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1. Introduction
Let T > 0 be a fixed numberand Dy = {(x,t) : 0 <x<1:0<t <T}
Consider the inverse problem of finding a pair of functions {p(t), u(x, t)} such that it satisfies the equation
U = Uy —p(Ou+f(x,t), (X, t) €Dr,
the initial condition
ux,0) =9k, 0=<x=<1,
the nonlocal boundary conditions

Ol1ux(0, t)+,31u(0, t)—l—y]u(l,t) :O, 0 <t<T,

azuy(1, t) + Bou(0, t) + you(l,t) =0, 0=t <T,

and the overdetermination condition
1
/ u(x,t)dx =E(t), 0<t<T
0
w P2

This problem can be used in a heat transfer process where a source parameter is present. If we let u(x, t) represent the
temperature distribution, then the above-mentioned problem can be regarded as a control problem with a source control.

where f, ¢, E are given functions and «;, i, i (i = 1, 2) are given numbers with rank [Og A V‘] =2.
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The source control parameter p(t) needs to be determined by thermal energy E (t). The interested readers can refer to [1-3]
for some examples.

In the cases ¢; # 0,7 # 0and @y = 0, = 0, the above-mentioned inverse problem is studied in [4] by using
an iterative method combined with a fundamental solution of the heat equation. This method is applicable when the
coefficients o, B, v; (i = 1, 2) are time dependent but not applicable in the case where only one of the coefficients of o4
and «; is different than zero. The present paper is devoted to the study of the inverse problem for the case a7 # 0, a; = 0.
Notice that this condition does not lose its generality because the other case is reduced to this one by changing variables x
by 1 —x.

Since the function p is space independent, «;, B, i (i = 1, 2) are constants and the boundary conditions are linear
and homogeneous, the method of separation of variables is suitable for studying the problem which is mentioned above.
The main difficulty in applying the Fourier method is its basisness, i.e. expansion in terms of eigenfunctions of an auxiliary
spectral problem. A simple type of expansion exists for the problem with a self-adjoint linear differential expression and self-
adjoint boundary conditions: by reason of the Hilbert-Schmidt expansion theorem in the theory of integral equations, any
functions satisfying the self-adjoint boundary conditions can be expanded in a uniformly convergent, generalized Fourier
series in terms of eigenfunctions of this problem (see [5]). A more difficult expansion theorem in terms of eigenfunctions
exists for the problem with regular boundary conditions (see [6]): any functions satisfying the regular boundary conditions
can be expanded in a uniformly convergent series in terms of eigenfunctions of this problem, when all eigenvalues of this
problem are the simple zeros of the characteristic determinant. More informations can be found in [6].

The auxiliary spectral problem for the above-mentioned problem is

X"(x) +AX(x) =0, 0<x<1,
a1X'(0) + B1X(0) + »1X(1) =0,
X' (1) + B2X(0) + y2X(1) = 0.

In the case oy # 0, a; = 0, the boundary conditions are regular iff 3, % 0. Without loss of generality, it can be as-
sumed that «; = 1,0, = 0, = —1, and y; = 0. Therefore, the boundary conditions are given by X’ (0) + aX(0) =
0,X(1) + BX(0) = 0 where @ and B are some constants. Notice that, the last boundary conditions are strongly regular
when B2 # 1 and not strongly regular when 8 = #£1. In general, the case of strongly regular boundary conditions is more
comfortable in basisness point of view. In this paper, our aim is the investigation of the inverse problem in the case when
the boundary conditions of the auxiliary spectral problem are not strongly regular, i.e. when 8 = £1. We will study the
inverse problem for the case § = —1. For the case 8 = 1, the problem can be analogously studied.

Briefly, we consider the next inverse problem with a regular boundary condition:

Uy = U — pOuU+f(x,t), (x,t) €Dr, (1.1)
ux,0) =¢pkx), 0=<x=<1, (1.2)
u, (0, t) + au(0, t) =0, u@,t) —u(l,t) =0, 0<t<T, (1.3)
1
/ ulx,t)dx =E(t), 0<t<T. (1.4)
0

Unlike the case of & # 0, for the case « = 0, the eigenvalues of the auxiliary spectral problem are the zeros of multiplicity
two of the characteristic determinant. Since the expansion theorem in terms of eigenfunctions for the problem with regular
boundary conditions is not applicable to the case @ = 0, it must be studied separately. In this case, the basisness of the
eigenfunctions together with associated eigenfunctions are shown in [3] and the inverse problems for this case are studied
in [7,8] by using the generalized Fourier method.

The problem of finding a coefficient p(t) together with the solution u (x, t) of the heat equation (1.1) with the integral
overdetermination condition (1.4) and different nonlocal boundary conditions are studied in [9,10]. In [10,11], the inverse
problem of finding the coefficient p(t) from integral overdetermination data is also studied numerically. The inverse
problems of determining a time-dependent coefficient in the heat equation with different boundary and overdetermination
conditions can be referred in [ 12-14] and references therein.

Nonlocal boundary conditions like (1.4) arise from many important applications in heat transfer, thermoelasticity, control
theory, life sciences, etc. For example, for heat propagation in a thin rod in which the law of variation E (t) of the total quantity
of heat in the rod is given in [3]. In [15], the nature of (1.3)-type boundary conditions is demonstrated.

The inverse problems of determining the coefficients in the heat equation have been investigated in many studies for the
cases when the unknown coefficient is space-dependent in [ 16-21] and both time and space dependent in [22,23], to name
only a few references.

The paper is organized as follows. In Section 1, the eigenvalues and eigenfunctions of the auxiliary spectral problem and
some of their properties are introduced. In Section 2, the existence and uniqueness of the solution of the inverse problem
(1.1)-(1.4) is proved. Finally, the continuous dependence upon the data of the solution of the inverse problem is shown in
Section 3.
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2. The auxiliary spectral problem and some of its properties

Consider the spectral problem

{X”(x) +2X(x) =0, 0<x<1, (2.1)

X'(0) +aX(0) =0, X(0)=X(1),
with o # 0. The problem (1.1) has the eigenvalues Ay, k =0, 1, 2, ... such that
dan = @2mn)’, n=1,2,...,
A1 =pi n=1,2,...,

2
My, o <0,
Ao =
0 {—5(2), o >0,

where u, = 2nrn+0(1) € 2ran,2rn+m), n =0,1,2,...and uy, = 27rn+0(1) € Qan—m,2xn), n =1,2,...
are monotone increasing positive solutions of the equation x sin % + «acos % = 0ina < Oand @ > 0, respectively;
So is the unique positive solution of the equation ¢ = 1 + i—“a with ¢ > 0. In addition, the system of eigenfunctions
Xi(x), k=0,1,2,...isgiven by

o
Xon(x) = cos(2mrnx) — —— sin(2wnx),
2nn

o
Xon—1(x) = cos(upx) — — sin(upx), n=1,2,...,

o " (2.2)
COS oX — — sin X, o <0,
Xo(x) = _ Mo
o U Oleso" +e* o >0.
So + o ’
Any functions satisfying the boundary conditions in (2.1) can be expanded in a uniformly convergent series in terms of
eigenfunctions (2.2) by Theorem 5.3 in [6]. The sequence X,(x), n = 0, 1, ..., is also a basis with parenthesis in L,[0, 1]
(see [24,25]).

The adjoint problem of (2.1) is in the form of

Y'(x) +AY(x) =0, 0<x<1,

Y()=0, Y'(1)—Y'(0) —aY(©) =0. (2.3)

The eigenvalues of this problem are same as in the problem (2.1). The system of eigenfunctions Y,(x),n =0, 1, 2, ... of
the problem (2.1) is given by

4mn |
Yon(x) = ——— sin(Qrnx),
o
2fdn 2 2 .
Vano1 (%) = —————f—— ((uf, — &) sin(un¥) + 201 COS(X)), M =1,2,....
a(pus +o? —2a)
2o (2.4)
—— (1} — D) sin(10¥) + 2aio COS(0¥), @ <O,
Yo(x) = aluy +a* —2a)
0= (S0 + @)

2 50X 2 ,—spx
——— 7 ((So — )€ — (So + )€ , a>0.
@ o 2w (50 + o)’e ™)

Lemma 1. The systems (2.2) and (2.4) form a biorthogonal system of functions on [0, 1], i.e. for all nonnegative integers i and j,

1
Xi, ) = / Xi®)Y;(x)dx = &,
0

where §;; is the Kronecker delta.

Proof. The proof of the fact that (X;, Y;) = 0 fori # j follows from the general theory of linear differential operators (see
Theorem 2.2 in [6]). The equalities (X5, Y2,) = 1,n =1, 2, ... are immediately shown.
It is easy to show that

1

Xon—-1,Yop—1) = ————
( 2n—1> 12n 1) oc(p,ﬁ—f—az—Zot)

1
x / [(214n cOs(unX) — 20 sin(unX)) (U — &) sin(unx) + 20y COS(1nx))]dx
0



N.B. Kerimov, M.I. Ismailov / J. Math. Anal. Appl. 396 (2012) 546-554 549

1 2 ) a@Bui —a?) .
= — —3a?) sin? pun + (2 + o) + ——"—— " sin(2
0+ o —20) ((un ) sin® pun 4 (g, + %) 20 ptn)
=1 n=12,...
since i, is the solution of the equation u sin £ 4 « cos 4 = 0 which is equivalent to sin u = — ng‘;Z and cos . = Z;;Zi
In addition, 42 +a? —2a # 0,n = 1, 2, ... hold, because in the contrary case we take sin j, = — lfé’fo’t'z = —un. However,
the equation sin . = —u has not a positive solution. The equality (Xo, Yg) = 1 is analogously proved. O

Let e, (x) = sin(unx) and h,(x) = cos(unx), n =1, 2, ... be two sequences.

Lemma 2 (Bessel-Type Inequalities). If {(x) € L,[0, 1], then the estimates

o0 o0
2 2 2 2
YW e <cill¥li oy and Y 1. h)P < call¥ o4 (¢ and c, are constants)

n=1 n=1
hold where (¥, eq) = [ ¥ (X)en(x)dx.

Proof. Let us prove the first inequality. It is known that u, = 27 n + §, where §, (n = 1, 2, ...) is a bounded sequence.
Therefore,

en(x) = sin(un,x) = sin(2wnx) cos(8,X) + cos(2mwnx) sin(§,x).

Then

1 2 1 2
(¢, e)? <2 (/ ¥ (x) sin(2mnx) cos(é,m)dx) +2 (/ ¥ (x) cos(2mnx) sin(énx)dx) .
0 0

The following estimate holds for the first sum of the last inequality by integrating by parts and using the Schwarz inequality:

2

1 1 X 2
(f ¥ (x) sin(2mnx) cos(rS,pc)dx) = |:/ cos(6,x)d </ Y (t) sin(2nnt)>:|
0 0 0

1
= |:— cos(én)/ ¥ (x) sin(2mnx)dx
0

1 X
+ Sn/ sin(8,x) (/ v (t) sin(27tnt)dt) dx]
0 0 , 1
const |: + (f
0
2 1
const|: +/
0

Applying the Bessel inequality we obtain that

00
n=1

2

IA

1
/ ¥ (x) sin(2mrnx)dx
0

X 2
/ ¥ (t) sin(2rnt)dt dx) :|
0
2

dx:| .

IA

1 X
/ ¥ (x) sin(2mnx)dx / Y (t) sin(2rnt)dt
0 0

2
2
< CO”“”WHLZ[Q,]]

1
/ ¥ (x) sin(2mnx)dx
0

a

nd
00 1
>

X 2
f Y (t) sin(2rnt)dt| dx
0

2 1 oo
dx < f Z
0 p=1

1 X
const/ / Y2 (t)dtdx < const (|17 0. 1)-
o Jo

/X Y (t) sin(2rnt)dt
0

IA

Thus, we get

2

00 1
Z (/.S ¥ (x) sin(2mnx) cos((Snx)dx) < const||w||f2[0’1].
n=1
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Similarly, we can prove that
2

) 1
Z (/ ¥ (X) cos(2mnx) sin(Sr,x)dx) < const ||y ”52[0,1]'
n=1 0

The last two inequalities imply Zﬁ; (¥, e))|? < cqllr ||f2[0’”. The second inequality is proved similarly. O

Since the eigenfunction Y,_1(x) consists of the functions e, (x) and h,(x), as Y,_1(x) = aye,(x) + byh,(x) where
2un(ud—a?) 4l
a(ui+a2—20)" " T pd4a?—2a

a, = , the following corollary of Lemma 2 is obtained by using the Schwarz inequality.

Corollary 1. If ¥ (x) € L,[0, 1], then the following estimate holds:

o0

1 .
> S IW. Yan )l < csll¥ llyp0.y (c3 is constant).
n=1 n

The following lemma is easily obtained by applying integration by parts twice.

Lemma 3. If ¢(x) € C2[0, 1] satisfies the conditions ¢’ (0) — ag(0) = 0, ¢(0) = (1) then the equalities

1 /A
(@, You_1) = —E(fﬂ//, Y1) and (@, Ya) = (¢", Yan)

n

B (27 n)?
hold.

3. Existence and uniqueness of the solution of the inverse problem

The pair {p(t), u(x, t)} from the class C[0, T] x (C*>'(D;) N C°(Dy)) for which the conditions (0.1)-(0.4) are satisfied,
is called a classical solution of the inverse problem (0.1)-(0.4).
We have the following assumptions on ¢, E and f:
(A1 () € C2[0, 1]; ¢/ (0) — ¢p(0) =0, @(0) = p(1);
1 A1) @ >0, op_1>0,n=1,2,..., when o < 0;
(12¢1<0,<p2n_1§0,n:2,3 ..... whena > 0;
1
(Ay) (A1 E@®) €0, TL; EO) = / p()dx;
(A2)3 E(t) > 0, ¥t € [0, T];
(Ag); J®: D) € COP); f(x. 1) € C2[0,1], V¢ € [0.T];
YT KL —af(0,6) =0, f(0,6) =f(1,0);

(Ag)3 00 2 0. fon-1(1) 2 0. n=1.2...... when o < 0;
330 (1) <0,n=2.3,..., whena > 0;

where ¢, = [} 9(0Ya(0dx, fu(t) = [ f(x, )Ya(0)dx, n=0,1,2,....
The main result is presented as follows.

(As

Theorem 1. Let (A)-(As3) be satisfied. Then, the inverse problem (1.1)-(1.4) has a unique classical solution.

Proof. By applying the standard procedure of the Fourier method, we obtain the following representation of the solution of
(0.1)-(0.3) for arbitrary p(t) € C[0, T]:

u(x, £) = ug(DXo(X) + Y _[ttan—1()Xan1(X) + Uan(O)X2n ()], (3.1)

n=1

where

t
t t
UO(I') — <p0e_kot_f0 p(s)ds +/ fO(_L,)e—)»O([—r)—fr p(s)dsd_[’
0
t
2 t 2 t
Upn () = (pZne—(Zﬂﬂ) t—fo p(s)ds _|_/ sz(t)e—(Zﬂn) (t—0)—f; P(S)dsd.[’
0
2 t ¢ 2 t
Uzn 1 () = @on_ge a0 PO 4 / Fan—1(T)e =l PO
0

with g, = [ @(®)Ya(®)dx, fu(6) = [ FX, OYa(X)dx, k=0,1,2,....

Under the conditions (A;); and (A3); the series (3.1) and its x-partial derivative are uniformly convergent in Dy since
their majorizing sums are absolutely convergent owing to Lemma 3. Therefore, their sums u(x, t) and u,(x, t) are continuous
in Dr. The t-partial derivative and the xx-second order partial derivative series are uniformly convergent fort > & > 0 (¢ is
an arbitrary positive number). Thus, u(x, t) is in class C>'(D;) N C"-%(Dy) and satisfies the conditions (1.1)-(1.3) for arbitrary
p(t) € C[0, T].
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Applying the overdetermination condition (1.4), we obtain the following Volterra integral equation of the second kind
't
with respect to q(t) = elo P®s:

t

4O = F(t) + / K(t, 1)q(r)de (32)
0

where
F(t) = ! poe [1X0(X)dx + i |:(/’2n—1 (l sin 1, — —=(1— cos m)) e“‘gf] ,
E(t) 0 i In Ka
1
K(t, 1) = mfo(r)e’“’(t 9 / Xo(x)dx (33)

+ % Z |:f2n 1(7) (* sin p, — /7(1 — COS Uy )) e—u%(t—r)] .

n

It is easy to show that

1

1

— sin ——(1—cos ), a<0

/XO(X)dX= o T 2 o
0 0, a>0

and
1 . o 20
—sinu, — —2(] — COS Uy) = ——, n= 1,2,....
n My n
In the case of the existence of the positive solution of (3.2) in class C'[0, T], the function p(t) can be determined by

q(t) = eloP®% sych that

q'(t)

q(t)
Under the assumptions of (A1), and (A3); the right-hand side F(t) and the kernel K (t, t) are continuously differentiable

functions in [0, T] and [0, T] x [0, T], respectively by using the Lemma 3 and Corollary 1. In addition, according to the

assumptions (A1),-(As3),, the conditions F(t) > 0 and K(¢t, T) > 0 are satisfied in [0, T] and [0, T] x [0, T], respectively.
In addition, the solution of (3.2) is given by the series

p(t) = (34)

q(t) = Y _(K'F)(®),

n=0
where (KF)(t) = fot K(t, T)F(7)dz. It is easy to verify that

(ElIK Nl eqo, r1xio,rp)"

[(K"F)(t)| < |IFllcio.m !

, tel[0, T, n=0,1,....

Thus, we obtain the estimate

lglicio,r < IIFllco,re" " lcaomxo.rn (3.5)

Therefore we obtain a unique positive function q(t), continuously differentiable in [0, T]. The function (3.4) together
with the solution of the problem (1.1)-(1.3) given by the Fourier series (3.1) form the unique solution of the inverse problem
(1.1)-(1.4). Theorem 1 has been proved. O

4. Continuous dependence of the solution of the inverse problem upon the data

The following result for continuous dependence upon the data of the solution of the inverse problem (1.1)-(1.4) holds.
Theorem 2. Let I be the class of triples in the form of @ = {f, ¢, E} which satisfy the assumptions (A1)-(A3) of Theorem 1 and
Ifllczom,) < No, lellczp0,17 < Ni, IEllcipo.r) < Nas

0<N; < min{ mln |E(t)], mm |E’ (t)|}

for some positive constants N;, i = 0, 1, 2, 3.
Then the solution pair (u, p) of the inverse problem (1.1)-(1.4) depends continuously upon the data in I for small Ny.



552 N.B. Kerimov, M.I. Ismailov / J. Math. Anal. Appl. 396 (2012) 546-554

Proof. Let us denote || @[l = ([|Ellc1jo,1) + ¢llc2p0,1y + Ifllc2omy))-

Let® = {f, ¢, E}, ¢ = {f, 7 E‘} € 3 be two sets of data. Let (p, u) and (p, ii) be solutions of inverse problems (1.1)-(1.4)

corresponding to the data @ and &, respectively. Denote by q(t) = e/o P®%, G(t) = elo BS)ds
According to (3.1) and (3.2) we get

at) = F(0) + / K(t, D)q(r)dr,
0

1 1 > 2u 2
FO) = —— (oo / Xo0odx — 3 2 gy e i)
E(t)( 0 Zuﬁ !

n=1

1 00
K. ) =g (fo(r)e—““ i / xo<x>dx—Z[/2;‘fzﬁ1(r)e‘ﬂﬁ<f—f>]),

n=1

and

a0 = Fo) + / Rt Da()dr,
0

F(t) = ~] <¢oe_kot /1X0(X)dx - i 20;¢2n1€_M%t> ,
E(t) 0 = M
K(t,7) = ! (fo(r)e—w ”/lxo(x)dx—i[zozlfzn1(r)e—“3“—’>]>.
E(t) 0 n=1 I’Ln

First, let us estimate the difference ¢ — ¢. From (4.1) and (4.2) we obtain
t t
q(t) —q(t) = F(t) —F(t) +/ [K(t, T) — K(t, T)]q(t)dr+f K(t, 1)[q(r) — q(v)]dr
0 0

= 119 = Gllcio.r) < IF = Flicio.r + TIIK — Klleqo.rixo.rp gl cro.r)

+TIK llcqo.rixto.r) 19 — llcro.ri-

Taking into account the inequality in Corollary 1, the next inequalities will be true:

1
ED] (I(fp,Yo)I/ IXo(x)|dx+2|a|ZIT|(<ﬂ»Y2n 1)|>

n=1 n

[F(E)]

IA

< ﬁ(||X0||L2[0.1]||Y0||L2[0,l| + 2]l @01
3

4 .
< N*Nl, (¢4 = IYoll 0,111 X0 llzy00,17 + 2le|c is constant),
3

~ Cs ~ Cy
K(t, 7)| < — max ot < —Np.
Rt ol = - max IFC.Ollnion = 5-No

(4.1)

(4.2)

(4.3)

(4.4)

It can be seen from (4.3) that q is continuously dependent upon F and K when 1 — ;—‘;NOT > 0. This condition is obtained

for small N.

Let us show that F and K are continuously dependent upon the data. It is easy to compute, with the help of the Schwarz

inequality and the inequality in Corollary 1, that

%o ®o ~ =
f - = §M1 ”E_EHC[OVT] +M2||(/)_(/’||q0,1]a
E llcrom
2P o] i 2 ShauL[(E )|
= LE©  E@© TS E@ry E®
< Ms|E - E||cm] + Mallp — @lico.n

| n

fo . -
E =< MSHE - E”C[O,T] +M6||f _f”

c[o,T]

(20 (i@ fui ] s ) _
<Z[“n [2'5(10 E©) ]e " )D < My E = Bl + Ml = Flleoy -

n=1

cor)’
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where M, k =1, ..., 8 are constants that are determined by Ny, k = 1, ..., 4. By using last inequalities we obtain
IF = Flicio.ry < Mo(IlE — Ellgo.ry + 10 — @llo.yy + If = F1I

This means that F and K are continuously dependent upon the data. Thus, g is also continuously dependent upon the data
by (4.3).

Now, let us show that ¢’ also depends continuously upon the data. Differentiating (4.1) and (4.2) with respect to t, we
can obtain the following representations:

) < Mo||® — D

c(dr)

t
q'(t) =F’(t)+1<(t,t)q(r)+/ K:(t, )q(v)dr,
0

t
q'(t) = F'(t) + K(t, )q(t) +/ K (t, 7)q(r)dr.
0
The following estimation holds:
lg" = @llcro.ry < IF" = F'llcio.ry + (1K — Kllcqomixto.ry + TIIKe — Kellcqo,rix10.11) gl cro.)
+ (IK lcqo.r1xt0.rp + TlIKellco.mixro. ) g — @llcro.m-
Taking into account the inequality (3.5), the inequality in (4.4) and the inequalities
- Ny = Co ,z N, Co
IKe(t, D] =< N—3ZCsI|f||c<5T> + E||f||c2~0(51) < <I\I3ZC5 + Ny No,  (cs and ¢s are constants),
it will be seen that ¢’ depends continuously upon the F’ and K;. By using Lemma 3 and Corollary 1, we can obtain similar

estimations for ||[F' — IE/”C[O,T] and ||K; — K; lco.T1x[0.17)» @S

IF" = Flicio.ry < MaollE — E|| ,+Mulle” = ¢ o,

+ Mis|lf —fxx||C(ET)-

clio,r

IKe — Kellcqorixqo.ry < MizllE — E|l

clio,1]

Thus,

g = @'llco.ry < Mis(IE — E|| + 119" = @"llcro.1) + lfix _f~xx||C(ET)) < Myll® — @|.

clo,1]

It means that ¢’ depends continuously upon the data as well.
The equality p(t) = ZT(:)) implies the continuous dependence of p upon the data. Using the similar what we demonstrated
above we can prove that u, which is given in (3.1), depends continuously upon the data. Theorem 2 has been proved. O
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