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Abstract
In the present study, the nonlinear modulation of transverse waves propagating
in a cubically nonlinear dispersive elastic medium is studied using a multi-
scale expansion of wave solutions. It is found that the propagation of quasi-
monochromatic transverse waves is described by a pair of coupled nonlinear
Schrödinger (CNLS) equations. In the process of deriving the amplitude
equations, it is observed that for a specific choice of material constants
and wavenumber, the coefficient of nonlinear terms becomes zero, and the
CNLS equations are no longer valid for describing the behaviour of transverse
waves. In order to balance the nonlinear effects with the dispersive effects,
by intensifying the nonlinearity, a new perturbation expansion is used near the
critical wavenumber. It is found that the long time behaviour of the transverse
waves about the critical wavenumber is given by a pair of coupled quintic
nonlinear Schrödinger (CQNLS) equations. In the absence of one of the
transverse waves, the CQNLS equations reduce to the single quintic nonlinear
Schrödinger (QNLS) equation which has already been obtained in the context
of water waves. By using a modified form of the so-called tanh method, some
travelling wave solutions of the CQNLS equations are presented.
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1. Introduction

It is well known that the slowly varying amplitude of waves propagating as one-dimensional
wave packets propagating in weakly nonlinear and weakly dispersive media is described by
the single nonlinear Schrödinger (NLS) equation [1, 2]

iuτ + puξξ + q|u|2u = 0 (1)

where u is the complex amplitude, ξ and τ are the slow space and time coordinates, respectively,
p and q are real constants depending on material parameters, wave frequency and wavenumber.
In certain cases, the coefficient of the nonlinear term, q, may vanish for a critical wavenumber,
kc. It is clear that the NLS equation becomes inappropriate if q(kc) = 0. The state where
pq = 0 is referred to as the marginal state of instability since the plane wave solutions of the
single NLS equation are modulationally unstable (stable) if pq > 0 (pq < 0) when q < 0.
In the critical regime where q(kc) = 0, dispersive and nonlinear effects do not balance each
other, i.e., dispersion dominates over nonlinearity. In such a case, waves cannot propagate in
the medium without changing their forms. In other words, solitary waves which imply perfect
balance between nonlinearity and dispersion cannot exist in the medium. Thus to balance
dispersive and nonlinear effects near the critical wavenumber, or the marginal state, higher-
order terms must be considered in the evolution equation. Thus a new scaling is required to
balance uτ , uξξ and higher-order terms. This is accomplished either by re-scaling the time and
distance or by intensifying the effects of nonlinearity. The modulation of Stokes waves near a
critical wavenumber was first considered by Johnson [3]. In this study, the effect of dispersion
was weakened by using slow scales ε4t and ε2(x − cgt) instead of ε2t and ε(x − cgt), where
cg is the group speed of the transverse waves, and an evolution equation with higher-order
nonlinear terms was derived

iuτ + puξξ + r|u|4u + ia1|u|2uξ + ia2u(|u|2)ξ + a3u�τ = 0 (2)

with �ξ = |u|2. In a later study [4], Kakutani and Michihiro also investigated the modulation
of water waves near the critical wavenumber, i.e., the marginal state. They intensified the
effect of nonlinearity by assuming that the nonlinearity is of O(ε

1
2 ) instead of O(ε), and they

derived a governing equation for the complex amplitude u near the critical wavenumber in the
form

iuτ + puξξ + r|u|4u + ia1|u|2uξ + ia2u(|u|2)ξ = 0, (3)

which may be called the quintic nonlinear Schrödinger (QNLS) equation. Later, Parkes
[5] derived formally the QNLS equation for a general system involving a single dependent
variable. The same generalized nonlinear Schrödinger equation was also obtained in the
study of pressure waves propagating in an infinitely long nonlinear elastic tube filled with
an incompressible inviscid fluid [6]. As stated briefly above, the QNLS has found extensive
application in water wave theory as well as other physical systems where the time and space
scales are greater than those described by the cubic NLS equation. Because of this fact, various
properties of this equation have been investigated in some detail [7–9].

If two waves co-propagate in weakly dispersive and nonlinear media, the slowly varying
amplitudes of the two free waves are described with a pair of coupled nonlinear Schrödinger
(CNLS) equations in various continuous media, such as optical fibres [10] and micro-polar
elastic solids [11]

iuτ + puξξ + q(|u|2 + |v|2)u = 0, ivτ + pvξξ + q(|u|2 + |v|2)v = 0, (4)

where u and v are the complex amplitudes of two free waves. The perturbation scheme leading
to the CNLS equation assumes a balance between dispersive and nonlinear effects. However,
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in some cases the coefficient of nonlinear terms, q, in the CNLS equations (4) vanishes for
a critical wavenumber as in the case of the single NLS equation. For such a case the CNLS
system is no longer valid near the critical wavenumber. Thus, in order to balance nonlinear
effects with dispersive effects, it is necessary to consider higher-order nonlinear terms for
an appropriate description of wave packet solutions near the critical wavenumber. The main
objective of the present study is to obtain a quintic coupled form of the single QNLS equation
in the context of elasticity.

The outline of this paper is follows: the basic equations governing the displacement field
of a cubically nonlinear elastic medium whose constitutive equation includes higher-order
gradients are briefly given in section 2. Dispersion equations associated with the longitudinal
and transverse components are also presented in the same section. Section 3 contains the
derivation of evolution equations governing the nonlinear modulation of amplitudes of the
transverse waves propagating in the above-mentioned infinite, homogeneous, weakly nonlinear
and weakly dispersive elastic medium. Two independent complex amplitudes are required
to describe the transverse components of the displacement field and as a consequence the
modulation equations are found to be a pair of two coupled NLS equations. It is observed
that the coefficient of the nonlinear terms of the coupled NLS equations vanishes at a critical
wavenumber of the carrier wave. In this critical regime the dispersive and nonlinear effects do
not balance each other, i.e., the coupled NLS equations are not appropriate. Near the critical
wavenumber, a different ordering should be used to intensify the effects of nonlinearity. Thus,
instead of assuming that the perturbed fields are of order ε, they are assumed to be of order ε

1
2 .

Then the resulting evolution equations describing the modulation of transverse waves near the
critical wavenumber become a pair of coupled quintic nonlinear Schrödinger equations. As
a special case, the coupled QNLS equations reduce to the single QNLS equation which has
been already obtained for Stokes waves on the surface of water. Using a modified form of
the so-called tanh method proposed by Yao and Li [12], some special solutions to the CQNLS
equations are given in section 4, and finally conclusions are presented.

2. Basic equations and dispersion relations

The present study considers transverse wave propagation near a critical wavenumber in a
weakly nonlinear and weakly dispersive elastic medium, i.e., in a micromorphic elastic medium
[13]. The motion of a material point in a micromorphic elastic solid is described by twelve
scalar functions: three for the macro deformation of the material point and nine for the
micro deformation of the micro elements in a macro volume. It is clear that the governing
equations of such a generalized solid will become very complicated. However, assuming that
the micro deformation of the micro elements are quite small, a great deal of simplifications
have been made in the governing equations of the micromorphic elastic medium. Thus the
resulting equations include higher-order spatial derivatives, representing the contribution of
micro deformation, of three unknown functions, i.e., displacement components. The basic
equations governing the displacement field of the cubically nonlinear elastic medium whose
constitutive equations include higher-order displacement gradients have been given in [14].
The following set of equations describe the one-dimensional motion in the elastic medium:

utt − c2
Luxx + 4c2

Tm2(1 + ν)uxxxx = γ1uxuxx + γ2(vxvxx + wxwxx) + γ3(ux)
2uxx

+ γ4{uxx[(vx)
2 + (wx)

2] + 2ux(vxvxx + wxwxx)},
vtt − c2

Tvxx + 4c2
Tm2vxxxx = γ2(uxxvx + uxvxx) + γ4[2vxuxuxx + (ux)

2vxx]

+ γ5[3(vx)
2vxx + 2vxwxwxx + (wx)

2vxx],
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wtt − c2
Twxx + 4c2

Tm2wxxxx = γ2(uxxwx + uxwxx) + γ4[2wxuxuxx + (ux)
2wxx]

+ γ5[3(wx)
2wxx + 2wxvxvxx + (vx)

2wxx], (5)

where t is time, x is the coordinate in the direction of propagation, and u is the longitudinal
component whereas v and w are the transverse components of the displacement vector. The
constants are defined as

c2
L = (λ + 2µ)/ρ0, c2

T = µ/ρ0,

γ1 = [3(λ + 2µ) + 2(A + 3B + C)]/ρ0,

γ2 = (2λ + 4µ + A + 2B)/2ρ0,

γ3 = 3[λ + 2µ + 4A + 12B + 4C + 8(D + G + H + K)]/2ρ0,

γ4 = (2λ + 4µ + 5A + 14B + 4C + 6G + 4H + 8K)/4ρ0,

γ5 = (λ + 2µ + A + 2B + 2K)/2ρ0,

where cL and cT are the speeds of longitudinal and transverse waves, respectively; λ,µ

(Láme constants) are linear elastic constants, A,B and C are the second-order elastic
constants, D,G,H and K are the third-order elastic constants, and ν and m are new constants
characterizing the microstructure. We should note that the one-dimensional governing
equations (5) are obtained from a Hamiltonian principle

δ

∫ ∫
L dx dt = 0,

where L = T −
 is the Lagrangian, 
 is the strain energy and T is the kinetic energy density
functions. The Euler–Lagrange equations

∂

∂t

(
∂L

∂uk,t

)
+

∂

∂x

(
∂L

∂uk,x

)
− ∂2

∂x2

(
∂L

∂uk,xx

)
= 0, (k = 1, 2, 3)

lead to governing equations (5) that involve cubic nonlinear terms, where (u1, u2, u3) =
(u, v,w). This is due to the fact that we have considered a third-order elastic material for
which the strain energy density function 
 was assumed to be a fourth-degree polynomial of
displacement gradients uk,l [14].

The dispersion relations obtained from the linearized equations of system (5) are given in
the form

D1(k, ω) = ω2 − c2
Lk2 − 4c2

Tm2(1 + ν)k4,
(6)

D2(k, ω) = D3(k, ω) = ω2 − c2
Tk2 − 4c2

Tm2k4

where k and ω denote wavenumber and frequency, respectively. In equation (6), D1 represents
the dispersion relation corresponding to the longitudinal displacement mode associated with u,
and D2 and D3 represent the dispersion relations corresponding to the transverse displacement
modes associated with v and w, respectively. As can be seen from equations (6), both the
longitudinal mode and the transverse modes are dispersive. Since the transverse modes satisfy
the same dispersion relation, one may expect a wave–wave interaction between the transverse
modes if the nonlinearity is included in the analysis.

3. Wave modulation near a critical wavenumber

In recent years, wave propagation problems have drawn a great attention in the context of
elasticity. In particular, the interaction between longitudinal and transverse wave envelopes
has been addressed in a number of works [15–17]. In the present section, we are concerned
with the interaction of two transverse waves propagating in an infinite elastic medium.
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In particular, the self-modulation of two transverse waves in a weakly nonlinear and weakly
dispersive elastic medium will be considered, and the contribution of higher-order nonlinear
effects on the wave propagation near a critical wavenumber is investigated. The modulation
of quasi-monochromatic waves will be studied using an asymptotic method which requires
the expansion of field variables in terms of a small amplitude parameter ε and introduces the
stretched coordinates [18].

The modulation of transverse waves propagating in a cubically nonlinear and dispersive
elastic medium has been considered in a recent study [19] using a multi-scale perturbation
method. In this study, the following stretched coordinates are introduced:

ξ = ε(x − cgt), τ = ε2t, (7)

where ξ and τ are the slow variables, and cg the group speed of the transverse waves, and the
field variables, the components of the displacement vector, are expressed as power series of
the small parameter ε

u = εu
(0)
1 (ξ, τ ) + ε2

[
u

(0)
2 (ξ, τ ) + u

(2)
2 (ξ, τ ) e2iθ + c.c.

]
+ · · ·

v = ε[φ(ξ, τ ) eiθ + c.c.] + ε2
[
v

(0)
2 (ξ, τ ) + v

(1)
2 (ξ, τ ) eiθ + v

(2)
2 (ξ, τ ) e2iθ + c.c.] + · · · (8)

w = ε[ψ(ξ, τ ) eiθ + c.c.] + ε2[w(0)
2 (ξ, τ ) + w

(1)
2 (ξ, τ ) eiθ + w

(2)
2 (ξ, τ ) e2iθ + c.c.] + · · ·

where φ and ψ are the free first-order transverse displacement components, θ = kx − ωt

and c.c. stands for the complex conjugate of the preceding terms. Substituting solutions (8)
together with the stretched coordinates (7) into the governing equations (5), a hierarchy of
equations in terms of powers of ε is obtained. Solutions of the perturbation equations lead
to the compatibility conditions in the form of a pair of two coupled nonlinear Schödinger
equations [19]

iφτ + pφξξ + δ1|φ|2φ + δ2ψ
2φ∗ + δ3|ψ |2φ = 0,

(9)
iψτ + pψξξ + δ1|ψ |2ψ + δ2φ

2ψ∗ + δ3|φ|2ψ = 0,

where

p = − 1

2ω

(
c2

g − c2
T − 24c2

Tm2k2
)
, δ1 = δ2 + δ3,

δ2 = − γ 2
2 k6

ωD1(2k, 2ω)
− γ5k

4

2ω
, δ3 = − γ 2

2 k4

2ω
(
c2

g − c2
L

) − γ5k
4

ω
.

The CNLS equations (9) reduce to the Manakov system if the coefficient δ2 = 0

iφτ + pφξξ + δ(|φ|2 + |ψ |2)φ = 0, iψτ + pψξξ + δ(|ψ |2 + |φ|2)ψ = 0, (10)

where

δ1 = δ3 = δ = γ 2
2 k4

2ω

[
4k2

D1(2k, 2ω)
− 1

c2
g − c2

L

]
. (11)

It should be noted that the assumption δ2 = 0 imposes a restriction on the value of the
wavenumber k, i.e. γ5 = −2γ 2

2 k2
/
D1(2k, 2ω). The Manakov system (10) is derived by

balancing the effects of weak nonlinearity and small side-band width. In the course of
derivation, the nonlinearity and small-side band effects are assumed to be of O(ε) implying
that the dispersive and nonlinear coefficients of the CNLS equations are of O(1). However,
for certain cases i.e., when the wavenumber k is near a critical wavenumber kc, the nonlinear
term δ may become zero. As is seen from equations (6) and (11), δ becomes zero when the
wavenumber is given by

k2
c = − 3 + 2ν

2m2(7 + 4ν)
(12)
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with −7 < 4ν < −6. Condition (12) together with γ5 = −2γ 2
2 k2

/
D1(2k, 2ω) gives rise to

γ5

γ 2
2

= − (7 + 4ν)

2
(
c2

T − c2
L

)
(7 + 4ν) + 4c2

T(3 + 2ν)(3 + 4ν)
. (13)

Equation (13) gives a relation between linear, second-order and third-order elastic constants
and microstructure constant. Since the wavenumber of a transverse wave can be chosen
arbitrarily, the critical wavenumber kc exists provided that condition (13) is satisfied. Under
the assumption of existence of such a critical wavenumber kc, similar to the marginal state of
the single NLS equation, the nonlinear terms drop from system (10) and the CNLS equations
cannot be valid about kc. In such a case, new evolution equations are needed to describe the
evolution of transverse modes near the critical wavenumber. Thus, a new scaling must be
used to balance the nonlinear and dispersive effects. To this end, the effect of nonlinearity is
intensified in the perturbation expansion, and nonlinearity is assumed to be of O(ε

1
2 ) instead of

O(ε). In other words, solutions to the system (5) are expanded into half powers of ε to include
the missing nonlinear terms into the coupled evolution equations near the critical wavenumber
kc (for the sake of simplicity the subscript c will be omitted in the rest of the work):

u = u
(0)
1 (ξ, τ ) + ε

[
u

(0)
2 (ξ, τ ) + u

(2)
2 (ξ, τ ) e2iθ + c.c.

]
+ ε

3
2 u

(0)
3 (ξ, τ )

+ ε2[u(0)
4 (ξ, τ ) + u

(2)
4 (ξ, τ ) e2iθ + u

(4)
4 (ξ, τ ) e4iθ + c.c.

]
+ · · ·

(14)
v = ε

1
2 [φ(ξ, τ ) eiθ + c.c

]
+ εv

(0)
2 (ξ, τ ) + ε

3
2 v

(0)
3 (ξ, τ ) + ε2v

(0)
4 (ξ, τ ) + · · ·

w = ε
1
2 [ψ(ξ, τ ) eiθ + c.c] + εw

(0)
2 (ξ, τ ) + ε

3
2 w

(0)
3 (ξ, τ ) + ε2w

(0)
4 (ξ, τ ) + · · · .

Note that the free transverse modes φ and ψ are ofO(ε
1
2 ) instead ofO(ε). Here we should note

that, due to intensified nonlinear effects near the critical wavenumber, we have to consider
higher order terms in governing equations (5) as well as in expansion (14). In order to
have higher-order nonlinear terms in the governing equations, fifth-order and sixth-order
displacement gradients must be included in the strain energy density function 
 as discussed in
section 2. In such a case, the strain energy density function 
, and consequently the governing
equations will have very complicated forms. Thus the computation of the coefficients in the
evolution equations will be complicated too. On the other hand, even if we do consider higher-
order terms, we would not be able to know the contribution of higher-order elastic constants
in the coefficients since their values are not known. Therefore we have omitted higher-order
nonlinear terms in the governing equations.

Substituting solutions (14) together with the stretched coordinates (7) into the governing
equations (5), we obtain a hierarchy of equations in terms of half powers of ε. For O(ε

1
2 ),

using the fact that D2(k, ω) = 0, we find that the transverse modes φ and ψ are arbitrary
functions:

eiθ : D2(k, ω)φ = 0, D2(k, ω)ψ = 0. (15)

For O(ε), setting the coefficients of the second modes equal to zero, we express the
second-order longitudinal mode in terms of the first-order transverse modes

e2iθ : u
(2)
2 = ik3γ2

D1(2k, 2ω)
(φ2 + ψ2). (16)

Substituting expression (16) for u
(2)
2 into the perturbation equations obtained for O(ε

3
2 ), and

then comparing terms of the same modes, we obtain the following expressions:

eiθ : D1(2k, 2ω)
(−2ikφ∗u(2)

2 + φu
(0)
1,ξ

) − 2γ2k
4(3|φ|2φ + φ∗ψ2 + 2|ψ |2φ) = 0,

(17)
D1(2k, 2ω)

(−2ikψ∗u(2)
2 + ψu

(0)
1,ξ

) − 2γ2k
4(3|ψ |2ψ + ψ∗φ2 + 2|φ|2ψ) = 0.
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In order to obtain explicit forms of these expressions, we need to know the explicit form of
u

(0)
1,ξ . Thus, we proceed to the next-order problem. In O(ε2), we obtain the following:

ei0 : u
(0)
1,ξ = k2γ2

c2
g − c2

L

(|φ|2 + |ψ |2),

e2iθ : D1(2k, 2ω)u
(2)
4 = 4k2γ1u

(0)
1,ξ u

(2)
2 + 3k2γ2(φφξ + ψψξ)

+ 2γ4k
3
[
4ku

(2)
2 (|φ|2 + |ψ |2) + iu(0)

1,ξ (φ
2 + ψ2)

]
,

e4iθ : D1(4k, 4ω)u
(4)
4 = −8ik7γ2

D2
1(2k, 2ω)

(k2γ1γ2 + γ4D1(2k, 2ω))(φ2 + ψ2)2. (18)

In order to eliminate the self-resonance we require that the dispersion relation D2(nk, nω) is
not satisfied by the pairs (nk, nω) for n � 2. Therefore the second-order longitudinal mode is
expressed by the lower order transverse modes:

u
(2)
4 = a1(φφξ + ψψξ) + ia2(|φ|2 + |ψ |2)(φ2 + ψ2) (19)

where

a1 = γ2k
2

D2
1(2k, 2ω)

{
3D1(2k, 2ω) − 8k

[
ωcg − c2

Lk − 32c2
Tm2(1 + ν)k3

]}
,

a2 = 4γ2k
5

(c2
g − c2

L)2D2
1(2k, 2ω)

[
γ4

(
c2

g − c2
L

)
D1(2k, 2ω) + γ1γ2k

2
]
.

Since we do not need functions obtained from higher-order modes of O(ε2) their explicit
forms will not be given here.

After having found the explicit form of the function u
(0)
1,ξ , we find from (17) that

δφ(|φ|2 + |ψ |2) = 0, δψ(|φ|2 + |ψ |2) = 0 (20)

where δ is the coefficient of the cubic nonlinear terms of the CNLS equations, i.e. (20) gives
an identity.

For the first mode of O(ε
5
2 ), we obtain the two coupled equations for the transverse modes

eiθ : 2iωφτ − (
c2

g − c2
T − 24c2

Tm2k2
)
φξξ = γ2k

[
k
(
φu

(0)
2,ξ − 3φ∗u(2)

2,ξ

) − i
(
φu

(0)
1,ξξ + 2φξu

(0)
1,ξ

+ 2k2φ∗u(2)
4

)]
+ γ4k

2
[(

u
(0)
1,ξ

)2
φ + 8k2

∣∣u(2)
2

∣∣2
φ − 4iku

(0)
1,ξ u

(2)
2 φ∗]

− 4iγ5k
3[3|φ|2φξ + |ψ |2φξ + φ∗ψψξ + φψ∗ψξ ]

2iωψτ − (
c2

g − c2
T − 24c2

Tm2k2)ψξξ = γ2k
[
k
(
ψu

(0)
2,ξ − 3ψ∗u(2)

2,ξ

) − i
(
ψu

(0)
1,ξξ + 2ψξu

(0)
1,ξ

+ 2k2ψ∗u(2)
4

)]
+ γ4k

2
[(

u
(0)
1,ξ

)2
ψ + 8k2

∣∣u(2)
2

∣∣2
ψ − 4iku

(0)
1,ξ u

(2)
2 ψ∗]

− 4iγ5k
3[3|ψ |2ψξ + |φ|2ψξ + ψ∗φφξ + ψφ∗ψξ ]. (21)

Here u
(0)
1,ξ and u

(2)
2 are expressions known explicitly in terms of the first-order quantities.

In order to express the coupled evolution equations in a compact form, all the higher-order
longitudinal modes should be written in the system. In this regard we should calculate u

(0)
2,ξ

from the higher-order perturbation equations. From the zeroth mode of O(ε3) we have(
c2

g − c2
L

)
u

(0)
2,ξξ − 2cgu

(0)
1,τξ = γ1

2

[(
u

(0)
1,ξ

)2
+ 8k2

∣∣u(2)
2

∣∣2]
ξ

+ iγ2k[φφ∗
ξ − φ∗φξ + ψψ∗

ξ − ψ∗ψξ ]ξ

+ 2γ4k
2{u(0)

1,ξ (|φ|2 + |ψ |2) − iku
(2)
2 [(φ∗)2 + (ψ∗)2] + iku

(2)∗
2 (φ2 + ψ2)

}
ξ
. (22)

Integrating equation (22) with respect to ξ once, and substituting expressions (16) for u
(2)
2 and

u
(0)
1,τ = k2γ2

c2
g − c2

L

∫ ξ ∂

∂τ
(|φ|2 + |ψ |2) dζ,
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into (22), we obtain(
c2

g − c2
L

)
u

(0)
2,ξ = iγ2k(φφ∗

ξ − φ∗φξ + ψψ∗
ξ − ψ∗ψξ)

+
γ2k

4

2
(
c2

g − c2
L

)2

[
4γ4

(
c2

g − c2
L

)
+ γ1γ2

]
(|φ|2 + |ψ |2)2

+
4γ2k

6

D2
1(2k, 2ω)

[γ4D1(2k, 2ω) − γ1γ2k
2]|φ2 + ψ2|2

+
2cgk

2γ2

c2
g − c2

L

∫ ξ ∂

∂τ
(|φ|2 + |ψ |2) dζ, (23)

where integration is performed over the interval (−∞, ξ). Substituting the previously
obtained functions u

(0)
1,ξ , u(0)

2,ξ and u
(2)
4 in the coupled evolution equations (21), after tedious but

straightforward calculations we obtain the following two coupled equations for the transverse
modes:

iφτ + pφξξ + iaφ∗(φφξ + ψψξ) + 5bφ|φ|4 + 2bφ∗ψ2|ψ |2 + 6bφ|φ|2|ψ |2

+ 3bφ∗ψ2|φ|2 + bφ3(ψ∗)2 + 3bφ|ψ |4 + cφ

∫ ξ ∂

∂τ
(|φ|2 + |ψ |2) dζ = 0,

(24)
iψτ + pψξξ + iaψ∗(ψψξ + φφξ ) + 5bψ |ψ |4 + 2bψ∗φ2|φ|2 + 6bψ |ψ |2|φ|2

+ 3bψ∗φ2|ψ |2 + bψ3(φ∗)2 + 3bψ |φ|4 + cψ

∫ ξ ∂

∂τ
(|ψ |2 + |φ|2) dζ = 0,

where the coefficient p is given in (11)

a = − 4γ 2
2 k5

2ωD2
1(2k, 2ω)

[
D1(2k, 2ω) − 4k

(
ωcg − c2

Lk − 32c2
Tm2(1 + ν)k3

)]
,

b = − 8γ 2
2 k10

D3
1(2k, 2ω)

(3γ4D1(2k, 2ω) + 2γ1γ2k
2), c = − 2γ2k

2(
c2

g − c2
L

) .

The coupled integro-differential equations (24) describe the motion of the two linearly
polarized transverse waves, polarized along the y and z directions, respectively, about a critical
wavenumber. Note that the coupled nonlinear terms in system (24) are very complicated. A
straightforward but tedious algebra shows that it is not possible to remove the integral terms
from system (24). At this stage, both, to simplify the highly complicated nonlinear terms and
to remove the integral terms in (24) we rewrite the coupled evolution equations (24) in terms
of the circularly polarized waves defined as

u′ = 1√
2
(φ − iψ), v′ = 1√

2
(φ + iψ) (25)

where |φ|2 + |ψ |2 = |u′|2 + |v′|2. Thus the system takes the following form in terms of the
circularly polarized transverse waves (after dropping primes)

iuτ + puξξ + ia(uv)ξv
∗ + 2b(|u|4 + 6|u|2|v|2 + 3|v|4)u + cu

∫ ξ ∂

∂τ
(|u|2 + |v|2) dζ = 0,

(26)

ivτ + pvξξ + ia(uv)ξu
∗ + 2b(|v|4 + 6|u|2|v|2 + 3|u|4)v + cv

∫ ξ ∂

∂τ
(|v|2 + |u|2) dζ = 0.

We note that the coupled nonlinear terms in (26) have a more simplified form than that of
(24). In order to eliminate the integral terms from system (26), we multiply the first equation
of (26) by u∗ and subtract from the complex conjugate of the same equation. The result is

i(|u|2)τ = −p(u∗uξ − uu∗
ξ )ξ − ia(|v|2|u|2)ξ . (27)
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Similarly, we obtain

i(|v|2)τ = −p(v∗vξ − vv∗
ξ )ξ − ia(|v|2|u|2)ξ (28)

by performing similar computations for (26)2. We note that (27) and (28) are mass conservation
laws associated with u and v components, respectively. Thus the sum of (27) and (28) leads to∫ ξ ∂

∂τ
(|u|2 + |v|2) dζ = ip(u∗uξ − uu∗

ξ + v∗vξ − vv∗
ξ ) − 2a|u|2|v|2, (29)

where the solutions u and v are rapidly decreasing functions of ξ as ξ → −∞. Using the result
(29) in the coupled integro-differential equations (26) gives the following set of equations:

iuτ + puξξ + i[pc(u∗uξ − uu∗
ξ + v∗vξ − vv∗

ξ )u + a(uv)ξ v
∗] + [2b|u|4

+ (12b − 2ac)|u|2|v|2 + 6b|v|4]u = 0,
(30)

ivτ + pvξξ + +i[pc(v∗vξ − vv∗
ξ + u∗uξ − uu∗

ξ )v + a(uv)ξu
∗] + [2b|v|4

+ (12b − 2ac)|v|2|u|2 + 6b|u|4]v = 0.

The coupled evolution equations (30) with quintic nonlinear terms describe the propagation of
transverse waves near the critical wavenumber, kc. System (30) reduces to the single quintic
nonlinear Schrödinger equation obtained previously in the context of water waves if one of
the components is assumed to be identically zero, i.e. v ≡ 0

iuτ + puξξ + ipc[2|u|2uξ − u(|u|2)ξ ] + 2b|u|4u = 0. (31)

In addition, the coupled system (30) contains a derivative nonlinear Schrödinger equation as
a spacial case when v = 0 and the coefficient of the quintic nonlinear term b = 0.

Similarly, if solutions with u → u0 and v → v0, u′, v′, . . . ,→ 0 are allowed as ξ → −∞
then the sum of (27) and (28) gives∫ ξ ∂

∂τ
(|u|2 + |v|2) dζ = ip(u∗uξ − uu∗

ξ + v∗vξ − vv∗
ξ ) − 2a|u|2|v|2 + 2a|u0|2|v0|2. (32)

If the result (32) is substituted into the coupled integro-differential equations (26), we obtain
the following set of equations:

iuτ + puξξ + i[pc(u∗uξ − uu∗
ξ + v∗vξ − vv∗

ξ )u + a(uv)ξ v
∗]

+ [2b|u|4 + (12b − 2ac)|u|2|v|2 + 6b|v|4]u + 2ac|u0|2|v0|2u = 0,
(33)

ivτ + pvξξ + i[pc(v∗vξ − vv∗
ξ + u∗uξ − uu∗

ξ )v + a(uv)ξu
∗]

+ [2b|v|4 + (12b − 2ac)|v|2|u|2 + 6b|u|4]v + 2ac|u0|2|v0|2v = 0.

The coupled evolution equations (33), in a similar fashion, reduces to a single quintic
nonlinear Schrödinger equation, if v ≡ 0

iuτ + puξξ + ipc[2|u|2uξ − u(|u|2)ξ ] + 2b|u|4u = 0. (34)

Similar to that of (30), the coupled system (33) contains a derivative nonlinear Schrödinger
equation as a spacial case when v = 0 and the coefficient b = 0. Various one-component forms
of cubic, quintic and derivative Schrödinger equations in nonlinear optics, plasma physics and
fluid dynamics have also been listed in [8] and references therein. In conclusion, both of the
systems (30) and (33) may be called the coupled quintic nonlinear Schrödinger equations.
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4. Some special solutions to CQNLS equations

In recent years, some special solutions to a single QNLS equation which is a one-component
form of the CQNLS system have been obtained in [8, 9] using different approaches. In [8],
Pathria and Morris have obtained oscillatory, phase jump and solitary wave solution to a single
QNLS equation by transforming the equation to one from which exact solutions are found.
Clarkson has obtained dimensional reductions and exact solutions of a QNLS equation via a
direct algorithmic method that does not use group theoretical approach [9]. In another study
[22], Fedele has used a correspondence between a generalized Korteweg–de Vries equation
and a generalized nonlinear Schrödinger equation to find a positive stationary-profile solution
to a quintic NLS equation. In the present section, we consider a special form of the CQNLS
equations (30)

iuτ + q1uξξ + iq2(u
∗uξ − uu∗

ξ + v∗vξ − vv∗
ξ )u + q3(|u|4 + 6|u|2|v|2 + 3|v|4)u = 0,

(35)
ivτ + q1vξξ + iq2(v

∗vξ − vv∗
ξ + u∗uξ − uu∗

ξ )v + q3(|v|4 + 6|v|2|u|2 + 3|u|4)v = 0,

where q1, q2 and q3 are constants, and look for some special solutions in the form of travelling
waves (travelling wave solutions to (33) can be found similarly). We use a modified form of
the so-called tangent hyperbolic method in order to find sech, tanh or mixed-type solutions to
the coupled system (35).

In recent years, various methods have been proposed for obtaining explicit travelling
solitary wave solutions to nonlinear evolution equations. The mixing exponential method
developed by Hereman and Takaoka [20] and the so-called hyperbolic tangent method
developed by Malfiert [21] may be mentioned among the exact methods. The basic idea
in the tanh method is to express a solution as a polynomial in terms of a tanh function in
which the degree of the polynomial is determined by a balancing procedure. Substituting the
solution into the evolution equation leads to a set of algebraic equations. The solution of the set
provides a solution to the evolution equation. In recent years, various generalizations of this
tanh method have been presented for finding multiple travelling wave solutions to nonlinear
evolution equations. According to the method presented in [12], nonlinear partial differential
equations

P(u, v, ut , vt , ux, vx, . . .) = 0, Q(u, v, ut , vt , ux, vx, . . .) = 0 (36)

are transformed into nonlinear ordinary differential equations through a travelling wave
transformation ζ = x + λt :

P(U, V,U ′, V ′, . . .) = 0, Q(U, V,U ′, V ′, . . .) = 0, (37)

where u = U(ζ ), v = V (ζ ), and ′ denotes the partial differentiation with respect to ζ . Then,
new variables ϕ = ϕ(ζ ), ψ = ψ(ζ ) which are solutions of the coupled Riccati equations are
introduced

ψ ′ = −kψϕ, ϕ′ = k(1 − ϕ2). (38)

A solution of (37) is then expressed as a sum of finite series

U(ζ ) =
m∑

i=0

aiψ
i +

m∑
i=1

biϕψi−1, V (ζ ) =
n∑

j=0

cjψ
j +

n∑
j=1

djϕψj−1 (39)

where ai, bi, cj and dj are constants. Moreover, positive integers m and n are determined
by balancing the highest derivative term with the highest nonlinear term. Then substituting
solution (39) into the system and solving the resulting nonlinear algebraic system gives multiple
travelling wave solutions of the nonlinear partial differential equation (36). This method is
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applied to various nonlinear evolution equations to obtain travelling wave solutions. All
the evolution equations considered in [12] are quadratically nonlinear, and consequently no
problem appears in balancing dispersive and nonlinear terms. However, if the nonlinearity is
of fifth order as in the case of the CQNLS equations, it is impossible to balance the dispersive
term and the nonlinear term. In other words, m and n are obtained as rational numbers if ϕ

and ψ are solutions of the coupled Riccati equations (40), that is the method does not work
successfully. In order to overcome this difficulty we assume the new variables ϕ and ψ are
solutions of the system

ϕ′ = kϕ

(
1 − 1

2
ϕ2

)
, ψ ′ = k

2
ψ(1 − ϕ2). (40)

Explicit tanh-type and sech-type solutions of system (40) are given by

ϕ2(ζ ) = 1 + tanh kζ, ψ2(ζ ) = sech kζ, (41)

where ψ4 = 1 − (ϕ2 − 1)2. A solution of the form (39) is then assumed. Substituting the
solution into the CQNLS system leads to a system of nonlinear algebraic equations. If we can
find a real non-trivial solution to these algebraic equations, a modified form of the tanh method
based on utilizing combinations of solutions to the coupled ordinary differential equations (40)
works successfully, at least for the CQNLS system.

In order to find travelling waves of equations (35), we introduce the travelling wave
transformation

u(ξ, τ ) = U(ζ ) exp{i[kξ − q1(k
2 + α)τ ]}, v(ξ, τ ) = V (ζ ) exp{i[kξ − q1(k

2 + α)τ ]},
(42)

where k and α are arbitrary parameters and ζ = ξ − 2kq1τ . Substituting solutions (42) into
system (35) leads to a pair of coupled ordinary nonlinear differential equations for the real
amplitudes U and V

U ′′ + αU + γ (U 2 + V 2)U + β(U 4 + 6U 2V 2 + 3V 4)U = 0,
(43)

V ′′ + αV + γ (V 2 + U 2)V + β(V 4 + 6U 2V 2 + 3U 4)V = 0,

where prime denotes the differentiation with respect to ζ , and the coefficients are defined as
γ = −2kq2/q1, β = q3/q1.

We now assume that system (43) has solutions of the form (39). Then, positive integers
m and n are determined by balancing the dispersive terms U ′′ with the highest nonlinear terms
such as U 5, U 3V 2, . . . in the differential equation system (43). Using solutions (39) and
coupled differential equations for ϕ and ψ (40), we obtain m = n = 1, and hence

U = a0 + a1ψ + a2ϕ, V = b0 + b1ψ + b2ϕ. (44)

Substituting solutions (44) into (43) and replacing derivative terms by polynomial expressions
in ψ and ϕ, we obtain two algebraic equations in mixed powers of ϕ and ψ . Because of
the relation ψ4 = 1 − (ϕ2 − 1)2, we can express the term ψ4 as polynomials in ϕ in the
resulting equations. Equating the coefficient of each power of the variables ϕ and ψ leads to
a nonlinear system of algebraic equations involving the parameters ai and bi, (i = 0, 1, 2).
Inspection of the resulting nonlinear algebraic equations shows that system (43) has only sech
type, i.e. ψ(ζ ), or tanh type, i.e. ϕ(ζ ), solutions. On the basis of this observation, we obtain
the following special solutions to system (43).

Case A. In order to simplify the nonlinear algebraic equation to be solved, we have assumed
that a0 = 0, a2 = 0, b0 = 0 and b2 = 0 for the sech-type solutions. Then, the following set of
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Figure 1. 3D plot of the real and imaginary parts and the modulus of the sech-type solution versus
ξ and τ for q1 = 1/2, q2 = 0 and q3 = 20/3.

equations for the parameters a1, b1, k, α and β is obtained:

ψ : a1(k
2 + 4α) = 0, b1(k

2 + 4α) = 0,

ϕ2ψ : a1
[−3k2 + 4β

(
a4

1 + 6a2
1b

2
1 + 3b4

1

)] = 0, b1
[−3k2 + 4β

(
b4

1 + 6a2
1b

2
1 + 3a4

1

)] = 0,

ψ3: a1γ
(
a2

1 + b2
1

) = 0, b1γ
(
a2

1 + b2
1

) = 0,

ϕ4ψ : a1
[
3k2 − 4β

(
a4

1 + 6a2
1b

2
1 + 3b4

1

)] = 0, b1
[
3k2 − 4β

(
b4

1 + 6a2
1b

2
1 + 3a4

1

)] = 0.

(45)

Solving the nonlinear system of equations (45) gives a set of admissible solutions:

U(ζ ) = a1

√
sech kζ , V (ζ ) = ±a1

√
sech kζ , (46)

where

α = −k2

4
, a2

1 = b2
1 =

√
3k2

2
√

10β
,
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Figure 2. 3D plot of the real and imaginary parts and the modulus of the tanh-type solution versus
ξ and τ for q1 = 3/10, q2 = −3/20 and q3 = −9/400.

with γ = 0, α < 0 and β > 0. In order to obtain a non-trivial solution for this particular case,
the coefficient γ is assumed to be zero. Therefore, the set (46) is a solution to the pure quintic
system where cubic nonlinear effects are ignored:

U ′′ + αU + β(U 4 + 6U 2V 2 + 3V 4)U = 0,
(47)

V ′′ + αV + β(V 4 + 6U 2V 2 + 3U 4)V = 0.

In fact, the sech-type solution (46) of the CQNLS system is also a travelling wave solution of
a single QNLS equation U ′′ + αU + 10βU 5 = 0 because U = ±V . This restricted solution
to the CQNLS system is basically due to a symmetrical coupled structure of the system. A
three-dimensional plot of the solution (42) corresponding to this particular case is shown in
figure 1. As a final comment to this subsection, one could mention that the bright envelope
solitary wave solution of the cubic NLS equation has the form u = sechζ eiθ where the
coefficients are omitted. This results from the balance between the cubic nonlinearity and
the dispersion. On the other hand, the perfect balance between the quintic nonlinearity and the
dispersion gives a solution of the form u = √

sechζ eiθ to the quintic NLS equation.

Case B. In order to find tanh-type solutions, we assume that a0 = 0, a1 = 0, b0 = 0 and
b1 = 0. Then, the following set of equations for the parameters a2, b2, k, α and β is obtained:
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ϕ: a2(k
2 + α) = 0, b2(k

2 + α) = 0,

ϕ3: a2
[−2k2 + γ

(
a2

2 + b2
2

)] = 0, b2
[−2k2 + γ

(
a2

2 + b2
2

)] = 0,

ϕ5: a2
[
3k2 + 4β

(
a4

2 + 6a2
2b

2
2 + 3b4

2

)] = 0, b2
[
3k2 + 4β

(
b4

2 + 6a2
2b

2
2 + 3a4

2

)] = 0.

(48)

Solving the nonlinear system of equations (48) gives a set of admissible solutions:

U(ζ ) = a2

√
1 + tanh kζ , V (ζ ) = ±a2

√
1 + tanh kζ , (49)

where

α = −k2, a2
2 = b2

2 = k2

γ
, β = − 3γ 2

40k2

with γ > 0, α < 0 and β < 0. Unlike the previous case, set (49) is a solution to the coupled
system (43) where both cubic and quintic nonlinear effects are present. However, similar
to the previous case, the tanh-type solution (49) of the CQNLS system is also a travelling
wave solution of a single QNLS equation U ′′ + αU + 2γU 3 + 10βU 5 = 0 because U = ±V .
A three-dimensional plot of solution (42) corresponding to this particular case is shown in
figure 2. Similar to the previous case, the envelope solitary wave solution is a result of the
quintic nonlinearity and the dispersion.

We should also note that we could not obtain a non-trivial solution to the nonlinear
algebraic equations if we assume mixed-type solutions of the form (44). This is due to the
fact that different restrictions are obtained for the sech-type solutions, i.e. γ = 0 and β > 0,
and for the tanh-type solutions, i.e. γ > 0 and β < 0.

5. Conclusions

As is well known, nonlinear modulation of one-dimensional waves on the surface of water is
described by the cubic NLS equation [1]. When the coefficient of the nonlinear term of the
cubic NLS equation is zero for the value of kh = 1.363, the NLS equation is not valid and, as
mentioned in the introduction, a quintic nonlinear Schrödinger equation has been obtained for
waves on the surface of water in [3, 4] near the critical wavenumber. The specific number in the
case of water waves does not depend on any parameter characterizing the medium. However,
this is not the case for an elastic medium where coefficients of nonlinear terms in NLS equation
usually depend on material parameters as well as wavenumber. Therefore, the existence of
such a critical wavenumber for waves propagating in a bulk elastic medium will imply a
condition similar to that of (13), between the elastic constants. In the present study, a system
of two coupled quintic NLS equations is derived for two transverse waves propagating in a
bulk elastic medium, under the assumption of the existence of a critical wavenumber. Whether
such an exceptional elastic material exists depends on the knowledge of linear, second-order
and third-order elastic constants. The values of linear and second-order elastic constants for a
number of materials are given in [14]. Since the values of third-order elastic constants are not
listed in [14], we are not able to check a possibility for the existence of such an elastic material.
However, results presented in this study could possibly be significant for wave phenomena in
various continuous media, including optical effects. As an example, we could mention that
the interaction of optical solitons in two-mode fibres and birefringent fibres is governed by a
pair of coupled NLS equations. If a critical wavenumber exists in such optical phenomena,
the results of the present study could be extended to study pulse propagation through optical
fibres. Pulse propagation can be significant for practical applications in the area of optical
fibre communication systems.
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