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1. INTRODUCTION

Consider the spectral problem

y (@) = (a@)y () = My(x),  0<az<l, (1.1)

y'(0) cos v — 3y’ (0) sin v = 0, (1.2a)
y(0)cos B+ Ty(0)sin B = 0, (1.2b)

y'(1) cosy + y" (1) siny = 0, (1.2¢)
(aX+b)y(l) — (eA+d)Ty(l) =0, (1.2d)

where A is a spectral parameter;
Ty=y" - qv;

q(z) is a positive absolutely continuous function on the interval [0,1]; a, (3, v, a, b, ¢, and d are real
constants; and 0 < «, 3,7 < /2.

Throughout the following, we assume that
o =bc—ad> 0. (1.3)

In the present paper, we study basis properties of the system of eigenfunctions of the boundary
value problem (1.1), (1.2) in the spaces L,(0,1) (1 < p < 00).

Boundary value problems for second- and fourth-order ordinary differential operators with a
spectral parameter in boundary conditions were studied in a series of papers (e.g., see [1-17]).

A number of problems in mathematical physics can be reduced to such problems (e.g., see [2-10]).

Basis properties of the system of eigenfunctions of the Sturm—Liouville problem with a spectral
parameter in the boundary condition were studied in [10-16] in various function spaces, and the
existence of eigenvalues, estimates of eigenvalues and eigenfunctions, and expansion theorems were
considered in [1, 6, 8, 9] for fourth-order ordinary differential operators with a spectral parameter
in a boundary condition.

To study the basis properties of the system of eigenfunctions of the boundary value problem (1.1),
(1.2) in the space L,(0,1) (1 < p < 00), one should use the oscillation properties of eigenfunctions
and asymptotic formulas for eigenvalues and eigenfunctions of this problem. Note that the oscil-
lation properties of solutions were used in [11] to analyze the basis properties of the system of
eigenfunctions of a second-order differential operator with a potential and with spectral parameter
in the boundary condition in the space L,. An adaptation of the classical result on the oscilla-
tion properties of eigenfunctions to problems with a spectral parameter in the boundary condition
was represented in [11]. A detailed exposition of the classical result on the oscillation properties
of the eigenfunctions of a second-order differential operator with a potential can be found in the
monograph [18].
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906 KERIMOV, ALIEV

2. OSCILLATION PROPERTIES OF THE EIGENFUNCTIONS
OF THE BOUNDARY VALUE PROBLEM (1.1), (1.2)

Lemma 2.1 [17]. For each X\ € C, there exists a unique (up to a constant factor) nontrivial
solution y(x, ) of problem (1.1), (1.2a)—(1.2¢c).

Remark 2.1 [17]. Without loss of generality, one can assume that the solution y(z,\) of
problem (1.1), (1.2a)—(1.2¢) is an entire function of A for each = € [0,1].

Lemma 2.2. The eigenvalues of the boundary value problem (1.1), (1.2) are real and simple
and form an at most countable set without finite limit points.

Proof. Let y(z,\) be a nontrivial solution of problem (1.1), (1.2a)—(1.2c). The eigenvalues of
problem (1.1), (1.2) are the roots of the equation

(aX + b)y(l, A) — (eA + d)Ty(l, \) = 0. (2.1)

Let \* be a nonreal eigenvalue of problem (1.1), (1.2). Then A\* is also an eigenvalue of this
problem, since the coefficients ¢(x), «, 3, 7, a, b, ¢, and d are real; moreover, y (x, 5\*) =y (z, ).
By virtue of (1.1), we have

(Ty(, ) y(2, ) — (Ty(z, N) y(z, 1) = (10— Ny (@, wy(z, A).

By integrating this relation from 0 to [, by using the formula for the integration by parts, and
by taking into account conditions (1.2a)—(1.2c), we obtain

l

VN Tyl ) = 9L Ty = (0= 3) [ ol (o N, (22)
By setting 4 = A\* and A = \* in (2.2), we obtain
y N TG T~y ATy (A7) = (3 =3 [ Iy (@A)l da. (2.3

0

Since A* is a root of Eq. (2.1), we have the relation
Ty (1,A") = ((aA" +0)/(eA” + d) y (L, A7) -
In view of this relation, from (2.3), we obtain

(A" = X*) (ad — be)
le* + d)?

Wy (LA)F = (A /kalw

Since A\* # A*, we have the relation

—o |y (I, \*)]
—oly@GA)F /|y z, \)|? d,
le* + d|?

which contradicts condition (1.3). Therefore, A\* € R.

The entire function occurring on the left-hand side in Eq. (2.1) does not vanish for nonreal A.
Consequently, it does not vanish identically. Therefore, its zeros form an at most countable set
without finite limit points.

DIFFERENTIAL EQUATIONS Vol. 43 No.7 2007



ON THE BASIS PROPERTY OF THE SYSTEM OF EIGENFUNCTIONS 907

Let us show that Eq. (2.1) has only simple roots. Indeed, if A\* is a multiple root of Eq. (2.1),
then

(@ +b)y (L) = (e +d) Ty (I,\") =0, (2.4)
ay (I, \") + (aX* 4 b) %y (L,A) =Ty (I, \*) — (eX* +d) (%\Ty (I, ") =0. (2.5)

By dividing both sides of relation (2.2) by (x— ) (1 # A) and by passing to the limit as y — A,

we obtain
!

y(l,)\)%Ty(l,)\) — Ty(l,)\)a—a)\y(l,)\) = /yz(m,)\)daz. (2.6)

0

Since o # 0 [see condition (1.3)], we have (aX* + b)*+ (cA* 4+ d)* # 0. Suppose that aX* +b # 0.
Then, by expressing y (I, \*) and Y (I, A7) from (2.4) and (2.5), respectively, and by substituting

them into relation (2.6) for A = \*, we obtain

l
g

- (Ty (I, \* 2 ——/ 2 (z, \") dx,
(a)\* b)2 ( y( )) J Y ( )
which is impossible in view of condition (1.3).

The case in which ¢A\* + d # 0 can be considered in a similar way. The proof of Lemma 2.2 is
complete.

We introduce the boundary condition
y(l)cosé —Ty(l)sind = 0, d € [0,7/2]. (1.2d")

Along with problem (1.1), (1.2), consider the boundary value problem (1.1), (1.2a)—(1.2c),
(1.2d").

Theorem 2.1 [19] (see also [17]). The eigenvalues of the boundary wvalue problem (1.1),
(1.2a)—(1.2c), (1.2d") are simple and form an infinitely increasing sequence {p,(8)}, ., ; moreover,

pn(8) >0, n € N. The eigenfunction v\®) () corresponding to the eigenvalue p,,(8) has n—1 simple
zeros in the interval (0,1).

Remark 2.2 [17]. One has p;(d) > 0 for 0 € [0,7/2) and 6 = 7/2, 8 € [0,7/2); p1(7/2) =0
for g =m/2.

Let y(x, \) be a nontrivial solution of problem (1.1), (1.2a)—(1.2¢). Obviously, the eigenvalues
tn(9), n € N, of problem (1.1), (1.2a)—(1.2c), (1.2d") are zeros of the entire function

y(l,\)cosd — Ty(l, \) sin 0.

We set p, = p,(0) and v,, = p,,(7/2), n € N. Note that the function f(\) = Ty(l,\)/y(l,\) is
defined for

Ae D= (C\R)U (U (un_l,un)> ;

where py = —o0.

It was shown in [17] that the function f(\) is continuous and strictly increasing on each interval
(1, ptn), n € Ny and that limy,_,_,, f(\) = —oc.

By m(\), we denote the number of zeros of y(x,\) in the interval (0,7). Lemma 7 in [17] and
Theorems 3.3, 4.2, and 5.4 in [19] readily imply the following assertion.

Lemma 2.3. If A\ € (n_1, pin], n € N, then m(\) =n — 1.

DIFFERENTIAL EQUATIONS Vol. 43 No.7 2007



908 KERIMOV, ALIEV

To study basis properties of the eigenfunctions of the spectral problem (1.1), (1.2) in the spaces
L,(0,1) (1 < p < o0), one should establish:

(i) a correspondence between the eigenfunctions of problem (1.1), (1.2) and the eigenfunctions
of problem (1.1), (1.2a)—(1.2¢c), (1.2d");

(ii) the structural arrangement of the eigenvalues of problem (1.1), (1.2) and problem (1.1),
(1.2a)—(1.2¢), (1.2d’) for 6 =0 and § = 7/2.

For ¢ # 0, we find a positive integer N from the inequality pux_1 < —d/c < uy-.

Theorem 2.2. The eigenvalues of the boundary value problem (1.1), (1.2) form an infinitely in-
creasing Sequence Ai, Ag, ..., An, . ..; moreover, \, > 0 forn > 3. The corresponding eigenfunctions
y1(x),y2(x),. .., yu(x),... have the following oscillation properties:

(a) if c =0, then y,(x) has exactly n — 1 simple zeros;

(b) if ¢ # 0, then y,(x) has ezactly n — 1 simple zeros for n < N and exactly n — 2 simple zeros
for n > N in the interval (0,1).

Proof. By virtue of the properties of the function f(\) and the relations y (I, u,,) = 0, n € N,

we have
A—»}L15?1+0f()\) - Aihl?—of(A) = oo

moreover, the function f(\) takes each value in (—oo,400) at a unique point in the interval
(n_1, ity). For the function g(A\) = (aX + b)/(cA + d), we have ¢'(\) = —c/(cA + d)?. Since
o > 0, it follows that the function g(\) with ¢ = 0 is strictly decreasing on the interval (—oo, 400);
if ¢ # 0, then the function g()\) is strictly decreasing on each of the intervals (—oo,—d/c) and
(—d/c,+00); moreover,

A-»l—lg/lc—o 9(A) = —o0, Aﬁl—lg/lcw 9(A) = +oo.

Suppose that either ¢ = 0 or ¢ # 0 and —d/c &€ (pn_1, tn]. It follows from the preceding
considerations that in the interval (p,_1, tn), n € N, there exists a unique A = A* such that

fA) =g, (2.7)

i.e., condition (1.2d) is satisfied. Therefore, A’ is an eigenvalue of the boundary value prob-
lem (1.1), (1.2), and y (z, A}) is the corresponding eigenfunction. It follows from Lemma 2.3 that
m (A5) =n — 1. One can readily see that if either ¢ = 0 or ¢ # 0 and n < N, then A\’ is the nth
eigenvalue of the boundary value problem (1.1), (1.2); i.e., A, = .

Let ¢ # 0 and —d/c € (uy_1,n). In a similar way, one can show that in each of the intervals
(un_1,—d/c) and (—d/c, uy), there exists a unique value (Ay and Ay, respectively) such that
relation (2.7) is valid. By Lemma 2.3, we have m (Ay) = m (Ay41) = N — L

The case in which ¢ # 0 and —d/c = puy can be considered in a similar way; here one uses the
fact that uy is also an eigenvalue of the boundary value problem (1.1), (1.2). In this case, we have
A € (-1, ) and Ay 1 = jiy. By Lemma 2.3,

mAy) =mAya) =N-1 " [mAya)=(N+1) -2

Note that if ¢ # 0 and n > N, then the unique solution A} of Eq. (2.7) in the half-open interval
(fin_1, ptn] is the (n + 1)st eigenvalue of the boundary value problem (1.1), (1.2), i.e., A,y = AX.
Since m (AX) =n —1, we have m (A\,y1) =n—1=(n+1) — 2.

It follows from the preceding considerations that A, > u; for n > 3. Consequently, by Theo-
rem 2.1, A,, > 0 for n > 3. The proof of Theorem 2.2 is complete.

Theorem 2.3. The following relations are valid for sufficiently large n € N :

Pl < Ap < Vp < pp if ¢=0, (2.8)
fno <Ay <Vp1 < pn1 if ¢c#0 and a/c<DO0, (2.9)
fo < VUp_1 <Xy < pin_1 if ¢#0 and a/c>0. (2.10)

DIFFERENTIAL EQUATIONS Vol. 43 No.7 2007



ON THE BASIS PROPERTY OF THE SYSTEM OF EIGENFUNCTIONS 909

Proof. The eigenvalues v,,, n € N, of the boundary value problem (1.1), (1.2a)—(1.2¢), (1.2d")
for 6 = w/2 are zeros of the function f(\). In a similar way (see the proof of Theorem 2.2), one can

show that the equation f(A) = 0 has the unique solution v,, = u,(7/2) in each interval (ft,_1, fin)-
Consequently,
1 < Vp < fhp, n € N. (2.11)

By (1.3), for sufficiently large A, we have the inequalities

aX+b . a\+b
c)\—l—d<0 (if a/c<0), N d

>0 (@(if a/ec>0).

Moreover, Theorem 2.1, together with the properties of the function f(\), implies that

Ty(l, )
y(l,A)

Ty(l, \)

<0 (lf M1 < A< Un)7 (l )\)

>0 (A v, <A< py).

The validity of relations (2.8)—(2.10) follows from Theorem 2.2 and from the last four inequalities.
The proof of Theorem 2.3 is complete.

3. ASYMPTOTIC FORMULAS FOR THE EIGENVALUES AND EIGENFUNCTIONS
OF THE BOUNDARY VALUE PROBLEMS (1.1), (1.2a)(1.2c), (1.2d’) AND (1.1), (1.2)

For brevity, we introduce the notation s (6, ds) = sgnd; + sgndy. We define numbers 7, v, a,,
and (3, (n € N) and a function ¢(z,t), x € [0,1], t € R, as follows:

3(1+s(8,0))/4 -1 if s(a,y) =1
T=< (5+2sgna)/4+ (—1)Ee ((—1)eF 4 (—1)=°)
x(6sgna—3)/8 -1 if s(a,7y) #1,
31+ s(8,]c|))/4 if s(a,y) =1
v=2 (5+2sgna)/4+ (—1)%E" ((—1)%"F 4 (—1)snlel)
X (6sgna —3)/8 it s(a,7y) #1,

a, = (n—71)1/l, Bn = (n—v)w/l,

sin (ta: + —sgn ﬁ) — cos (tl + —s(, )) e (=) if s(a,3) =1
p(z,t) = sintz — cos tw + (—1)%8n et

+(=1)1~ ng\/_sm(tl—l—(— e /4) e =) i s, B) £ 1

Theorem 3.1. One has the asymptotic formulas

V1 (0) = a, + O(1/n), (3.1)
v (@) = ¢ (z,0,) + O(1/n), (32)
VA = B +0(1/n), (3.3)
yn(z) = @ (2, 8,) + O(1/n). (3.4)

Proof. We set A = ¢* in Eq. (1.1). By Theorem 1 in [20, p. 58], Eq. (1.1) has four linearly
independent solutions z;(z,0) (k = 1,...,4), which are regular with respect to o (for sufficiently
large o) and satisfy the relations

2z, 0) = (owp)* e [1+0(1/0)], k=1,...,4, s=0,...,3, (3.5)

where wy, (k=1,...,4) are distinct fourth roots of unity.
We set

fo = Vn0) = Vi, on= Ym0 G Om/2)  en= V.

DIFFERENTIAL EQUATIONS Vol. 43 No.7 2007



910 KERIMOV, ALIEV

The boundary conditions (1.2a)—(1.2c), (1.2d’) are strongly regular (see [20, p. 71]).
Let o € (0,7/2], 8 € (0,7/2], and v € (0,7/2] in the boundary conditions (1.2a)—(1.2c).
By Theorem 2 in [20, p. 74], for sufficiently large indices k, we have

Thimo = (K +1/4)7/l + O(1/k), (3.6)

Okm, = (k+1/2)m/l + O(1/k), (3.7)

where mg and m, are some given integers. It follows from relations (3.6), (3.7), and (2.8) and
Property 1 in [19, Sec. 4] that m; = mg + 1.

By taking into account relations (3.5) in the boundary conditions (1.2), for sufficiently large k,

we obtain ) )
7 .
Ok+ms — <k + Z) 7 + O <E> if ec= 0,

1\ 7 1 .
Qk+m3:<k+§>7+0<g> if ¢#0,

where my and mj are some fixed integers. It follows from (2.8)—(2.10) and (3.6)—(3.8) that
mo = mg + 1 and ms = my + 2.
Thus, for sufficiently large k, we have the formulas

(3.8)

Ormot1 = (K +1/2)7/l+ O(1/k), (3.9)
(k4 14/l + O(UR) i e=0
Orctmo-+1 { (k—1/2)7/l+O(L/k) if c#0. (3.10)

Further, by taking into account relations (3.5), (3.6), (3.9), and (3.10), we obtain the asymptotic
formulas [20, pp. 84-87]

o0 (@) = k7)) 7 i b+ 1) To+Ts
(@) = (s 5) ) Lo (043) T34

1
— COS [<k: + Z) ?x + gs} + (_1)s+1e—(k+1/4)ﬂr/l} + O(l/k‘), (3‘11)
v,i‘?moﬂ(x) = sin <k: + %) %m — cos <k; + %) ?az _ o~ (k+1/2)ma/l
+ (_1)k+m0+1e—(k+1/2)7'r(l—r)/l + O(l/k‘) (5 c (0’71_/2])’ (312)

sin(k + 1/4)wx/l — cos(k + 1/4)mwx /1
B —e—(k+1/N)ma/l | O(1/k) if ¢=0

Yetmo+1() = 4 Gin(k — 1/2)ma/l — cos(k — 1/2)7z/1 (3.13)
_ef(kfl/Z)ﬂw/l + (_1)k}+m0e*(k}*l/Q)ﬂ'(l*l)/l + O(l/k‘) if ¢ ?é 0.

Let us find my. Let k = 2m, where m is a sufficiently large fixed positive integer. Consider the
function

1 1 1
vé?r)ﬁrmo (z) = sin <2m + Z) ?az — cos <2m + Z) %m — e~ GmHl/ e/l <%> .

We introduce the notation t = (2m + 1/4)wz/l, x € [0,!]; then
x=tl/((2m+ 1/4)7), t €0,(2m + 1/4)7].
We set

_ O tl :
©(t) = Vot me <(2m n 1/4)7T> ; (3.14)
then
o(t) =sint —cost — e~ " + O(1/m). (3.15)
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By taking into account (3.11), we obtain
¢'(t) = cost +sint+e "+ O(1/m). (3.16)

Let t € 2rm,2(r + 1)7], r = 0,1,. — 1. We fix a number r and set £ = t — 2rm, whence it
follows that t = £ 4 2rm, 0 < € < 2m. We set

P(€) = (€4 2rm) =siné — cos & — e~ T2 L O(1/m). (3.17)

It follows from (3.17) and (3.16) that
Y (€) = cos€ +siné + e L O(1/m). (3.18)

By taking into account (3.17) and (3.18), we obtain the relations ¢(0) < 0, ¥(7/2) > 0, (7)) > 0
Y(37/2) < 0, Y(2m) < 0, ¥ (&) > 0 for £ € (0,7/2), Y(&) > 0 for £ € (w/2,7), ¥'(§) < O for
¢ € (m,3m/2), and (&) < 0 for & € (37/2,27). Hence it follows that the function ¢(£) has
exactly two zeros in the interval [0, 27); consequently, the function ¢(t) has exactly 2m zeros in the
interval (0, 2m).

Let t € 2mm,2mm + 7 /4). By virtue of (3.15) and (3.16), ¢(2mm) < 0, ¢(2mm + 7/4) = 0, and
¢'(t) > 0. Consequently, the function () has no zeros in the interval [2mm, 2mm + 7w /4).

By virtue of the preceding considerations, we find that the function ¢(t) has exactly 2m zeros
in the interval (0, (2m + 1/4)7). Consequently, by the relation (3.14), the function v\, +m, (%) has
exactly 2m zeros in the interval (0,1). Then, by Theorem 2.2, the function v’ +m, () corresponds
to the eigenvalue pig,,,; of the boundary value problem (1.1), (1.2a)—(1.2c), (1.2d") for § = 0. This
implies that mg = 1.

By setting mo = 1 in (3.6), (3.9)-(3.13), we obtain the assertion of Theorem 3.1 for «, 3,7
belonging to (0,7/2]. The remaining cases can be considered in a similar way. The proof of
Theorem 3.1 is complete.

4. ON THE MINIMALITY OF THE SYSTEM OF EIGENFUNCTIONS
OF THE BOUNDARY VALUE PROBLEM (1.1), (1.2)

Theorem 4.1. Let s be an arbitrary fived positive integer. Then the system {y,(x)} (n =
1,2,...; n# s) is minimal in the space L,(0,1) (1 <p < 00).

Proof. It suffices to show that there exists a system {u,(z)} (n =1,2,...; n # s) biorthogonal
to the system {y,(x)} (n=1,2,...; n#s).
By virtue of (2.2), for arbitrary positive integers n and m, we have

Ym(D)TYn (1) = Yn(DTYm () = A — Am) (Yns Ym) 5 (4.1)

where
l

(Yn> Ym) :/yn(ﬂi)ym(:r)dx

0

Consider the case in which ¢ = 0. It follows from (4.1) and (1.2d) that
(¥n ym) = (@/d)yn(Dym (1), m # n. (4.2)

We define elements of the system {u,(x)} (n =1,2,...; n # s) by the relation

) = (o) = L2800 /[l - S020)]. (4.9
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where || - ||, stands for the norm in the space L,(0,1). By (4.2), we have

(unv ym) = 5n,m7 (44)

where 0, ,, is the Kronecker delta.
Now consider the case in which ¢ # 0. Let A, # —d/c and \,, # —d/c. Then, by (4.1) and

(1.2d), we have
g ()‘n — )‘m) yn(l)ym(l)
(A, +d) (A, +d)

Suppose that Ay;1 = —d/c. By (1.2d), we have yy41(l) = 0. From (4.5) with m # N + 1,

Ym (DT yn(l) = yn(DTYm (1) = — (4.5)

we obtain
Y (DTyn+1(1) = yn+1() Ty (1) = Y ()T yn1(1).- (4.6)
By comparing relations (4.1), (4.5), and (4.6), we find that
Y (Dym (1) : d d
- D WAL A
(eh, +d) (eh, +d) it A # ¢’ m# c
(YnsYm) = o Tun s (D) ‘ J (4.7)
— C)\m—|—d if n:N+1,)\N+1:—E
for m # n.

Let Axy 1 # —d/c. Obviously, A, # —d/c for all n = 1,2,... We define the elements of the
system {u,(x)} (n=1,2,...; n # s) by the relation

_ ) — (C)‘s + d) yn(l) T 2 Uy,%(l)
o) = o) ~ GG )] /i + 0] (15)

By using (4.7), one can readily justify relation (4.4).
Let Ayy1 = —d/c. We define the elements of the system {u,(z)} (n = 1,2,...; n # s) by the

relation o) [yn(ﬂc) - jzrg(llzyN+1(l)yN+l($)} / [Hy”% + %} (4.9)

for s = N + 1, relation (4.8) for s # N + 1, n # N + 1, and the relation

c(eAs +d) Tyvll) m] / [”yw”; ) ]

) = |ala) = D

for s # N 4+ 1, n = N + 1; in this case, one can readily see that relation (4.4) is valid. The proof
of Theorem 4.1 is complete.

Lemma 4.1. One has the asymptotic formula
un(z) =17y, (z) + O(1/n). (4.10)
Proof. By (3.4), we have the relations

Il =t+ou/m.  w={ U0 & o0 (4.11)

where 1 < |a,| < 2.
By taking into account (3.3) and (4.11), from (4.3), (4.8), and (4.9), we obtain the representa-
tion (4.10). The proof of Lemma 4.1 is complete.
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5. THE BASIS PROPERTY OF THE SYSTEM OF EIGENFUNCTIONS
OF THE BOUNDARY VALUE PROBLEM (1.1), (1.2) IN L,(0,1) (1 < p < o0)

Theorem 5.1. Let s be an arbitrary fized positive integer. Then the system {y,(z)} (n =
1,2,...5 n # s) is a basis in the space L,(0,1) (1 < p < 00); moreover, if p = 2, then this basis is
unconditional.

Proof. Recall that the boundary conditions (1.2a)—(1.2c), (1.2d’) are strongly regular. Then,
by Theorem 5.1 in [21] (see also [22]), the system of eigenfunctions {v(® a;)}:; , of problem (1.1),

(1.2a)-(1.2c), (1.2d’) is a basis in the space L,(0,1) (1 < p < o0); moreover, if p = 2, then that
basis is unconditional.

Let ¢ = 0. We compare the system {y,(z)} (n=1,2,...; n # s) with the system {v{") (x)}:;l
By Theorem 3.1, we have the inequality

Hyn+1(ac) - v,(lo) (:1:)H2 < const x n7!

for all sufficiently large n, which implies the convergence of the series

§|<yn<m> O+ 3 fosto) = 90

(if s = 1, then the first sum is absent). Consequently, the system {y,(z)} (n = 1,2,...; n # s)
is quadratically close to the system {v,(lo)(a:)}zozl. By Theorem 4.1, {y,(z)} (n=1,2,...;n# s)is
a minimal system in L,(0,1) (1 < p < oo). Then, by Theorem 9.9.8 in [23, p. 440], the system
{yn()} (n=1,2,...; n # s) is an unconditional basis in L,(0,1).

The case in which ¢ # 0 can be considered in a similar way; in this case, the system {y,(z)}
(n=1,2,...; n#s) is compared with the system {v{"/? (:L“)}OO

We set

n=1"
@) =u)@ @], (=12

Since the boundary value problem (1.1), (1.2a)-(1.2c), (1.2d’) is self-adjoint, it follows from (3.2)
that the systems {277(10)(33)}2021 and {277(1”/2)(33)}2021 are uniformly bounded orthonormal bases
in LQ(O, l)

By using (3.1)—(3.4) and (4.10), one can readily show that

yn(x) = 120, (x) + O(1/n), Up(x) = 1720, (x) + O(1/n) (5.1)
for n € N, n # s, where

790(x) if e=0and1<n<s—1

- ) 9,2 (x) if e=0andn>s+1
on(z) = - :
o/ (x) if c#£0and1<n<s—1
o™/ (z) if c#0andn > s+ 1.
Note that the system {0,(z)} (n = 1,2,...; n # s) is a uniformly bounded orthonormal basis in

the space Ly(0,1).

We fix p € (1,2). Since the system {y,(x)} (n
that it is complete in L,(0,1). The system {y,(z)
only if

= in 7& s) is a basis in L,(0,1), we find
( = 1 2 ;n # s) is a basis in L,(0,1) if and

k

Un) Yn|| < Myl fllps k=1,2,..., (5.2)

p

for an arbitrary function f(z) in L,(0,1), where M, is a positive constant [24, p. 19].
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By (5.1), we have

k k k
S Gadw| <| S w1 3 (fﬁn)O(%)l
n=1,n#s » n=1,n#s n=1,n#s p
k @) ! v k ) ! 0 ! 5.3
.2, 0oG)n] ] 2 (e()oG)] - e

Since {0, (z)} (n =1,2,...; n # s) is an orthonormal system and is a basis in the space L,(0,1),
we have the inequality

< const X || f]l,, (5.4)

k
> (o)
n=1, n#s

where f(x) is an arbitrary function in L,(0,1).
By Theorem 2.3 in [25, p. 154], the estimate

k 1 k 1/q k 1 1/p
Z (f,0,) O <E> H < const X ( Z I(f, {;n)|q) ( Z ﬁ)
n=1,n#s »

n=1,n#s n=1,n#s

P

< const x || fll,, (5.5)

where ¢ = p(p — 1), is valid for an arbitrary function f(z) € L,(0,1). Next, we have

g 1 k .
n_%s <f a <E>> " MZ;#S <f,0 <E>> 2l
k 1 o\ 1/2
< const x ( Z <f70<_>> >
n=1,n#s n
k

1/2
1
< const X \|f||1< > ﬁ) < const X || fll,,  (5.6)

< const x

n=1,n#s
b 1 1 US|
> <f,0 <—>> O <—> <comst x [If[l. [ D — | < comst x [|f],. (5.7)
n=1,n#s n n p n=1,n#s n

Inequality (5.2) is a consequence of inequalities (5.3)—(5.7). This completes the proof of the
basis property of the system {y,(z)} (n =1,2,...; n # s) in the space L,(0,1) for 1 < p < 2.

Let 2 < p < 4o00. Since the system {y,(z)} (n = 1,2,...; n # s) is a basis in L,(0,1), it
follows from Corollary 2 in [24, p. 20] that the system {u,(z)} (n = 1,2,...; n # s) is a basis
in the space L,(0,1). Consequently, {u,(x)} (n = 1,2,...; n # s) is a complete system in the
space L,(0,1). Further, by using the preceding considerations, one can use the basis property of
the system {u,(z)} (n =1,2,...;n # s) in L,(0,1), which is equivalent to the basis property of the
system {y,(z)} (n=1,2,...;n # s) in L,(0,1). The proof of Theorem 5.1 is complete.
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