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ABSTRACT Our aim with this paper is to present a solution suitable for vehicle-to-everything (V2X)
communications, particularly, when employing single-carrier modulations combinedwith frequency-domain
equalization (SC-FDE). In fact, we consider the V2X channel to be doubly-selective, where the variation
of the channel in time is due to the presence of a Doppler term. Accordingly, the equalization procedure
is dealt by a low-complexity iterative frequency-domain equalizer based on the iterative block decision-
feedback equalization (IB-DFE) while the tracking procedure is conducted employing an extended Kalman
filter (EKF). The proposed system is very efficient since it allows a very low density of training symbols,
even for fast-varying channels. Furthermore only two training symbols are required to initialize the tracking
procedure. Thus, ensuring low latency together with reduced channel estimation overheads.

INDEX TERMS Adaptive equalizers, channel estimation, digital communication, Kalman filters, signal
processing, signal processing algorithms, vehicular and wireless technologies.

I. INTRODUCTION
Vehicles in intelligent transportation systems (ITS) are
expected to be equipped with high-end video cameras as
well as advanced environmental sensors [1], [2]. They
will also depend on advanced mobile networks to achieve
ubiquitous and prompt vehicle-to-everything (V2X) com-
munications [3]–[7]. Exchanged data may include sensed
data or maneuver plans with 3D scenes and interactions and
reach payloads in the Gbps magnitude.

To support such expressive payloads, multi-standard solu-
tions that combine both the dedicated short range communi-
cations (DSRC) channel of 802.11p with the millimeter wave
(mmWave) communications of fifth generation new radio
(5G NR) have been proposed [8], [9]. In fact, service require-
ments to support the next generation of V2X applications has
been released by 3GPP. More specifically, in Release 16 with
the normative works of 5G V2X services, and ultra-reliable
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low-latency communications (URLLC) [10]–[12], and in
Release 17 with the enhancements to the application layer to
support V2X services [13].

The vehicular channel is characterized by shadowing by
third-party vehicles and high Doppler shifts due to the inher-
ent non-stationary nature of the user terminals [14]. This is
particularly significant in systems operating in the mmWave
spectrum [15], [16], since Doppler effects are proportional to
the carrier frequency.

In this work we address the inter-symbolic interfer-
ence (ISI) stemming from multi-path propagation and the
time-varying nature of the channel due to Doppler shifts.
Accordingly, to cope with the strong ISI levels we propose
single-carrier modulations combined with frequency-domain
equalization (SC-FDE) [17]–[19]. Particularly, we will
be using the iterative block-decision feedback equalizer
(IB-DFE) [20], which can be regarded as a turbo equalizer
implemented in the frequency domain [21]. As for the time-
varying nature of the channel we consider the use of an
extended Kalman filter (EKF) combined with an efficient
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frame structure. With this approach we are able to track
the channel variations while limiting the number of training
blocks transmitted. In fact, by employing the EKF we are
able to update the EKF during the transmission of the training
blocks while predicting the channel during the transmission
of the data blocks. Moreover, if a decision-directed approach
is employed, updating the EKF is also possible during the
transmission of the data blocks. Notably, the channel esti-
mates produced by the EKF are employed in the equaliza-
tion step to produce decisions on the transmitted symbols,
decisions which in turn are used in the EKF to produce new
channel estimates, recursively.

Notice that the Kalman filter is a well known solution
to the problem of channel tracking [22]–[27]. In [22], Iltis
addresses the problem of delay estimation in the presence
of multipath using the EKF. In [23], Haykin et al. exploit
the one-to-one correspondences between the recursive least-
squares (RLS) and Kalman variables to formulate extended
forms of the RLS algorithm. In [24], Komniakis et al. address
the problem of channel tracking and equalization for multi-
input multi-output (MIMO) channels. In [25], Simon et al.
proposes a state-space approach that jointly estimates the
multipath Rayleigh channel gains and the carrier frequency
offset (CFO), and in [26] they propose a soft-Kalman filter.
Similar approaches based on iterative detection and decoding
are proposed in [27]–[29]. These use, nevertheless, channel
coding which prevents a direct comparison with our solution.

A central element that distinguishes this work from the
previous ones is the state-transition model. In fact, we see
that in [22]–[27] the multipath complex channel gains are
approximated by the basis expansion model (BEM) with an
auto-regressive (AR) process used to characterize the vari-
ations of the weighting coefficients of the BEM across the
frame. Differently, we assume that amplitude of the complex
channel gains is static and that only the phase is variable.
In fact, for broadband radio channels, where the number of
contributions for each ray is small, and all contributions arrive
more or less from the same direction, it is reasonable to admit
that the amplitude varies at a much lower rate than the phase.
Therefore, we consider the state-space vector to be formed
by the phases of the complex gains and their associated
Doppler terms. These assumptions results in a very simple
state-transition model that has a clear and evident relation
with the physics of the problem.

Relatively to our previous work [30], we have obtained the
Bayesian Cramér-Rao bound (BCRB) for the the estimates of
the state-vector elements. Namely, the complex channel gains
and the Doppler terms. This a very important element in our
investigation since through the knowledge of the BCRB it is
possible to assess the performance of the proposed algorithm
regarding its theoretical limits. Additionally, we have also
investigated the convergence rate of the proposed algorithms.
This was made through simulations which considered dif-
ferent distributions of the training symbols and lengths of
the initial training stage. In this way different design choices
are evaluated. In fact, these simulations provided valuable

FIGURE 1. Frame structure.

insights on the behaviour of the proposed channel estima-
tion algorithms. Finally, we have included more simulation
scenarios so that it is now clear to see whether the proposed
receiver still works well under demanding regimes. Particu-
larly, when considering large values for the Doppler terms.

This work is organized as follows. In Sec. II we present
the system model. Particularly, the channel model, channel
equalization, and channel estimation. In Sec. III we formulate
the channel tracking problem as a state-estimation problem
and derive the EKF. In Sec. IV we discuss the performance
results of the proposed system. Finally, in Sec. V we draw the
conclusions for this work.

The notation used in this work is the following. Column
vectors are denoted by small-case bold types (e.g., a); matri-
ces are denoted by upper-case types (e.g., A); the identity
matrix is I while the all-zeros matrix is 0. Depending on the
context, 0 can also denote a column vector. Transpose, and
conjugate, are denoted by (·)>, and (·)∗, respectively. Opera-
tions performed over vectors by scalar functions are assumed
to happen element-wise (e.g., if v = [v1 v2]> then sin(v) =
[sin(v1) sin(v2)]>). Operator Var(·) returns the variance of its
argument. DFT{·}, and IDFT{·} denotes the discrete Fourier
transform and its inverse, respectively. Operator sign(·) is
defined as

sign(a) =

{
1, a ≥ 0
−1, a < 0

with a ∈ R. Operators R(·), and I(·) are, respec-
tively, the real and imaginary parts of a given complex
number. HD{·} denotes hard-decisions and is defined as
HD{·} ≡ sign[R(·)] + jsign[I(·)] with j =

√
−1. Finally,

in Algorithm 1, and Algorithm 2 operators a == b, and
a 6=6= b test integers a and b for equality, and inequality,
respectively; mod(·, ·) is the modulo operation.

II. SYSTEM MODEL
Consider the frame structure depicted in Fig. 1, where we
have, at the beginning of the frame, M consecutive training
symbols placed there for synchronization purposes. These
training symbols are followed by data symbols interspersed
with further training symbols. The training symbols are sep-
arated by p− 1 data symbols. Each data symbol corresponds
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to an DFT-block with N subcarriers and has duration TB.
The duration of a training symbol is TTS and can be
equal or smaller than TB. Both the training and the data
symbols are preceded by a cyclic prefix whose duration TCP
is longer than the duration of the overall channel impulse
response.

The transmitted signal associated to the frame is

s(t) =
∑
d

sd (t − dTB) (1)

while the d th transmitted symbol has the form

sd (t) =
N−1∑

n=−NG

sn,dg(t − nTs) (2)

with Ts denoting the symbol duration, NG denoting the num-
ber of samples at the cyclic prefix and g(t) the adopted pulse
shaping filter. Clearly, Ts = TB/N and NG = TCP/Ts.

A. CHANNEL MODEL
We consider a broadband multipath radio channel, where the
number of contributions for each ray are small and where
all contributions arrive more or less from the same direction.
In fact, if the number of contributions is small and if they all
arrive more or less from the same direction then it is reason-
able to admit that the amplitude varies at a much smaller rate
than the phase.

Consider a multipath channel with L rays where each
ray can be modeled by a complex exponential αl,d ∈ C,
l = 1, . . . ,L, and a delay relative to the principal ray
τl , define ϕl,d , arg{αl,d }, particularly ϕl,0 , arg{αl,0},
and assume the presence of a Doppler frequency shift term
νl = fDTB cos(θl), where fD, TB, and θl are, respectively,
the Doppler frequency, the symbol duration, and the angle
of arrival, then ϕl,d = ϕl,0 + 2πdνl and the model for the
continuous channel impulse response (CIR) is

h(t, dTB) =
L∑
l=1

αl,0 exp(j2πdνl)δ(t − τl)

=

L∑
l=1

|αl,0| exp(jϕl,d )δ(t − τl)

=

L∑
l=1

αl,dδ(t − τl). (3)

The continuous channel frequency response (CFR) Hd (f ),
is given by

Hd (f ) =
L∑
l=1

αl,d exp (−j2π f τl), (4)

while the discrete version is Hk,d = Hd (f )|f= k
TB

, with k =

0, 1, . . . ,N − 1.
Further considering that {hn,d ; n = 0, 1, . . . ,N − 1} =

IDFT{Hk,d ; k = 0, 1, . . . ,N − 1} and assuming that
• the sampling occurs at instants {τl; l = 0, 1, . . . ,L−1},

FIGURE 2. A general overview of the IB-DFE scheme.

• we have L = NCP rays, with most of rays equal to zero,
then we have that {αl,d ; l = 0, 1, . . . ,L − 1} = {hn,d ; n =
0, 1, . . . ,NCP−1}. Finally, and since we are assuming that the
complex channel gains αl,d have constant amplitude in time
(i.e., regarding d), particularly, |αl,d | = |αl,0|, then to observe
the channel variation is equivalent to obtain αl,d/|αl,d |.

B. CHANNEL EQUALIZATION
Unlike OFDM, with SC-FDE the cyclic prefix (CP) does not
solve the problem of ISI. In fact, if we distinguish the inter-
ference between transmitted symbols from the interference
between DFT-blocks, the CP solves the latter but we still
have the former with SC-FDE. Accordingly, provided that
the received signal has a CP longer than the overall channel
impulse response the frequency-domain received signal is
given by

Yk,d = Sk,dHk,d + Nk,d ,
k = 0, 1, . . . ,N − 1,
d = 0, 1, . . .

(5)

where the frequency-domain samples {Sk,d ; k = 0, 1, . . . ,
N − 1} are the discrete Fourier transform (DFT) of the
time-domain transmitted symbols {sn,d ; n = 0, 1, . . . ,N −
1}, i.e., {Sk,d ; k = 0, 1, . . . ,N − 1} = DFT{sn,d ; n =
0, 1, . . . ,N − 1}, and {Nk,d ; k = 0, 1, . . . ,N − 1} is the
channel noise in the frequency-domain. We also assume that
the channel fading during one DFT-block is almost constant.
In fact, if one knows the phase noise and/or the carrier
frequency offset (CFO) then the phase variations occurring
inside the block be compensated [31], thus ensuring the time-
invariant property of the block.

Clearly, the impact of the time dispersive channel reduces
to a scaling factor for each subcarrier. To cope with the
residual effects of the channel we can employ a linear FDE.
However, the performance is much better if the linear FDE is
replaced by an IB-DFE [20]. The block diagram of an IB-DFE
scheme is depicted in Fig. 2.
Consider that for the ith iteration the frequency-domain

samples at the output of the IB-DFE are given by

S̃(i)k,d = F (i)
k,dYk,d − B

(i)
k,d Ŝ

(i−1)
k,d ,

k = 0, 1, . . . ,N − 1,
d = 0, 1, . . .

(6)

where {F (i)
k,d ; k = 0, 1, . . . ,N − 1} are the feedforward

coefficients, and {B(i)k,d ; k = 0, 1, . . . ,N − 1} are the feed-
back coefficients. {Ŝ(i−1)k,d ; k = 0, 1, . . . ,N − 1} denotes
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the DFT of the time-domain decisions obtained in the pre-
vious iteration, i.e, {Ŝ(i−1)k,d ; k = 0, 1, . . . ,N − 1} =
DFT{ŝ(i−1)n,d ; n = 0, 1, . . . ,N − 1} with {ŝ(i−1)n,d ; n =

0, 1, . . . ,N − 1} = HD{s̃(i−1)n,d ; n = 0, 1, . . . ,N − 1}, where
{s̃(i)n,d ; n = 0, 1, . . . ,N − 1} = IDFT{S̃(i)k,d ; k = 0, 1, . . . ,
N − 1}.

The derivation of the filtering coefficients can be found
in the literature (see, e.g., [32]) and their optimal values are
reproduced here for convenience only. Therefore, for QPSK
constellations the expressions for the feedback, and feedfor-
ward coefficients are respectively,

B(i)k,d = F (i)
k,dHk,d − 1,

k = 0, 1, . . . ,N − 1,
d = 0, 1, . . .

(7)

and

F (i)
k,d =

F̆ (i)
k,d

γ
(i)
d

,
k = 0, 1, . . . ,N − 1,
d = 0, 1, . . .

(8)

where

F̆ (i)
k,d=

H∗k,d

αd+(1− (ρ(i−1)d )2)|Hk,d |2
,

k = 0, 1, . . . ,N − 1,
d = 0, 1, . . .

(9)

and the reciprocal of the signal-to-noise ratio (SNR) αd =
E[|Nk,d |2]/E[|Sk,d |2],

γ
(i)
d =

1
N

N−1∑
k=0

F̆ (i)
k,dHk,d , d = 0, 1, . . . (10)

The feedback reliability ρ(i−1)d is given by,

ρ
(i−1)
d =

E[ŝ(i−1)n,d s∗n,d ]

E[|sn,d |2]
, d = 0, 1, . . . (11)

Notice that we consider the SNR to be known. Notably, SNR
estimation techniques like the ones proposed in [33], and [34],
where the SNR is inferred from the feedback reliability (11),
can be easily implemented at the receiver.

C. CHANNEL ESTIMATION
Equalizer coefficients (7), and (8), are functions of the CFR.
Thus it is fundamental to provide the equalizer with good
estimates of the channel. Noticing that the received signal is
(5) a least-squares (LS), an estimate of the CFR is readily
available by doing

H̃k,d =
Yk,d
Sk,d

,
k = 0, 1, . . . ,N − 1,
d = 0, 1, . . .

(12)

Naturally, {Sk,d ; k = 0, 1, . . . ,N − 1} is not available at the
receiver unless it is a known training sequence {STSk ; k =
0, 1, . . . ,N − 1}. Alternatively, one can use the decisions on
the transmitted symbols {Ŝk,d ; k = 0, 1, . . . ,N−1}. We will
designate the former approach training symbol (TS) chan-
nel estimation and the latter decision-directed (DD) channel
estimation.

Alternatively, instead of (12) one can obtain a minimum
mean-squared error (MMSE) estimate [35]

H̃k,d =
Yk,dS∗k,d

|Sk,d |2 + SNR−1
,

k = 0, 1, . . . ,N − 1,
d = 0, 1, . . .

(13)

where SNR−1 = E[|Nk |2]/E[|Sk |2] is the reciprocal of the
signal-to-noise ratio (SNR).

Notice that in (13), one can choose training symbols with
constant amplitude whereby the use of the MMSE makes no
sense. However, if we employ decision symbols then the use
of the MMSE is justified, since {|Sk,d |; k = 0, 1, . . . ,N −1}
is approximately Gaussian.

III. CHANNEL TRACKING
In this section we present an EKF specially designed for
tracking a time-varying channel where the time-variation is
due to the presence of a Doppler term.

A. THE EKF FOR CHANNEL TRACKING
1) PROCESS MODEL
The process (or state-transition) model captures the rules
governing the state dynamics. Assuming that the state vector
is xd = [ν> ϕ>d ]

>, where ν = [ν1 . . . νL]>, and ϕd =
[ϕ1,d . . . ϕL,d ]> then the state-transition equation is

xd+p = H (p)xd , (14)

where H (p) is the p-step state-transition matrix

H (p)
=

[
IL 0L

2πpIL IL

]
. (15)

2) OBSERVATION MODEL
Defining the non-linear vector function,

f (ϕd ) =
[
[f1(ϕd )]

> [f2(ϕd )]
>

]>
, (16)

with f1(ϕd ) = cos(ϕd ), and f2(ϕd ) = sin(ϕd ) results for the
observation vector zd = [z1,d . . . zL,d ]>,

zd = f (ϕd )+ vd , (17)

where vd = [v1,d . . . vL,d ]> is the observation noise vector.
The observation’s noise covariance matrix is R = σ 2

v I ,
where σ 2

v is the variance of the real (imaginary) part
of the complex white Gaussian noise process {vl,d ; l =
0, 1, . . . ,L − 1; d = 0, 1, 2, . . .}. The elements of the noise
vector vd are independent and identically distributed.

Notice that the variance of the observation noise is different
if we consider the channel estimates to result from training
symbols or from the decision-directed approach. To distin-
guish both cases we use a superscript on the channel obser-
vation noise covariance matrix. Namely, RTS for the training
symbol case and RDD for the decision-directed case.
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3) PREDICTION STAGE (AT THE TRAINING SYMBOLS)
If the d th symbol is a training symbol, with d = 0, p, 2p, . . .,
then the prediction stage corresponds to the computation of
the pth-order a priori state-mean xd |d−p, and state-covariance
Pd |d−p, using the pth-order a posteriori state-mean xd−p|d−p,
and state-covariance Pd−p|d−p, obtained during the previous
training symbol. Accordingly,

xd |d−p = H (p)xd−p|d−p, (18a)

Pd |d−p = H (p)Pd−p|d−pH (p)>. (18b)

4) UPDATE STAGE (AT THE TRAINING SYMBOLS)
The update stage, whichwithout a decision-directed approach
for the channel estimation occurs only at the training symbols,
combines the a priori state-mean xd |d−p with the so-called
measurement residual ed , resulting in a refined state esti-
mate. Accordingly, the a posteriori state-mean xd |d and state-
covariance matrix Pd |d are given by

xd |d = xd |d−p + Kded , (19a)

Pd |d = (I − KdJd |d−p)Pd |d−p, (19b)

where Kd is the Kalman gain and Jd |d−p the Jacobian
of (16) evaluated with respect to the prediction state-mean
xd |d−p, i.e.,

Jd |d−p = J(xd )|xd=xd |d−p . (20)

For the derivation of the Jacobian see Sec. III-A7.

5) MEASUREMENT RESIDUAL
The measurement residual corresponds to,

ed = zTSd − f (ϕd |d−1)

=

[
R{α̂TSd }/|α̂

TS
d |

I{α̂TSd }/|α̂
TS
d |

]
−

[
cos(ϕd |d−1)
sin(ϕd |d−1)

]
. (21)

where α̂TSd is the vector of the channel estimates α̂TSd =[
α̂TS1,d . . . α̂

TS
L,d

]
obtained through training symbols.

6) KALMAN GAIN
In (19a), Kd is the Kalman gain

Kd = Pd |d−pJd |d−pS−1d , (22)

where Sd is the residual covariance matrix,

Sd = RTS
+ Jd |d−pPd |d−pJ>d |d−p. (23)

7) JACOBIAN DERIVATION
The EKF is derived by approximating the nonlinear
observation function (16) by the first term in its Taylor
series expansion evaluated at the estimated state vector.
The first term of the Taylor series corresponds to the

TABLE 1. The EKF for channel tracking.

Jacobian

J(xd ) =
∂f (ϕd )
∂xd

=


∂f1(ϕd )
∂ν

∂f1(ϕd )
∂ϕd

∂f2(ϕd )
∂ν

∂f2(ϕd )
∂ϕd


=

[
0L [f ′1(ϕd )]

>IL
0L [f ′2(ϕd )]

>IL

]
(24)

where f ′1(ϕd ) = − sin(ϕd ), and f
′

2(ϕd ) = cos(ϕd ).

8) PREDICTION STAGE (AT THE DATA SYMBOLS)
If the d th symbol is a data symbol, with d = p + h,
and h = 1, 2, . . . , p − 1, then the a posteriori state-mean
xd−h|d−h can be used to obtain the state-mean prediction
xd |d−h. Accordingly,

xd |d−h = H (h)xd−h|d−h, (25)

where

H (h)
=

[
IL 0L

2πhIL IL

]
. (26)

The state-estimate x̂d , to be used in constructing an esti-
mate of the CFR, is obtained from the state-mean prediction
xd |d−h, i.e., x̂d = xd |d−h. Algorithm Table 1 lists the steps for
the operation of the EKF for channel tracking.

Notice that since we are considering the use of train-
ing symbols only, we have no observations of the chan-
nel while transmitting the data symbols.Consequently, there
is no update stage. In order to circumvent this limitation
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we propose a decision-directed approach to obtain state-
observations during data transmission as well.

B. THE EKF WITH DECISION-DIRECTED
CHANNEL ESTIMATION
When employing decision-directed channel estimates we are
able to perform a prediction and update steps on both training
and data symbols. Accordingly, the state-mean and state-
covariance equations have unit-step prediction and update
equations.

1) PREDICTION STAGE (AT THE TRAINING SYMBOLS)
The prediction state-mean and state-covariance are,
respectively,

xd |d−1 = Hxd−1|d−1, (27a)

Pd |d−1 = HPd−1|d−1H>, (27b)

where

H =
[
IL 0L

2πIL IL

]
. (28)

2) UPDATE STAGE (AT THE TRAINING SYMBOLS)
The updated state-mean, and state-covariance, respectively,

xd |d = xd |d−1 + Kded , (29a)

Pd |d = (I − KdJd |d−1)Pd |d−1, (29b)

where the Jacobian is evaluated with respect to the posterior
state-mean (27a), i.e., Jd |d−1 = J(xd )|xd=xd |d−1 .
The Kalman gain is

Kd = Pd |d−1Jd |d−1S−1d , (30)

and the innovation covariance matrix

Sd = RTS
+ Jd |d−1Pd |d−1J>d |d−1. (31)

3) PREDICTION AND UPDATE STAGES
(AT THE DATA SYMBOLS)
The prediction and update stages of the EKF during the
transmission of data symbols evaluates the same expres-
sions as in the transmission of the training symbols, i.e.,
(27a)–(29b). Except that the state-observations are now
obtained using decision-directed channel estimation. Accord-
ingly, the state-observation noise covariance matrix used
to compute the innovations covariance matrix (31) is RDD.
Algorithm in Table 2 lists the steps for the operation of the
EKF with DD channel observations.

Notice that, the state-estimate x̂d obtained at the pilot sym-
bols results from the posterior state-mean, xd |d while at the
data symbols it results from the prediction state-mean xd |d−1.
The state-estimate is used to produce an estimate Ĥd (f ) of
the CFR (4). In fact, using the state-estimate vector x̂d =
[ν̂>d ϕ̂

>

d ]
>, particularly ϕ̂d = [ϕ̂1,d . . . ϕ̂L,d ]>, we produce

the estimate

Ĥd (f ) =
L∑
l=1

|αl,0| exp [j(ϕ̂l,d − 2π f τl)]. (32)

TABLE 2. The EKF with DD channel observations.

C. FILTER OPERATION
In this section we deal with issues related with the operation
of the EKF. Namely, initialization and training stages.

1) INITIALIZATION
The EKF is initialized by assigning

x0|0 = xinit (33)

P0|0 = P init (34)

and by using, at the prediction stage, the state-transition
matrix

H init
=

[
IL 0L

2πIL IL

]
. (35)

2) TRAINING STAGE
In order to produce an initial estimate of the channel state
variables, namely the Doppler rates and the path phases,
we start the frame with a set of Ntrain training symbols. These
symbols produce not only the initial estimate of the state-
vector but ensure also a faster convergence of the EKF.

D. RECURSIVE BAYESIAN Cramér-RAO BOUND
In order to determine the best performance achievable by the
EKF we resort to the results of [36], where Tichavský et al.
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propose a recursive BCRB. Accordingly, the recursion for the
Fisher information matrix [36] is

Jd+1 =
(
HdJ−1d HT

d

)−1
+ Exd+1

{
DTd+1R

−1
d+1Dd+1

}
. (36)

Defining,

Jd =
[
J ννd J νϕd
J νϕd Jϕϕd

]
, (37)

the first term on the right-hand-side of (36) is,(
HdJ−1d HT

d

)−1
=

[
(2π)2 Jϕϕd − 4πJ νϕd + J

νν
d −2πJϕϕd + J

νϕ
d

−2πJϕϕd + J
νϕ
d Jϕϕd

]
(38)

Noting that matrix Dd+1 is the Jacobian of the observation
function (16) results for the 2nd term on the right-hand-side
of (36),

Exd+1
{
DTd+1R

−1
d+1Dd+1

}
=

2
σ 2
v

[
0 0
0 1

]
. (39)

Adding the two terms, (38), and (39), results in the following
recursive expression,

Jd+1

=

(2π )2Jϕϕd − 4πJ νϕd + J
νν
d −2πJϕϕd + J

νϕ
d

−2πJϕϕd + J
νϕ
d Jϕϕd +

2
σ 2
v

 . (40)

Notice that, the elements of the Fisher information matrix
is associated with a single element of the state-estimate x̂d ,
i.e., for the phase and Doppler of a single ray. Accordingly,

Var(ν̂l,d ) >
(
J ννd

)−1
, (41)

Var(ϕ̂l,d ) >
(
Jϕϕd

)−1
. (42)

In Fig. 3 and Fig. 4 we plot the BCRB and variance for the
Doppler rate and phase terms, respectively. The variance of
the observation noise is σ 2

v = 0.1, a single path, i.e., L = 1,
initial phase ϕl,0 ∼ U [−π, π], and the Doppler rate ν =
0.01.

In Fig. 5 we plot the BCRB and the variance of the
Doppler term estimate while considering different values for
the Doppler term and the for the variance of the observation
noise. Respectively, ν ∈ [0.01, 1] and σ 2

v = {0.1, 0.15, 0.25}.
By inspecting Fig. 5 we can see that there is a close agreement
between the BCRB and EKF performance when the Doppler
term is small (e.g., ν ∈ [0.01, 0.1]), and the variance of the
observation noise is also small (e.g., σ 2

v ≤ 0.1). However,
when larger values of ν and σ 2

v are considered this agreement
is lost and the EKF performance degrades rapidly. Similar
results were obtained for the estimate of the phase term.

IV. PERFORMANCE RESULTS
The parameters used on the simulations are listed in Table 3
and the vehicle velocities with the associated Doppler rates
in Table 4, for perspective. The channel gains {αl; l =
0, 1, . . . ,L − 1} where generated according to the circularly

FIGURE 3. BCRB and variance of the estimate for the Doppler rate term
with respect to the recursion number.

FIGURE 4. BCRB and variance of the estimate for the phase term with
respect to the recursion number.

TABLE 3. Simulation parameters.

TABLE 4. Velocity 1v =
1f
fc

c .

symmetric Gaussian distribution CN (0, σ 2
α ), with σ

2
α = 1.

No channel coding is used.
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FIGURE 5. BCRB and variance of the estimate for the Doppler rate term
for the recursion d = 200, observation noise variance
σ2

v = {0.1,0.15,0.25}, and the Doppler term ν ∈ [0.01,1].

FIGURE 6. BER vs. the Eb/N0 for ν = 0.01.

Fig. 6 depicts the BER curves corresponding to a nor-
malized Doppler term ν = 0.01 for three different situa-
tions. Firstly, we consider the SC-FDE transmission using
a perfect channel estimator (i.e., the filtering coefficients
of the IB-DFE are derived using the true CFR). Secondly,
we consider that the channel tracking is done using an EKF
without DD channel estimation (EKF w/o DD). Thirdly and
finally, we consider that the channel tracking is done using an
EKF with DD channel estimation (EKF w/ DD). Addition-
ally, we consider that the channel equalization is conducted
through three iterations of the IB-DFE. By inspecting Fig. 6,
we can see that there is a close agreement between the curves
associated with the EKF and those associated with the perfect
channel estimation, revealing that the EKF is capable of
tracking effectively the variations of the channel when a small
Doppler term (e.g, ν = 0.01) is present.
Fig. 7 depicts the BER curves corresponding to a normal-

ized Doppler term ν = 0.1. This figure is similar to Fig. 6
with the only difference being the value of the normalized

FIGURE 7. BER vs. the Eb/N0 for ν = 0.1.

FIGURE 8. BER vs. the Doppler term ν for the EKF without DD channel
estimation.

Doppler term, which is considerably larger now. By inspect-
ing Fig. 7 we see that the EKF with DD channel estimation
displays a BER close to the ideal case with almost no loss
in performance. Regarding the EKF without DD channel
estimation, a small performance degradation occurs.

Fig. 8 depicts the BER vs. the normalized Doppler term ν.
This figure provides a graphical reference on the range of
Doppler values supported by the system. Particularly, for the
EKF without DD channel estimation. By inspecting Fig. 8
we can see that the BER performance remains practically
unaltered for Doppler values up to ν = 0.06. This Doppler
value corresponds to a velocity of more than 120 km/h when
considering a carrier frequency of fc = 6GHz and a block
duration TB = 1/14ms. We will see next that with DD
channel estimation this range can be increased.

Fig. 9 depicts the BER vs. the normalized Doppler term ν

for the EKF with DD channel estimation. Once again, this
figure provides a graphical reference on the range of Doppler
values supported by the system. By inspecting Fig. 9, we can
see that the BER performance remains practically unaltered
for Doppler values up to ν = 0.1. This is a very large Doppler.
In fact if we look up Table 4 we see that this normalized
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FIGURE 9. BER vs. the Doppler term ν for the EKF with DD channel
estimation.

FIGURE 10. BER vs. the training symbol period p for the EKF without DD
channel estimation.

Doppler value corresponds to a velocity of approximately
250 km/h, when considering a carrier frequency of fc =
6GHz and a block duration of TB = 1/14ms. Clearly,
a velocity only common in high-speed trains.

Fig. 10 depicts the evolution of the BER vs. the training
symbol period, p, for the EKF without DD channel estima-
tion. We see that if the normalized Doppler term is small
enough (e.g., ν = 0.01) the BER does not vary signifi-
cantly with the training symbol period. If, on the contrary,
the Doppler term is large (e.g., ν = 0.1) then a training
symbol period up to p = 10 is more appropriate since
significant performance degradation may occur for larger
values of p.
Similarly to Fig. 10, Fig. 11 depicts the evolution of the

BER vs. the training symbol period, p, but this time for the
EKFwithDD channel estimation. Comparing both figureswe
see that the differences are significant. In fact, the EKF
with DD channel estimation is practically unresponsive to
changes in the training symbol period value. Note that, the last
value of the training symbol period in the graph is p =
301 symbols, which is larger than the frame size considered,
Nframe = 300 symbols. Therefore, after the initial training

FIGURE 11. BER vs. the training symbol period p for the EKF with DD
channel estimation.

FIGURE 12. BER vs. the training symbol period, p, for the linear
piece-wise channel tracking.

stage, no other training symbol is transmitted and still the
system displays no meaningful performance loss.

In Fig. 12 we plot the the BER performance vs. the training
symbol period, p, when the channel estimates are obtained
using the EKF with the decision-directed approach (EKF w/
DD), the EKF without the decision-directed approach (EKF
w/o DD), and a linear piece-wise channel tracking solution.
We use this last channel tracking solution to show the perfor-
mance gain obtained through the use of the EKF.

By inspecting Fig. 12 we see that the linear piece-wise
channel tracking is very sensitive to the presence of Doppler
shifts. In fact, for a normalized Doppler ν = 0.01, and
Eb/N0 = 12 dB, we only have BER performances com-
parable to the ones obtained with the EKF when one in
two symbols is a training symbol, i.e., p = 2, which is
manifestly unaffordable in terms of overheads. These results
clearly justify the need for appropriate channel tracking (e.g.,
through the use of the EKF) even when the Doppler shifts are
small.
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FIGURE 13. MSE for different training symbol period p.

FIGURE 14. MSE for different sizes of the initial training stage, Ntrain.

FIGURE 15. MSE for different values of Eb/N0.

Note that in Fig. 13, Fig. 14, and Fig. 15, we will be con-
sidering only the EKF with DD channel estimation case for
brevity.

Fig. 13 traces the MSE of the CFR estimate E[|Ĥk,d −
Hk,d |2] for different values of the training symbol period p
and for Eb/N0 = 12 dB, ν = {0.01, 0.1}, and an initial

training stage of Ntrain = 20 symbols. By inspecting the
figure, it is clear that the EKF with DD channel estimation
is practically unresponsive to the presence of further training
symbols after the initial training stage.

In Fig. 14, we plot the MSE considering different sizes
for the initial training stage. Namely, Ntrain = {2, 5, 20, 50}.
Exactly to evaluate the impact of the size of the initial training
stage on the system performance. As expected, the larger the
training stage the faster the filter convergence.

Finally, in Fig. 15 we plot the MSE for different values
of Eb/N0, namely Eb/N0 = {8, 12, 16, 20} dB and the
normalized Doppler terms of ν = {0.01, 0.1}. For a large
Doppler (e.g., ν = 0.1), the impact on the MSE from varying
the Eb/N0 is less evident than if the Doppler is small (e.g.,
ν = 0.01). In this latter case, the MSE is already small value
and increasing the Eb/N0 will bring it further down.

V. CONCLUSION
With this work we proposed a channel equalization and track-
ing scheme, where the IB-DFE deals with the ISI and the EKF
with the time-varying nature of the channel. We designed an
efficient frame structure, suitable for V2X communications,
and showed that it is possible to limit channel estimation over-
heads. We also showed that these overheads can be further
reduced if a decision-directed approach is considered. In fact,
we showed that using the decision-directed approach ensures
that no further training symbols are required besides those
used in the initial training stage.
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