( ) = u2( ) cos (’1)/21 + Uz( ) , uz( ) = Af 1(51 ). (4.21)

Solutions (4.20) and (4.21) suggest, that the solution of the second equation of
motion (4.14) should be sought in the following form

A
«(0) _ %(0,0) . 1< 0,1)
= sin + P 4.22
Y21P; Py ( M) ¢, (4.22)
*(0,0)

Dy = (721 — b21>u1(§10) , Pt*(ovl) — (A{)QUQ*(O,O) 7
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whereas the boundary condition (4.18) yields

f
0 G (ALY
(A )2 V21

The leading order problem for uj is given by (4.15), (4.19). The result of substi-
tution of the previously established solutions (4.20), (4.21) and (4.22) into the
*(0)

equation (4.15) indicates that us ~ may be represented as

f AS
«0) (0,0 . [ M¢ (0,0 1€ (0,1)
U =u sin + v sin + U, 4.23
’ ’ (m) . (ﬁ) 3 (4.23)

f
Ug(g’l) = Gfl I(g 2) sin 7A1 .
(A )2 e V21

Finally, we utilise appropriate boundary condition (4.19) to find

«0,0)  721(p13 +721) %00
Us - ! 2u1,§1§3 ’
(723 — 721) (A7)

,00 _ _ GiGs  «00) o A sec A '
’ Vs (ADp e T A NeE

Thus, the leading order solutions for the displacement components u}, i € {1,2, 3}

and pressure p; are obtained in terms of a function ui(o’o) = u»{(o,o) (&1,&3,7) and

its derivatives. We remark that u;(o,o) alone specifies the long wave high frequency
motion at the leading order, and term it the leading order long wave amplitude.
This function can not be determined without resorting to the higher order.

4.2. SECOND ORDER PROBLEM

At second order we only consider the first two second order equations of motion

’Y21u1(<) + (A2 = _Bllllul(&)&l - 731u1»(53)f3

_ *(0
— (B2 + 31221)U2(§1)§ + '721pt(§1) +n? (’Y Ul(Tl + (A )> ;o (4.24)
32222U;§<22 + (A2 4 (Biigs + 31221)111(51)4 V214 @ — yu ;‘fgf&
- V32U;,(g;§3 — (B2ass + 32332)U3§§§< +n7? (721U2(T3 + (A])?u *(0)) , (4.25)

which must be solved in association with the second order incompressibility
condition

*(2 0
ul(&) + u2(g) = ug(&? , (4.26)
and the appropriate boundary conditions
Y10} = —(Biam + plus§)  at (==, (4.27)
(B2222 +ﬁ)u;(§) + B1122U>{,(€21) — 721p:(2) = —3223311,;(23) at C =41. (4.28)
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Substituting the leading order displacements and pressure, see (4.20), (4.21)
and (4.22), into the first second order equation of motion (4.24) and satisfying
the corresponding boundary condition (4.27), immediately yields

f f
«2) (20 . [ A¢ #(2,1) Ai¢ «(2,1)
U =u sin | —= | +u3 cos | —= | + U , 4.29
1 =i (L) e (S8 ) e (4.29)
LD G3 (e CV G1 00 A
1 \/— (Af)g Uy 61610 1 (Af)2 Uy 5151 /7,},21 :

The solution (4.29) is valid provided
0,0 (0,0 2) %(0,0 2) %(0,0
721“1(77) (A2 — (]:1( ) 1(5152 + 7Y 1(5353) =0. (4.30)
The functions of a material parameters and pre-stress .7-"1(3) and .7-"1(3) were defined
previously and are given directly after the first scaled frequency expansion (3.21).
The incompressibility condition (4.26) is then considered to obtain the form

*(2)

of the solution for u,

A f
u;@) = u;@’o) cos Af C + u *(21) Csm C + v2 *(2,0) cos 7A1C
V721 \/721 V723

, which may be expressed as

+ Y2 Lyt (4.31)
where
20 _ V2L x(20) V31 (a3 + 21) 00 \/72 1G1 00
2 )
Af U6 \/ﬁ(’)’% . 721)(Af)3 Uy 515353 (Af) Uy 51&161
LD G? +0,0) 520 _ G1G3 00 A coc A
2 (Af)4 Ure161610 2 (Af)4 U1 6165655 NG NG

f
%(2,2) Gl %(0,0) %(0,0) . A1
U = +u sin .
2 Q(A{)Q ( Ure1616 1@15353) ( /7’)’21>

We mention that in fact the leading order of every displacement component and
pressure can be expressed as a linear function of the leading order long wave
amplitude u;(o,o) and its derivatives. As a consequence the equality (4.30) is also
valid for u}, i € {1,2,3}, and p}, hence the O(n~2) term in the equation (4.25)
can be represented without time derivatives, which enables us to determine the

*(2)

solution for p,

f f f
*(2) #(2,0) A€ *(2 1) 16 #(2,0) . Ai¢
= sin CcOS +p Sin
TAPe =B (m) e (Fm) Pi (m
+ P U (432)

in the form
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The functions p:(Q’O), p:(ll), ﬁ:@’o) and Pt*(Q’S) can now be obtained by insert-

ing (4.32) into the second equation of motion (4.25), yielding

«(2,0) «20 21 [ (13 +y21) (21 — bo3) (0,0)
Dy = (V21 — bzl)ul,gl - (A{)2 ( o3 — a1 Y81 — Y32 | Up g e,
021 Qﬁ;z) () p*(2’1) B _G%('m - 621)u*(0,0)
U, ) t Il —— T )
(A{)Q &1&1&1 M(A{)g ISESES|
+(2,00  G1G3(723 — b23) «(0,0) . A A
i = Foa UL gae, SID sec ,
V23 (A7) V21 V723
f
«23) _ G1 [ «(0,0) (0,0) . Aq
B 6 <u1151§1€1 + Uy, 15353) Sl (M) :

Satisfying the boundary condition (4.28) gives

A g1+ba 1 Y21 o, 0,0 2,0
Y —sin [ ) ! (@ LY 02 Qic ) 00 o #20)
! V21 ! (A{)2 6 (A{)2 L&161& 1Uy ¢

by 1 GG} A D{\ .
(A7) 6 Vs (A1)? V23 (A1) IR
which after resorting back to (4.25) returns the last unknown function of the

*(2)

u, ~ representation, expressed here as

«20 1 g1 2G7 1 g1 Qﬁf) (0,0
U7 =7 G1 N2 Al 6] (S U16160¢
(A1)? (A7)2 (A 6 (A1)? SR
_ 2 f
n <G1 (93 73; +732 1) B Gngf tan ( Ay >
(A1)? 6 V23(A1)3 V23

f f
21D 0,0 20) | . A
+ o uigiese, — G, psin| =]
af)" o v
Let us take a closer look at the equation (4.30). Its satisfaction ensures the
existence of the solution for the second order problem and its solution u;(o,o)
completely determines the leading order stressed state, see (4.20), (4.21), (4.23)
and (4.22). We will refer to equation (4.30) as the leading order governing equa-
tion for the long wave amplitude. It can also be rewritten in terms of the original

non-scaled variables as

9 2 (0,0) 2, (0,0)
lphZ(9 + (A{)Q] ugo,o) — h? (-7‘—1(? 0 5{22 + .7:1(3)8;22> =0. (4.33)
1 3

ot?

within which ugo,o) (r1,23,t) = uT(O’O) (&1,&3,7). The solution (2.5) when substi-
tuted into (4.33) yields a dispersion relation which matches the expansion (3.21),
thus demonstrating a high level of consistency.

When .7-'1(3) and .7-'1(3) are positive, the leading order governing equation for
the long wave amplitude (4.33) is hyperbolic. However, it is possible (and is
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demonstrated later numerically) to choose such combinations of the material and

pre-stress parameters that .7-"1(3) will become negative. However, although (4.33)
remains hyperbolic, it will certainly be non-wave-like, with time and one of the
in-plane spatial variables swapping their roles. This behaviour is closely related to
the phenomenon of negative group velocity. In the present case this phenomenon
is a necessary, but not sufficient, condition for a non-wave-like hyperbolic equa-
tion. It has previously been remarked that in the plane strain case the existence
of negative group velocity is both necessary and sufficient to lose hyperbolicity,
see [16].

4.3. THIRD ORDER PROBLEM

The third order problem will be solved only for the first third order equation of
motion

*(4 *(4 *(0 *(2 *(2
rry ¢l + (M) = —(Buass + Buan usigle, — Bunuyee, —7m) e,

— (B2 + B1221)u;(§21)< + ’72119:,(521) +n7° (’Yzlui(fl + (A{)QUT@)) , (4.34)
and the associated boundary condition

(2)

’leui(?) + (31221 + ﬁ)u;& =0. (4.35)

In view of the results obtained at previous orders, the solution of (4.34) may be
sought in the form

f f f
«(4) x40 . [ A€ *(4,1) Ai¢ «(4,2) 2 . [ Ai¢
U =u sin | —— | +u cos| —— | +u sin [ ——
' ' <\/721> L <\/721 Lo V21

f
«(40) . [ A€ «(4,3) 13 | pre(40)
+wv sin | —= | +U +U . 4.36
Substituting (4.36) into the first equation of motion (4.34) and comparing the

coeflicients of linearly independent terms it is possible to obtain

w0 G 00
2721(A{)6 §1616161

+(4,0) _ V123G1G3(p1s +723) 4(0,0) . A A
R s Mgieagegs S| T | 8C6C v
(723 — 721)(A7)? V21 V23

(=2)

«(11) 1 g 2G3 1 9191, +(0,0)
v <A{>2{<G1 ((A{>2 (Dt 6) ) e
n (Gl (93 _,U«l;’) —721 1) B G1G§f tan( A )

(A1)? 6 V23(A1)? V723

f f
12101\ «00) «2,0) | . Ay
* (A{)z>“1,515353 Gruy glg, (Sin T’E ;
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f
43 Gi %(0,0) «(0,0) M
1 = 6(/\{)2 ( Ut 61616 + u1,§1§1€3€3) S (m) ’
And the boundary condition (4.35) is then used to establish

. G 2 Gt 1 e
) 1f3{ <G1 ( oS 3> + 230 ) 00
V21 (A7) (A1) (A1) (A1)
N <G1 <293 + 723 — 731 + V32 +1> _ Gngtan( A{ )
(A2 3)  Aas(A])3 V23

2721D{ (00 *(2,0)
! (A)? Ut girgaes — G, '
1

As with the second order problem, the solution for wu; @) given by (4.36) is only
valid provided an additional condition is satisfied, Wthh is
2,0 2) %(2,0 2) %(2,0
o0+ (M0 P (P2 + A

(4), %(0,0) (4), *(0,0)
Tt e T Fis 5151£3§3> 0, (4.37)

Let us introduce a new function
w=u+u®?+ 00", w=u®+u®n?+0mh), (4.38)

in which w(z1, z3,t) = u* (&1, &3, 7) and for the first family of the shear resonance

u’{(Qm’O). The fact that the function uI(2m’0) is
essentially the solution of all boundary value problems posed for u;(2m72,0)’ m =
1,2,3..., means that every displacement component and pressure is the linear
function of w and its derivatives. Therefore, we will term u as the long wave
amplitude. Now if we add the leading order governing equation (4.30) to the
product of n? and (4.37) we obtain a second order governing equation, which is

given in terms of original variables and long wave amplitude as

frequencies we assume u(2™ =

lth;Q + (AD) ]

0 o 0 o'u
— 1?2 (fl(()a 5+ Pl 5 “) mye (f{;”a . +f1(§>a ) —0. (4.39)

The dispersion relation associated with this equation matches the third order
approximation of the exact dispersion relation (3.21) exactly.

4.4. SECOND FAMILY OF SHEAR RESONANCE FREQUENCIES

The analysis of the asymptotic behaviour of a plate in the vicinity of the second
family of shear resonance frequencies is very similar to the case just discussed.
The space and time coordinates are to be re-scaled according to (4.1) and

t=In,/—r, (4.40)
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with displacements, whose scalings are chosen to coincide with (3.26), thus

um(xlax%x?)vt) = lns_mu:m(gla C7€377—) ) m e {17 27 3}7

4.41
pt($17x2)x3>t) :723p:(€17<)§357-)' ( )

The consequent derivation yields the leading and second order governing equa-
tions for a long wave amplitude, given by

o aQu( ,0) a2u(070)
lthatQJr(Af)] ul™® — p2 (]:(2) 8;% + FY 6;’% =0, (442)

2
[phﬂfﬂ A2 ]

2 [F2 @ g0\ @0t O\
h (fgc 50 + 2 = ) h (fgc ot 7 5027 ) =0 (4.43)

where Féc), ]—"éQ) F3e @) and Féi) were given immediately after the expansion (3.22)
and we assume u(2m) = u;(Zm,O) in the definition (4.38). The dispersion relation
associated with this equation is consistent with the exact dispersion relation (3.6)
in the sense that it matches all three orders of the frequency expansion (3.22)
exactly (first two orders in case of the leading order governing equation (4.42)). As

for the existence of negative group velocity, it may also occur for the second family
of shear resonance frequencies, with the necessary condition given by féi) < 0.

5. Numerical results and discussion

Some illustrative numerical results are now presented in respect of the Mooney-
Rivlin strain-energy function

W=E 8+ -3) + O+ + 057 - 3), (5.1)

in which p; is the shear modulus, po characterises the departure from the sym-
metric neo-Hookean model and \,,,, m € {1,2,3}, are the principal stretches of
primary deformation. The components of the elasticity tensor associated with
the strain energy (5.1) are given by
Biiii = (1 + p2(A + M)A, By = 2u2A7A;,  Bijji = —p2AiA7,
Bljlj:(lu’l_‘_/l’Q)\i))\’LQ? Z?é]?ék?él, Za]vk€{17273}

In Figure 1, @ is shown as a function of kh. Specifically, the numerical solution
and both the second and third order approximations are presented in respect of
the first three harmonics associated with first family of shear resonances. It is easy
to see that the accuracy of the approximation in general increases considerably
for the second (and further) harmonic. This is because the third order term in

the frequency expansion is divided by (A{ )2, which is O(n?). It is worth noting
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Figure 1. Scaled frequency of the first three harmonics associated with the first family of shear
resonances, shown against scaled wave number kh together with their second and third order
approximations. Waves propagate in the Mooney-Rivlin material with p; = 3.0, puo = 1.1,
A1 =09, \a =12, 02 =5.5 and § = 15°.

that the left-most plot in Figure 1 depicts a situation when the second order ap-
proximation is apparently better then the third order. However, direct comparing
of absolute errors for both second and third order approximations can be used
to demonstrate that the third order approximation is better for all kh < 0.2 and
therefore for all kh < 1. It is worth reiterating that all our approximations were
obtained for kh < 1 and they, as any asymptotic expansions, may, but should
not be expected to, provide good approximation outside their destined domain
of validity.

In view of the fact that the dynamic response of a Mooney-Rivlin is somewhat
limited, see e.g. [7], we also demonstrate some typical plots in respect of the Varga
strain energy function

W(A1, A2, A3) = 2p( A1 + Ao+ A3 — 3), (5.2)

where 4 is shear modulus. The associated non-zero components of B,,;;x may be
obtained as follows

2“)\? S Q/L)\i)\j
)\i—i—/\j7 A )\i—i-/\j7

Bijij = i # ], i,j €{1,2,3}. (5.3)
In Figure 2 the numerical solution and both the second and third order approxi-
mations are presented for the three harmonics associated with first family of shear
resonance frequencies. We mentioned previously that for the certain combinations
of the pre-stress and material parameters it is possible to obtain negative group
velocity at low wave number, corresponding to w being a decreasing function of
wave number for kh ~ 0. The phenomenon of negative group velocity is well-
known in many areas of physics dealing with dispersive waves, in particular in
optics where it is associated with so called anomalous dispersion. Seemingly the
first mentioning of possible negative group velocity at low wave number for some
high frequency modes in an isotropic elastic plate was given in [17]. There is also
some experimental work claiming to observe it for ultrasound waves, see [18].
For the first family of shear resonance frequencies, existence of negative group
velocity will arise for small kh whenever

]-"1(2) = .7-"1(3)03 + ]:1(3)33 <0, (5.4)
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Figure 2. Scaled frequency of the first three harmonics associated with the first family of shear
resonances, shown against scaled wave number kh together with their second and third order
approximations. Waves propagate in the Varga material with p = 1.0, Ay = 0.5, A2 = 1.5,
o9 = 2.8 and 9 = 10°.

see (3.21). Note, that for physically realistic response .7-"1(? is always positive,
which can be shown by taking ¢ = 0 and sy = 0 in equation (2.6). Hence,
.7-"1(3) < 0 is the necessary condition for the existence of negative group velocity.
It is important to keep in mind that ,7:1(3) < 0 also indicates that equation (4.33)
is not wave-like. In order to illustrate possible scenarios for which }'1(? < 0,
Figure 3 shows .7-"1(2) and .7-"1(3) against kh for a variety of angles of propagation
and normal stretches, respectively. We remark that in [14] it is shown that in the

15

(2) 05 [ (2)
F s Fi.
ol
-0.5 o
0=10
=45"
e S
06 08 1 12 14 16 18 2 06 08 1 12 14 16 18 2
(a) A (b) A

Figure 3. The coefficients of the second order scaled frequency expansion, associated with the
first family of shear resonances, shown for a variety of (a) angles of propagation (b) normal
stretches. Waves propagate in the Varga material with the same parameters as in Figure 2 if
not specified otherwise.

analogous plain strain case the existence of negative group velocity also changes
the associated governing equation for the long wave amplitude from hyperbolic
to elliptic. It should be stressed that the governing equation (4.33) is only valid
in the vicinity of the cut-off frequencies. Further work is therefore required to
fully elucidate the implications of its change in type on dynamic response.
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6. Concluding remarks
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