THE BASIS PROPERTY OF STURM-LIOUVILLE PROBLEMS WITH
BOUNDARY CONDITIONS DEPENDING QUADRATICALLY ON THE
EIGENPARAMETER

Yakub N. Aliyev*

Department of Mathematical Analysis, Faculty of Mechanics-Mathematics
Baku State University, Azerbaijan

and Nazim B. Kerimov**

Mersin University, Department of Mathematics, Mersin, Turkey

Aadall
(ole (om0 S 3 Aanl T ) i gl ) i EBlmnl 2y i) SIS BV 2018 (35 ol 3 (e
) i) Gl 4 53al) uh\ﬁ‘j\ eLb_\ Of Y sliariiu o g edalatll AU Sl JS Tyos Lad 8y, Laall O llaal)
Lo G520 (5385 Gy | yeas o Sl oUail) L (50 Y ) VLA Giany i Lad o[ (3 | siae Lidas (30 (sl
G 2o sl 38 ilia Ly Wil LS 2Ll Cogan s coganl ol (e s 53 JSE e L g8 050 J3all slimb (e s 3 of L
Lpe:.m’Ud)\A

ABSTRACT

We study basisness of root functions of Sturm—Liouville problems with a boundary condition
depending quadratically on the spectral parameter. We determine the explicit form of the
biorthogonal system. Using this we prove that the system of root functions, with arbitrary
two functions removed, form a minimal system in L2, except some cases where this system is
neither complete nor minimal. For the basisness in L2 we prove that the part of the root space
is quadratically close to systems of sines and cosines. We also consider these basis properties
in the context of general Lp.
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THE BASIS PROPERTY OF STURM-LIOUVILLE PROBLEMS WITH BOUNDARY
CONDITIONS DEPENDING QUADRATICALLY ON THE EIGENPARAMETER

1. INTRODUCTION

Consider the spectral problem

=y +al@)y =y, 0 <z <1, (0.1)
y'(0)sin3 =y(0)cos 3, 0 < B <, (0.2)
y'(1) = (aX* +bA+o)y(1), a #0, (0.3)

where A is the spectral parameter, ¢(z) is a real valued and continuous function on the interval [0, 1], and
a,b, c are real.

In a recent paper [1] existence and asymptotics of eigenvalues of (0.1)—(0.3) were studied (see also [2, Sect.
4.1]). Tt was proved that the eigenvalues of (0.1)—(0.3) form an infinite sequence, accumulating only at +o0,
and only following cases are possible:

(a) All the eigenvalues are real and simple;

(b) All the eigenvalues are simple and all, except a conjugate pair of non-real, are real;

(¢) All the eigenvalues are real and all, except one double, are simple;

(d) All the eigenvalues are real and all, except one triple, are simple.

The eigenvalues A, (n > 0) will be considered to be listed according to non-decreasing real part and
repeated according to algebraic multiplicity. Asymptotically the eigenvalues are as follows [3, Theorem 2.2],
[1, Theorem 1]:

) _{ (n—3/2)° 72 +0(1) ifB+#0, (0.4)
"l (n—=1)2724+0(1) if 8 =0. '

The present article concerns the basis properties in L,(0,1) (1 < p < o0) of the root function system
of the boundary value problem (0.1)—(0.3). Some of the presented results concerning eigenfunctions have
been announced in [4]. Basis properties of boundary value problems with a spectral parameter in boundary
conditions have been studied in papers [5,6,7]. For the problems considered in these papers only the case
(a) is possible. In [8] the problem with cases (a) and (¢) was studied. See also [9-15].

2. INNER PRODUCTS AND NORMS OF EIGENFUNCTIONS

We define y(z,A) to be the non-zero solution of (0.1),(0.2), analytic in A € C, and we write w()\) =
y'(1,\) — (aA? + A+ c)y(1, ). By (0.3), \, is an eigenvalue if and only if w(\,) = 0, and we say that ), is
a simple eigenvalue, if in addition w’(\,) # 0. The eigenvalue \j is multiple if w'(\;) = 0, in particular, we
say that Ag is a double eigenvalue if in addition w” (A\;) # 0, and a triple eigenvalue if w” (A\;) = 0 # W' (Ag).

Let y,, be an eigenfunction corresponding to eigenvalue \,,. Note that y(x, \) — y(z, \) = Yn, uniformly
inz €10,1], as A — A, (see [16, Section 10.72]).
We denote by (-, -) the scalar product in Ly(0,1), and by |[|-||,, the norm in L, (0,1).

Lemma 1.1. If y,, and y,, are eigenfunctions corresponding to eigenvalues A, and A\, (A, # Ay,) then

Uns Ym) = —(@Dn + b+ aX )y (1)ym (1),
Proof. To begin, we note that
d — _
i (y(w, Ny (@, 1) = y' (2, Ny(z, /L)) = (A= py(z,Ny(z, p).
By integrating this identity from 0 to 1, we obtain

1

A =D,y ) = (v Ny @) =y @y

From (0.2), we obtain
y(0,A)y'(0, 1) = '(0, A)y(0, 1) = 0.
Noting the definition of w(\) it is easy to check that
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y(17 )‘)y/(lnu) - yl(17 )‘)y(lu :u) = _()‘ - ﬁ)(a’)‘ +b+ aﬁ)y(l, )‘)y(LM)

+y(1, Nw(p) — y(1, pw(A).
From the last three equalities it follows that for A # 1,

(y('7 >‘>7 y('? :u)) - 7(&)\ +b+ap y(lv /\)y(lv M)

+y(1,>\)A_ﬁ —y(Lp)——. (L.1)

Since A, and A, are eigenvalues of (0.1)-(0.3) then w(A,) = w(Ap,
in (1.1) we prove the required equality. O

Lemma 1.2. If )\, is a real eigenvalue then

||yn||§ = (ynvyn) = _(2a/\n + b)yn(l)Q - yn(l)wl(/\n)'

Proof. Since w(A,) = 0 then w(A)/(A — Ap) — w'(Ay) as A — A,. Therefore, by setting p = A, (A # \p)
and then tending A — )\, in (1.1) we obtain the required equality (cf. [16, Sect. 10.72]). O

Corollary 1.1. If )\ is a multiple eigenvalue then

lyell = (n, v) = —(2a, + b)yx(1)*.
Corollary 1.2. If A\, is a non-real eigenvalue then

”yng = —(2aReA; + b)|yr(1)|2'

Proof. Since )\, # A, then this equality follows at once from Lemma 1.1 if we set A\, = A\, = \,.. O
For the eigenfunction y,, define

0, hence by setting A = X\, and p = A\,

Bn, = [|ynll3 + (2aReA, + b)[yn (1)[*. (1.2)

Corollary 1.3. B,, # 0 if and only if the corresponding eigenvalue J\,, is real and simple.

If Ay, is a multiple (double or triple) eigenvalue (A = Agy1) then By = —y(1)w’'(Ax) = 0 and Bj41 is not
defined, so we set Bii1 = —yr(1)w”(Ar)/2. If A is a triple eigenvalue (Ay = A1 = Apy2) then Bpyq1 =0
and Bjo is not defined, so we set Byyo = —yi(1)w” (A\g)/6.

Lemma 1.3. If )\, and ), are a conjugate pair of non-real eigenvalues Ay = )\, then

(Yr,ys) = —(2a\, + b)yr(l)z — yr(Dw'(Ar).

The proof is similar to the proof of Lemma 1.2.

3. INNER PRODUCTS AND NORMS OF ASSOCIATED FUNCTIONS

In this section and in Section 3 we consider the cases (c) and (d), where all the eigenvalues are reals.
If A\ is a multiple eigenvalue (Ap = Agy+1) then for the first order associated function yx1 the following
relations hold [17, ch. I, §2]:

Y1 + AT Yr1 = MeYkt1 + Ui,
y;cﬂ(o) sin 3 = yr+1(0) cos 3,
Y1 (1) = (@A + DAk + yry1(1) + (20 + D)y (1).
Note that yr4+1 + cyr, where ¢ is an arbitrary constant, is also an associated function. So the associated
function yj41 is not unique.
Differentiating (0.1), (0.2), and w(\) with respect to the parameter A, we obtain
=5 (@,A) + a(@)ya(@, A) = Aya(z, A) +y(z, A),
YA (0, ) sin 3 = yx (0, A) cos 3,
W'(A) = 95 (1,0) = (@A? +bA + c)ya (1, \) — (2aX +b)y(1, \).
Since w(A) = w’'(Ag) = 0 then y(x,\) — yg, yr(z, \) — Yxt1, uniformly according to x € [0, 1], as A — g,

where 31 is one of the first order associated functions, and it is obvious that Y11 = Y41 + Cyr, where

¢= Wrr1(1) = yr42(1))/yk (1)
If A\ is a triple eigenvalue (A = Agr1 = Agyo) then together with the first order associated function y41
there exists the second order associated function yx 2, for which the following relations hold [17, ch. I, §2]:
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“Yire + A(T)Yrt2 = MYtz + Yrt1,
Yir2(0) sin B = yx42(0) cos B,
Yipa(1) = (aAF + DA, + )yrr2(1) + (20X, + b)yr1 (1) + ayx(1).

Similar to yx41 the associated function ygyo is not unique, because the function yxio + dyi, where d is
a constant, is also an associated function of the second order. Note also that the second order associated
function ygy2 + cyr+1 corresponds to the first order associated function yx41 + cyx.

Differentiating (0.1), (0.2), and w(\) twice, we obtain

_yi\/k(xv A) + q(l‘)y)\)\(J?, )‘) = Ay)\/\($7 )‘) + Zy)\(xa )‘)7
Y5 (0, A) sin B = yxr (0, \) cos 3,
W(A) = YA (1, ) = (@X? + DA + ) yan(1, X)) — 2(2a) + b)ya(1, ) — 2ay(1, \).

If A\x is a triple eigenvalue w”(A;) = 0 then yxx — 2yk+2, uniformly in = € [0,1], as A — A, where ¥j42
is one of the second order associated functions corresponding to the first order associated function 1, and
it is obvious that Yx12 = yYrt2 + CYrs1 + dyr, and d = (Yr12(1) — yrs2(1) — cyry1(1))/yr(1).

Lemma 2.1. If )\; is a multiple eigenvalue and A\, # A; then

(Ukt1,9n) = —(aAk + b+ aAn)yr1 (Dyn (1) — aye(Vyn (1),

(Y1, Uk) = — (200 + b)yrr1 (Vi (1) — aye(1)® — yk(1>w”(2)\k)’ (2.1)
lyrs1lls = Wrrts yrr1) = —(2arg, + b)yes1(1)? — 2aypr1(1ye(1)
e () )2, (2.2

where Yp11 = Yetr1 — CYk-
Proof. Differentiating (1.1) with respect to A we obtain for A\ # p,
WA A),y(s ) = =(@d + b+ ap)ya(1, Ny(L, 1) — ay(1, Ny(1, 1)
Wi w(1) o) w(\)
(LN ), ) Y, ) Y 2.3
AN 1N 2 — (1) 52 + (1) (2.3)
Setting = A, and A = )\ in (2.3) we obtain
(Uk+1,Yn) = —(@Ak + b+ aX)Frr1(1)yn (1) — ayr(1)yn(1).
By Lemma 1.1,
(Y, yn) = —(aXe + b+ aX,)ye(1)ya(1).
Note that
(Wk+1,Yn) = Wkt1 = CYks Yn) = (Wkt1,Yn) = Yk Yn)-
The first equality of Lemma 2.1 follows from the last three equalities. The equality (2.1) can be proved in a
similar way. In this case we set = A\, (A # ) in (2.3) and let A tend to Ag.
Differentiating (2.3) with respect to p we obtain for A # pu,

(YA A)s Y (s ) = —(aX + b+ ap)ya (1, M)y, (1, p)

(L (L) = a1, (L) + 1 (1,0) 22
NG~y G~ a1 s (1) 5
w'(N) w(N) 2w(N)
—y(l,ﬂ)m +yu(17ﬂ)m +y(1, )()\_u)g (2.4)

Setting = A\, (A # i) and letting A tend to Ay in (2.4) we obtain

Tet1, er1) = — (20X, + 0)Tr1(1)? — 2aBr1(1)yr(1)

_§k+1(1)@ _yk(l)%‘
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Note that

(k1 k1) = (Tkt1, Uet1) — 26(Yn41, Y1) — & (Yns Yi)-
Using Corollary 1.1, (2.1), and the last two equalities we obtain, after simplifications, the required equality
(2.2). O
Legitimacy of differentiation and subsequent passages to limit within integrals in the proof of Lemma 2.1
is based on [18, ch. 3, §4].
Lemma 2.2. If )\ is a triple eigenvalue and \,, # A\ then

(Ykt2,Yn) = —(aA + b0+ aXn)Yrs2(1)yn(1) — ayrr1(1)ya(1),

(s 1) = ~(2+ Dz V(1) — apica (Dya(1) = () -, (2.5)
(r2, Y1) = = (200 + D)yi2(Dye+1(1) — aypr2(1)y(1) — aypra (1)?
W' wlV
e L)y ), (26)
Iyns2lls = (U2, yerz) = —(2are + 0)yrs2(1)” — 2aypr2(1)yes1(1)
" wlV wV
s ) ) (2.7

where Y2 = Yk+2 — CYk+1 — Y-

Proof. The proof in this case is very similar to Lemma 2.1, so we only indicate the main steps. By differ-
entiating (2.3) with respect to A, after passages to limit, we prove the first equality and (2.5). Differentiating
(2.4) with respect to A, after passing to the limit, we obtain (2.6). Differentiating (2.4) with respect to A
and then to u, after passages to limit, we obtain (2.7). O

4. EXISTENCE OF AUXILIARY ASSOCIATED FUNCTIONS

In this section we shall prove the existence of some associated functions y;, ;, y,f:_l, yz’iz with special
properties, which we call auziliary associated functions, or just (for short) A functions.

Lemma 3.1. If )y is a double eigenvalue then there exists an associated function y;, | = yk+1 + c1ys,
where ¢; is a constant, for which

Wry1sYr1) = —(2aXe + 0)yi 1 (Dyrr1 (1) — ayiy (Dye (1) — ayrea (Dye(1).
Proof. By summing (2.2) with (2.1) multiplied by ¢;, where

_ _yk(l)"‘/”()\k) + 3Uk41 (Dw” (M)
3yr(1)w” (k) ’

we obtain that
(Yr+1 + 1Yk, Y1) = —(2aX, + b) (Ye+1(1) + c1yn(1))yr41(1)

—a(yr+1(1) + crye(1))yr (1) — ayrea (Dyr(1),
which proves the existence of the A function y;_ ;. O

Lemma 3.2. If )\ is a triple eigenvalue then there exists an associated function y,tl = Yk+1 + C2Uk,
where ¢; is a constant, for which

(Wi yis2) = —(ade + Byl (Wyrra(1) — ayfley Wy (1) — ayeso(Ly(1)-
Proof. By summing (2.6) with (2.5) multiplied by ¢o, where

_ @™ () + 41 (D" (M)
4yk(1)wm(>\k) )

we prove the existence of the A function yifﬂ. (]

Note that for the A functions y;,, (in the case (c)) and y,ﬁrl (in the case (d)) first two equalities in
Lemma 2.1 are also true, and

(Wi ye1) = —(2aXi + 0yl (Dyrr1 (1) — aye(1) (Y1 (1) + Yy 1(1)) + Brya

Lemma 3.3. If )\ is a triple eigenvalue then there exists an associated function y;f” = Yr42 + CoYk+1 +
d1yk, where dy is a constant, for which
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W o ynrr) = — (20X, + 0)yf L (Vysr (1) — ayf o (Dye(1) — ayf, (Dyasa (1),

Wi o Ur2) = — (20X, + b)Yy (Dyrr2(1) — ayf o (Dyesr (1) — ayfl (Dye2(1).

Proof. Firstly, we find for the function yz, 5 = yg+2 + c2yx+1 that

(Yigo k1) = — (20X, + D)yi o (V)yir1 (1) — ayi o (Dye(1) — ayf, | (Dyrra (1).

By summing this equality with (2.1) multiplied by d;, and noting w”(\;) = 0 we see that the first equality

of Lemma 3.3 is true irrespective of the value of d;. Next we find that

(Yizo Yer2) = — (20X, + b)yi o (Dyir2(1) — agio(Dyes1 (1) — ayfy  (1yr2(1)

W' WV %
—Yk+2(1) é)\k) _@\kﬁ-l(l)# = yk(1) 1;3k)
w/// wIV
—C2 (@cﬂ(l) é)\k) +yk(1)2$\k)> :

By summing this equality with (2.5) multiplied by d;, where

Yk (Dw” (k) 4 5k+1(Dw’Y (M) + 207k12(1)w™ (Ak)

2
205 (1) () T

dy = —

we obtain the second equality in Lemma 3.3. [J
Note that for the A function y,f:Q first two equalities in Lemma 2.2 are also true:

(yjcﬁQ’ yn) = _(a)‘k +b+ a)‘n)yziz(l)yn(l) - aylﬁrl(l)yn(l)v
(ylﬁi-%yk) = —(2aXx + b)yzﬁz(l)yk(l) - ay,f:l(l)yk(l) + Bia.
5. ASYMPTOTIC FORMULAS FOR EIGENFUNCTIONS

Lemma 4.1. Following asymptotic formulas are valid:

{ V2cos(n—3/2) x4+ O(1/n) if B #0,
n = V2sin (n — 1)7x 4+ O(1/n) if =0,

[ynlly =14 O(1/n),

(4.1)

(4.2)
(4.3)

Proof. Noting (0.4) the proof of the asymptotic formula (4.1) is similar to [7, Theorem 2.1], [5, Theorem

2.1]. The formulas (4.2) and (4.3) follows directly from (4.1). O
Lemma 4.2. Following asymptotic formulas are valid:

yn(1) = O(1/n%),
B, =1+0(1/n).
Proof. Tt is known that (see [9, Theorem 2], the case ¢ = +00),

max [y, (x)| < const - (1+[V/A,]) max [y(x)].

0<w
Then using (0.3), (0.4), and (4.3), we obtain

(X2 + DAy + )y (1)] = Iy (D] < const - (1+]v/Aa]) max [ya(@)] = O(n).

0<z<1

Using this and noting a\2 + b\, + ¢ = am*n*(1 + O(1/n)) we obtain the formula (4.4). The formula (4.5)

follows from (0.4), (1.2), (4.2), and (4.4). O
6. BASISNESS OF ROOT FUNCTIONS

Theorem 5.1.

(1) In the cases (a) and (b) the system {y,} (n =0, 1,...; n # 4,j), where 4, j are arbitrary, non-

negative and different integers. form a basis in L.(0.1) (1 < » < 00).
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(2) In the case (c) the system {y,} (n=0, 1,...; n# k,k+ 1) form a basis in L,(0,1).

(3) In the case (¢) the system {y,} (n =0, 1,...; n# k+1,j), where j # k,k + 1 is arbitrary non-
negative integer, form a basis in L,(0,1).

(4) In the case (¢) the system {y,} (n =0, 1,...; n#k,j), where j # k,k+1 is arbitrary non-negative
integer, form a basis in L, (0, 1) if and only if y; (1)(A;j — Ax) # yr(1).

(5) In the case (¢) the system {y,} (n =0, 1,...; n # i,j), where i,j # k,k + 1 are arbitrary, non-

negative and different integers, form a basis in L,(0,1).

(6) In the case (d) the system {y,} (n=0, 1,...; n# k+ 1,k + 2) form a basis in L,(0,1).

(7) In the case (d) the system {y,} (n =0, 1,...; n# k,k+ 2) form a basis in L,(0,1) if and only if
qujﬁ+1(1) # 0.

(8) In the case (d) the system {y,} (n =0, 1,...; n # k,k+ 1) form a basis in L,(0,1) if and only if
ylf:—l( ) # yr(1 )yk+2(1)

(9) In the case (d) the system {y,} (n , L. n#£k+2,7), where j # k, k+ 1,k + 2 is arbitrary
non-negative integer, form a basis in L (O 1

(10) In the case (d) the system {y,} (n =0, 1,...; n#k+1,j), where j # k. k+ 1,k + 2 is arbitrary
non-negative integer, form a basis in L,(0,1) if and only if ykﬂ( YA — Ak) # yi(1).

(11) In the case (d) the system {yn} (n=20,1,...; n #k,j), where j # k. k+ 1,k + 2 is arbitrary
non-negative integer, form a basis in L,(0,1) if and only if y,iQ(l)()\j — k) # y,ﬁrl(l).

(12) In the case (d) the system {y,} (n =0, 1,...; n#1,j), where ¢,j # k,k+ 1,k + 2 are arbitrary,
non-negative and different integers, form a basis in L,(0, 1).

Moreover, if p = 2 then in all the considered cases the basis is unconditional.

Proof. (1) Firstly we consider the case (@) and prove that in this case the system

{yn} (n:07 17"‘; n#i’j), (5.1)
is minimal in L, (0, 1). For this it suffices to show the existence of a system
{un,} (n=0, 1,...; n#1,j), (5.2)

biorthogonal to (5.1). We define the elements of (5.2) by

Yn(®)  yn(l) Anyn(l)
A | vl w() A1) (5.3)
" () g (1) Ay (1)
where A;; = (Aj — Ai)yi(1)y;(1) is the complementary minor of the upper left element of the above deter-
minant. Let us verify that (u,, Ym) = Onm (n,m #14,7), where d,,, denotes as usually, Kronecker’s symbol:
Onm = 0 if n # m and 6, = 1. We have

up () =

1 (YnsYm)  Yn(1)  Anyn(1)
A | Wiym) wi(l) A1) ). (5.4)
P (ygym) (1) Agys(1)
It now follows immediate by from Lemma 1.1 that for m # n the first column of the determinant in (5.4) is
a linear combination of the other columns; hence (uy, ¥m) = 0.

Assume now that m = n in (5.4). Adding to the first column of the determinant in (5.4) the 2nd and 3rd
columns multiplied respectively by (aX, + b)y,(1) and ay, (1) we obtain

1 B, yn(1) Aayn(1)
() = 5| 0 wll) Aw(l) | =1
0 (1) Ajy,(1)
We shall now prove unconditional basisness of the system (5.1) in L9(0,1). For this we compare this
system with the system

(Un, Ym) =

{ont(n=2.3,..), (5.5)
where
[ V2cos(n—3/2)mx if B#0,
gon(x)—{ V2sin (n — 1) mx if 5=0.
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The system (5.5) is a basis of L,,(0,1), and in particular, an orthonormal basis of L3(0,1) (see e.g. [19]). By

(4.1),
lyn — ©nlly < const/n. (5.6)
for sufficiently large n. Without loss of generality we may suppose that i < j. From (5.6) it follows that the
series
i+1 j oo
2 2 2
S gz —ealls+ D Myn-1—enlz+ > llyn — enlls,
n=2 n=i+2 n=j+1

is convergent. Hence the system (5.1) is quadratically close to the system (5.5). Since the system (5.1) is
minimal in Ly(0,1) then our claim is established for p = 2 (see [20], Sect. 9.9.8 of the Russian translation).

The proof of the remaining case p # 2 will be essentially same with [7, Theorem 2.1], so we only indicate
the following asymptotic formula
un () = yn(z) + O(1/n),
for sufficiently large n. Indeed, expanding the determinant in (5.3) along the first row and taking into
account that all the elements in 2nd and 3rd rows are either bounded functions or fixed real numbers, we
deduce from (0.4), Lemma 4.2 that this asymptotic formula is valid.
Now we consider the case (b). Let A, and A, are a conjugate pair of non-real eigenvalues A, = \,. The
biorthogonal system of
{yn} (n=0, 1,...5 n#rs),
is defined by
L@ () Aa(1)
= B A yr(x) yr(l) /\ryr(l) )
T ys(x) ws(1) 0 Asys(1)
for n # r,s. The equality (tn, Ym) = Onm for n,m # r, s can be verified using Lemma 1.1. Basisness can be
proved as in case (a).
The biorthogonal system of

Up ()

{yn} (n:O7 17"'; n#”’?j))
where j # 7, s is an arbitrary non-negative integer, is defined by

Yn(®) Yn(1) Anyn(1)

’U,n(JJ) = yr(x) yr(l) )‘Tyr(l) )
Buloi | yya) (1) Ay (1)
for n #r,s,j, and
1 yr(z) yr(1) Nyr(1)
us(ai) = _m ys(z)  ys(1)  Asys(1)

The biorthogonal system of
{yn} (n:O7 177 n#%])a
where 4, j # r, s are arbitrary non-negative different integers, is defined by (5.3) for n # r, s, 1, j, and

1 ys(z)  ys(1)  Asys(1)
(@) = | W (1) Aawa(1) |,
e () Ys(1)w'(As) Ay z oy Y 1)

J

<

() v

(x) y;(1

W

S — T

P(Dw! (M)A

ol OB | i) 451 At

The equality (tn, Ym) = Onm for n,m # i, j can be verified using Lemma 1.1, Lemma 1.3, and Corollary 1.2.
Thus we have studied all the cases of (b): when both of the removed eigenfunctions correspond to non-real

us(x) = —

<
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eigenvalues, when only one, and when none.
(2) The biorthogonal system is defined by

Ik Urr1(z)  yrer1(1) Aeyera (1) +yr(1)
for n # k,k + 1. The equality (uy,Ym) = Opm for n,m # k,k + 1 can be verified using Lemma 1.1, Lemma
2.1.

(8) The biorthogonal system is defined by

un(z) = ye(z)  ye(l)  Aeyr(1) |, (5.8)
Bulii | yi(@) yy(1) A1)
for n # k,k+ 1,7, and
1 Ye+1(®)  yree1(1) Ayt (1) + yr(1)
ug(r) = B AL Yk () yr(1) Aryr(1) :
FRER i) (1) Ajy;(1)

The equality (4, Ym) = dpm for n,m # k + 1, j can be verified using Lemma 1.1, Lemma 2.1.
(4) The biorthogonal system is defined by

1 Yn() Yn(1) An¥n (1)
Up () = BA Ve (@) Yra (D) Ay (D) +ye(l) |,
TR yi(e) yi(1) Ajy;i(1)
for n # k,k+ 1,7, and
1 ye(®)  yk(1) ey (1)
ug11(7) = B A Ve (@) Yra (D) Ay (D) +ue(1) |,
FHTR | yi(r) (1) Ajy;(1)

where Ay = (Aj — M)y 41 (Dy; (1) —yr(1)y;(1). The equality (wn, ym) = dpm for n,m # k, j can be verified
using Lemma 1.1, Lemma 2.1, and Lemma 3.1. If A}, = 0 then the function defined by the last determinant
or, which is the same, the function (¢f. [8, Theorem 3])

yr(x) yr(1) Akyr(1)
Yrr1(2) vk (1) Aeyera (1) +ye(1) |,
yi(x)  y(1) Ajyi(1)

is orthogonal to all the elements of the system {y,} (n # k,j) and therefore this system is not complete
in L2(0,1). The condition Azj = 0 also implies that this system is not minimal in L3(0,1). Indeed, on the
contrary, using minimality in Ly(0,1), we can prove, as in case (a), basisness of this system in Lo(0,1),
which contradicts incompleteness of this system in Lo (0, 1).

(5) The biorthogonal system is defined by (5.3) for n # k,k + 1,14, j, and

1 yZJrl(z) yl:+1(1) )‘k'y/:Jrl(l) +yr(1)
ug(r) = B AL yi() yi(1) Aiyi(1) ,
MR (e y; (1) Ajy;(1)
. 1 yk((x)) yk(ll)) );\kyk((ll))
Uk+1(T) = 57— | ¥%ilT) Ui iYi
T B | ) ) ()

(6) The biorthogonal system is defined by (5.7) for n # k,k + 1,k + 2, and

1 yk+?(;ﬁ) yk+€1()1) /\kyk+2)\(1) J(F1?§k+1(1)
=— | wyr(z Y Y
Bieyoyi(1)* ykil(x) y:u(l) )\kyk+1k(113 + k(1)

ug ()
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The equality (un, Ym) = Onm for n,m # k+ 1,k + 2 can be verified using Lemma 1.1, Corollary 1.1, Lemma
2.1, and Lemma 2.2.

(7) The biorthogonal system is defined by

1 yﬂ(x) (1) Anyn(l)
up(x) = F Yk(z) yk(1) Akyr(1) )
kik+2 ylf:-Q (z) yk+2(1) Akyz:_g(l) + y}f+1(1)

forn #k,k+1,k+ 2, and

1 Ye1 (@) yrr1(1)  Aeyrga (1) + ye(l)
upy1(z) = ﬁ yr () yr(1) Ay (1) )
k42506, k+2 y/ﬁ-z (z) y}i_g(l) /\ky;::_g(l) + y/ﬁ-l(l)

where Ak k42 = y,ﬁ_l(l)yk(l). The equality (wn,Ym) = Onm for n,m # k,k + 2 can be verified using the

mentioned results of Sections 1 and 2 and Lemma 3.3. If Ak#’ x4z = 0 then the function defined by the last
determinant is orthogonal to all the elements of the system {y,} (n # k,k + 2) and therefore this system is
neither complete nor minimal.

(8) The biorthogonal system is defined by

1 in(x) 1;/;(1) #)\nyn(l)
up () = W yk+1(x) yk+1(1) )‘kyk+1(1) +ye(1) |,
k+1k+2 yli—Q(x) yli—z(l) )‘kyz:-z(l) + ylﬁil(l)

forn#k,k+ 1,k + 2, and

1 Wl () N1
U2 (2 ) ﬁ yk+1 (z) yk+1(1) /\ky;f+1(1) +yr(1) )
FH250 41 k2 yk+2(x) yk+2(1) /\ky;fiz(l) + y1f+1(1)

where Ak+1 42 = y,fﬁ_irl(l)2 yk(l)y,f:z( ). The equality (un, Ym) = dpm for n,m # k, k+ 1 can be verified

using the Lemma 3.2 and Lemma 3.3. If A¥ = 0 then the function defined by the last determinant is

k+1,k+2
orthogonal to all the elements of the system {y,,} (n # k, k+1) and therefore this system is neither complete
nor minimal.

(9) The biorthogonal system is defined by (5.8) for n # k,k+ 1,k + 2, j, and

1 yk+2($) y/ﬁrz(l) Akyliz(l) +yiﬁ+1(1)
up(x) = Biohn, | @ w(l) Ak (1) ;
I yi(e) gD Ajy;(1)
1 Yr1(®)  yea1(1) Aryrsa (1) + yi(l)
w1 (2) = —r— 1 wr(z)  y(1) Akyr(1)
FREM i) y(0) Ay (1)
(10) The biorthogonal system is defined by
1 Yn(z) Yn(1) AnYn(1)
Uy (7) = F y,ﬁrl(z) y,ﬁrl(l) )\ky/j:_l(l) +y(1) |,
"R yi(e) o y(1) Ajy;(1)
form#k,k+1,k+2,7, and
1 y;zﬂ(x) yl§+2(1) )‘kqujﬁ?(l) + yli»l(l)
Uk(x) m yk+1($) yk—i—l(l) )\kka(l) + yk(l) )
TR yi(e) g (1) Ajy; (1)
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1 Yk () yr (1) Aryr(1)
Upq2(T) = ﬁ y;::-l(x) y,ﬁl(l) Akyf+1(1)+yk(1) )
25415 | yi(z) y(1) Ajyi(1)
where Akm = (A = My (Wy;(1) = ye(D)y;(1). I AF,, ;= 0 then the function defined by the last

determinant is orthogonal to all the elements of the system {y,} (n # k+ 1,7) and therefore this system is

neither complete nor minimal.
(11) The biorthogonal system is defined by

1 :;/#n(m) Zén(l) )\nyn(l)#
up () = W yk+2(x) yk.:,.z(l) )‘kylf:-Q(l) + yk+1(1) )
k25| yi(x) (1) Ajy;(1)
formn#k,k+1,k+ 2,7, and
! W@ (1) Mgl (D) + ()
upt1(z) = B A yk+2(x) yk+2(1) Akyk.yg(l) + yk+1(1) )
FRTRR2G | yi(x) ys(D) Ajyi(1)
1 yr(z) yr(1) Aryk(1)
Upq2(T) = BAF ylﬁ,_z ) Z/k+2(1) Akylia(l) +y;ﬁr1(1) )
RS2 | oyi(@)  y,(1) Ajy;(1)
where A, = (A — M)y o (Dy;(1) =y, (Dy;(1). I AF,, . = 0 then the function defined by the last

determinant is orthogonal to all the elements of the system {y,} (n # k,j) and therefore this system is
neither complete nor minimal.

(12) The biorthogonal system is defined by (5.3) for n # k,k + 1,k + 2,4, j, and

1 ylf+2($) yz:-Q(l) )‘kil/liQ(l) + ylil(l)
ug(z) = Broahs yi(x) yi(1) Aiyi(1) )
T i) y(1) Ajy;(1)
L@ wE () M () + ()
upt1(z) = BrioA i) yi(1) Aiyi(1) )
k254 yj(l‘) yj(l) JyJ( )
. 1 yk((x)) yk((ll)) Akyk((ll))
Ug42\T) = 5 | YilT Yi il
T BB | ) (1) (D)

7. EXAMPLES

We shall demonstrate our theory in two examples inspired by [2,8].
Example 7.1. Consider the spectral problem

- =Xy, 0 <2 <1,

For this problem

y(x,\) = cosVaz, y'(z,\) = —VAsinVz,

and

w(A) = =V Asin VA — ( - )\) cos V.
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It is easy to check that

2 2
w(O) = CU/(O) = 07 WII(O) = —g — ﬁ,
2

w"(0) = é + %, w(m?) =0 # ' (7?).

Thus Ao = A1 = 0 is a double eigenvalue, Ao = 7° is a simple eigenvalue and all other simple eigenvalues

A3 < Ag < ... are the solutions of the equation
A
tan VA = VA (1 - 2) . (7.1)
™
Note that yo = 1, ya = cos 7, y; = cosv/ Az (i > 3), and

_ ) . xsin vz x?
yi(z) = lim yy (2, A) = lim <— )

A—0 2V A 2
We define the first order associated function by y; = —% + ¢, that is ¢ = —¢ (c is a constant). Then
Y1 =1Yy1— Cyp = —% + 2¢. For the determination of the A function yj we find
yo(1)w"” (0) + 371 (1)w” (0) 3 m+5
1= — =—2c+ -~ ,
3yo(1)w”(0) 5 n243

and therefore
N n z? " 3 745
= C = —— — . f—
R R S T
It is possible to find the A function yj directly from the equality in Lemma 3.1. Indeed, if we seek the

C.

auxiliary associated function yj in the form yj = f% + ¢/, then by Lemma 3.1,

1
L) (e (L) (L
/0( 290 +c>( 2x +c)dx—< 24—c 2-i—c
_i _14'_’ _i _}_;’_

2 2 ¢ 2 2 €)

, 3 w45
d=--———¢
5 w243

From this equality it follows that

which agrees with ¢ = ¢+ ¢;.
We shall now apply part 4 of Theorem 5.1 to our problem. The system

2
{—J;—Fc, cos /& (i=3,4,5,...)}, (7.2)
that is the system of root functions without removed functions yo = 1 and y» = cosz, is a basis in L,(0,1)
if and only if
Y1 (1) (A2 = Ao) # o(1),

or more explicitly, if

72 +15 1

CF — — —.
10(r2 +3) =2

If

72+ 15 1

“Tl0(r2+3) w2
then the function

yo(z) wo(1) Aoyo(1) 21
i) i) (D)) | = (<543 )+ cosmat 1,
@) w1 ()
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is orthogonal to all the elements of the system (6.2). Indeed,

/1 22 (2 DY G osma 1) (S e T LY g
0 2 2 2 10(x2+3) w2 -
and for ¢ = 3,4,... by (6.1),

1 2 1
/ (7‘(‘2 (_a; + 2) + cos Tx + 1) cos \/ \jx do =
0
2 (71'2 sin vA; + A?/2 cos VA — 2/ cos \//\7)

N (= 72)

Therefore the system (7.2) is not complete.
Example 7.2. Consider the problem

-y =My, 0<a <1,

V0 =040 = (=3 =)

For this problem

y(z,\) = cos Vaz, o (z,)) = —VAsinVAz,
w(\) = —VAsin VA + (/?: + >\> cos VA,

4 2 1
w(0) = &/(0) = "(0) = 0, W"(0) = —3, WV (0) = 2%, WV () =~

Thus A\g = A1 = A2 = 0 is a triple eigenvalue, and all other simple eigenvalues A3 < \y < ... are the solutions
of the equation tan vA = VA (1+ 3).
As for the previous problem

2 A
=1, = cos/A (128), ie) =~ 5, Rale) = lim O T

so we define the first and second order associated functions by 1

~Zdem=f+e(-5+e)+d

that is ¢ = —¢, d = —d (c, d are constants). Further calculations shows that
25 1385 25 9
62—5—20, dl—m—ic+c _2d,
and therefore the A functions are
p_ 2Bt (% N2 13 %
=7 T o Ty a2 2 5202 42
By part 7 of Theorem 5.1, the system
2
{_322 +ec, cosy/\x (2'23,4,5,...)}, (7.3)

is a basis in L,(0,1) if and only if yfé(l) # 0 or more explicitly if ¢ # Z. If ¢ = £ then the function

4 2
x T

£ —Z+ 2 is orthogonal to all the elements of the system (7.3).
By part 8 of Theorem 5.1 the system

x? x2
{24 +c(—2+c>+d, cos / \ix (i:3,4,5,...)}, (7.4)

is a basis in L,(0,1) if and only if v (1)2 # yo(1)yZ (1) or more explicitly if d # st ge—cA I

21
d=— 15512 + %c — ¢? then the same function % — % + 2—‘1 is orthogonal to all the elements of the system
(6.4).
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