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ABSTRACT 

In this paper, a model for the evaluation of investments in advanced manufacturing technology is 
developed.  Many authors have called for an integration of financial and non-financial factors in such 
evaluations and this paper demonstrates that it is conceptually possible to do this using the 
mathematics of the analytic hierarchy process and fuzzy set theory.  The development of the model 
has certain distinguishing features.  First, it is based on a conceptual framework that combines the 
three dimensions of risk, financial return and non-financial factors.  The empirical basis for this has 
been investigated and previously reported by the authors.  Second, models previously developed and 
reported in the literature are shown to suffer from certain flaws relating to the use of linguistic scales, 
the ranking of fuzzy performance indicators and partiality in the treatment of investment decision 
variables.  These issues are addressed through the development of simpler linguistic scales based on 
the analytic hierarchy, a revised procedure for ranking fuzzy numbers and an attempt to build a 
comprehensive model through the three dimensions described above.  Triangular fuzzy numbers are 
used throughout in order to make the mathematics tractable and relatively easy to understand and to 
facilitate presentation of a worked example.  However, so that the reader is not misled, attention is 
drawn to some of the complexities in fuzzy arithmetic, especially the important distinction between 
subtraction/division and deconvolution of fuzzy numbers.   

INTRODUCTION 

The use of traditional investment models based on return on investment (ROI) or cash flow analysis, 
payback, net present value, internal rate of return, for Advanced Manufacturing Technology (AMT) 
projects has been criticised as failing to capture all relevant information.  Arguably these models 
emphasise quantitative, financial analysis but fail to capture many of the ‘intangible’ benefits that 
should flow from AMT investments such as greater manufacturing flexibility, improved product 
quality and better employee morale (see for example, Abdel-Kader, 1997; Chen & Small, 1996; 
Dugdale & Jones, 1995; Accola, 1994; Cheung, 1993; Lavelle & Liggett, 1992; Naik & Chakravarty, 
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1992; Azzone, Bertele & Masella, 1992; Rayburn, 1989; Park & Son, 1988; Srinivasan & Millen, 
1986; Kaplan, 1986; ACARD, 1983; Knott & Getto, 1982). 
 It is also argued that the high risk inherent in new technologies often leads to the use of arbitrarily 
high hurdle discount rates (Accola, 1994; Canada & Sullivan, 1990; Kaplan & Atkinson, 1989; 
Kaplan, 1986). This disadvantages long-term projects with large cash flows in the later part of their 
lives, and because there are many different determinants of risk, it is difficult to capture them all 
through a single modification of the discount rate (Ronen & Sorter, 1972). Also, adjustments to the 
discount rate are affected by managers’ attitudes toward risk rather than by an explicit representation 
of the risks inherent in the investment alternatives (Accola, 1994). 
 Lefley (1996, p347) concluded: 'there is a need for a more sophisticated approach to the 
appraisal of AMT projects, one that will take into account the strategic nature and the full benefits 
from such investments. ’ (emphasis added).  This echoed Currie (1994, p. viii) who argued for: ‘… a 
new method of evaluating AMT should be developed which includes a wider array of financial and non-
financial benefits. This would improve managements’ understanding of some of the key advantages of 
AMT and, in the process, supplement traditional management accounting techniques (DCF, NPV, 
payback) by considering the benefits of quality, organisational learning, training and process improvement 
and innovation’ (emphasis added). Slagmulder, Bruggeman & Wassenhove (1995) summarised: ‘… 
more and more authors are convinced that good investment appraisal requires that strategic and 
financial considerations be reconciled and integrated.’  
 In response to this need ‘integrated’ models that can accept both quantitative and qualitative 
factors have been suggested.  Simpler models are based on a weighted combination of attribute scores 
(Meredith & Suresh, 1986; Nelson, 1986; Parsaei & Wilhelm, 1989) while more sophisticated models 
are often based on the Analytic Hierarchy Process (AHP) (Naik & Chakravarty, 1992; O’Brien & 
Smith, 1993; Srinivasan & Millen, 1986; Putrus, 1990; Accola, 1994; Angelis & Lee, 1996). 
However, even these relatively sophisticated models can be criticised because the use of precise 
values does not reflect the qualitative and subjective nature of many factors. 
 To overcome this criticism an AMT investment model based on the mathematics of fuzzy set 
theory (Zadeh, 1965) and hierarchical structure analysis (Saaty, 1980) is developed. The model is 
designed to permit estimated ‘fuzzy’ values and to provide a consistent method of accounting for non-
financial factors.  A basis for the comparison of competing alternatives is also provided. 
 The remainder of the paper is organised as follows. The next section provides a brief discussion 
of the basic elements of fuzzy set theory. This is followed by a review of previous fuzzy investment 
models. The proposed model is then developed followed by an illustrative example. The last section 
sets out some conclusions. 

FUZZY SET THEORY 

In 1965 Zadeh proposed fuzzy set theory as a device for modelling fuzzy variables in a mathematical 
domain. The term ‘fuzzy’ refers to the situation where ambiguity and vagueness exist (Bellman & 
Zadeh, 1970; Zebda, 1989). Mathematically, let U = { x1 . . . . . . . .  .xn} be a universal set of objects x, 
then a fuzzy set A in U is defined by ordered pairs: 

  A = { x, µA(x) }, ∀ x ∈ U    (1) 
where µA(x) is called a membership grade of x in A, and µA: U→ M is a function from U to a space M. 
Usually M takes a real number in the closed interval [0,1] where 0 and 1 refer to full membership and 
non-membership respectively. When M contains only two points, 0 and 1, A is non-fuzzy and its 
membership function is identical with the characteristic function of a classical (crisp) set (Bellman & 
Zadeh, 1970). 
 
Fuzzy numbers 
Buckley (1987) showed how fuzzy mathematics can be applied to financial problems by developing 
expressions for present value and annuities. However, general fuzzy solutions can involve extensive 
computations and, here, the mathematics will be rendered more tractable (and perhaps more 
practically useful) by the use of triangular fuzzy numbers (Laarhoven & Pedrycz, 1983).  
 A fuzzy number M in ℜ is a triangular number if its membership function µM: ℜ → [0,1] is: 
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where a, b, c ∈ ℜ and a ≤ b ≤ c (see figure 1 ). 
 
 A triangular fuzzy number can be written as follows: 

  M = (a, b, c)       (3) 
 Operations on triangular fuzzy numbers can be carried out as follows (Laarhoven & Pedrycz, 
1983; Kaufmann & Gupta, 1991; Chen, Hwang & Hwang, 1992). Given two triangular fuzzy numbers 
M and N defined as: 
 M = (a, b, c) 
 N = (e, f, g) 
and an ordinary number k∈ ℜ 
Image of N 

 -N = (-g, -f, -e)         (4) 
Inverse of N 

 N-1 = (1/g, 1/f, 1/e)     0 ∉ [e,g]   (5) 
Addition 

 M (+) N = (a + e, b + f, c + g)       (6) 
Subtraction 

 M (−) N = ( a -g, b- f, c- e)        (7) 
Scalar Multiplication 

 ∀ k > 0, k ∈ ℜ: k (•) M = (ka, kb, kc)      (8) 
 ∀ k < 0, k ∈ ℜ: k (•) M = (kc, kb, ka)      (9) 

Multiplication1 
 M (•) N = (ae, bf, cg)    a ≥  0, e ≥ 0   (10) 

Division 
  M (÷) N = (a/g, b/f, c/e)    a ≥  0, e > 0   (11) 
 Triangular fuzzy numbers are easy to use and to interpret. For example, ‘approximately equal to 
1000’ can be represented by (990, 1000, 1010) and the non-fuzzy number 500 can be represented by 
(500, 500, 500). However, the algebra of fuzzy numbers is more subtle than it may appear. For 
example, subtracting a fuzzy number (3, 5, 7) from the same fuzzy number using equation (7) gives a 
fuzzy zero (-4, 0, 4). Surprising perhaps but consistent with fuzzy literature because there is no reason 
to suppose the two numbers represent identical quantities. A problem arises when these two fuzzy 
numbers are equal because subtraction ‘ought’ to result in the crisp number zero. The operation that 
would result in the solution zero, is known as the deconvolution of fuzzy numbers and this should not 
be confused with subtraction. 
 To illustrate the deconvolution of fuzzy numbers we follow Kauffman and Gupta (1985), Let us 
define two triangular fuzzy numbers A = (a1, a2, a3) and B = (b1, b2, b3). If  C is defined as: 

C = ( c1, c2, c3) = (a1, a2, a3)  + (b1, b2, b3) = ( a1 + b1, a2 + b2, a3 + b3) 

                                                 
1 It should be noted that, strictly, multiplication of two triangular fuzzy numbers yields a fuzzy 
number with a non-linear membership function (See, Kauffman and Gupta, 1985, pp 25 – 31). The 
definition presented in equation (10) yields a triangular fuzzy number with linear membership 
functions and is an approximation to the exact product. Chiu and Park (1994) examined the reliability 
of this approximation when calculating fuzzy present value. Based on simulation results, they showed 
that the difference between the membership function of the present value in its exact and approximate 
forms is not significant. Accordingly, to simplify the computation and make it more manageable, we 
use the approximate definition as presented in equation 10. As division is multiplication by the 
inverse, a similar argument applies for equation (11). 
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The issue of deconvolution arises if A and C are known and the equation is to be solved for B. 
 In order to solve for B the operation of deconvolution must be applied and this would result in the 
fuzzy number B:  

Deconvolution of C and A = ( c1 - a1, c2 - a2, c3 - c3) = B 
Deconvolution can be undertaken only if the following condition is satisfied:  

(c3 – a3) ≥  (c2 – a2)  ≥ (c1 – a1) 
Note that subtraction:  

C – A = ( a1 + b1 – a3, b2, a3 + b3 – a1) 
does not solve the equation for B unless a1 = a3 and this would only be true if A were a crisp number. 
 The deconvolution problem applies to the division operation as well. Consider the equation: 
   A (•) B = C    a1 ≥  0, b1 > 0, c1 ≥  0   (12) 
The necessary and sufficient condition for the existence of a fuzzy number B satisfying the above 
equation is: 

(c3 / a3) ≥  (c2 / a2)  ≥ (c1 / a1) 
If this condition is satisfied, the solution exists, and it is unique (Kauffman and Gupta, 1985) and is 
given by: 
   B = (c1 / a1, c2 / a2, c3 / a3)      (13) 
 It may seem, to the reader, that deconvolution is, intuitively, what would be expected when one 
fuzzy number is subtracted from or divided by another.  This is not the case and this digression is 
intended to draw attention to this, possibly counter-intuitive, aspect of the arithmetic of fuzzy 
numbers. 
 
Linguistic variables 
Linguistic variables were developed by Zadeh (1972; 1973; 1975a; 1975b; 1975c) to provide a 
systematic means of characterising approximate, complex, ill-defined phenomena. A linguistic 
variable is defined by Zadeh (1973, p. 28) as ‘a variable whose values are sentences in a natural or 
artificial language’. For example, ‘high’ is a linguistic variable if its values are ‘tall’, ‘very tall’, ‘not 
tall’, etc. Each value is defined by a fuzzy subset in which the membership function represents the 
compatibility of each element, in the universe of discourse (base values), with the label of the fuzzy 
subset. 

PREVIOUS FUZZY MODELS 

Two approaches have been proposed which use the concepts of fuzzy set theory in evaluating capital 
investment projects. The first extends traditional discounted cash flow analysis into fuzzy cash flow 
analysis (Ward, 1985; 1989; Chiu & Park, 1994). The second is based on the concept of linguistic 
variables (Wilhelm & Parsaei, 1988; 1991).  
 Ward (1985; 1989) developed fuzzy present value analysis in which the cash flows are modelled 
as trapezoidal fuzzy numbers. However, derivation of the membership function of fuzzy present value 
results in complex non-linear representations and requires tedious computational effort.  To overcome 
this problem and so make fuzzy cash flow analysis more manageable, Chiu & Park (1994) developed 
an approximate form of the ‘complex’ fuzzy present value formula based on triangular (rather than 
trapezoidal) fuzzy numbers. 
 The second use of fuzzy set theory, based on the linguistic approach. Wilhelm & Parsaei (1988; 
1991) defined two fuzzy linguistic variables ‘importance’ and ‘capability’. Then they developed a 
heuristic algorithm to characterise the capability of available advanced technologies and so select the 
technology that best meets company goals according to their importance.  
 Wilhelm & Parsaei’s (1988; 1991) work was seminal in its application of fuzzy set theory to 
AMT investment decisions. However, they noted that: ‘this approach is still very much in the 
preliminary stages of development’ and we identify three issues in their work which need to be 
addressed. First, the computations in constructing relationships between linguistic variables seem 
complex and, perhaps because of this complexity, some relationships between linguistic values are 
counter-intuitive and even inconsistent. For example, there are two values with the same meaning: 
‘unimportant’ and ‘not important’ but each has a separate membership function.  Second, the 
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operations of concentration and dilation are used in order to give effect to the qualifiers ‘very’ and 
‘more-or-less’ so that, for example, the fuzzy variables for ‘important’ and ‘very important’ appear as 
in figure (2)2. This treatment is consistent with fuzzy literature but, here, we find it counter intuitive. 
We would expect the right-side of ‘very important’ to be to the right-side of ‘important’. Finally, 
financial factors are ignored in Wilhelm & Parsaei’s model or, at most, treated as though they are 
intangibles. 

A PROPOSED MODEL FOR AMT INVESTMENT DECISIONS 

 Figure (3) shows the framework of the proposed model, incorporating both financial and non-
financial factors, and based on both survey and field research (Abdel-Kader & Dugdale, 1998; 
Dugdale & Abdel-Kader, 1998). AMT investment decision making can be divided into three 
sequential stages: examining consistency with overall strategy, measuring expected performance of 
projects and ranking of AMT investment projects.  
Consistency with overall strategy 
Field studies (e.g. Nixon, 1995; Slagmulder & Bruggeman, 1992; Slagmulder, 1997; Dugdale & 
Abdel-Kader, 1998) have identified the strategic fit of a proposed investment as critical. Typically, 
investment opportunities identified at lower levels must pass a ‘strategic test’ when put to more senior 
management.  If a proposal is out of line with company strategy it will almost certainly be excluded 
from even indicative planning.  The first step in the proposed model is therefore to recognise this 
‘strategy test’.  The remainder of the model becomes irrelevant if a project is rejected at this stage. 
 
The expected performance of AMT investment projects 
The expected performance of AMT investment projects can be based on three measures: financial 
return, intangible (strategic) benefits, and risk. 
(i) The financial return measure 
The financial measure reflects all the factors that can be expressed as financial cash flows, for 
example: investment(s), net cost savings, increased turnover, government grants and tax effects. Each 
factor is represented by a triangular fuzzy number specified as the lowest possible estimate, the best 
estimate, and the largest possible estimate. For example, the investment amount could be a value such 
as ‘approximately £2 million’ and this value may be interpreted as a triangular fuzzy number, for 
example, (1.9, 2, 2.1).  An exact estimate would be represented by the triangular fuzzy number (2, 2, 
2). 
 After estimating the fuzzy cash flows for each alternative investment project, one or more 
financial measure, net present value; internal rate of return; payback and/or return on investment, can 
be calculated. 
The fuzzy net present value (FNPV) Let xt be the net cash flow arising at the end of year t, r be the 
discount rate (assumed constant throughout the project life), I0 be the initial investment at time 0, and 
n be the project’s life, then FNPV is calculated as follows: 

FNPV
x

r
It

t
t

n

=
+

−
=
∑ ( )11

0      (14) 

Because xt, I0, and r are triangular fuzzy numbers (xt1, xt2, xt3), (I01, I02, I03), and (r1, r2, r3) respectively, 
the FNPV is also a triangular fuzzy number (FNPV1, FNPV2, FNPV3). Equation (14) can be extended 
as follows: 

                                                 
2 The use of concentration and dilation when applied to linguistic variables has presumed that the 
qualifier ‘very’ can be equated with ‘more precise’ and the qualifier ‘more-or-less’ can be equated 
with ‘less precise’. With this interpretation it is logical to use the concentration and dilation of fuzzy 
variable to reflect the qualifiers. However, in the context of investment appraisal (and perhaps in other 
contexts) the qualifiers ‘very’ and ‘more-or-less’ are more appropriately reflected in the concepts 
‘greater’ and ‘less than’ and operations of concentration and dilation are no longer applicable. 
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 The membership function of FNPV is approximated by the triangular shape: 
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 The derivation of fuzzy net present value in (15) is rather similar to that of Chiu & Park (1994). 
Here, the three parameters of triangular fuzzy numbers for the fuzzy estimates are used instead of the 
right and left representations used in Chiu & Park’s derivation. By using equation (15), the calculation 
of fuzzy net present value is no more complex than the normal, crisp calculation; it is simply repeated 
three times. 
The fuzzy internal rate of return (FIRR) The internal rate of return is the rate of return that equates the 
NPV to zero. To calculate the IRR, it is necessary to solve the following equation for r: 
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where r is the IRR. It is usually solved through a number of trials. Substituting each variable in the 
above equation with its triangular fuzzy number, as in equation (15), the FIRR, (r1, r2, r3), can be 
calculated as follows: 
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where (r1, r2, r3) represents the FIRR, (IRR1, IRR2, IRR3). The membership function of the FIRR is as 
follows: 

μFIRR y
y FIRR FIRR FIRR FIRR y FIRR
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The fuzzy payback period (FPB) The payback period is the time required to generate cash flows that 
recover the initial investment. If the initial investment or cash flows or both are fuzzy, the resultant 
payback period is also fuzzy. For example, suppose a four-year project with the estimated initial 
investment (I0), in million, and cash flows (xt), in million, (where t = 1,2,3,4) specified by triangular 
fuzzy numbers as I0 = (£20, £25, £30), x1 = (£7, £10, £12), x2 = (£10, £12, £15), x3 = (£10, £12, £15), 
x4 = (£8, £10, £12). 
 Following the rules for subtraction of fuzzy numbers the first parameter in I0 [£20] is recovered 
from the third parameter in xt [£12, £15, £15, £12] (1.5 years), the second parameter in I0 [£25] is 
recovered from the second parameter in xt [£10, £12, £12, £10] (2.25 years), and the third parameter 
in I0 [30] is recovered from the first parameter in xt [£7, £10, £10, £8] (3.375 years). Assuming that xt 
is realised at the end of year t, the fuzzy payback period (FPB), in years, is (1.5, 2.25, 3.375). 
The fuzzy return on investment (FROI) One way to compute ROI is to divide the average accounting 
profit generated over the life of the project by the initial outlay (Lumby, 1995). Let FROI [(FROI1, 
FROI2, FROI3)] be the fuzzy return on investment, I0 [(I01, I02, I03)] be the fuzzy initial outlay, D be 
the total depreciation over the project’s life, xt [(xt1, xt2, xt3)] be fuzzy net cash flows for year t (t = 
1,2,…,n), and s [(s1, s2, s3)] be the fuzzy scrap value at the end of the project. Based on the following 
assumptions: (1) the initial outlay minus scrap value is depreciable over the project’s life, (2) 
depreciation is the only non-cash expense over the project’s life, and (3) the straight-line method is 
used in calculating depreciation, the FROI is calculated as follows: 

FROI
x D n

I

t
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Substituting each variable by its triangular fuzzy number, the FROI is: 
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 The membership function of the FROI is as follows: 
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Representation of the financial return measure (FRMAK) in the model As both NPV and IRR take 
account of the time value of money, both are theoretically preferred over payback and ROI but if one 
financial return measure is selected, fuzzy NPV is the theoretical recommendation3. 
 In practice several measures of financial return are often calculated, sometimes because they are 
simpler (e.g. payback) or because of personal preferences, or because different measures provide extra 
information (e.g. payback provides a crude indication of liquidity, ROI provides some indication of 
the project impact on reported profit).  The model proposed here is not, therefore, limited to a specific 
financial return measure and it would be possible to combine two or more financial measures into a 
single project score4. However, we recommend that only one financial return measure (either FNPV or 
FIRR) is used to represent the project’s profitability.  This is because the same data is used to produce 
all the financial return measures and, thus, representing the financial return measure in the model by 
more than one parameter may lead to duplication. 

                                                 
3 The superiority of the NPV technique is nicely discussed in Clark et al. (1984, Ch. 6). 
4 In combining two or more financial return measures together, two problems should be addressed. (1) 
the indication of each measure must be in the same direction, in other words, if for some measures the 
alternative with the highest (largest) value is the best, then all measure results should indicate the 
same. For example, the alternative with the smallest payback period is the most desirable one while 
the alternative with the highest NPV is the most desirable one. In this case, one of these two measures 
should be transformed to convey the same direction in the results. (2) All combined measures should 
be represented by the same measurement unit. Because NPV gives values in pounds, IRR and ROI 
give results in percentages, and the payback period is represented by years, all these results should be 
transformed into a score in the interval [0,1]. One possible way to overcome these two problems is to 
convert the preference of the payback period direction to be the highest score is the better and then 
convert all original measures results into score in the interval [0,1] as follows: 
For fuzzy payback measure: 

FPBA FPBA FPBA ak k k
i

k
\ ( / ) /= − −∑1 1  

where: 
FPBAk

\ : the converted fuzzy payback period for the project Ak  (k=1,2,...., N project), 
FPBAk

-1: the inverse of the payback period for the project i, 
a   : suitable constant so that all supports of PBAk\ is in the closed interval [0,1]. 
For other measures (for example FNPV): 

aNPVAFNPVAFNPVA
N

k
kkk /)/(

1

\ ∑
=

=  

where: 
FNPVAk

\  : the converted FNPV for the project Ak (k =1,2,...., N project), 
FNPVAk   : the FNPV for the project Ak, 
a : suitable non-fuzzy constant so that all supports of NPVAk

\ are in the closed interval [0,1]. 
After converting all financial measures, they could be transformed into a single measure by weighting 
each measure and then combining them in the same way as for non-financial criteria measure. 
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(ii) The non-financial criteria measure 
The non-financial criteria measure reflects all the strategic factors that cannot be translated into cash 
flows. To generate a measure for this group of factors, a three level hierarchical structure is suggested. 
The first two levels evaluate the fuzzy importance of the non-financial investment criteria and sub-
criteria and the lowest level assigns ratings to alternative AMT investment projects. The hierarchical 
structure is shown in figure (4). 
 A large number of potential non-financial benefits of AMT have been identified in the literature 
and a survey by the authors identified which of these are considered important by practitioners. The 
development of an analytic hierarchy is always a subjective exercise and needs to be tailored to 
specific contexts. Nevertheless, the evidence suggests that many AMT projects generate benefits on 
three key dimensions: ‘improving product quality’, ‘increasing process flexibility’ and ‘meeting 
customer requirements’. In order to avoid confusion between these criteria, ‘product quality’ is 
defined as conformance to product specification while ‘customer requirements’ is related to 
development of new product features. Additionally, process flexibility might be usefully divided into 
two sub-dimensions- relating to increased product complexity and increased product volume. 
Developing a fuzzy linguistic scale A fuzzy linguistic scale is suggested to evaluate the fuzzy 
importance of the non-financial investment criteria and sub-criteria in the first two levels of the 
hierarchy [figure (4)] and to assign fuzzy ratings to the alternative AMT investment projects in the 
lowest level of the hierarchy. Previous studies (e.g. Rangone, 1997; Liang & Wang, 1991; Zebda, 
1984), usually suggest generalised linguistic variables but, because the meaning (value) of any word 
(linguistic variable) is subjective, we suggest that the linguistic scale should be generated by decision 
makers themselves.  
 Decision makers are asked to make pair-wise comparisons between the linguistic values of non-
financial criteria such as very important (VI), important (I), more-or-less important (MI), more-or-less 
unimportant (MU) and unimportant (U) expressing how many times a linguistic value exceeds or is 
less than every other linguistic value. Assuming that triangular fuzzy numbers are used in these pair-
wise comparisons, the answers can be formulated in a positive reciprocal matrix as follows (the 
numerical values are for illustration): 

VI
I
MI
MU
U

VI I MI MU
( , , )
( , , )
( , , )
( , , )
( , , )

( , , )
( , , )
( , , )
( , , )
( , , )

( , , )
( , , )
( , , )
( , , )
( , , )

( , , )
( , , )
( , , )
( , , )
( ,

1 1 1
1 4 1 3 1 2
1 6 1 5 1 4
1 8 1 7 1 6
1 9 1 9 1 8

2 3 4
1 1 1
1 3 1 2 1
1 4 1 3 1 2
1 5 1 4 1 3

4 5 6
1 2 3
1 1 1
1 2 2 3 1
1 3 1 2 2 3

6 7 8
2 3 4
1 3 2 2
1 1 1
2 3 4

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢ 5 1

8 9 9
3 4 5
3 2 2 3
1 5 4 3 2
1 1 1, )

( , , )
( , , )
( , , )
( , , )
( , , )

U

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥

 

 Following Buckley (1985) the fuzzy number of each linguistic value is computed by the 
geometric mean method.  Given the positive comparison matrix as: 

A

a a a
a a a

a a a

n

n

n n nn

=

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

11 12 1

21 22 2

1 2

"

#
      (23) 

The geometric mean of each row is calculated as: 

Q ai ij
j

n
n

= ∏
⎡

⎣
⎢

⎤

⎦
⎥

=1

1

      (24) 

The weight Wi is calculated as: 

W Q Qi i i
i

n
= ∑

=
/ ( )

1
      (25) 
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 Let aij = (bij, cij, dij), Qi = (ei, fi, gi) and Wi = (ki, li, mi) be a triangular fuzzy number, then the 
equations (24) and (25) can be written as: 

Q e f g b c di i i i ij
j

n
n

ij
j

n
n

ij
j

n
n

= = ∏
⎡

⎣
⎢

⎤

⎦
⎥ ∏

⎡

⎣
⎢

⎤

⎦
⎥ ∏

⎡

⎣
⎢

⎤

⎦
⎥

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟= = =

( , , ) , ,
1

1

1

1

1

1

   (26) 

W k l m e g f f g ei i i i i i
i

n
i i

i

n
i i

i

n
= = ∑

⎡
⎣⎢

⎤
⎦⎥

∑
⎡
⎣⎢

⎤
⎦⎥

∑
⎡
⎣⎢

⎤
⎦⎥

⎛
⎝
⎜

⎞
⎠
⎟

= = =
( , , ) / , / , /

1 1 1
   (27) 

Then, the triangular fuzzy number of each linguistic value is calculated as the accumulated sum of this 
linguistic value. 
 To illustrate these procedures, the previous pair-wise comparison matrix is used. Panel A in Table 
(1) gives the results of calculating the geometric mean (Qi) [equation (27)] for each row in the pair-
wise comparisons while panel B in table (1) gives the results of calculating the weight (Wi) for each 
linguistic value. 
 In principle, the weights (Wi) computed in table (1) can be used as fuzzy meanings for their 
equivalent linguistic values in developing measures for non-financial criteria. However, we prefer to 
transfer these weights into a rating scale. This can be done for each linguistic value by adding all 
lowest weights to the weight of this linguistic value. Using the results provided in table (1) the rating 
scale could be as follows: 
U    = (0.04, 0.06, 0.08), 
MU = (0.04, 0.06, 0.08) (+) (0.05, 0.07, 0.11) = (0.09, 0.13, 0.19), 
MI  = (0.09, 0.13, 0.19) (+) (0.07, 0.11, 0.18) = (0.16, 0.24, 0.37), 
I     = (0.16, 0.24, 0.37) (+) (0.14, 0.21, 0.33) = (0.30, 0.45, 0.70), 
VI   = (0.30, 0.45, 0.70) (+) (0.39, 0.55, 0.73) = (0.69, 1.00, 1.00∗ ) 
Accordingly, the fuzzy linguistic scale (LS) is: 
LS = {U, MU, MI, I, VI} = {(0.04, 0.06, 0.08), (0.09, 0.13, .19), (0.16, 0.24, .37), (0.30, 0.45, 0.70), 

(0.69, 1.00, 1.00)} 
 The membership functions of each linguistic value in LS are shown in figure (5) and, in contrast 
to the linguistic scale developed by Wilhelm & Parsaei (1988; 1991), this scale is intuitively 
attractive. 
Developing a fuzzy non-financial criteria measure The importance weight of non-financial criteria can 
be assessed by weighing the non-financial criteria against each other using the fuzzy linguistic scale 
(LS). This importance weight is denoted (Ci). The use of linguistic ratings facilitates qualitative 
assessment of the importance of different non-financial criteria without the pressure of being precise 
(Naik & Chakravarty, 1992). 
 The decision maker is then asked to rate each alternative with respect to each non-financial 
criterion using the fuzzy linguistic scale (LS). Similar linguistic scales can be used for non-financial 
criteria and rating alternatives. However, the terms used to express the points on each scale need to be 
suitably modified. Table (2) presents possible interpretations of the linguistic terms used in the 
previous example. 
 Suppose Ak denotes an alternative k (k= 1, 2, … , m alternatives) and LSAki denotes the fuzzy 
linguistic rating for alternative Ak with respect to a non-financial criterion i (i = 1, 2, … , n non-
financial criteria). Then, the fuzzy non-financial measure of alternative Ak is denoted FNFMAk and 
can be computed as follows: 

FNFMA
n

C LSAk i ki
i

n
= ∑

⎛
⎝
⎜

⎞
⎠
⎟

=

1
1
( )( )      (28) 

Ci = (Vi1, Vi2, Vi3), LSAki = (Gki, Hki, Iki) and FNFMAk = (Wk1, Wk2, Wk3), are all traingular fuzzy 
numbers. Equation (32) can be written as: 

                                                 
∗ The actual value is 1.43 and it should be approximated to the highest value in the scale (1.00) since 
any value more than the upper bound of the scale is redundant. 
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FNFMA W W W

n
V G

n
V H

n
V I

k k k k

i ki
i

n

i ki
i

n

i ki
i

n

=

=
⎛
⎝
⎜

⎞
⎠
⎟

⎡

⎣
⎢

⎤

⎦
⎥

⎛
⎝
⎜

⎞
⎠
⎟

⎡

⎣
⎢

⎤

⎦
⎥

⎛
⎝
⎜

⎞
⎠
⎟

⎡

⎣
⎢

⎤

⎦
⎥

⎛

⎝
⎜

⎞

⎠
⎟

= = =
∑ ∑ ∑

( , , )

( )( ) , ( )( ) , ( )( )

1 2 3

1
1

2
1

3
1

1 1 1   (29) 

 The membership function of the fuzzy non-financial criteria measure (FNFMAk) is as follows: 

 μ FNFMA

k k k k k

k k k k kk
y

y W W W W y W
W y W W W y W

otherwise
( )

( ) / ( )
( ) / ( )=

− − ≤ ≤
− − ≤ ≤

⎧

⎨
⎪

⎩
⎪

1 2 1 1 2

3 3 2 2 3

0
   (30) 

(iii) The risk measure 
The usual first step in analysing project risk is to conduct sensitivity analysis in order to identify the 
most sensitive variables. Then, possibilities of reducing project risk can be searched and every effort 
made to minimise or eliminate obvious risk in the sensitive variables. Finally, the residual risk, which 
cannot be minimised or eliminated, can be evaluated. Accola (1994, p. 21) argued that:  ‘… Models 
used should enable managers to measure and evaluate expected cash flows separately from the risks 
associated with them’  and, in the model suggested here, risk is treated as a separate dimension from 
financial return. Two types of AMT investment project risk were identified in a field study conducted 
by Abdel-Kader & Dugdale (1996): risk related to the market and risk related to technology. Each 
type of risk can be represented by a sub-dimension and a hierarchical representation for project risks 
is shown in figure (6). 
 The decision maker is asked to weigh each risk using a fuzzy linguistic scale. The weight assigned 
to a risk factor is denoted (WRj) (where j =1, 2, …m risk factors for each type of risk).  Then, the 
decision maker has to evaluate each alternative AMT project with respect to each risk factor. This 
evaluation could be done qualitatively (using the linguistic scale) or quantitatively (using proxy 
measures). For example, proven technology can be expressed  qualitatively as ‘very high’ or 
quantitatively as how many times this type of technology has been applied in the industry and/or how 
long this type of technology has been in use. If quantitative evaluation is preferred, this evaluation 
should first be converted into a score in the closed interval [0,1] by normalising its values. Suppose a 
decision maker evaluates a project Ak (k = 1, 2, … N projects) with respect to a risk factor Rj (j = 1, 2, 
… m risk factors) as RA`

kj, the converted value is denoted as RAkj and computed as follows: 

RA RA RA akj kj kj
i

k
= ∑

=
( / ) /` `

1
     (31) 

where: a is a suitable non-fuzzy constant so that all supports of RAkj are in the closed interval [0,1]. 
 If the decision maker prefers to evaluate the riskiness of alternative projects qualitatively using 
the linguistic rating scale, the corresponding fuzzy number is used in the following procedures. RAkj is 
a fuzzy number denoting the riskiness of a project Ak with respect to risk factor j whether it is a 
converted value or the corresponding value on the linguistic value. 
 It should be noted that not all risk factors indicate the same preference. For example, a linguistic 
value of ‘very high’ for ‘volatility of demand’ means higher risk than a linguistic value of ‘high’ 
while the corresponding linguistic values mean the opposite for ‘life of market’. So, for consistency, 
the corresponding fuzzy numbers in the fuzzy linguistic scale should take into account this mixed 
meaning for the same linguistic value. Another fuzzy linguistic scale can be developed in the same 
way as stated earlier for the non-financial criteria. Example fuzzy numbers associated with the fuzzy 
linguistic scale for each risk factor are presented in table (3). 
 Then, the fuzzy risk measure can be represented by FRMAk  and calculated as follows: 

FRMA
m

WR RAk j jk
j

m
= ∑

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

=

1
1
( )( )       (32) 

Because WRj and RAjk are triangular fuzzy numbers (WRj1, WRj2, Wrj3) and (RAjk1, RAjk2, RAjk3) 
respectively, then FRMAk is also a triangular fuzzy number (FRMAk1, FRMAk2, FRMAk3). Hence, 
equation (32) can be written as follows: 
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FRMA FRMA FRMA FRMA

m
WR RA

m
WR RA

m
WR RA

k k k k

j jk
j

m
j jk

j

m
j jk

j

m

=

=
⎛
⎝
⎜

⎞
⎠
⎟

⎡

⎣
⎢

⎤

⎦
⎥

⎛
⎝
⎜

⎞
⎠
⎟

⎡

⎣
⎢

⎤

⎦
⎥

⎛
⎝
⎜

⎞
⎠
⎟

⎡

⎣
⎢

⎤

⎦
⎥

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟= = =

∑ ∑ ∑

( , , )

( )( ) , ( )( ) , ( )( )

1 2 3

1 1
1

2 2
1

3 3
1

1 1 1    (33) 

 The membership function of the fuzzy risk measure (FRMAk) is as follows: 

μ FRMA

k k k k k

k k k k kk
y

y FRMA FRMA FRMA FRMA y FRMA
FRMA y FRMA FRMA FRMA y FRMA

Otherwise
( )

( ) / ( )
( ) / ( )=

− − ≤ ≤
− − ≤ ≤

⎧

⎨
⎪

⎩
⎪

1 2 1 1 2

3 3 2 2 3
0

   (34) 

 
Ranking AMT investment projects 
After developing the three fuzzy measures of financial return, non-financial criteria and risk for each 
AMT project under consideration, the question is how can the decision maker(s) choose the ‘best’ 
AMT project?  This requires: (1) the reduction of each fuzzy measure to an equivalent crisp measure 
so that relative differences among AMT projects for each measure can be identified, and (2) a rule for 
selecting the ‘best’ AMT project. Each of these is illustrated as follows. 
(i) Reducing fuzzy measures into crisp measures 
Because each fuzzy measure is represented by a triangular fuzzy number, the decision maker may find 
it difficult to rank AMT alternatives. This difficulty arises because each fuzzy number is represented 
by imprecise (multiple) quantities and there may be an overlap between these quantities across the 
fuzzy numbers. This problem is widely recognised in the literature and a number of ranking methods 
have been suggested to reduce each fuzzy number to an equivalent crisp value (e.g. Jain, 1976; 1977; 
Chen, 1985; Kim & Park, 1990; Chen et al., 1992). However, because each method utilises only 
partial information for each fuzzy number, different methods can lead to different orders for the same 
fuzzy numbers. A fuzzy number can be divided into three parts: (1) full memberships, (2) partial 
memberships located in the right-hand side, and (3) partial memberships located in the left-hand side. 
Existing ranking methods either reflect the membership functions of the left-hand side or both sides. 
In order to reflect all three parts of a fuzzy number in the ranking process, a new ranking method is 
proposed5. 
 Let FMAk be a triangular fuzzy measure (FMAk1, FMAk2, FMAk3) for Ak project (k =1, 2, … , N), 
the reduced value for project Ak (RVAk) can be computed as: 

( )[ ]
( )

RV A FMA O FMA x x x FMA FMA

O x FMA x x FMA FMA
k k k k k

k k k

( ) ( ){ ( ) / ( )

[ ( ) / ( ]}
min max min

max max min

= − − + −

+ − − − − + −
2 3 3 2

1 2 11 1
   (35) 

where: 
 xmin = inf S          (36) 
xmax = sup S           (37) 

S Sk
k

n
=

=1
∪           (38) 

{ }S FMA FMA FMA k Nk k k k= ∀ =1 2 3 1 2, , , ,"      (39) 
and 
O : an index of optimism in the closed interval [0,1] 
(ii) Selecting the ‘best’ AMT project 
Using the equation (35) with the three fuzzy measures should produce three reduced values for each 
AMT project. Because the fuzzy measures of financial return and non-financial criteria were 
formulated as ‘higher value is better’, the reduced value retains the same feature that the higher value 
of financial return measure or non-financial criteria measure is the better. For the risk measure, the 
lower value is the better as it means less associated risk. In principle it would be possible to combine 
the three major dimensions of financial return, non-financial criteria and risk into a single project 
score. However, this combination would mean a significant loss of information (Accola, 1994). 

                                                 
5 See Abdel-Kader, Dugdale & Taylor (1998, pp. 224-229) for details of this method. 
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Instead, decision makers are provided with more information regarding each dimension for the AMT 
investment projects being evaluated. Thus, the ‘efficient plane’ suggested by Accola (1994) is used. 
The efficient plane is represented by all alternative AMT investment projects that dominate other 
alternatives below the plane. In figure (7), the shaded area represents an efficient plane bounded by 
four alternatives A, B, C and D. Any alternative located on the efficient plane dominates all 
alternatives below the plane. For example, alternative B dominates alternative F because both 
alternatives have the same levels of risk and intangible benefits but the financial return of B is higher 
than F. The selection of an alternative from the set of alternatives on the efficient plane depends on 
the relative preferences of decision maker(s) for risk, non-financial benefits and financial return. 
 An algorithm which summarises the suggested model for AMT investment decisions is shown in 
table (4). 

AN ILLUSTRATIVE EXAMPLE 

A large engineering company produces a number of products sold mainly to other industrial 
companies in the UK and overseas. The current manufacturing system is based on an operator-
controlled NC machine cell. In order to maintain its competitive position, the company is considering 
an investment in an AMT system. After an initial screening, three alternative projects I, II and III in 
addition to the current manufacturing system (CS), are to be evaluated. Project I consists of multi-
machine CNC, operator-assisted MHS, manual tool changeover and manual off-line inspection. 
Project II consists of integrated CNC machine, computer controlled MHS, automated tool delivery 
and automatic on-line inspection. Project III is a fully integrated manufacturing system which consists 
of integrated CNC machine, integrated MHS with AS/RS, computer controlled tool migration, 
feedback for automatic process control and  CAD/CAM. The steps in the suggested procedure are as 
follows. 
Step 1. A committee of managers of the finance, production and marketing departments is formed to 
evaluate the available alternatives. The company uses NPV and payback period as financial return 
measures. The non-financial criteria include ‘product quality’, ‘process flexibility’ and ‘customer 
requirements’. Both market and technology risks will be measured. 
Step 2. The company adopts an overall strategy of ‘innovation and product proliferation’. The 
committee believes that the CS is not consistent with this strategy and should be omitted. Only the 
other three alternatives are considered. 
Step 3. The planning horizon (n) is 7 years and the fuzzy discount rate (r) is (7%, 8%, 10%). The 
initial investments (Io) and net cash flows after tax (xt) at end of year t to the planned horizon are as in 
table (5). 
 Using equation (15) the FNPV for project I can be calculated as follows: 

FNPV1 1 2 3 4 5 6 7
33

1 10
33

1 10
33

1 10
33

1 10
33

1 10
31

1 10
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1 10
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∴ FNPVproject I = (0.47, 0.78, 1.14) 
 Similarly FNPVproject II and FNPVproject III are (0.22, 0.65, 1.00) and (0.08, 0.38, 0.71) respectively. 
 The fuzzy payback period (in years) for the three projects are (3, 3, 4), (3, 4, 5) and (4, 5, 5) 
respectively. 
Step 4. Sensitivity analysis is performed for three variables: expected demand, project life and 
discount rate. See tables (6), (7) and (8). 
Step 5. The non-financial criteria are classified into three groups ‘product quality’, ‘process 
flexibility’ and ‘customer requirements’ similar to that shown in figure (4). 
Step 6. The decision makers employ the ‘importance’ fuzzy linguistic scale of table (2). 
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Step 7. The importance of each non-financial criterion is determined qualitatively and converted into 
its equivalent fuzzy number in table (9). 
Step 8. The ratings assigned to each alternative with respect to the non-financial criteria are 
determined qualitatively and converted into their numerical equivalent in table (10). 
Step 9. Using equation (29), the fuzzy non-financial measure for project I (FNFMproject I) can be 
calculated as follows: 
Wproject I1 = 1/6 [(.69)(.00) + (.69)(.15) + (.69)(.15) + (.69)(.15) + (.3)(.15) + (.16)(.15)]  
  = 0.06 
Wproject I2 = 1/6 [(1)(.10) + (1)(.25) + (1)(.25) + (1)(.25) + (.45)(.25) + (.24)(.25)] = 0.17 
Wproject I3 = 1/6 [(1)(.19) + (1)(.40) + (1) (.40) + (1)(.40) + (.7)(.40) + (.37)(.40)] = 0.30 
∴ FNFMproject I = (0.06, 0.17, 0.30) 
 Similarly, FNFMproject II and FNFMproject III are (0.25, 0.56, 0.69) and (0.38, 0.78, 0.85) 
respectively. 
Step 10. The risk factors are classified into two groups ‘market risk’ and ‘technology risk’ similar to 
that shown in figure (6). 
Step 11. Weighting the importance of risk factors can be undertaken using the fuzzy linguistic scale 
set out in table (2) while the fuzzy linguistic scale in table (3) can be used to evaluate each alternative 
with respect to each risk factor. Hence, the weight of the importance of each risk factor is determined 
qualitatively and its equivalent fuzzy number is shown in table (11). The evaluation of each 
alternative with respect to each risk factor are determined qualitatively and their equivalent fuzzy 
numbers in table (12). 
Step 12. Using equation (33), the fuzzy risk measure for project I (FRMproject I) can be calculated as 
follows: 
FRMproject I1  = 1/5 [(.16)(.30) + (.3)(.16) + (.69)(.30) + (.69)(.09) + (.09)(0)]  = 0.07 
FRMproject I2  = 1/5 [(.24)(.45) + (.45)(.24) + (1)(.45) + (1)(.11) + (.11)(.06)]  = 0.16 
FRMproject I3  = 1/5 [(.37)(.70) + (.7)(.37) + (1)(.70) + (1) (.19) + (.19)(.08)]  = 0.28 
∴ FRMproject I = (0.07, 0.16, 0.28) 
 Similarly, FRMproject I2 and FRMproject I3 are (0.04, 0.09, 0.15) and (0.03, 0.06, 0.11) respectively. 
Step 13. The summary of the three fuzzy measures computed for the three projects are presented in 
table (13). Also, the membership function of the three measures are depicted in figures (8a-c). 
 Using equations (35) - (39) and assuming O = 0.5, the ranked values (RVFNPV), (RVFNFM) and 
(RVFRM) for FNPV , FNFM and FRM are calculated and shown in table (14). For example, the 
calculation of (RVFNPV) is as follows: 
S = {0.08, 0.22, 0.38, 0.47, 0.65, 0.71, 0.78, 1.00, 1.14} 
xmax = 1.14 
xmin = 0.08 
RVFNPV (project I) = (.78)(.5[(1.14-.08)/(1.14-.08+1.14-.78)]  
   + (.5)[1-(1.14-.47)/(1.14-.08+.78-.47]) = 0.49 
RVFNPV (project II) = (.65)(.5[(1-.08)/(1.14-.08+1-.65)] 
    + (.5)[1-(1.14-.22)/(1.14-.08+.65-.22]) = 0.34 
RVFNPV (project III)= (.38)(.5[(.71-.08)/(1.14-.08+.71-.38)] 
   + (.5)[1-(1.14-.08)/(1.14-.08+.38-.08)]) = 0.13 
Step 14. The ranked values of each measure can be normalised by dividing each ranked value by the 
total of ranked values. Table (15) shows the normalised ranked values for the three fuzzy measures. 
The normalised values are then used in developing the efficient plane as shown in figure (9). 
 It should be noted that no project dominates the other two alternative projects. Project I provides 
the highest financial return, but it has few non-financial benefits and is very risky. Project III provides 
many non-financial benefits and has the lowest risk but also the lowest NPV. Project II is in-between 
the other two projects with respect to the three measures. The selection of a project depends on the 
decision makers’ preferences between NPV, risk and the non-financial criteria, and can be undertaken 
by considering the crisp values in table (15). If any of the projects had not been on the efficient plane, 
then they would not be considered in this final step. 
 The calculations in step 13 could be repeated for different values of the optimism/pessimism 
index to explore the sensitivity of the decision in step 14. 
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CONCLUSIONS 

In this paper a model for AMT investment decision making has been developed. The model is based 
on an empirically grounded framework and builds upon several theoretical themes in the AMT 
investment literature. In particular it draws on models based on the analytic hierarchy process and 
uses both fuzzy numbers and linguistic variables. The model therefore synthesises several aspects of 
existing models and provides a comprehensive overview of the problem. 
 The proposed model does not provide a single measure that combines all factors, rather a 
distinction was drawn between factors that can be quantified and factors that can only be subjectively 
assessed. Hence, Accola’s suggestion of a three-dimensional framework was followed in which a 
separate measure for each dimension: financial return, non-financial benefits and risk, was developed. 
The final decision is subject to decision makers’ preferences. However, if all benefits can be 
reasonably quantified in cash flows terms, then the three-dimensional framework can be collapsed 
into two-dimensions, financial return and risk. 
 In developing the model two issues/problems have been identified.  The first issue relates to fuzzy 
linguistic variables where we note that Wilhelm and Parsaei’s suggestion seems complex and that the 
fuzzy operations of concentration and dilation when applied to concepts such as “important” lead to 
counter-intuitive results in the context of investment appraisal. We have suggested a refinement in the 
construction of fuzzy linguistic scales - making such scales dependent on decision maker’s 
preferences through the use of pairwise comparisons. The proposed method also avoids the use of 
concentration and dilation in the construction of the scale. 
 The second issue relates to the difficulties that can arise when fuzzy variables are to be ranked, as 
they must be when choosing between competing investment projects. This issue has been addressed 
through the development of a new ranking method building on existing methods described in the 
literature.  
 We have set out a model to demonstrate that the analytic hierarchy technique can be combined 
with fuzzy set theory in investment decision making. The technical issues can be overcome and the 
use of triangular fuzzy numbers together with Chiu and Park’s simplifying assumptions make the 
specific calculations quite simple. However, this apparent simplicity and availability of specialist 
software should not obscure the inherent difficulties in the mathematics of fuzzy sets theory. We drew 
attention in particular, to the issue of deconvolution in subtraction and division of fuzzy numbers. 
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TABLE 1 
Panel A: The geometric mean for the linguistic values 

Qi ei fi gi 

Q1 (VI) (1×2×4×6×8)1/5 = 3.29 (1×3×5×7×9)1/5  = 3.94 (1×4×6×7×9)1/5  = 4.32 

Q2 (I) (1/4×1×2×2×3)1/5 = 1.24 (1/3×1×2×3×4)1/5  = 1.51 (1/2×1×3×4×5)1/5  = 1.97 

Q3 (MI) (1/6×1/3×1×1×3/2)1/5 = 0.61 (1/5×1/2×1×3/2×2)1/5  = 0.79 (1/4×1×1×2×3)1/5  = 1.08 

Q4 (MU) (1/8×1/4×1/2×1×1)1/5 = 0.43 (1/7×1/3×2/3×1×5/4)1/5  = 0.52 (1/6×1/2×1×1×3/2)1/5  = 0.66 

Q5 (U) (1/9×1/5×1/3×2/3×1)1/5 = 0.34 (1/9×1/4×1/2×4/5×1)1/5  = 0.41 (1/8×1/3×2/3×4/5×1)1/5  = 0.47 

Total      5.91      7.17      8.50 

 
 Panel B: Weights of the linguistic values 

 Wi ki = ei / 8.50 li = fi / 7.17 mi = gi / 5.91  

 W1 (VI) 0.39 0.55 0.73  

 W2 (I) 0.14 0.21 0.33  

 W3 (MI) 0.07 0.11 0.18  

 W4 (MU) 0.05 0.07 0.11  

 W5 (U) 0.04 0.06 0.08  
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TABLE 2 
 Possible interpretations of linguistic terms 

 Interpretation when used to express: 

Fuzzy numbers Importance of non-financial 
Criteria/ sub-criteria 

Alternative’s ability to achieve 
sub-criterion requirements 

(.04, .06, .08) Unimportant Very low 

(.09, .13, .19) More-or-less unimportant Low 

(.16, .24, .37) More-or-less important Medium 

(.30, .45, .70) Important High 

(.69, 1.00, 1.00) Very important Very high 

 
 
 

TABLE 3 
 The fuzzy linguistic scale for risk factors 

Fuzzy numbers VD LM PT RS EC 

(0.00, 0.06, 0.08) Non Infinite Very high Very high Excellent 
(0.09, 0.11, 0.19) Very low Very long High High Very good 
(0.16, 0.24, 0.37) Low Long Average Average Good 
(0.30, 0.45, 0.70) Average Average Low Low Average 
(o.60, 0.70, 0.85) High short Very low Very low Poor 
(0.80, 1.00, 1.00) Very high Very short Non Non Very poor 
VD: Volatility of demand, LM: Life of market, PT: Proven technology, RS: Reliability of 
supplier, EC: Experience in the company. 
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TABLE 4 
Stepwise description of AMT investment decisions algorithm 

1. Form a committee of decision makers, then decide the appropriate financial measure, non-
financial criteria and risk measures and identify the available alternatives for AMT investment 
projects. 

2. Check each alternative for consistency with overall company strategy. Consider only those 
alternatives which have the desired consistency. 

3. Develop fuzzy estimates of project cash flows including those items which can be sensibly 
quantified in cash flow terms and calculate the appropriate fuzzy financial measure(s). 

4. Perform sensitivity analysis in order to identify any key variables which might be especially 
sensitive (‘risky’). 

5. Identify those intangible benefits which have not be quantified in the financial analysis. These 
benefits will probably fall under three headings: product, process and market. A hierarchical 
structure may be useful in summarising the attributes of each alternative. 

6. Develop a fuzzy linguistic scale using pair-wise comparisons or a ready-made one to evaluate 
the fuzzy importance of the non-financial investment criteria and sub-criteria and to assign 
fuzzy ratings to the AMT investment projects. 

7. Tabulate the importance assigned to the non-financial criteria and sub-criteria by the decision 
maker(s). 

8. Tabulate the ratings assigned to each alternative with respect to each sub-criterion by the 
decision maker(s).  

9. Calculate the fuzzy non-financial criteria measure for each alternative using equation (29). 

10. Consider any action which might reduce the risk inherent in sensitive variables. Then identify 
the risk possibilities associated with each alternative. A hierarchical representation may be 
useful in summarising the inherent risks. These risks will probably fall under two headings: 
market and technology. 

11. Weigh each risk factor using a fuzzy linguistic scale (or some quantitative proxies) and 
evaluate each alternative with respect to each risk factor.  

12. Calculate the fuzzy risk measure for each alternative (FRMAk) using equation (33) 

13. Calculate the ranked value for each alternative under each fuzzy measure (financial, non-
financial and risk) using equations (35) - (39). 

14. Develop an efficient plane using ranked values calculated in the previous step and choose an 
alternative located on this plane which satisfies the decision maker’s preferences regarding 
financial return, non-financial benefits and risk. 
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TABLE 5 
Estimated fuzzy initial investments (I0) and fuzzy net cash flows after tax (xt) (£000,000s) 

 Project I Project II Project III 
Io (0.8, 1.0, 1.1) (1.2, 1.4, 1.6) (1.6, 1.8, 1.9) 
x1 (.33, .35, .37) (.38, .40, .41) (.41, .42, .43) 
x2 (.33, .35, .37) (.38, .40, .41) (.41, .42, .43) 
x3 (.33, .35, .37) (.38, .40, .41) (.41, .42, .43) 
x4 (.33, .35, .37) (.38, .40, .41) (.41, .42, .43) 
x5 (.33, .35, .37) (.38, .40, .41) (.41, .42, .43) 
x6 (.31, .33, .35) (.37, .39, .41) (.41, .42, .43) 
x7 (.28, .30, .31) (.34, .36, .40) (.38, .40, .42) 

 
 

 TABLE 6 
Sensitivity of FNPV to changes in the annual net cash flows after tax (£000,000s) 

 Project I Project II Project III 
Original estimates (0.47, 0.78, 1.14) (0.22, 0.65, 1.00) (0.08, 0.38, 0.71) 

+   5% (0.55, 0.87, 1.24) (0.32, 0.76, 1.11) (0.18, 0.48, 0.83) 
+ 10% (0.63, 0.96, 1.34) (0.41, 0.86, 1.22) (0.28, 0.59, 0.94) 
+ 15% (0.71, 1.05, 1.43) (0.50, 0.96, 1.33) (0.38, 0.70, 1.06) 
-   5% (0.39, 0.69, 1.05) (0.13, 0.55, 0.89) (-0.02, 0.27, 0.60) 
-  10% (0.31, 0.60, 0.95) (0.04, 0.45, 0.78) (-0.12, 0.16, 0.48) 
-  15% (0.23, 0.51, 0.85) (-0.05, 0.34, 0.67) (-0.22, 0.05, 0.36) 

 
 
 

TABLE 7 
Sensitivity of FNPV to changes in the discount rate (£000,000s) 

 Project I Project II Project III 
Original estimates (0.47, 0.78, 1.14) (0.22, 0.65, 1.00) (0.08, 0.38, 0.71) 

+   5% (0.44, 0.76, 1.12) (0.19, 0.63, 0.98) (0.05, 0.34, 0.68) 
+ 10% (0.42, 0.73, 1.10) (0.19, 0.60, .95) (0.02, 0.32, 0.65) 
+ 15% (0.40, 0.71, 1.07) (0.14, 0.57, 0.92)  (-0.01, 0.29, 0.63) 
-   5% (0.50, 0.80, 1.17) (0.25, 0.68, 1.03) (0.11, 0.40, 0.74) 
-  10% (0.52, 0.83, 1.19) (0.28, 0.71, 1.06) (0.15, 0.43, 0.77) 
-  15% (0.55, 0.85, 1.21) (0.32, 0.74, 1.09) (0.18, 0.47, 0.80) 

 
 

TABLE 8 
Sensitivity of FNPV to changes in the project life (£000,000s) 

 Project I Project II Project III 
7 years (0.47, 0.78, 1.14) (0.22, 0.65, 1.00) (0.08, 0.38, 0.71) 
6 years (0.33, 0.61, 0.95) (0.05, 0.44, 0.75) (-0.11, 0.14, 0.45) 
5 years (0.15, 0.40, 0.72) (-0.16, 0.20, 0.48) (-0.34, -0.12, 0.16) 
4 years (-0.05, 0.16, 0.45) (-0.40, -0.08, 0.19) (-0.60, -0.41, 0.14) 
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TABLE 9 
The linguistic importance of the non-financial criteria 

Criterion Importance (Ci) Importance (Ci) 
Quality Very important (0.69, 1.00, 1.00) 
Flexibility   
      Variety Very important (0.69, 1.00, 1.00) 
      Volume Very important (0.69, 1.00, 1.00) 
Customer requirements   
      New feature Very important (0.69, 1.00, 1.00) 
      Responsiveness Important (0.30, 0.45, 0.70) 
      Delivery More-or-less important (0.16, 0.24, 0.37) 
 

TABLE 10 
The scale ratings assigned to the alternatives 

Criterion Project I Project II Project III 
Quality Very low  

(0.00, 0.10, 0.19) 
Very high 

 (0.70, 1.00, 1.00) 
Very high 

(0.70, 1.00, 1.00) 
Flexibility    
      Variety Low 

(0.15, 0.25, 0.40) 
Medium 

(0.30, 0.50, 0.70) 
Very high 

(0.70, 1.00, 1.00) 
      Volume Low 

(0.15, 0.25, 0.40) 
Medium 

(0.30, 0.50, 0.70) 
Very high 

(0.70, 1.00, 1.00) 
Customer requirements    
      New feature Low 

(0.15, 0.25, 0.40) 
Very high 

(0.70, 1.00, 1.00) 
Very high 

(0.70, 1.00, 1.00) 
      Responsiveness Low 

(0.15, 0.25, 0.40) 
Medium 

(0.30, 0.50, 0.70) 
Very high 

(0.70, 1.00, 1.00) 
      Delivery Low 

(0.15, 0.25, 0.40) 
Medium 

(0.30, 0.50, 0.70) 
Very high 

(0.70, 1.00, 1.00) 
 

TABLE 11 
The importance weight of the risk factors 

Factor Weight Weight 
Volatility of demand More-or-less important (0.16, 0.24, 0.37) 
Life of market Important (0.30, 0.45, 0.70) 
Proven technology Very important (0.69, 1.00, 1.00) 
Reliability of supplier Very important (0.69, 1.00, 1.00) 
Experience in the company More-or-less unimportant (0.09, 0.11, 0.19) 
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TABLE 12 
The evaluation of the alternatives with respect to risk factors 

Factors Project I Project II Project III 
Volatility of demand Average 

(.30, .45, .70)
Very low 

(.09, .11, .19)
Non 

(.00, .06, .08)
Life of market Long 

(.16, .24, .37)
Infinite 

(.00, .06, .08)
Infinite 

(.00, .06, .08)
Proven technology Low 

(.30, .45, .70)
High 

(.09, .11, .19)
High 

(.09, .11, .19)
Reliability of supplier High  

(.09, .11, .19)
 Average 

(.16, .24, .37)
Very high 

(.00, .06, .08)
Experience in the company Excellent 

(.00, .06, .08)
Good 

(.16, .24, .37)
Very poor 

(.80, 1.0, 1.0)
 

TABLE 13 
Summary of the three fuzzy measures 

Fuzzy measures Project I Project II Project III 
FNPV (0.47, 0.78, 1.14) (0.22, 0.65, 1.00) (0.08, 0.38, 0.71) 
FNFM (0.06, 0.17, 0.30) (0.25, 0.56, 0.69) (0.38, 0.78, 0.85) 
FRM (0.07, 0.16, 0.28) (0.04, 0.09, 0.15) (0.03, 0.06, 0.11) 
 

TABLE 14 
The ranked values of the three fuzzy measures 

 Project I Project II Project III 
RVFNPV 0.49 0.34 0.13 
RVFNFM 0.03 0.32 0.59 
RVFRM 0.08 0.03 0.01 
 

Table 15 
The normalised ranked values of the three fuzzy measures 

 Project I Project II Project III 
RVFNPV 0.51 0.35 0.14 
RVFNFM 0.03 0.34 0.63 
RVFRM 0.67 0.25 0.08 
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Figure 3. A model for AMT investment decision making
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 Adapted from Accola (1994, p. 24) 
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Figure 8a. The FNPV  for the three projects
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Figure 8b. The FNFM for the three projects
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Figure 8c. The FRM for the three projects
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Figure 9. A graphical presentation of the example 


