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ON THE BASIS PROPERTIES AND CONVERGENCE OF
EXPANSIONS IN TERMS OF EIGENFUNCTIONS FOR A
SPECTRAL PROBLEM WITH A SPECTRAL PARAMETER IN
THE BOUNDARY CONDITION

NAZIM B. KERIMOV AND EMIR ALI MARIS

In memory of M. G. Gasymov on his 75th birthday

Abstract. In this paper, we consider the spectral problem
—y'+ql@)y=Xxy, 0<az<l,
y(0) =0,y (0) —dAy (1) =0,
where A is a spectral parameter, ¢ (z) € L; (0,1) is a complex-valued
function and d is an arbitrary nonzero complex number. We study
the spectral properties ( asymptotic formulae for eigenvalues and eigen-
functions, minimality and basicity of the system of eigenfunctions, the

uniform convergence of expansions in terms of eigenfunctions ) of the
considered boundary value problem.

1. Introduction

Consider the spectral problem

—" +q(x)y = Ny, O<z<l, (1.1)
y(0) =0, (1.2)
y(0) — dxy(1) =0, (13)

where A is a spectral parameter, ¢ (z) € L1 (0,1) is a complex-valued function
and d is an arbitrary nonzero complex number.

This article is devoted to studying the basis properties of the system of eigenfunc-
tions of the boundary value problem (1.1)-(1.3) in the space L, (0,1) (1 < p < o0)
and the uniform convergence of spectral expansion of functions in the system of
eigenfunctions of the problem (1.1)-(1.3).

There are many articles which investigate the various aspects of boundary value
problems for ordinary differential operators with a spectral parameter in the
boundary conditions (see, for example,[4], [5], [7]- [9], [12], [13] ).
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It is important to notice the paper [13] which the basis property for the system
of eigenfunctions of the boundary value problem

u () +du(z) =0, u(0)=0, u(0)—d u(l)=0, d>0 (1.4)

is studied in Ly (0,1) (1 < p < oo). It is also verified that the system of root
functions of the problem (1.4) with one function deleted, is a basis in the space
L,(0,1)(1 <p < o0).

In [12] the conditions of the uniform convergence of spectral expansions of func-
tions in the system of eigenfunctions of the problem (1.4) are established.

2. Asymtotic formulae for the eigenvalues and the eigenfunctions
of the problem (1.1)-(1.3)

Let u (x, A) denote a solution of the differential equation (1.1) which satisfies
the initial conditions

w(0,A) =0, ' (0,))=1. (2.1)

The eigenvalues of the problem (1.1)-(1.3) are the zeros of the entire function
F(\) =1—dMu(1,)) or the roots of the equation

1—du(1,)) =0. (2.2)

This function does not vanish, because F'(0) = 1. Since d # 0 , the equation
F'(X) =0 is equivalent to the equation

ou (1, )
D))
Let FE defines the roots of the last equation. E is a countable set.
The set D is defined by the following:

D={deC:3xe€ E,1—-d\u(1,\) =0}.

u(l,A)+ A =0.

It is obvious that D also is a countable set. Henceforth we assume that d ¢ D.

Theorem 2.1. All eigenvalues of the boundary value problem (1.1)-(1.3) for all
values of d, except for a countable number of its values, are simple and they have
form infinite sequence A\,, n = 0,1, 2, ... which has no finite limit points. Morever,
for sufficiently large numbers of n, the asymtotic formulae

A= (nm)2+0(1), (2.3)
tn () = 1 (2, An) = Sinﬂi” +0 (n72) (2.4)

are valid, where u, (x) is eigenfunction corresponding to \,, n =0,1,2, ....

Proof. Let A = s and s = o + it. Then there exist sy > 0 such that for |s| > sg
the estimate

(i, \) = smssx L0 (e|t\x’5’—2> (2.5)

is valid [11, Chapter I, §1.2, Lemmal.2.2], where the function O (e't‘x|s]_2) is

the entire function of s for any fixed x in the interval [0, 1] . Moreover, (2.5) holds
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uniformly in z for 0 < z < 1.
Thus, according to (2.5) the equation (2.2) takes the form

s-sins+ O (e'“) = 0. (2.6)
Note that for sufficiently large |¢|
1
|s - sins| > Zem |t] .

From here we obtain that limit of modulus of the left side of the equation (2.6)
is 400 as [t| = oo. So, there exists M > 0 that, |t| < M for any solution s of the
equation (2.6). Because of this, the equation (2.6) is equivalent to the equation

s-sins+ O (1) = 0. (2.7)

We denote that s = 0 is not a root of the equation (2.7) since A = 0 is not an
eigenvalue of the boundary value problem (1.1)-(1.3). It is obvious that the roots
of the equation (2.7) are simple. Otherwise, A is a multiple root of the equation
(2.2) and this is contrary to d ¢ D.

We choose the positive number H such that all roots of the equation (2.7) settle
in the domain {z € C: |Imz| < H} and the condition sinh H > 1 satisfies. We
now find the number of the roots of the equation (2.7) inside the domain R, ") =
{z€C:|Imz| < H,|[Rez| < nr+ %} for sufficiently large n.

Note that the inequalities

|sin z| > |sinz|, [sin z| > |sinhy| (2.8)

are valid, where z = z+iy € C. From (2.8)if z = 2+iH,— (nm + 5) <z < nn+3%
then [sinz| > sinhH > 1 and if z = + (mr + %) +iy,—H < y < H then
|sin z| > ‘sin (mr + g)‘ = 1. By virtue of the Rouche theorem [2, Chapter IV,
86, Theorem6.2], there are as many zeros of the equation (2.7) inside the domain
R, as of the equation s-sins = 0, i.e., 2n+2. Since A = s2, we only need to con-
sider the roots which satisfy the condition s € Dy = {z €eC: -5 <argz < g} of
the equation (2.7) for the eigenvalues of the boundary value problem (1.1)-(1.3).
It is obvious that the number of the roots of the equation (2.7) are n + 1 inside
the domain R,,(? = {z €eC: -5 <argz < §,Rez<nrm+ g}

By using the Rouche theorem again, it is easy to see that there is only one root
of the equation (2.7) at the neighborhood O (n™!) of the number nr (n € N) for
sufficiently large n.

We number the roots (which satisfy the condition s € D;) of the equation (2.7)
in ascending order of Res,,(n =0,1,...).

From these discussions, we obtain the following:

Sp=nm+ O (n_l) . (2.9)

The formulae (2.3) and (2.4) are established by the equalities \,, = s,2, (2.9) and
(2.5). O
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3. The basis property of the system of eigenfunctions of the
boundary value problem (1.1)-(1.3) in L, (0, 1)

Theorem 3.1. Let q(z) =q(1 —x) (0 <z <1) and r be an arbitrary fized non-
negative integer. Then the system u, (x) (n =0,1,...;n # 1) is an unconditional
basis in the space L2 (0,1).

Proof. First we verify that the system u,, (x) (n =0, 1,...;n # r) is minimal in the
space Lo (0, 1). It suffices to prove the existence of the system v, (z) (n = 0,1, ...;
n # r) which is biorthogonally conjugate to the system w, () (n = 0,1,...;n # 1)
in the space L3 (0,1).

The following equalities are true:

1
/un(:v)-um(lq:)dx:d)\j)\m (n#m;n,m=0,1,2,..), (3.1)
0
/ ou (1, A
/un(x)~un(1—x)dx:—u(a)’\n) (n=0,1,..). (3.2)
0

Note that the equality

— {un )t (1= @) 4ty (2) wn (1= 2)} = (A — An) tn (%) tm (1 — )

holds for 0 < x < 1. Integrating with respect to = from 0 to 1, we obtain
1
(A — A /un m (1 —z)dr = (un’(ac)um(l—a:)+un(aj)um/(1—m))‘(l).
0

The equality (3.1) is obtained by the last equation, the initial conditions (2.1)
and the boundary conditions (1.2), (1.3).
We obtain in the same way the equality

{un u(l—z, ) +uy () (L—2,N)} = A=) up () u(l —z, )
for A 7é An. From here and (2.1), the equality

1
~up (1) —u (1, )
/un(x)u(l—x,/\)dm— P

0

is valid. We obtain the equality (3.2) by passing to limit as A — A, from the last
equality.
Since A, is a simple root of the equation (2.2) for every n, we have

Ou (1, \n)
or
)\nﬁu(l,)\n) n 1 40,

oA dAn
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The functions vy, (z) (n = 0,1, ...;n # r) are defined by the following:

Antn (1 =) — A\pu, (1 —x)

vy () = — el )\ . (3.3)
255+

Assume that n # m,n # r,m # r. The equahty

1 1
)\mfun(:c)um(l—m)dx—/\rfun(m)ur(l—x)dac

(ttn, V) = —— ouL) =0
u m)
Ay 2G2m) 4 L

holds by (3.1)-(3.3).
Assume that n # r. The equality

1 1
)\nofun(a:)un(l—x)d:c—)\rfun(x)ur(l—:c)da;

(un,vn) = - =
du(1 )
___)‘ R _)‘Td)\ o
- ) (1 An) -
An = + o

is valid. Hence we can easily Verlfy that

(Uny V) = Opm (N, m # 1),

where 0., is the Kronecker symbol.
The system y,, () (n = 0,1,...) is defined by the following:

Un () = V2spuy () . (3.4)
According to the equalities (2.4) and (2.9), the equality
Yn (z) = V2sinnmz + O (n7!) (3.5)

is valid. By (3.4), the system y, (x) (n = 0,1,...;n # r) is biorthogonally conju-
gate to the system

1
%ﬂvn () (n=0,1,..;n#7r). (3.6)

Hence the system y,, () (n = 0,1,...;n # r) is minimal in the space Lo (0,1).
In section 4, we will obtain that the asymptotic formulae

Y (£) = V2sinnmz 4+ O (n_l) (3.7)

¥ () =

holds.

Let us compare the system y, (z) (n =0,1,...;n # r) with the known system
{V2sin mm}zozl which is an orthonormal basis for Ls (0,1). By (3.5), the fol-
lowing inequality is valid for a sufficiently large n:

‘ Yn () — V2sin nrx

where (1 is independent of n. From this inequality, we obtain that the series

> |

S Cl ' n_la

2
Yn (z —V2sinnnx H

Yn—1 ( ZSlnmra:H + Z ‘
n=
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is convergent (for r = 0 the first sum is absent). Thus, the system y, (x)
(n=0,1,...;n # r) is quadratically close to the system {\/Qsin mrm}:O:l

Since the system y,, () (n = 0,1, ...;n # r) is minimal in the space Lo (0,1), it
is a Riesz basis in this space [3, Chapter VI, §2.4, Theorem?2.3]. ]

4. The basis property of the system of eigenfunctions of the
problem (1.1)-(1.3) in L, (0,1) (1 < p < o0)

Lemma 4.1. The equality

ou (1, )  (—1)" _
M =5 +00 N (4.1)

holds for sufficiently large n.
Proof. Note that the equality

xr
sin sx 1

+ = /q (T)u(r,\)sins (x —7)dr (4.2)

S S
0

is valid [11, Chapter I, §1.2, Lemmal.2.1]. By using (4.2), we obtain the equality

u(z,\) =

1
8u(17)\)_coss sins 1
s . S2/q (t,A)sins (1 —7)dr+
0
. 1
+/(1—T)q(T)u(T,)\)coss(l—T)dT+
s
0
1 / 0 A
+/q(7‘)u(7’ )sins(l—T)dT.
s s
0

Using the equalities (2.4) and (2.9), it is not hard to see the estimate
1
ou (1, A -1)" 1
“ (&; n) _ — S— /q Ou (7, M) sins, (1—7)dr+0 (n?). (4.3)
0
. Ou(z,\p) . _ .
Let M, = max |5 and max max Isins, (1 —7)] = C2. By virtue of
(4.3), the inequality
M, 1
‘Sn’

holds, where C} is a constant which is independent of n. From the last inequality
and (2.9), the inequality
M, < &
n
is valid for sufficiently large n, where CYy is a constant which is independent of n.
Thus, by (4.3), we obtain the estimate

ou (1, )  (=1)" _
s = +0(n 2). (4.4)
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By virtue of the (4.4) and (2.9), we can easily seen that the estimate
ou(l,An)  An Ou(l,A,)  (=1)" 1
o s 8~ 2 to7)
holds. O

An

Note that the formulae (3.7) is a consequence of (3.3), (3.6) and (4.1).

Theorem 4.1. Let q(z) = q(1 —z) (0<z<1) and r be an arbitrary fizved
nonnegative integer. Then the system uy, () (n =0,1,...;n # 1) is a basis in the
space Ly (0,1) (1 < p < 00).

Proof. Tt suffices to prove the system y, () (n =0,1,...;n # r) which is defined
by (3.4) is a basis in the space L, (0,1) (1 < p < 00). The system ¢, (z) (n =0, 1,
..;n # r) which is biorthogonally conjugate to the system y, () (n =0,1,..;
n # r) is defined by (3.6).
Let
on (z) =V2sinnrr  (n=1,2,...). (4.5)

Note that the system (4.5) is a basis of the space L, (0,1) (1 < p < co) [1, Chapter
VIII, §20, Theorem 2]; moreover, in the case p = 2 this basis is orthonormal.
Consequently [6, Chapter I, §4, Theorem 6] there exists a constant M, > 0
ensuring the inequality

N
n=1

for any function f € L, (0, 1), where ||.||, means the norm in Ly, (0,1) (1 < p < c0).
By virtue of (3.5), (3.7) and (4.5), the estimates

Yn () = o () + O (n_l) s Un () = @p () + O (n_l) (4.7)

< M| fll,, N=1,2,.. (4.6)

p

holds.

Let 1 < p < 2 and p be fixed. Since the system y, (z)(n=0,1,..;n #r) is
complete in the space Lo (0,1), then this system is complete in L, (0,1) as well.
Consequently [6, Chapter VIII, §4, Theorem 6], in order to prove the basicity of
this system in Ly, (0, 1), it is enough to prove the existence of a constant M > 0
ensuring the inequality

N

> (ft) || < MIfl, N=1,2.. (4.8)

n=0,n#r
for any function f € L, (0,1).
Note that there exists M; such that the inequality

1(f5%0) oll, < Ml f]l,
holds for every f € L, (0,1). So, the inequality (4.8) is equivalent to the inequality

N
En (f) = Z f wn Yn|| < MHprv N=12,.., (4'9)

n=1,n#r »
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where M is a constant. According to (4.7) and (4.9), the inequality

En (f) <Eni(f)+En2(f) + Ens(f) + Ena(f) (4.10)

is valid, where N = 1,2, ... and

N N
Exa(f)=| D (fron)en| Exa(f) = Z (fsn)O (n7 )|,
n=1,n#r P n=1,n p
N N
EN,3 (f) = Z (va(n_l))(Pn 7EN,4 (f) = Z (f70(n_1))0(n_1)
n=1n#r » n=1,n#r

By virtue of (4.6), the inequality
Ena (f) < Gsllfll, (4.11)

holds. From the Riesz theorem [14, Chapter XII, §2, Theorem 2.8] it follows that

N
Ena (f) <Co Y |(frpn)ln™" < Cs (Z\ fr¢n) ) (Zn ) < Crl 1l
n=1

(4.12)
where % + % = 1. Further,
N N 3
B < |32 (1:0 07 ) = (S10067F) <
n=1 n=1
N 3
< Gsllflly (Z n2> < Collfll,- (4.13)
n=1
Moreover,
N
Exa(f) < Cullfly Y_n™ < Cullfl, (4.14)

The inequality (4.9) is a consequence of the inequalities (4.10)-(4.14). Thus,
the basicity of the system y, () (n =0,1,..;n # r) in the space L, (0,1) for
1 < p < 2is proved.
Let 2 < p < o0 and % + % = 1. It is evident that the system ¢, (x) (n =0,1,...;;
n # r) is a basis in the space Ly, (0,1). Consequently, this system is complete in
the space L, (0,1). Note that 1 < ¢ < 2. By means of absolute analogous discus-
sions used above, the basicity in L, (0, 1) of the system ¢, (z) (n =0,1,...;n #r)
is proved. Hence, it follows the basisity in L, (0,1) (2 < p < c0) of the system
Yn () (n=0,1,..5n#7).

O
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5. On the uniform convergence of the expansion in terms of
eigenfunctions of the boundary value problem (1.1)-(1.3)

The asymtotic formulae of the eigenvalues and the eigenfunctions must be
sharpened to investigate uniform convergence of the expansion in terms of eigen-
functions of the boundary value problem (1.1)-(1.3).

Lemma 5.1. The following asymptotic formulae are valid for sufficiently large

n:
1" J
sn:mr+()+c°+0<”>, (5.1)
dnm n
up () = sinnyz / )sin2nwrdT | +
nmw
(5.2)
on
m 2Anx—/q(7')d7'+/ (1) cos 2nmrdr —i—O( 2)
2(nm) n
0 0
where
1
d 1)" +a
=Y [atryira,=EEE (53)
0
1
1
Op = /q(r) cos 2nmrdT| + —. (5.4)
n
0
Proof. By (2.5) and (2.9), we can easily see the estimate
(2. ) = sin s, x L0 (s07?).
Sn
The last estimate and (4.2) yields the following:
x
Sin s,  COSS,px
u (@ An) = Sn 28,2 /q () dr+
0
x . x (5.5)
C(;Zizx /q (1) cos 2s,TdT + Sl;gizx /q (1) sin2s,7dr + O (s,7%).
0 0
Since
cos spx = cosnmxr + O (nil) ,sin spx = sinnwx + O (nil) ,
the equality (5.5) can be taken form
€T
w2, ) = Sin 8,  COS mr;r /q (1) dr+
Sn 2(nm) )
x . . (5.6)
m / q (7) cos 2nmrdT + m /q (1) sin2nmrdr + O (nf?’) .
2(nm) ) 2(nm) /
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By using (5.3), (5.4) and (5.6), we obtain the estimate
i n -1 " 5n
w(l,\,) = 20 (=%, () . (5.7)

Sn d(nm)? n?

Let s, = nm + &,. By (2.9), it is obvious that &, = O (n_l). Then,

sin s, (—1)"e, Lo .
Sn nm
Substituting the last equality and (5.7) in the equation 1 — d\,u (1, \,) = 0, we
obtain the equation
-1, (=1)"co On
1—d|(nr)?+0 1} ( - o =o.
o] |22 - L0 o (5

By this equation, it is easily seen that the estimate (5.1) is valid.
By (5.1), it is easy to see the estimate

sin s, & _ sinntr A,z cos;mx 0 <5g> 7 (5.5)

Sp, nmw (mr) n
where A, is defined by (5.3). The estimate (5.2) is the consequence of (5.6) and
(5.8). O

Theorem 5.1. Suppose that q (z) € Lo (0,1), r is an arbitrary nonnegative in-
teger and f € C'[0,1] has a uniformly convergent Fourier series expansion in the
system {ﬂsin mrx}zozl on the interval [0,1]. Then this function can be expanded
in Fourier series in the system uy () (n=0,1,...;n # r) and this expansion is
uniformly convergent on every interval [0,b],0 < b < 1. If (f,u, (1 —x)) =0,
then the Fourier series of f in the system u, (x) (n =0,1,...;n # r) is unifomly
convergent on [0, 1].

Proof. Consider the Fourier series of f(z) on the interval [0,1] in the system
up () (n=0,1,..;n #7r):

[e.9]

Flz)= > (f,vn)un(2). (5.9)
n=0,n#r
Let .
d = —
" Ou(1,\n)
N a
Then accordig to (3.3), we obtain
vn (z) = dp Apun (1 —2) — Ay (1 — ). (5.10)
By virtue of (2.3) and (4.1), the estimate
dp = (-1)"""- 240 (n") (5.11)

holds.
Note that the series (5.9) is uniformly convergent if and only if the series

[e.9]

Fi(x)= Y (f,vn)un (x) (5.12)

n=r+1
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is uniformly convergent.
Suppose that the sequence {Sy ()} _,; is the partial sum of the series (5.12).
By using (5.10), the equality
S (2) = Sy (x) + Sz (2)
holds, where

Sni (@ j{: don (ftn (1= ) ) (). (5.13)
n=r+1
Sna(z) = (f up (1 —x) ) Z dpty (). (5.14)
n=r+1

First, we analyze the uniform convergence of the sequence (5.13). By (2.9) and
(5.2), the equality

Spuy () =sinnrx |1 —|— / )sin2nwrdT | +

) ) (5.15)
oS nmY 2A,x — /q(T) d7'+/q(7') cos2nmrdr | + O <6n>
2nm n
0 0
is valid.
Suppose that
ap (z) = /q(T) sin 2nmrdr, B, (x) = /q(T) cos 2n7TdT,
0 N 0 (5.16)
n—1 An
T () =2Anx — | q(7)dT,dy, = (—1) ~2+7.
0

It is easy to see that the functional sequences {o, (2)},2, .1 » {Bn (2)}ntri1
{¥n (%)},;2, ., are uniformly bounded and the numerical sequences {d,}
{An},Z, 4, are bounded (see (5.11)). From (5.15) and (5.16), we obtain

n (f, up (1 — :L')) up () = dy (f, Sntg (1 — x)) Spup, () =

= —2(f,sinnrx)sinnmz + B, (),

00
n=r+1 >

where

B, (z) = (_UnA” (f,sinnmx) sinnrr+

N
—i—L (f, an (1 =) sinmrx) sin nrax+
2nm
-1)"d, A
+()nn (f,(1 —x) cosnmx) sin nwa+
7r

—x

1
—1)"d
+()7n f,/q(T)dT-cosnmz sinnrx+
0

2nm
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0'd,
—i—L (f, Br (1 — z) cos mrx) sin nmz—+
2nm
—1 ”dn
+M (f,sinnmz) sin nrr+
2nm
—1)"d, v,
+M (f,sinnmx) cos nrr+
2nm
+M (f,sinnmx) cosnmx + O () .
2nm n
So, the equality
N
Sna(x) =—2 Z (f,sinnrx)sinnrr + Z B,
n=r+1 n=r+1

holds. The series

> Bu(x)

n=r+1

is absolutely and uniformly convergent. Indeed, by (5.17), the estimate

(5.17)

(5.18)

< Cizx

2

_l’_

| Bn ()] <
s%[\(f,sinnm)\+\(f,msmnm)]+\(f,(1—m)cosnm)\+
( [ ) (5 BT o) 55
b
Ia
(f,sinnra) 2 + (1 - 2) f () , cos nma)|® + /q ) dr, cos
)

2

1 1
/If(fv)an(l—x)ldﬂv n /|f<x>ﬁn<1—x>rdx
0 0
is valid. The numerical series

Z |(f7 Sinn7rm)|27 Z ’((1 _ x) f (a;) ,COSTMTI‘)’Q’
n=1 n=1

fo%e) 11—z -

Z (f (z) q(7)dr,cos 77,71'1,‘) Z ;”

1 :

o
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are convergent. By virtue of the Bessel inequality and (5.16), we obtain

/an 1—2)|2de <

2

/|f Yo (L—2)|dz | < |2

n=r+1 n—= r+1
o |1-z
< ’f|2/ Z / q(7)sin2nmrdr| |dx <
0 n=r+1|7y
11—z
<culslf [ [ la@)drds < Culs1Plal?,
0 O

Similarly, we obtain that the estimate
2

/!f VB (1—2)dx | < Cusll Il

n= r+1 0

holds. This means that the functional series (5.18) is absolutely and uniformly
convergent. Since the series

o0

Z (f,sinnrx)sinnre

n=r+1

is uniformly convergent on the interval [0,1], the functional sequence
{Sn1 (#)} X, also is uniformly convergent on this interval. If (f,u, (1 —x)) =
0, then the equality Sy (z) = Sy (z) (N =r+1,r+2,...) holds. Hence, the
functional sequence {Sy ()}, is uniformly convergent on the interval [0, 1].
Consequently, the second part of the theorem is proved.

Suppose that (f,u, (1 —x)) # 0. We now analyze the uniform convergence of the
functional sequence (5.14). By using (2.4) and (5.11), we obtain

N N . N
Z dnun(x):—% Z s1nmrn(:n+1)+ Z O(n*Q).

n=r+1 n=r+1 n=r+1
Note that the series

i sin nt
n=r+1 n
is uniformly convergent on every closed interval which does not contain the points

t=2mm (m =0,%1,+2,...) [10, Chapter XXXVI, §3, Theorem 6]. So, the series
i sinnm (z + 1)
n
n=r+1

is uniformly convergent on the interval [0,b], where 0 < b < 1. Hence, the
functional sequence {Sy 2 (2)}y_, ; is uniformly convergent on [0, b]. O
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