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S0t integrats odoutingl # Tractare méchakies uve béén devived i dosed formn. The yésilth have been whed fir
obtaining stress intensity factor at the edge cf interface orack. . S

Recently, in several problems of fracture mechanies for examplg, [1,2 3, 4&5] integrals of the
following type have arisen. o : :
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Phe evaltation of these ifitegrals in cloed fofm is, therefore of paiticular ithportafice ifl ffacture

- mecharics. Inthis rote, we have evaluated these integrals in closed form for p>1. These result& havé Besn -

used for obtaining expressions for the components of stress and siress intersity factors at the tip of the
orack lying at the interfade of two bonded digsimitar elsstic solid. '

SOME USEFUL RESULTS

1n this section, we shall give some useful resultd for ready reference. These results will be used in the
next sections for deriving closed form expressions for the integrads in question,
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From Erdelyi's® we have -
® . C =2 . - .-
f sech oz co zy do = :i.,(;) I'{(aw 4 1y )/2a } T {( av — 1y )[2a} (5)
0 ,
and following relations for hypergeometric functions’ —
caFy (0,6 —162)coFy (6 — L bicz) =(b—a) 2z, (a,bo+12) (6)

(1—2)(b—a)yF (abcz)=(c—a)Fi(a—1bcz)—(c—b)sF (a,b—1cz) (7)

The following: quadratic transformation will also be used in the next section”
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Lastly, we have the following Barne’s contour integral tepresentation
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- 'We further note that there is a general remark.” except for the-connection between generalized hyper-
geometric series of argument 2z and z~! which are the olution of the same differential equation, no linear
transformation of ¢4 F, seems to be known in the general case g >>'1.. For ,F, this relotion is
easily derived by evaluating the above integral by the calculus of residues as the sum of the residucs at

the poles 8 = — o —k, 8= —b —1, s = — ¢ —m wherek, 1,m=0,1,2, .......... Thus we get
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This formula is useful in determining the asymptotio behaviour of ;F, when zis very large. '

EVALUATION OF INTEGRALS "

In fhis gegtion, we shall evaluate the following integrals which arige in the problems of fiacture .

mechantics.
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By substituting # = tanh cp and usmg the bmonua.l expa.nsmn and (5) we get
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hSlmllarly, by substatutmg z= ta.nh q: m the integral (12) and by usu],g the bm( mlal expansmn
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The values of the above integrals for p<<4/J can be caloulated with the help of the formula, (10). Next -
we evaluate the following integrals. o -

L= f— 2 %, k0,2
% { ( ze_ a“&) ( bzr__mﬂ) } N .
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J‘ msmw& di B ()
a {(xLaz)-(b%——aﬂsh ‘ B s
where

0=log{(w—-a) (b+w)/(m+a) (b—=z)}.

These mtegrals are evaluated by separating the real a.ﬁd 1ma.gmary s of the following a integrals,
which have been evaluated by making the substitution s=a cos® ¢ 4 sin®p and using the binomial
_expansion :
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where z = (b-a)/ (b+a) and Fy is hypergeometric function of two variables’. By separating the real and
imaginary parts, we get :
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~ Ttis worthwhile to remark that the above series are rapidly converging ' eries. For any numerical
computation of these integrals it is sufficient to consider only a few terms of the above series. .

PARTICULAR CASES

In the next section we shall require the values of the integrals 7, and J,. From (13), with the h elp of
M and’ (8) we have R : ‘ A , .

e
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Similarly, from (14) with the help of (6) and (3), we have
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Next, we prove .tha.t I,is bounded. _

! cos {w log (i—+@} ! dz I | 1 :
11, =' 112( ) de| < f\—/—.;_ﬁzu=sm —s p>1
0 (p*—a?) o P ' P )

_ The integral for I, is singular only‘ for p=1, but this is a weak singularily of the integral. The value of
this integral can. easily be evaluated for p= 1. For, on putting z =cos 20, we can easily obtain

+1 (1 +w)iw
f”kl_m d = ——

2 '\/1————‘——:172 = GOBh mwTw

and on separating the real and imaginary parts, we get
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STRESS INTENSITY FACTOR

Lowengrub and Sneddonl considered the problem of determining- the dlsplacement and stress field in
the vicinity of a penny-shaped crack situated at the interface of two half-spaces of different elastic mate- '
terials bcnded together along their plane boundary. ‘We shall follow their notation. They have e},pressed
normal stress component in the plane of the crack by the relation [1, 37]

1

__ KB 2 2 S (=) wS(w) L :
- (n,‘O +) == » 77_ ‘ip (—————P . dz —KBJ f (P _sz 3/2 da::,':p.’> 1, (27)

Slmlla.rly the shea.nng stress in the pla.ne of crack is glven by the relatlon '
1

2 4 R (2) J f B | »
== = — dx =—K dx, 1, (28
on (. 0+) = K5 J2 2 f(P ot e e 0> 1, (38)
whefe ,
—_— \
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6 = ].Og(]. +x)/(1 —x)’ w,_,— 2,"_ lOg k2G +G2 ._ Or l g p____ u-)’y .
The paper? conta.insa misprin. The value of Og=—y=—o . o

Substituting the value of 8 (#) and R (z)in (27) and (28) respectively. we get for p’> 1

Ou (p,'o. +) = ﬁ"%ﬂf_‘ﬂ_ [{2”“02 1w J% —1, ] = Mc—gs—l}—g—w i | |
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With the helprof these eqnatlons we get 7 | | | ) .
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" The stress intensity factor is defined by the relation ’
Ny+iN,=1m* (p— 1)} (gn+iop)exp(—iwp)]
Hence we get o p~> 1 . -

w 9K fy « ' ,
Ny + iN, = \/}29—wcothn-wl‘(-%———iw)(l-—l-‘dw)/I‘(l—-‘iw)I‘(%)

_ 2Kf, I @2+ iw) L o |
Var T(3+ia) : (34)

The above formula coincides with the expression for the stress intensity factor ‘detived by Kassir and
Bregmann®, The stresses in the crack plane in the vicinity of the rim of the crack are given by

| ) o _
azz(P,0+)=",\‘/7—_—__—1_[Nlcosw $—Nysinwf] + 0 (1/p—1) )
vpz<p,0+>=7%j [ sin b+ Myoos b1 +0 (V5T) (39

wowengrub® has datermined the stress field in the viéinity-of a pairof Griffith cracks located at the interface
of the two bonded dissimilar elastic half planes. The stress-components in the plane of the cracks can be -

written as

oy (2, Q+)+730my(w>0+) = v(xgv_;:';‘(;z;_bz) [(wz+C"2)—-’2'iw(b—-,g)vm]eﬂ9i+

+0@),z>b (37

ogy (@, 0+ ) + 02y (2, 0 +) = — { (azf_wz)j(oi;z__wz)'}lh. [(@ 4 ) + 240 (b—-a)w]?"""ai +

+0W), s<a (38) -

" where

g=log{(z—a)(x+b)/(z+a)(z—0)}.
where the two cracks have been defined by e <|2|<by =0, p, is the constant pressure applied
on the crack faces, w is a known constant and the constant Oy is given by the condition® - '

?{(mz-—az)/(bz'——wz)}_—‘la [ (=t O’z)coSwé+2w(b—,a)msin wé]dq; =0 (39)
@ A

This gives 0’2=-‘—[L2+2w(b—~a)L1]/L‘,7 : (40)

where L, L_, Ly are defined by (15) and (16). Lowengrub® has mentioned that the conatant (", has to be
caleulated numerically. By virtue of the results (20) — (22), C'z can be expressed in closed form from

which its numerical value can be easily computed.

If the normal and the shear stress intensity factors Ny, and Ny at the edgez = b and N, and
N, at the edge # = a are defined by the relations B '

Np4iNp= lim [(2—b): (o +iow)exp(iwb)] @
g->b+
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