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Abstract: This article presents both the three-dimensional modelling of the isochronous pendulum
clock and the simulation of its movement, as designed by the Dutch physicist, mathematician,
and astronomer Christiaan Huygens, and published in 1673. This invention was chosen for this
research not only due to the major technological advance that it represented as the first reliable meter
of time, but also for its historical interest, since this timepiece embodied the theory of pendular
movement enunciated by Huygens, which remains in force today. This 3D modelling is based on the
information provided in the only plan of assembly found as an illustration in the book Horologium
Oscillatorium, whereby each of its pieces has been sized and modelled, its final assembly has been
carried out, and its operation has been correctly verified by means of CATIA V5 software. Likewise,
the kinematic simulation of the pendulum has been carried out, following the approximation of the
string by a simple chain of seven links as a composite pendulum. The results have demonstrated the
exactitude of the clock.

Keywords: Huygens’s pendulum clock; computer-aided design; virtual recreation; kinematic
simulation; CATIA V5

1. Introduction

The topic of this article is the subject of numerous publications [1–3], which demonstrates the
interest therein and follows the line of research on the recovery of technical historical heritage [4–9],
in particular that of antique clocks [10]. The sun and water were, in ancient times, the first references to
the measurement of time. After these types of clocks, perfected by Egyptians and Greeks, hourglasses
appeared, and subsequently, clocks with cog mechanisms were invented in the 13th century. In the
15th century, the first spring-powered timepieces were developed in Germany [11,12].

In the 16th century, major geographical discoveries provoked an interest in the precise determination
of longitude at sea. Therefore, the lunar clock was invented, as were astronomic clocks [13,14]. By the 17th
century, the cog-regulating pendulum of Christiaan Huygens had appeared, as had the discoveries of
Robert Hooke with respect to the law of elasticity; these mechanical improvements contributed towards
the invention of the first balance-spring-regulated pocket chronometer from Hooke and Huygens,
which constituted a milestone in precision horology.

In the 18th century, John Harrison solved the problem of longitude, and certain elements were
perfected, such as the profile of the teeth of the cogs and the compensation of the pendulum; these aspects
contributed towards improving accuracy. Finally, in the 19th century, with the industrial revolution,
mass production and mechanization appeared. These improvements in manufacturing technologies
constituted major contributions towards the improvement of the precision of watchmaking mechanisms.

Appl. Sci. 2020, 10, 538; doi:10.3390/app10020538 www.mdpi.com/journal/applsci

http://www.mdpi.com/journal/applsci
http://www.mdpi.com
https://orcid.org/0000-0001-9001-1050
http://dx.doi.org/10.3390/app10020538
http://www.mdpi.com/journal/applsci
https://www.mdpi.com/2076-3417/10/2/538?type=check_update&version=2


Appl. Sci. 2020, 10, 538 2 of 16

Christiaan Huygens (The Hague, Netherlands, 1629–1695) was one of the central characters of
the scientific revolution in the 17th century alongside Francis Bacon, René Descartes, Galileo Galilei,
and Isaac Newton. With training in physics, mathematics, and astronomy, he contributed notably by
perfecting Kepler’s telescope, thereby discovering Titan and the Orion Nebula. In 1656, he invented the
pendulum clock, after adding a pendulum to a clock driven by weights, so that the clock would keep the
pendulum moving and regulate its progress [15]. After this discovery, he stated the pendulum theory
employed to measure the acceleration of gravity and its variations with altitude and latitude [16–18].

He subsequently developed, with little success, a portable chronometer to make it easier for
seafarers to determine geographical longitude at sea, based on the double suspension of the pendulum
between cycloidal blades. Interest in his theories is still shown in various studies [19,20].

Huygens published several books, among which Horologium [21,22] stands out, in which he
defines the first pendulum clock, and Horologium Oscillatorium [23–25], his masterpiece, where he
describes the isochronous pendulum clock and studies the properties of the cycloid and of geometric
curves in general.

Huygens’s pendulum clock is a notable example of technical historical heritage, although there
are many projects for the recovery of cultural heritage in general. A good sample of these include
the mechanical lion of Leonardo Da Vinci [26], the initiative of the Canarian Orotava Foundation of
History of Science to study the machines invented by the distinguished Spanish engineer Agustín de
Betancourt [27], the virtual reconstruction of the device by Juanelo Turriano to raise water from the
Tagus river to the city of Toledo, Spain [28], the clock of the Cathedral of Santiago de Compostela,
Spain [29], the Church of Santa María de Melque in Toledo, Spain [30], and the Church of San Agustín
de la Laguna in Tenerife, Spain [31].

The objective pursued in this historical investigation consists of obtaining a reliable three-dimensional
model and the simulation of its movement through the parametric software CATIA V5 [32] of the
isochronous pendulum clock, as designed by Christiaan Huygens and published in 1673, to verify
its correct operation and underline its exactitude. Its selection is due to the significant technological
advance that it represented as the first reliable time meter, especially thanks to the use of the properties
of the cycloid, and also for its historical interest, since the whole theory of pendulum movement that
Huygens enunciated remains in force.

The contribution of this research lies in the fact that there is currently no 3D CAD model of this
historical invention with any degree of detail, which would help in the comprehension of its general
operation, which is anything but simple. This operation has been verified through simulations from its
virtual recreation, generating videos to check the properties of the cycloid (isochronous movement),
and therefore, the accuracy of its functioning.

Another objective of this 3D model is educational, as it is designed for display in a History of
Technology museum or interpretation centre. The impact of this research depends on the future uses
of the model, which include:

• Development of applications of virtual reality and augmented reality to promote the interaction of
the user with the model which will help users to better understand its operation and to appreciate
its classification for each element or system.

• Incorporation of the WebGL model into a website.
• 3D printing using additive manufacturing together with an animation created by a photorealistic

organizer for its exhibition in a Museum, Interpretation Centre or Foundation.

2. The Isochronous Pendulum Clock

As previously stated, in 1673, Huygens published his masterpiece Horologium Oscillatorium, which
was divided into five parts, wherein he describes the isochronous pendulum clock and studies the
properties of the cycloid and geometric curves in general. He also indicated a certain length of the
pendulum to produce a certain number of movements, and observed that the pendulum that marked
seconds should measure approximately 99.42 cm.
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This research has been carried out based on the first three parts of the book. The first describes the
clock (Figure 1) as consisting of three main subsets: The gear train, the mechanism of transformation of
the circular movement into an oscillatory movement, and the elements associated with the movement
of the pendulum.
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The gear train is configured on three axes interconnected by wheel-pinion assemblies that are
responsible for managing the clock hands. The mechanism of the transformation of the circular
movement into an oscillatory movement is composed of a crown wheel, K, that rotates around the
vertical axle and transforms its rotation into oscillation of the rod, S, thanks to a horizontal axle with
vanes, LM, held by the so-called ‘Gnomons’ (parts where the axles are housed). Finally, the elements
associated with the pendulum are the pendulum itself, its support, and the cycloidal blades that limit
its movement on either side, transmitted thanks to the rod, S.

In the second and third parts of the work, the theoretical foundations are enunciated and
demonstrated to achieve the isochrony of the pendulum, by forcing the pendulum to move tangent
to two cycloidal blades, which describe its extremes, the cycloid, and, therefore, a tautochronous
trajectory (isochronous movement). In this way, the pendulum achieves a constant period (one second)
independent of the amplitude of the movement.

The understanding of the operation of the mechanism was not easy, although the main challenges
faced in this research include the creation of the designs of the gears of different tooth profiles, the design
of the two cycloidal blades (two coupled escapement-driven blades), the simulation of the pendulum
movement, and especially, the behaviour of the strings that support the bob of the pendulum.
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3. Sizing, Design, and Assembly of the Elements of the Isochronous Pendulum Clock

The clock design has been carried out independently for each of the three component parts:
The gear train; the pendulum with the cycloidal blades; and the clamp (Gnomon P), the dimensions of
which are explained in detail in the Horologium Oscillatorium. For this modelling phase, the Sketcher
and Part Design modules of CATIA V5 were applied. These 3D CAD modelling techniques provide a
fundamental tool in the process of designing of technical historical heritage, for example, in aerospace
heritage [33], as a previous stage of CAE (computer-aided engineering) analysis [34,35] and, in general,
as an application for any example of cultural heritage [36].

The only information available regarding the operation of the pendulum clock appears as a brief
description of the component parts: The number of teeth of each wheel, the speed that each axle must
have, and the dimensions that the pendulum must have in order to mark seconds. However, there
is no information available regarding the shape and dimension of each piece, and hence the design
proposed in this research has been made only with the graphic information available in Figure 1.

It is well-known that pendulum clocks are characterized by using an oscillating weight to measure
time accurately, and that they enjoy the advantage that the pendulum behaves like a harmonic oscillator,
that is, its oscillation cycles are produced in equal time intervals (periods), and only depend on its
length (isochrony). For this reason, these pendulum clocks must remain in a fixed position, since
any displacement would affect the movement of the pendulum and the accuracy of its operation.
Therefore, the sizing of a pendulum clock is completely parametric, and depends only on the length of
the pendulum, which uniquely implies a gear ratio.

The pendulum clock can therefore be considered as being divided into two distinct parts: on the
one hand, there is gear train and, on the other hand, the pendulum which is made up of the cycloidal
blades and the clamp (Gnomon P), the sizing of which is explained in detail in the book.

3.1. Gear Train

The gear train design is undoubtedly the first step in the redesign phase of the clock: It is decisive
in the size of the resulting clock, since the distance between the axles is directly related to their primitive
diameter. The gear train can be differentiated from the rest of the gears because the speed ratio of each
pair of gears that are geared is directly related to the ratio of the diameters of the wheels, and this, in
turn, is related to the ratio of the number of teeth. Therefore, the different speeds of rotation of each
axle will be the speeds of the hands of the clock, which depends on the relation of the number of teeth
and not of the size.

To obtain the speed ratios between gears, it suffices to use wheels whose number of teeth are in an
inverse relationship, and the size of these gears will be determined by their own modulus (the gearing
wheels have the same modulus).

Given the absence of detailed information regarding the dimensions of the elements, it has been
assumed that the gear train as a whole would measure vertically one third or, at most, half the length
of the pendulum. This assumption has enabled us to estimate that the primitive diameter, d, of the
largest wheel (C—crown wheel), which has 80 teeth, is 240 mm, for which the modulus, m (the quotient
between the primitive diameter and the number of teeth), is 3. It is known that the modulus is a
standardized parameter, since it is decisive in the construction and calculation of gears, in such a way
that all the data of the gearwheels is expressed as a function of said parameter. Thus, the complete
pendulum clock design is based on this unit of measure.

Once all the gearing wheels were defined, the distance between the axles could be determined as
the semi-sum of the primitive diameters of said wheels. Additionally, the decision was taken that the
gear pressure angle should be the same, with the objective of transmitting movements and not forces
and, on the other hand, considering that the distance between the AA and BB plates that form the
structure of the clock (Figure 1) is 150 mm and the dimensions are 200 mm wide by 552 mm high.

Since the transmission between the gears must be carried out continuously to allow uniform
movements, any of several curves could be chosen for the design of the tooth profile: The cycloid,
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the epicycloid, the hypocycloid, and the involute of the circle [37]. Finally, the profile of the involute
of the circle was chosen because it can be traced with arcs of circumference, thereby obviating the
freehand trace, and with it the error introduced [38].

To this end, our method of choice was that of Grant’s odontograph [39], which results in a curve
that is a very good approximation to the theoretical profile. The design parameters of wheels and
sprockets were chosen while taking into account both the requirements of the chosen tracing method
and the basic conditions of the wheels and sprockets that engage [39,40].

Likewise, the 3D modelling of all teeth followed a common pattern of operation: First, a sketch
was made, in which the tooth profile was drawn; secondly, an extrusion (pad) of that sketch was
performed, to subsequently produce a circular matrix (circular pattern) of the extrusion; finally, a hole
was made to accommodate the corresponding axle.

Once all the gears were defined, the positions of each of the five axles of the mechanism were
determined by means of the semi-sum of the primitive diameters of each gear. This design was
completely satisfactory, since it was verified that there were interferences between the gears by sliding
the teeth between them, and allowing the precise operation of the clock.

Due to the complexity of the final model (consisting of 49 different components), and to the fact
that presenting the assembly plan would be extremely extensive, as would the detailed drawings of
each dimensioned piece and the exploded view of the assembly to show its order of assembly in the
search for the reproducibility of the work, we opted to include Figure 2, which shows only the front
view of the 3D CAD model and indicates the nine wheels (I, H, G, F, E, C, B, Y, and P) and the pinion, S,
as well as other main parts of the assembly. Likewise, Table 1 shows the main dimensional values
determined in this study for all nine wheels and the pinion.
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Table 1. Main dimensional values determined for all wheels and pinion.

Wheels Number of Teeth Primitive
Diameter (m) Modulus Pressure Angle (◦)

S (Pinion) 6 0.012 2 26
G & E 8 0.024 3 23

I 24 0.060 2.5 14.5
Y & B 30 0.078 2.6 14.5

H 48 0.120 2.5 14.5
F 48 0.144 3 23
P 72 0.144 2 26

C (Crown wheel) 80 0.240 3 23

3.2. Cycloidal Blades

These elements constitute the key to the success of this pendulum clock. The cycloid is traced by
faithfully following the method explained by Christiaan Huygens in his book Horologium Oscillatorium,
where it is defined as the cyclic curve that is generated by a point when rolling (without sliding) a
circle along a line (Figure 3).
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This curve can be obtained in the DMU Kinematics Simulator module of CATIA V5, in which the
software is instructed to draw the trajectory of a previously defined point of the circle, whereby this
cycloidal curve describes a succession of points joined by a spline (Figure 4).
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Once the cycloidal curve is obtained, and by extrusion of a closed sketch that is created from the
cycloid, the 3D models of the two cycloid blades can be obtained (Figure 5).
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3.3. Assembly of Subsets and Final Set

This operation was carried out in the CATIA V5 Assembly Design module through the application
of a series of geometric and movement restrictions (degrees of freedom) to the different parts, which
place them in their final positions. Thus, once each of the subsets was assembled, the final set could
be assembled.

Among all the subsets, the pendulum is perhaps the most complicated. Since the pendulum is
suspended by two strings between the cycloidal blades (Figure 6), and since CATIA V5 cannot model
flexible elements such as the string, this difficulty was resolved by assimilating it into a chain formed by
seven links, which represents an acceptable approximation of the real behaviour of the string. Figure 7
shows the pendulum geometry tree, where the various parts of this subset can be observed.
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CATIA V5 considers each sub-assembly in a rigid way; if it becomes flexible and becomes an
independent mechanism, then the possibility of relating it to another mechanism is lost, which is
inconvenient for kinematic simulation.

Likewise, the model of the chain (simulated string) was given a real look (Figure 8), in order to
attain a satisfactory result.

Finally, before obtaining the complete assembly of the isochronous pendulum clock (Figure 9),
various sub-assemblies were made, such as that of the spheres, the second disk, and the pendulum.
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4. Simulation of Pendulum Kinematics

For the kinematic simulation of the pendulum (the movement of which posed the most problematic
phase), the DMU Kinematics Simulator module of CATIA V5 was applied. This module requires the
existence of a fixed part for the simulation of a mechanism, and it was established at the beginning as a
restriction, and subsequently the unions between the different parts were defined. Without doubt,
the simulation of the movement of the pendulum presented the greatest difficulty.

This simulation raised two main drawbacks. In the first place, CATIA V5 fails to allow flexible
elements, such as the string, to be modelled, which has been solved by approaching the string as
a chain of seven links. Secondly, the possibility that the chain adapts to the cycloidal blades in its
periodic movement should also be borne in mind. CATIA has the capability for contact detection, but
if this option is activated, then at the moment it detects a contact, the simulation would halt.

The movement of the pendulum was resolved in two ways: By means of commands, that is,
by conveniently moving each degree of freedom; and by means of functions, that is, by imposing a
function on each degree of freedom of the driving mechanism. Therefore, since the string was modelled
as a seven-link chain, at each point of connection between the links there is a degree of freedom of
rotation, which are the drivers of the pendulum movement.

By means of command simulation (Figure 10), one of the properties of the cycloid discovered by
Huygens is verified: “The evolute of a cycloid is the displaced cycloid itself”, since it can be observed
that the cycloid of the wooden base and the cycloid of the cycloidal blades are the same but displaced.
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Figure 10. Command simulation.

To this end, the simulation of a single movement period is edited with commands. One by one
the degrees of freedom are moving, in the most similar way to reality, in the ‘Kinematic Simulation’
window. At the same time, in the ‘Edit Simulation’ window, frames are successively inserted for each
movement of a degree of freedom made.

Subsequently, the commands were gradually moved, so that when they reach the cycloidal blades,
the links adapted to them as much as possible, thereby ensuring, as far as possible, the tangency of the
links to the corresponding cycloidal blade, in such a way that the behaviour closely resembled that of a
string. The simulation was then compiled, and an animated film generated, thereby obviating the need
for the computer to create it every time a visualization is desired, which would greatly slow down
the movement.

Subsequently, the generated animation was cyclically reproduced in order to attain the periodic
movement of the pendulum, since only one period of the movement was inserted, and the film is
captured in a video.

Finally, in this video it can be seen that the property enunciated by Huygens is fulfilled and that
the pendulum model is a very good approximation for the result obtained, although a small error is
introduced due to the existence of the clamp that must be used for the chain to exit between the cycloid
blades, which means that a small part of the cycloid is neglected (Figure 11).
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By means of simulation through functions, the animation of the clock as a whole is made possible;
however, due to the high number of parts that each move at a different speed, and with respect to the
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other parts, a discrete synchronization by means of commands of the complete mechanism becomes
practically impossible.

When a mechanism is created with CATIA V5, the reference between elements is set as the position
they have at the time of creating the joint, and hence, before creating the joints in the Assembly Design
module, the links are placed tangentially to one of the cycloidal blades (Figure 12), and it is at that
moment when the joints between the different links are created.
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The function (Figure 13) that describes the movement of a simple pendulum (simple periodic
movement or simple harmonic movement) is [41]

y (t) = A sin (ωt + Φ)

where A is the amplitude of the periodic movement and Φ is the offset.
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For the pendulum to start moving at its point of maximum amplitude (Φ = ± 90◦), and since the
pendulum must mark seconds,ωmust be 180◦/s.

In this case, the chain of seven links has been modelled as a composite pendulum, in which each
link describes a simple periodic movement with respect to the previous link. Therefore, the angular
functions that simulate the movement of these links are

For the first link: θ1 (t) = θ1 sin (180t − 90) + θ1

For the remaining links: θj (t) = (θj − θi) sin (180t − 90) + (θj − θi)
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where j is a link and i is the link immediately before. In order to fully define the links, it suffices to
measure the angles with respect to the vertical in the initial position of tangency to the cycloidal blade
(Figures 14 and 15).Appl. Sci. 2020, 10, 538 12 of 16 
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Therefore, the laws that describe the movement of the links are:

θ1 (t) = (180 − 167.241) sin (180t − 90) + θ1 = 12.759 sin (180t − 90) + θ1

θ2 (t) = (167.241 − 164.460) sin (180t − 90) + θ1 = 2.781 sin (180t − 90) + θ1

θ3 (t) = (164.460 − 160.409) sin (180t − 90) + θ1 = 4.051 sin (180t − 90) + θ1

θ4 (t) = (160.409 − 158.457) sin (180t − 90) + θ1 = 1.952 sin (180t − 90) + θ1

θ5 (t) = (158.457 − 155.726) sin (180t − 90) + θ1 = 2.731 sin (180t − 90) + θ1

θ6 (t) = (155.726 − 155.632) sin (180t − 90) + θ1 = 0.094 sin (180t − 90) + θ1

θ7 (t) = (155.632 - 152.049) sin (180t − 90) + θ1 = 3.583 sin (180t − 90) + θ1

Finally, the process that follows is analogous to the previous process: In the simulation with
commands a simulation is edited, and a film is then created or a video is generated. As can be observed
in Figure 16, the string is curved before reaching the cycloidal blade, and precisely at the moment of
arrival it adopts the shape of the blade, which represents a good approximation.
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In the screenshots of the animation of Figure 16, the good approximation of this model can be
appreciated: The chain (simulated string) is curved before reaching the cycloidal blade, and, exactly at
the moment of arrival, its form is adopted. Although the chain does not move exactly like a string,
the pendulum shaft carries the necessary movement to regulate the march of the clock. The reason
why a greater number of links was not been chosen, which in principle would appear to guarantee
a greater reliability of the model, lies in dimensional and geometric causes. From the dimensional
point of view, the pendulum section that was represented (which was small in size), could not be
easily represented with more than seven links, while from the geometric point of view, seven links
sufficiently rectified the cycloid, a curve to which the pendulum had to adapt geometrically. Thus,
seven links provides a working scenario of relative comfort and, as seen in the videos and animations
obtained, the pendulum describes the cycloid very closely.

Furthermore, the kinematic relationships between the various gears are established by their
transmission ratios and it is, therefore, only necessary to establish motion simulation functions for the
remaining degrees of freedom. Once these degrees of freedom have been set, the clock can then be
simulated and various animations of its operation can be generated.
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5. Conclusions

In this article, the three-dimensional modelling of the isochronous pendulum clock of Christiaan
Huygens is presented, together with the kinematic simulation of the pendulum using the CATIA
V5 software.

The 3D model of the isochronous pendulum clock has been obtained with exactly the same
proportions as those described in the work Horologium Oscilatorium, thanks to the sizing criteria
adopted. However, the only information available regarding the operation of the pendulum clock
appears as a brief description of the parts that compose it, the number of teeth of each wheel, the speed
at which each axle should move, and the dimensions that the pendulum should have to mark the
seconds. There is no information regarding the shape or dimensions of each piece, and hence the design
proposed in this research has been created with only the graphic information available in Figure 1.
Specifically, given the absence of detailed information regarding the dimensions of the elements, it has
been assumed that the gear train as a whole measured vertically one third or, at most, half the length
of the pendulum, which has enabled the primitive diameter of the largest wheel (crown wheel), C,
of the gear train to be estimated as being 240 mm. From this dimension, it has been possible to define
the dimensions of the rest of the wheels and the positioning of the axles, since the dimensioning of
a pendulum clock is totally parametric, and depends solely on the length of the pendulum, which
univocally implies a relationship of gears.

On the other hand, the main challenges faced in this investigation include the design of the gears
of different tooth profiles, the design of the two cycloidal blades, the simulation of the pendulum
movement, and, especially, the behaviour of the strings that support the bob of the pendulum. Moreover,
one of the main limitations is that presented by CATIA V5 for the modelling of flexible elements such
as strings, an inconvenience successfully resolved by approaching the string as a simple chain of seven
links that behave as a composite pendulum. The rationale for choosing the number of links lies in
dimensional and geometric causes. From the dimensional point of view, the pendulum section that
was represented (which was small in size), could not be easily represented with more than seven links,
while from the geometric point of view, seven links sufficiently rectified the cycloid, a curve to which
the pendulum had to adapt geometrically.

The kinematic simulation of the pendulum was also performed, whereby the exactitude of the clock
in the measurement of time was verified and the pendulum was described with close approximation
to the cycloid. Furthermore, thanks to CAD and kinematic simulation techniques, it has been possible
to understand and interpret the operation of Huygens’s isochronous pendulum clock, which in turn
has enabled virtual recreations to be generated that can serve as educational tools in the museum
of Science History, and has facilitated the dissemination of technical historical heritage. Moreover,
future uses may involve the development of applications of virtual reality and augmented reality,
the incorporation of the WebGL model into a website, and the ability to print in 3D using additive
manufacturing techniques.

Finally, the results of this research regarding the CAD 3D model can be employed by other
researchers, and shared online via maker communities, such as GrabCAD [42] and Thingiverse [43].
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