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Abstract

In the paper are obtained the generalizations of Housdorff-Young,
Riesz and Paley type theorems with respect to uniformly orthonormed
system for the case of the space L, ,y with the mixed norm.
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1 Introduction

One of the important problems of theory of Fourier series is estimation of
Fourier coefficients by a function, and vice versa, the function by its Fourier
coefficients. In this connection, in the space L, the Parseval inequality and
Riesz-Fisher theorem are known. In principle, this means that a space of coef-
ficients of an orthogonal basis in Hilbert space Ls coincides with l5. Partially
these results are extended on the space L, (p # 2) by Hausdorff-Young state-
ments for trigonometric systems, by F'. Riesz statements for general orthog-
onal and Hardy Littlewood-Paley systems. According to F. Riesz theorem,
to each function of the space L,[a,b] (1 < p < 2) with respect to some or-

thonormed system there corresponds the sequence of its Fourier coefficients

from [, <}% + }%), and vice versa. This fact doesn’t remain valid for p > 2.
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However, for p > 2 the Paley theorem is associated to this result. These mat-
ters are well interpreted in [8;10;11;16;19]. Another direction in this field is
study of behavior of Fourier coefficients under some smoothness conditions on
a function. The Bernstein theorem on absolute convergence of Fourier series of
functions of the class Lipa (o« > 1/2) is the basic result of this matter. Further,
the Fourier series with vector coefficients, Banach spaces of Fourier type p, of
type and cotype of Rademaher are of great interest in this direction. One can
be acquainted with these matters in [1;4;5;15].

The Housdorff-Young, Riesz and Paley type theorems play a special role
while studying many problems (for example, in grounding the Fourier method
for solving partial equations, in theory of wavelet analysis and also in theory
of frames and etc.) in harmonic analysis. The present paper is devoted to
obtaining generalizations of these theorems for the case of b-basis. In the
paper, relations between the functions of the space L, with appropriate
sequence of coefficients of its Fourier series of the space of sequences [, with
ordinary norm are established. These results are extended to the case of the
space W, ). It should be noticed that the results obtained in the papers [1-
3;6;7;9;12-14;17;18] are very close to the matters considered in this paper.

2 Some notion and facts

Give some notion and facts used in the paper.
Let Ly(a,b) (1 < p < 400) be a Banach space of measurable on (a,b)
functions f(z) for which the norm

1/p

b
1l = / (@) da

is finite. W)" (a,b) (1 < p < +00) is a Banach of functions u(x) having gener-
alized derivatives on (a,b) m-th order, ininclusively, for which the norm

m
lally = > [lu®],,
k=0

is finite.

Ly ((a,b) x (¢, d)) <1 <p < +o0, }D + ﬁ = 1) is a Banach space of mea-

surable on (a,b) x (¢, d) functions f(x,y) for which the mixed norm

by pd N N
Iz, = (/ (/ I (2, )] dy) dx)
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is finite. W7 ((a, ) X (¢, d)) (1 < p < o0, 110 + % = 1) is a Banach space of
functions u(z,y) having on (a,b) the generalized derivatives gm,ff L and the

finite mixed norm

) Dy

oM

ox™

o"u
oy"

s, = s, + ' ' -
») ) Lipp) Lp.p)

I,(a,b) (1 < p < +00) is a Banach space of sequences a (t) = {a; (t)},.y of
measurable on (a,b) functions q; (t), for which the norm

o b 1/p
fall o = | 3 [ lesttyr
=1
is finite. .
Let {¢,(t)} be an orthonormed system on [a, b]. Then the series Z:Z:l a;pi(t),
where a; = f f(t)pi(t)dt is said to be a Fourier series of the function f(t) by

the system {¢,(t)}, is written as f(t) ~ Z a;p;(t), and the numbers a; are

called the Fourier coefficients of the functlon f(t) by the system {¢,(t)}.
Give the following Riesz and Paley classic statements: (see [10.ch. 6]).

Theorem 2.1. Let {@,(t)} be an orthonormed system on |a,b] such that
almost everywhere on [a,b: |, (t)] < M (n € N), M is independent of n and
L4l Then:

Pl -

1) if f € Lypla,b] (1 <p <2), then |[{a}|l,, < M > |[fll,, , where a; are
the Fourier coefficients of the function f(t) by the system {@,(t)};

2) if {a;} € 1, (1 < p < 2), then there exists the function f € Ly|a, ]
for which a; are Fourier coefficients by the system {pn(t)}, and [|f|z, <
my|| {a:} ||i,, where my, is independent of {a;} and f.

Theorem 2.2. Let {p,(t)} be an orthonormed system such that almost ev-
erywhere on [a,b] : |p, (t)] < M (n € N), M is independent ofn Then:

1) if f € Lyja,b] (1 <p<2), then2|az|p2p 2 <M, f|f )P dt, where
i=1

M, is independent of f and a; are the Fourier coefficients of the function f(t);

2) if {a;} Yooy |ai|" 197 < 400 (¢ > 2), then there exists a function f €

L, [a,b] for which a; are Fourier coefficients, and

b

/\f ()7 dt < My a;|* i,

a =1
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where M, is independent of {a;}.

3 [l)(a,b) variants

In this section, we establish the analogues of Riesz and Paley theorems for the
case of spaces Ly, and [,(a,b), and also study the analogues of the results
on convergence rate of Fourier series depending on smoothness degree of the
function for the functions of space W{;gﬁ) by the system of exponents.

Let IT = (a,b) X (¢, d). The following theorems are valid.

Theorem 3.1. Let {¢,(t)} be an orthonormed system on [c,d] such that
almost everywhere on [c,d]:|p, (t)] < (n € N), M is independent of n, and
5+ 5. Then:

1)if f € Ly y»(II) (1 <p <2), then@(t) = {a; (t)},cn € Iy (a,b), where

a; (t) = fcdf (t,5) @i (s)ds and
2p
Il <M 1Al 0

2) if a(t) = {a;(t)} € l,(a,b) (1 < p < 2), then there exists a function
f € Lyyy(I1) for which a; (t) = fcdf (t,s)i(s)ds and

2-p
171, < M7 lal,

pp') T

(2)

Proof. Prove statement 1). Since the function f € Ly, (1), then
it follows from the Foubini theorem that for almost all ¢ € [a,b] the func-
tion f(¢,-) € L, ([c,d]). Therefore, by the Riesz theorem for {a;(t)}, where

p(ab)

d o )
ai(t) = [ f(t, s)pi(s)ds, almost everywhere on [a, b] it holds > |a;(¢)|” < +o0

=1
1 1
<I7 + 5) and

1/p

00 / 1/p . d
<Z|ai(t)|p> <M /|f(t78)|pd8 : (3)

i=1
Raising the both hand sides of (3) in p’-th degree and integrating with respect

oo b ,
to ¢t on the segment [a,b], we get > []a;(t)|" dt < 400, moreover

i=1aqa

p'/p

o b b d
la (O dt < M 77 f(t, )P d dt. (4)
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Obviously, (1) follows from (4).
Now prove validity of statement 2). Let {a;(¢)} be such that Z f |la; ()" dt <

i=1lgq
+00 (1 < p < 2). Then, according to the corollary of B. Levi theorem (see
[12]) for almost all t € [a,b]: > |a;(t)]” < +oo. Applying theorem 1.1, we get
=1
that almost everywhere on [a, b] there exists a function f(¢,-) € L, [c,d] for

which a; (t) = fdf(t, s)pi(s)ds and

(/Cd|f(t,s)|p’ds)l/p,<M <Z|az )Up. (5)

Further, raise the both hand sides of (5) in p-th degree and integrate with
respect to ¢ on the segment [a,b]. We have

P'/p

/b /dlf(t, s)|F' ds dthp—2§;/b|ai(t)|pdt' (©)

(2) follows from (6). The theorem is proved.

Theorem 3.2. Let {¢,(t)} be an orthonormed system on [c,d] such that
almost everywhere on [c,d] : ¢, (t)] < M (n € N), M is independent of n.
Then:

1)if feL,(II) (1 <p<2), then

Z:: /blaz Ipdt<M//|fts|pdsdt (7)

d
where M, is independent of f and a;(t) = [ f(t,s)pi(s)ds;

C

2) if {a;(t)} is such that qu 2f]a )9dt < +oo (g > 2), then there

d
exists a function f € Ly(II) for which a;(t) = [ f(t,s)ei(s)ds and

C

b d o b
//|f(t, 9| dsdt < Mquq_2/|a,~(t)|th, (8)
=1 "

where M, is independent of {a;(t)}.
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At first prove validity of 1). According to Foubini theorem, it follows from
f € L,(II) that for almost all ¢ € [a,b] the function f( -) € Lylc,d]. Then,

it follows from theorem 2.2 that for {a;(¢)}, a;(t f f(t, s)pi(s)ds, almost

everywhere on [a, b it holds

00 d
Slatl o < M, [ 179 ds 0

Having integrated the both hand sides of (9) in the segment [a,b], we get
validity of (7).

Show validity of 2). Let {a;(¢)} qu Zf la;(t)]?dt < 400 (¢ > 2). Ttis

clear that almost everywhere on [a, b]:> |a;(¢)|? 1972 < 4+o00. Therefore, by the-
i=1
d
orem 2.2. there exists a function f € L,[c, d] for which a;(t) = [ f(t, s)pi(s)ds

C
and

b o0
1800 ds <0, 3 s o (10

Integrating the both hand sides of (10) in the segment [a, b], we get validity of
(8). The theorem is proved.

Give the analogue of the known result on the relation between the smooth-
ness degree of the function and convergence rate of its Fourier series by the
system {e}

n=-—oo"

Theorem 3.3. Let [ € W0m+1((—ﬂ',ﬂ') X (—m,m) (1 < p < 2) and

(r'p)
8kf8(2’,:7r) = 8163;5;”) (k = 0,..,m) almost everywhere on (—m, ). Then, the
+oo iy
series > |n|™ [ |en(t)| dt converges, where
:/f(t,s)emsds, n=0,+1,42, ..., (11)
moreover,
1/p
1 aerlf
1/p
S i [ e @l < om Z I

n=-—00 (p'.p)

n;éO
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Proof. Integrate expression (11) by parts. We have

"f (t,s)

" —ins _ _i —ins |s=m —ins o
e (t) = 7ﬂf (t,s) e ""ds = mf (t,s)e }S:_W + — o~ 95 ds =
_ 1 7Taf (t7 S) —1ins _ 1 af —ins |s=m
in /_7r ds ds = (in)* Os ‘ }527” -
1 " an (t7 S) —ins _ _ 1 " aerlf (t7 S) —ins _ C;n+1 (t)
—i—(m)g /_7r 552 © ds = ... = (in)mﬂ/—w Semtl € ds = (i)™

e (1) where

So, almost everywhere ¢, (t) = R

T Qam-+1 )
(1) :/ Me_msds (n=0,%1,4£2,....).

n Osm+1

Since by the condition % € Ly p)((=m,m) x (=m,m)), then by theorem
3.1 we get {1 (t)}, cn € ly(a,b) and

am—i—lf
m+1
2™ O}, o < || Gomes (13
L p)
Further, using the Holder inequality, we get
1
+o0 m+1 +00 . & +o0 , /v’
> o= 3 O (8 ) (8 emer)
n=—oo "Z;ooo Z;OOO n=—oo
(14)

Hence, integrating the both hand sides of (14) with respect to t from — to 7,
we get

1/p
—+o0 1

> ol [ el < > |
n=-—00 nj;()oo

- 1/p
/(Z |em 2 (¢) ) dt. (15)

n=—oo
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Applying in (15) the Holder inequality, we have

x [ +o / 1/p' Yoo pm / 1/p
/ < !c:f“@)!p) dts(%)”p(z [l dt) . (16)

—T \n=-o00 n=-—00

Thus, it follows from (15), (16) and (13) that

1/p
+00 ™ / Rl |
m 1
;}mm /ﬂ\cn(t)|dt§(27r) b nz_:m‘n_‘p «

n#0

+oo pi ) 1/p'
(8 fror

1/p

“+o0
1
<o | Y} — ’

n=—oo

n#0

aerl f

asm—i-l

L' p)
The theorem is proved.
Theorem 3.4. Let f € W&,’ZD) ((—=m,m) X (—m, 7)), and

ak:f (ta _W) _ akf (ta 7T)
Osk - Osk

(k=0,...,m—1)

+m / s /
almost everywhere on (—m,m). Then the series Y. |n|™ [ |e,(t)|” dt con-
n=-—00 —

verges, where
cn(t):/f(t,s)e_msds, n=0,+1,+2, ..., (17)

moreover,

o f

os™ (18)

—+o0 T 1/p
<Z \n|mp// [en (t)|p'dt> S'

Lot p)
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Proof. Having integrated by parts in (17), as in the proof of theorem 3.3
for ¢, (t) we get

™

calt) = Ef;lgiz,cg@(t) :/%emsds (n=0,+1,+2,...).
Consequently,
¢y () = (in)™ca(t). (19)
Since af(;;g,s) € Ly p)((—m,m) x (=, m)), then it follows from theorem 3.1 that

{er ()} en € Ly(a,b) and as a result of (1) we get

“+o0 1/p,
T . , amf
(Z [ lerr dt) < ] o (20)
n=—oc” ~T L(v' p)

Substituting (19) into (20), we get inequality (18). The theorem is proved.
Remark. The obtained results may be used in grounding the Fourier
method for the solution of partial equations.

References

[1] N.K. Bari, Biorthogonal systems and bases in Hilbert space, Ucheniye
zapiski MGU, 4:148, (1951), pp. 65-107.

[2] B.T. Bilalov, Bases and tensor product, Trans. of NAS of Azerb., v.XXV,
No 4, (2005), pp.15-20.

[3] B.T. Bilalov , Z.G. Guseynov, K-Bessel and K-Hilbert systems. K-bases,
Dokl. RAN, vol. 425, No 3, (2009), pp.1-3.

[4] O. Blasco , A. Pelczynski , Theorem of Hardy and Paley for vector-valued
analytic functions and related classes of Banach spaces, Trans. Amer.
Math. Soc., v. 323, No 1, (1991), pp. 335-369.

[5] S. Bochner, Integration van Funktionen, deren werte die Elemente eines
vektorraumes sind, Fund. Math., v.20,(1933), pp. 262-276.

[6] Z.A. Canturija, On some properties of biorthogonal systems in Banach
space and their applications in spectral theory, Soobs Akad. Nauk Gruz.
SSR, 2:34, (1964), pp.271-276.

[7] O. Christensen , D. Stoeva, p-frames in separable Banach spaces. Adv.
Comput. Math., 18, No 2-4, (2003), pp. 117-126.



1812 M. I. Ismailov and T. Z. Garayev

[8] Kh. Garcia — Courva , K.S. Kazaryan , V.I. Kolyada , H.L. Torrea,
Hausdorff=Young inequality with vector-valued coefficients and applica-
tions, Uspekhi matematicheskikh nauk, vol. 53, issue 3 (321), (1998), pp.
3-84.

[9] M.I. Ismailov, b-Hilbert systems, Proceedings of IMM of NAS of Azerb.,
vol. XXX (XL), (2010), pp. 119-122.

[10] S. Kachmazh , G. Steinhous, Theory of orthogonal series, Moscow,
GIFML, 1958, 508p.

[11] Zh.P. Kahan , Random functional series, Moscow, Mir, 1973.

[12] A.N. Kolmogorov , S.V. Fomin, Elements of theory of functions and func-
tional analysis M.: Nauka, 1976.

[13] A. Najati , M.H. Foroughi and A. Rahimi, G-frames and stability of g-
frames in Hilbert spaces, Met. of Functional Anal. and Top., vol. 14, No
3,(2008), pp. 271-286.

[14] A. Pelczunski , I. Singer, On non-equivalent bases and conditional bases
in Banach spaces, Studia Math., 25, (1964), pp. 5-25.

[15] J. Petre, Sur I'utilisation des suites inconditionnellement sommables dans
la theorie des espaces d’interpolation, Rend. Sem. Mat. Univ. Padova., v.
46,(1971-1972), pp. 173-190.

[16] I. Singer, Bases in Banach spases I, SVBH, New York, 1970, 672 p.

[17] W. Sun, G-frames and G-Riesz bases. J. Math. Anal. Appl., 322, (2006),
pp. 437-452.

[18] B.E. Weits, Bessel and Hilbert systems in Banach spaces, and stability
problems, Izv. Vuz., Matematika , 2:45,(1965), pp. 7-23.

[19] A. Zigmund, Trigonometric series, vol. 1.2. Moscow, Mir, 1965.

Received: March, 2011



