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Full-Wave Analysis of a Wide Class of Microstrip
Resonators Fabricated on Magnetized Ferrites
With Arbitrarily Oriented Bias Magnetic Field

Germán León, Rafael R. Boix, Member, IEEE, and Francisco Medina, Senior Member, IEEE

Abstract—A numerical code has been developed for the
full-wave determination of the resonant frequencies and quality
factors of microstrip patches with right-angle corners of arbitrary
shape in the case in which the substrate of the patches is a mag-
netized ferrite with arbitrarily oriented bias magnetic field. The
code is based on the solution of an electric-field integral equation
by means of Galerkin’s method in the spectral domain. The
evaluation of the infinite integrals arising from the application
of the numerical method is efficiently carried out by means of
a technique based on the interpolation of the spectral dyadic
Green’s function. The numerical results obtained indicate that
microstrip patches fabricated on ferrite substrates present cutoff
frequency regions in which resonances cannot occur owing to
the excitation of magnetostatic modes. The limits of these cutoff
regions are shown to be dependent on the orientation and the
magnitude of the bias magnetic field, on the shape of the patches,
and even on the nature of every particular resonant mode. The
numerical results also show that the resonant frequencies of
microstrip patches on magnetized ferrites can always be tuned
over a wide frequency range provided the orientation of the bias
magnetic field is suitably chosen.

Index Terms—Magnetic tuning, magnetostatic modes, micro-
strip resonators, microwave ferrites, spectral-domain approach.

I. INTRODUCTION

RESONANT microstrip patches can be used either as an-
tennas or as components of oscillators and filters in mi-

crowave integrated circuits. Although the most conventional mi-
crostrip patches are the rectangular and circular patches, other
geometries such as the rectangular ring [1], the H-shaped patch
[1], and the meander-shaped patch [2] have proven to be useful
because of their size reduction capabilities (e.g., in the design of
antenna arrays, antennas for personal communication systems,

). This means that the algorithms developed for the analysis
of resonant microstrip patches should cover a spectrum of ge-
ometries as wide as possible. Apart from their shape, the na-
ture of the substrate of microstrip patches is another interesting
degree of freedom for the designer of circuits and antennas.
Although the most commonly used substrate materials are di-
electrics, magnetized ferrites have proven to have potential ap-
plication as substrates of microstrip patches. For instance, sev-
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eral researchers have reported that resonant microstrip patches
printed on ferrite substrates can be used in the fabrication of
tunable band rejection filters [3] and tunable bandpass filters
[4], [5]. Also, measurements have shown that the operating res-
onant frequency of microstrip antennas printed on ferrite sub-
strates can be varied over a wide frequency range by adjusting
the bias magnetic field [6]. Apart from that, ferrite substrates
can be used for reducing the radar cross section of microstrip
antennas under certain conditions [7]–[9] and for achieving lin-
early, as well as circularly polarized microstrip antennas with a
single feed [10]–[12]. Finally, it should be pointed out that when
ferrite materials are used as substrates of microstrip phased ar-
rays, wide-angle impedance matching can be obtained by dy-
namically adjusting the bias magnetic field with scan angle [11],
[13].

In this paper, the authors present an algorithm for the deter-
mination of the resonant frequencies and quality factors of mi-
crostrip patches with right-angle corners of arbitrary shape in
the case in which the patches are fabricated on magnetized fer-
rites with arbitrarily oriented bias magnetic field. This algorithm
is based on an efficient application of the spectral-domain ap-
proach (SDA) [14], [15]. The study carried out in this paper is
an ambitious generalization of that published in previous pa-
pers [3], [16], [17] where the SDA was applied to the full-wave
analysis of microstrip resonators of both circular shape [3], [17]
and rectangular shape [16] fabricated on normally biased ferrite
substrates. There is also an additional related paper in which
rectangular microstrip resonators on in-plane biased ferrite sub-
strates were analyzed by means of the cavity model [18]. How-
ever, the drawback of the cavity model is that it fails to explain
how the resonances of microstrip patches on ferrite substrates
are affected by the excitation of magnetostatic modes along the
substrate [17]. Fortunately, the SDA is capable of accounting for
the excitation of magnetostatic modes since the information of
these modes is included in the spectral dyadic Green’s function
(in fact, the propagation constants of the magnetostatic modes
are complex poles of the aforementioned spectral Green’s func-
tion [9], [17]).

Concerning the contents of this paper, Section II briefly
describes the application of the SDA to the full-wave analysis
of microstrip resonators fabricated on ferrite substrates. In
this section, a powerful technique is explained, which makes
possible the fast computation of infinite integrals arising from
the application of the SDA. In Section III, numerical results
are presented for the resonant frequencies and quality factors
of microstrip patches of different shapes (rectangular, H-, and
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(a)

(b)

Fig. 1. (a) Microstrip patch with right-angle corners of arbitrary shape on a
ferrite substrate. (b) Orientation of the internal bias magnetic field of the ferrite
substrate with respect to the coordinate axes shown in (a).

meander shaped) printed on ferrite substrates. Special em-
phasis is put on showing that the propagation of magnetostatic
modes along the ferrite substrates prevents the patches from
resonating in certain cutoff frequency bands, and that these
cutoff frequency bands vary as a function of the magnitude and
the orientation of the bias magnetic field.

II. FORMULATION OF THE PROBLEM AND

NUMERICAL PROCEDURE

Fig. 1(a) shows a microstrip patch with right-angle corners
of arbitrary shape printed on a ferrite layer of permittivity
and thickness . Both the metallic patch and ground plane are
assumed to be perfect electric conductors (PECs) of negligible
thickness, and both the ferrite layer and the ground plane are
assumed to be of infinite extent along theand coordinates.
It is also assumed that the electromagnetic fields existing in
the patch region show a time dependence of the type
(where is complex to account for radiation losses), which
will be suppressed throughout. Fig. 1(b) shows the orientation
of the dc-bias magnetic field existing inside the ferrite layer
of Fig. 1(a) with respect to the coordinate axes defined in that
figure. In general, the permeability tensor of this ferrite layer
can be written as

(1)

where the elements of the permeability tensorcan be obtained
in terms of the gyromagnetic ratio C/kg, the
saturation magnetization of the ferrite layer , the magnitude
of the internal bias magnetic field , the linewidth of the ferrite
layer , and the angles and of Fig. 1(b), as shown in
[19, eqs. (1)–(4)] and in [20, eqs. (10.37)–(10.40)].

Let be the metallic surface occupied by the patch
of Fig. 1(a), let be the surface current density ex-
isting on the patch under resonant conditions, and let

be a 2 2 matrix, which stands
for the transverse (to) dyadic Green’s function [21] of the
conductor-backed ferrite substrate. The transverse electric

field created by the
current on the patch can be written in terms of as

(2)

If we force that the transverse electric field on the patch surface
is zero, the following electric-field integral equation (EFIE) for

is obtained:

(3)

In order to solve the EFIE shown above, in this paper, the un-
known vector function has been approximated as a linear
combination of known basis functions

(4)

where have been chosen to be subsec-
tional rooftop basis functions [22]. With a view to obtaining
the unknown coefficients , (4) has been
introduced in (3) and the Galerkin’s version of the method
of moments has been applied to the resulting expression. The
final product of these operations turns out to be a homogeneous
system of linear equations for given by

(5)

where

(6)

Note that the dependence of and on the angular fre-
quency has been explicitly shown in (5) and (6). The homo-
geneous system of (5) for the coefficients
only has nontrivial solutions when

(7)

Equation (7) is an eigenequation for, from which the reso-
nant frequencies and quality factors of the resonant modes of
the microstrip patch of Fig. 1(a) can be obtained. In fact, let

be the th complex root of .
In that case, the quantity stands for the resonant frequency
of the th resonant mode of the patch and the quantity

stands for the quality factor of that resonant mode
[14], [15]. The roots of in the complex -plane have
been obtained in this paper by means of Muller’s method.

Although (2)–(7) seem to provide a straightforward way to
the determination of the resonant frequencies and quality factors
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of the microstrip patch of Fig. 1(a), the calculation of the quan-
tities via (6) poses problems because the
numerical computation of the transverse dyadic Green’s func-
tion for every pair of values
of and is a task that requires very high CPU times.
In order to overcome this inconvenient, the authors of this paper
have computed via an alternative expres-
sion in the Fourier transform domain since the determination
of in that domain can be carried out in a fast, accurate, and
stable way for the conductor-backed ferrite substrate of Fig. 1(a)
by using the ideas described in [21]. The alternative expression
for the computation of in the Fourier transform domain is
obtained by applying Parseval’s theorem to (6) and is given by

(8)

where stand for the two-dimensional
Fourier transforms (2D-FTs) of with
respect to and , and stands for
the 2D-FT of (see [21, eq. (11)]).

As explained above, the computational expense required for
the determination of via (8) turns out to
be much smaller than that required when (6) is used. In spite
of this fact, the CPU time involved in the brute-force numerical
computation of via (8) is still too high
because the integrands of the double infinite integrals show an
oscillatory slowly decaying behavior as the spectral variables

and grow. In order to save CPU time, the authors of this
paper have applied a technique for accelerating the numerical
computation of the aforementioned double integrals. The first
step of this technique is to express (8) in terms of polar spectral
variables and and ) as
follows:

(9)

where for every value of is an integration path in the com-
plex -plane located above the complex poles and the com-
plex branch point of (see [23,
Fig. 2]). The transformation from (8) to (9) is very advanta-
geous because it makes it possible to reduce from two to one the
number of infinite integrals involved in the numerical computa-
tion of each quantity [24]. The second step of the technique
for the fast computation of the integrals of (8) is based on the
interpolation of the asymptotic behavior of the spectral dyadic
Green’s function for large
in terms of Chebyshev polynomials of the variable [21].
In fact, it has been found that for practical values of and

can be approximately ex-

pressed in the interval by means of
the interpolating expression

(10)

In (10), stand for Cheby-
shev polynomials of the first kind, and the unknown
matrices must be obtained
for every pair of fixed values of and by making
the matrix functions and

exactly coincide at the zeros of
in order to minimize interpolation errors

(see [21] for more details). Numerical experiments have shown

that the use of in (10) suffices to make and co-
incide at least within six significant figures in the whole interval

when .
However, a value of equal to five is necessary for reaching
the same precision in the interpolation of via (10) when

(in fact, it has been
checked that, in this latter range of values of, the choice

in (10) may lead to an inaccurate interpolation of).
Bearing in mind this fact, in this paper, the expression of (10)
has always been used with a value of equal to five as a way
to ensure that the mentioned expression provides an accurate
interpolation of in the whole interval
for any value of (note that this choice differs from that
followed in [23], where a value of equal to three was found
to be enough in a similar interpolating expression). Once the

matrix function has been suitably chosen for providing an
accurate approximation of in the interval
for any value of , this fact can be used for rewriting (10) as

(11)

The implementation of (11) is the final and crucial step of the
technique for the fast computation of in
the spectral domain. It has been found that the finite integrals
with respect to of (11) can be worked out to a high precision
by means of a single 160-point Gauss–Legendre quadrature for-
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(a) (b)

(c)

Fig. 2. Top views of microstrip patches of different shapes. (a) Rectangular
shape. (b) H shape. (c) Meander shape. The coordinate axes coincide with those
shown in Fig. 1.

mula, which means that the computation of each quantityre-
duces to the computation of 160 integrals with respect to. In
(11), each of these integrals with respect tois split into a finite
integral and one infinite integral. Whereas the finite integrals in-
volve a relatively narrow interval and can be numerically carried
out within short CPU times, the infinite integrals can be com-
puted within even shorter CPU times for the particular choice
of basis functions made in this paper by using the formulas sup-
plied in the Appendix. As an estimate of the advantages of the
use of (11), a comparison has been made between the total CPU
time needed for the computation of (see (7)) when
using (11) and that needed when using brute-force numerical
integration via (9). Numerical experiments have shown that for
the structures analyzed in Section III, the CPU times involved in
the computation of by means of (11) are on average
two orders of magnitude smaller than those obtained when using
(9) when an accuracy of three significant figures in the value of

is required.

III. N UMERICAL RESULTS

Fig. 2(a)–(c) shows the top views of the three types of
microstrip patches with right-angle corners printed on ferrite
substrates (rectangular-, H-, and meander-shaped patches) for
which results are presented in this section. Additional results
for microstrip patches with right-angle corners of any other
shape can be easily generated by means of the numerical
algorithm implemented by the authors.

In Table I(a) and (b), the convergence of the numerical
method described in the previous section is checked with
respect to the number of rooftop basis functionsused in
the approximation of the current density. In particular, results
are presented for the first five resonant modes of a rectangular
microstrip patch printed on both a normally biased ferrite
substrate and an in-plane biased ferrite substrate. Note that
whereas the differences between the results obtained for the
resonant frequencies when and those obtained when

are within 5%, the differences between the results
obtained for the resonant frequencies when and those

TABLE I
CONVERGENCEPATTERN OF THECOMPLEX RESONANTFREQUENCIES OF THE

FIRST FIVE RESONANTMODES OF ARECTANGULAR PATCH ON (a) NORMALLY

AND (b) IN-PLANE BIASED FERRITE SUBSTRATESWITH RESPECT TO

THE NUMBER OF BASIS FUNCTIONS USED IN THE APPROXIMATION OF

THE CURRENT DENSITY (w = 4 mm, l = 5:5 mm,h = 0:6 mm,
� = 12:8; � H = 0:036 T, � M = 0:178 T, � �H = 0 T). THE

MODESARE NAMED AFTER THENOTATION USED IN THECAVITY MODEL

(a)

(b)

obtained when are always within 0.8%. This seems
to indicate that roughly 100 rooftop basis functions should
suffice to provide reliable results for the resonant frequencies
of the first resonant modes of a microstrip patch on a ferrite
substrate. Table I(a) and (b) also shows that, for a given value
of , the higher the order of a resonant mode, the worse the
accuracy of the result obtained for the resonant frequency,
which is attributed to the fact that the current densities of
the resonant modes become more oscillating and difficult to
approximate as the order of the modes increases. Concerning
the quality factors, they are obtained with less accuracy than the
resonant frequencies because the imaginary parts of the results
obtained for the complex resonant frequencies in Table I(a)
and (b) are usually two or three orders of magnitude smaller
than the real parts and, therefore, these imaginary parts are
computed with less precision than the real parts. In particular,
the discrepancies between the results derived from Table I(a)
and (b) for the quality factors when and those derived
when lie within 4%.
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TABLE II
RESONANT FREQUENCIES ANDQUALITY FACTORS OF THEFIRST FIVE

RESONANT MODES OF ARECTANGULAR PATCH ON (a) NORMALLY AND

(b) IN-PLANE BIASED FERRITE SUBSTRATES(w = 4 mm, l = 5:5
mm,h = 0:6 mm, � = 12:8; � H = 0:036 T, � M = 0:178 T,

� �H = 0 T). THE MODESARE NAMED AFTER THENOTATION USED IN THE

CAVITY MODEL. OUR RESULTS FOR THERESONANT FREQUENCIESARE

COMPARED WITH THE NUMERICAL RESULTS OBTAINED IN [25] FOR

THE RCSRESONANT PEAKS OF THEPATCH

(a)

(b)

In Table II(a) and (b), the authors test the validity of the nu-
merical method described in Section II by comparing their nu-
merical results for the resonant frequencies of the microstrip
patch analyzed in Table I(a) and (b) [ has been used
in Table II(a) and (b)] with numerical results published in [25]
for theRCSresonant peaks of the same patch. It can be verified
that the differences between the two sets of results for the res-
onant frequencies are always within 1.5%. Table II(a) and (b)
also shows the numerical results obtained for the quality factors
of the resonant modes analyzed.

In Fig. 3, results are presented for the resonant frequencies of
the first three resonant modes of a rectangular microstrip patch
printed on a normally biased ferrite as a function of the magni-
tude of the bias magnetic field. This figure is analogous to that
presented in [17] for the resonant frequencies of the first five res-
onant modes of a circular microstrip patch on a normally biased
ferrite. As in [17], in Fig. 3, there is a cutoff frequency region

(

Fig. 3. Resonant frequencies of the first three resonant modes of a rectangular
microstrip patch on a normally biased ferrite substrate (w = 5 mm, l =

6:5 mm, h = 1:27 mm, � = 15; � M = 0:178 T, � �H = 0:001 T,
� = � = 0 ). The modes are named after the notation used in the cavity
model. The striped frequency band stands for the propagation region of FMSVW
modes.

Fig. 4. Resonant frequencies of the first five resonant modes of a rectangular
microstrip patch on an in-plane biased ferrite substrate (w = 5 mm, l =

6:5mm,h = 1:27mm,� = 15; � M = 0:178T,� �H = 0:001T, � =

� = 90 ). The modes are named after the notation used in the cavity model.
The striped frequency bands stand for the propagation regions of BMSVW and
MSSW modes.

and ) in which resonances cannot occur because
of the excitation in that frequency region of an infinite number
of forward magnetostatic volume-wave (FMSVW) modes along
the ferrite substrate in all the directions of the plane- of
Fig. 2(a) [26]. Also, the resonant frequencies of all resonant
modes appear above and below the cutoff frequency region as
it happens in [17]. Fig. 3 shows that the resonant frequencies of
the three resonant modes analyzed can be tuned over a wide fre-
quency range by means of the bias magnetic field as predicted
in [6]. In particular, the resonant frequency of the fundamental
mode changes more than 50% when is
varied from 0 to 0.4 T both below the cutoff frequency region
and above that frequency region.

In Fig. 4, the authors plot the resonant frequencies of the first
five resonant modes of a rectangular microstrip patch printed
on an in-plane biased ferrite versus the magnitude of the bias
magnetic field. Note that, in this case, some results for the reso-
nant frequencies have been obtained within the propagation re-
gions of magnetostatic modes. Since the propagation of mag-
netostatic modes involves the appearance of unbounded poles
in the spectral Green’s function
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of (9), ferrite losses have been included so as to
keep these poles below the integration pathof (9) for every
value of [9]. It can be noticed that whereas the resonant fre-
quencies of the modes and

analyzed in Fig. 4 can be tuned by means of the
bias magnetic field, as it happens in Fig. 3, the other two reso-
nant modes and are practically
unaffected by the variations in the magnitude of the bias mag-
netic field. The explanation for this latter behavior is that the
interaction between the dc-bias magnetic field and the ac mag-
netic field existing around the patch of Fig. 4 is very weak in
the resonant modes and because
the ac magnetic field of these two modes is mainly parallel to
the dc magnetic field [directed along the axis of Fig. 2(a)]
[27]. However, this does not happen in the case of the modes

and analyzed in
Fig. 4 and in the case of the modes analyzed in Fig. 3. In fact,
maximum interaction between the dc and ac magnetic fields is
expected for the modes and of
Fig. 4 and the modes of Fig. 3 because the ac magnetic field
of all these modes is mainly perpendicular to the dc-bias mag-
netic field [27]. Fig. 4 also shows that the resonant frequencies
of the resonant modes and oc-
cupy part of the region of propagation of backward magneto-
static volume-wave (BMSVW) modes , but do not
occupy the region of propagation of magnetostatic surface wave
(MSSW) modes [26]. This is
because the currents of these two resonant modes are mainly di-
rected along the axis of Fig. 2(a)—which is the direction of
the bias magnetic field—and, therefore, these modes may ex-
cite MSSW modes propagating in a direction perpendicular to
that of the currents (as it happens with the MSSW transducers
described in [28] and [29]), but cannot excite BMSVW modes
propagating in the direction of the currents. The opposite holds
for the resonant modes and
whose resonant frequencies occupy the region of propagation of
MSSW modes, but do not occupy the region of propagation of
BMSVW modes. In this latter case, the currents of the two res-
onant modes are mainly directed along theaxis of Fig. 2(a)
(i.e., perpendicular to the direction of the bias magnetic field)
and, therefore, the resonant modes may excite BMSVW modes
propagating in a direction perpendicular to that of the currents
(as it happens with the magnetostatic backward volume wave
transducer described in [30]), but cannot excite MSSW modes
propagating in the direction of the currents. Finally, the current
of the resonant mode has both - and -com-
ponents and, therefore, this resonant mode may excite magne-
tostatic modes propagating in a direction making an angle be-
tween 0 and 90 with the direction of the bias magnetic field.
These magnetostatic modes may be BMSVW and/or MSSW
modes depending on the direction of propagation and the mag-
nitude of the bias magnetic field [26], which justifies that the
resonant frequencies of the mode may occupy
the region of propagation of BMSVW modes and/or the region
of propagation of MSSW modes.

In Fig. 5, our numerical results for the resonant frequencies
of some of the resonant modes of a square microstrip patch on
an in-plane biased ferrite are compared with measurements pub-

Fig. 5. Resonant frequencies of three of the resonant modes of a square
microstrip patch on an in-plane biased ferrite substrate (w = l = 9:525mm,
h = 0:508 mm, � = 11:41; � M = 0:0985 T, � �H = 0:001 T,
� = � = 90 ). The modes are named after the notation used in the cavity
model. The striped frequency bands stand for the propagation regions of
BMSVW and MSSW modes. Our results (solid, dashed, and dotted lines) are
compared with those obtained in [18] (�;+ and
).

lished in [18] with a view to validating the generic behavior of
part of the results plotted in Fig. 4. The agreement between nu-
merical and experimental results in Fig. 5 is good. The differ-
ences are on average within 2% for the modes and

, and within 4% for the mode . Note
that the experimental resonant frequencies of the three resonant
modes analyzed in Fig. 5 occupy the region of propagation of
BMSVW modes, but do not occupy the region of propagation of
MSSW modes, which is coherent with the theoretical prediction
provided by the numerical results of Fig. 4. Also, note that the
experimental resonant frequencies of the three resonant modes
appear above and below the region of propagation of MSSW
modes, which is again in agreement with the behavior appearing
in Fig. 4. It should be pointed out that, although the resonant
frequencies of other resonant modes

were numerically found in between
the resonant frequencies plotted in Fig. 5, these other resonant
frequencies were not experimentally detected in [18], which is
attributed to the type of excitation mechanism used in the mea-
surements of this latter paper.

In Fig. 6, results are presented for the resonant frequencies of
the first three resonant modes of a rectangular microstrip patch
printed on a ferrite substrate with bias magnetic field oriented
in a direction which makes an angle of 45with the normal to
the substrate. It can be recognized that among the three reso-
nant modes, the mode is the most sensible to
variations in the magnitude of the bias magnetic field since this
is the only mode for which the ac magnetic field is mainly per-
pendicular to the dc magnetic field. For the orientation of the
bias magnetic field considered in Fig. 6, the ferrite substrate
supports the propagation of BMSVW modes in the frequency
region , the propaga-
tion of FMSVW modes in the frequency region ,
and the propagation of MSSW modes in the frequency region

(where ). Note that the resonant frequen-
cies of the three resonant modes analyzed in Fig. 6 occupy part
of the regions of propagation of BMSVW modes and MSSW
modes, just as it happens in Fig. 4. However, resonances never
occur in the region of propagation of FMSVW modes, which is
in agreement with the results obtained in Fig. 3.
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Fig. 6. Resonant frequencies of the first three resonant modes of a rectangular
microstrip patch on a ferrite substrate with inclined bias magnetic field (w =

5 mm, l = 6:5 mm,h = 1:27 mm, � = 15; � M = 0:178 T, � �H =
0:001T, � = 45 ; � = 90 ). The modes are named after the notation used in
the cavity model. The striped frequency bands stand for the propagation regions
BMSVW, FMSVW, and MSSW modes.

(a)

(b)

Fig. 7. (a) Resonant frequencies and (b) quality factors of the fundamental
resonant mode of three microstrip patches (rectangular, H-, and meander
shaped) on a normally biased ferrite substrate (w = 2:5 mm, l = 3:25
mm, h = 0:635 mm; ferrite substrate:� = 15; � M = 0:068 T,
� �H = 0:001 T, � = � = 0 ; H-shaped patch:l = (9=11)l ;
w = (4=9)w ; meander-shaped patch:l = (1=11)l ; w = (1=9)w ).
In Fig. 7(a), the striped frequency band stands for the propagation region of
FMSVW modes and, in Fig. 7(b), AMMR stands for resonances above the
region of FMSVW modes and BMMR stands for resonances below the region
of FMSVW modes.

In Fig. 7(a) and (b), results are plotted for the resonant fre-
quencies and quality factors of the fundamental resonant mode
of rectangular microstrip, an H-shaped, and a meander-shaped
patches. The patches are assumed to be fabricated on the same
normally biased ferrite substrate occupying the same overall

Fig. 8. Resonant frequencies of the fundamental resonant mode of three
microstrip patches (rectangular, H-, and meander shaped) on an in-plane biased
ferrite substrate (w = 2:5 mm, l = 3:25 mm, h = 0:635 mm; ferrite
substrate:� = 15; � M = 0:068 T, � �H = 0:001 T, � = � = 90 ;
H-shaped patch:l = (9=11)l ; w = (4=9)w ; meander-shaped patch:
l = (1=11)l ; w = (1=9)w ). The striped frequency bands stand for the
propagation regions of BMSVW and MSSW modes.

substrate size (given by ). Note that the resonant frequen-
cies of the meander-shaped patch are always smaller than those
of the H-shaped and rectangular patches, which indicates that
the meander-shaped patch shows the best performance for size-
reduction applications. However, the quality factors of the me-
ander-shaped patch are usually larger than those of the H-shaped
patch and the rectangular patch and, therefore, the bandwidths
of the meander-shaped patch are usually smaller than those of
the H-shaped and rectangular patches, which is a clear disadvan-
tage when the patches are used as antennas. Fig. 7(a) shows that
the resonant frequencies of the three patches analyzed can be
tuned over a wide frequency range by varying the magnitude of
the bias magnetic field. The meander- and the H-shaped patches
turn out to be more tunable than the rectangular patch above the
region of propagation of FMSVW modes (in fact, the resonant
frequency of the fundamental resonant mode of the meander-
and H-shaped patches changes more than 70% when is
varied from 0 to 0.5 T), but the rectangular patch is more tun-
able than the other two patches below the region of propagation
of FMSVW modes (in this latter case, the resonant frequency of
the fundamental resonant mode of the rectangular patch changes
roughly 50% when is varied from 0 to 0.5 T).

In Figs. 8 and 9, the authors plot the resonant frequencies of
the fundamental resonant mode of the three patches analyzed
in Fig. 7(a) and (b) in the cases in which the ferrite substrate is
in-plane biased along the and axes shown in Figs. 2(a)–(c).
In Fig. 8, the ferrite substrate is biased along theaxis and,
in this figure, the fundamental resonant mode of the meander-
shaped patch is more affected by variations in the magnitude of
the bias magnetic field than the resonant modes of the H-shaped
and rectangular patches. The explanation for this behavior is
that, whereas the current of the resonant mode of the meander-
shaped patch is mainly directed along theaxis, the currents
of both the H-shaped and the rectangular patches are mainly
directed along the axis and, therefore, whereas the ac mag-
netic field of the resonant mode of the meander-shaped patch is
mainly perpendicular to the dc-bias magnetic field, the ac mag-
netic fields of the resonant modes of the H-shaped and rect-
angular patches are mainly parallel to the dc magnetic field.
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Fig. 9. Resonant frequencies of the fundamental resonant mode of three
microstrip patches (rectangular, H-, and meander shaped) on an in-plane
biased ferrite substrate (w = 2:5 mm, l = 3:25 mm, h = 0:635 mm;
ferrite substrate:� = 15; � M = 0:068 T, � �H = 0:001 T, � = 90 ;
� = 0 ; H-shaped patch:l = (9=11)l ; w = (4=9)w ; meander-shaped
patch:l = (1=11)l ; w = (1=9)w ). The striped frequency bands stand for
the propagation regions of BMSVW and MSSW modes.

The opposite holds for Fig. 9. In this figure, the ferrite sub-
strate is biased along the axis and, in this case, whereas
the ac magnetic field of the meander-shaped patch is mainly
parallel to the dc magnetic field, the ac magnetic field of the
H-shaped and rectangular patches are mainly perpendicular to
the dc magnetic field, which justifies that the resonant modes
of the H-shaped and rectangular patches are much more tunable
by the magnitude of the bias magnetic field than the resonant
mode of the meander-shaped patch. As shown in the comments
of Fig. 4, the penetration of the resonant frequencies of the three
resonant modes analyzed in Figs. 8 and 9 inside the regions of
propagation of magnetostatic modes can be explained in terms
of the direction of the currents of those three resonant modes.
In fact, whereas in Fig. 8 the resonant frequencies of the me-
ander-shaped patch mainly occupy the region of propagation of
BMSVW modes (which cannot be excited by currents parallel
to the bias magnetic field) and the resonant frequencies of the
H-shaped and rectangular patches mainly occupy the region of
propagation of MSSW modes (which cannot be excited by cur-
rents perpendicular to the bias magnetic field), in Fig. 9, the res-
onant frequencies of the meander-shaped patch mainly occupy
the region of propagation of MSSW modes, and the resonant
frequencies of the H-shaped and rectangular patches mainly oc-
cupy the region of propagation of BMSVW modes.

IV. CONCLUSION

Galerkin’s method in the spectral domain has been used for
the determination of the resonant frequencies and quality fac-
tors of the resonant modes of microstrip patches with right-angle
corners of arbitrary shape in the case in which the substrate of
the patches is a magnetized ferrite with arbitrarily oriented bias
magnetic field. A special technique has been developed for ac-
celerating the numerical computation of the double infinite in-
tegrals arising from the application of Galerkin’s method in the
spectral domain. The results obtained show that the resonant fre-
quencies of a microstrip patch printed on a ferrite substrate can
always be tuned by varying the magnitude of the bias magnetic
field. Maximum tunability is achieved when the dc-bias mag-
netic field is mainly perpendicular to the ac magnetic field ex-

isting around the resonant patch, and minimum tunability results
when the dc magnetic field is mainly parallel to the ac magnetic
field. The authors have found that resonances are not possible
inside the frequency region of propagation of FMSVW modes
along the ferrite substrate. However, resonances may occur in-
side the frequency regions of propagation of BMSVW modes
and MSSW modes provided these magnetostatic modes are not
excited by the currents of the resonant modes of the patch. Fi-
nally, the meander- and the H-shaped patches have proven to
have size reduction capabilities with respect to the rectangular
patch at the expense of showing smaller bandwidth.

APPENDIX

When subsectional rooftop basis functions are used in (4)
for approximating the current density on the microstrip patch
of Fig. 1(a) and a value of equal to five is used in (10) in
the interpolating expression of the asymptotic spectral dyadic
Green’s function, after some cumbersome manipulations, it can
be shown that the infinite integrals with respect toappearing
in (11) can all be expressed as linear combinations of integrals
of the type

(12)

(13)

where the values of the variable, which are required for the
evaluation of every infinite integral of (11), are strongly depen-
dent on the values of and involved in that integral.

In principle, the integrals of (12) and (13) can be obtained by
means of the forward recurrence expressions [23]

(14)

(15)

which are initialized by means of the equations

Si (16)

Ci (17)

where Si and Ci are sine and cosine integrals, which can
be obtained with reasonable accuracy by means of the subrou-
tine “CISIA” published in [31].

The problem arising from the recurrence expressions of (14)
and (15) is that they are unstable and lose accuracy asin-
creases. Also, the subroutine CISIA used for the calculation of
Si and Ci has been found to lose some accuracy asin-
creases. As a consequence of the combined effect of these two
latter facts, numerical experiments have shown that (14)–(17)
turn out to be slightly inaccurate for the calculation of the ten
integrals of (12) and (13) when (the larger the value
of , the larger the inaccuracies). Also, the authors have found
that these inaccuracies may be critical when the results provided
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by (14)–(17) are used in the calculation of the infinite integrals
of (11) in those cases in which

. Therefore, the expressions (14)–(17) should not be
used for the computation of the infinite integrals of (11) when

. The following expressions should be used instead:

(18)

(19)

Equations (18) and (19) have been obtained by means of
the Cauchy–Riemann residue theorem. Numerical experiments
have shown that the infinite integrals of (18) and (19) can be
computed by means of a ten-point Gauss–Laguerre quadrature
with high accuracy independently of the value of, which indi-
cates that (18) and (19) basically lead to accurate closed-form
expressions for the computation of (12) and (13) when .

Although the technique for the computation of (12) and (13)
based on the use of (18) and (19) is reliable when , the
authors have found an alternative technique for the computation
of (12) and (13), which is even more accurate and faster than
the former technique when . This alternative technique
is based on the backward recurrence expressions

(20)

(21)

These recurrence expressions are initialized by the truncated
asymptotic expansions of and for when

, which are given by

(22)

(23)

where

(24)

(25)

As stated above, the use of (20)–(25) with has
been found to provide a technique for the computation of (12)
and (13), which is preferred to (18) and (19) when .

To sum up, we should say that the most suitable technique
for the computation of the ten integrals of (12) and (13) is that
based on (14)–(17) in the interval , that based on
the expressions (18) and (19) in the interval , and
finally, that based on (20)–(25) (with ) in the interval

.
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