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This paper gives an analysis of the distribution of thermal stress in an infinite isotropic elastic layer, which 
restson esemi-infinite isotropia elastic foundation andis indented by a rigid heated punch. The thermal and, elas- 
tio properties of the layer and foundation are assumed to be different. Two problems are discussed. In  the first 
problem the punch is a flat ended circular cylinder of unit radius, while in the second i t  is of conical shape. The 
problems are first reduced to dual integral equations, which are further reduced to two Fredholm integral equa- 
tions of the second kind. Iterative solutions of these equations arc obtained for largv value of h. Expressions for 
quantities of physical interest are derived. 

George & Sneddanl haw discussed an axially symmetric problem of elastic half-space indented by 
a heated punch and made a camparision between the stresses caused by the punch alone and the stresses 
induced by thermal effects. Using a different technique Keer & Fu2 considered stress distributian in an 
elastic plate due to heated punch. Recently DhaliwaP has considered a punch prablem for an elastic 
layer lying over an elastic foundation. 

In this paper we shall study distributian of thermal stresses in an elastic layer indented by a rigid 
heated punch and resting an an elastic faundation. We shall consider two prablems. In the first problem 
the punch is a flat ended circular cylinder while in the secand it is of conical shape. 

By making a suitable representation of the temperature function, the heat canduction prablem is re- 
duced to the solution of a Predholm integral equatian af the second kind. Then using the salution of ther- 
maelastic displacement differential equatian, the problem is reduced to the solution of similar Fredhalm 
integral equatian in which the solution af the earlier integral equation arising from the heat canduction 
prablem occurs as a known function. Iterative solutions af the integral equations are faund, which are valid 
for large values of h. These solutions are used far deriving expressians for quantities of physical interest. 

F O R M U L A T I O N  O F  T H E  P R O B L E M  

Cansider an infinite, isatropic homageneous elastic layer included between the planes z = 0 and z = - h 
of a cylindrical co-ordinate system (r, 6, a). The semi-infinite isatropic homogeneaus space a > 0 is an elastic 
faupdation upan which the layer rests. The thermal andelastic properties af the layer and of the foundation 
are assumed to be different. In the case of symmetrical deformation the displacement vector U assumes 
the f m  (zc,, 0, .u,) and the non-vanishing companents of stress tensar will be a,,, 044, aZ,, and a,,. The 
region is divided inta two domains (1) the layer - h < x < 0 and (2) the semi-infinite elastic space 
o < x < o o .  

The boundary conditions at the free surface z= - h, when it is indented by the rigid heated punch are : 

a,(l) (r,  - h) = 0 r > l  (2) 

the function g ( r )  can be expressed according to the shape of the punch. 

We shall con~ider the fallowing two cases of temperature canditions at  the free surface z = - h : 

Case (a) 

When the temperature is prescribed, 

T(1) (r ,  - h)  = TI (r)  O < r < l  
= o r , Z  



I 
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Case (b)  

When the flux of heat is prescribed, 

- $ph) 
-71 z = - h  = Tl (r) 0 < * < 1  

T(1) (r, -- h)  k 0 * > 1  
I 

Since the elastic layer is perfeictly in cantact with elastic foundation, the continuity 
the interface z = 0 are 

u;l) (r, 0) = up@) (r, 0)  
uz(l) (r, 0) = uz(2) (r, 0) 

~ z * ( l )  (r, 0) = adz) (r, 0) for all values of r 
u d l )  (r, 0) = a,(*) (r, 0) 
T(1) (r, 0) = T(2) (9, 0) 

kl - 

(5) 

(8) 

conditions on 

where kl and Ib, are thermal canductivities of the layer and foundation, respectively. 

The thermoelastic displacement companents Ui in the absence af bady forces, satisfy the fullowing 
system of equations* : 

p Ui,~ck + ( A  + p) uk,ki - T,i = 0 

where the temperature field is determined by Laplaoe equation 

T , k k  = 0 (14) 
in the steady state, and in the absence of heat sources. 

In the particular case of symmetry of temperature and stress fields with respect ta z-axis, equatians 
(13), (14). reduce to two equations 

VST = 0 J 
where 

e = zc,,. -i- ru;-I-zc,,, 02=f+f *-12r+>z 

p is madulus af rigidity, q Paissan's ratio, cr, the coefficient af linear expansion. 

The two com'panents of stress, in terms of displacements are 

In region 1 (- h< z < 0). we follow the methad given by Xrivastava & Palaiya6 far deriving the 
for the ciisplacements, stresses and the temperature field. These expre$sions are 
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where 

f i  = E(/% (1 + ~i), d = 1, 2 

a d  Ei' is the Y o ~ g ' s  l l l ~ d d ~ ~ .  

' S E , B I P E R A T U R E  F I E L D S  

Let us consider both the cases of ternperathe fields. 
- - 

The conditians (11) and (12) are satisfied, pravided 

1 + 1 4 
A = * (1 - @  

a1 (1 + 71) 
3 = * (1 + h) a2 (1  + q2) Bl 

Eence (22) can be written as 

~ ( 1 ) ~  2 a2 (1 + 712) 4 ] t B l ( f  [ ( b l - b ) e ~  + ( i : - + b a ) e 4 z ] ~ 0 ( & )  (28) 

where \ 

b  = b1/& - 

Case (a) 

Thus case (a) gives the fallawing equatians 
03 

~ t ~ ~ ( ~ [ ( ~ ~ - ~ ~ ) e - ~ ~ t ( ~ - t k d ) e ~ ~ ] J ~ ( M d ~  r )  O g r < 1  ) (29) 
0 = 0 r > l  

or we have / 

1 / , \ "  - [ (4 - 4) e-@ + (kl + b2) dh B~ (6)  = r  (1.) J~  ( [T)  ar ' (W 
0 

where 
T; (r) = 2% (1 + 112, hl TI t ~ ) .  

(b) 
Similarly for the case (b) we obtain. the fallowing p& of dual htegraJ equations 

00 1 [ l i + ~ ' ( 2 t h ) ]  P I ( S )  J O ( M ~ C  = 2~ (r) O < r < l  
0 
03 (31) 

J I ( P )  Jo ( IT )  a f  = 0 r > l  8 .  
, 0 

where 
2a' e-2P - and a' = 

I 
k -b l  

" (264 = 1 c q h  
$ h+lc, 

! I - $  
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$4,  j 
g ; ( t )  = - -- Sg;(uSf3dzS=O,. n 

- 0 

1 

@ ; i t )  = - $ / [ 2 l 1 t ~ g $ ( 8 ) - -  t S  (t2 3  + S2) 
0 - 

is e 
= -  

4th 
t  (3  + 5t2) 

sb that 

2 4  g l ( t )  = e t  [ l -  -- 3% hS - I2 (3+5t2)+O(h-7) + ' 45n h5 I - (39) 

where 
d = BIT 8, . 

R E D U C T I O N  O F  P R O B L E M  T O  D U A L  I N T E G R A L  E Q U A T I O N S  - 

The contiaaity conditions (7) to (10) are satisfied, provided 
- "- 

-- 

4  (1-171) 1 C  = (p -1)  (3-471) i ? E ~ + a F l + f l B ~  (40) 

4  (1  - vl) D = 2 ( p - 1 )  6El+(p--l)  13-477a)Pif vBi  (41) 

4  (l--rll) f E  = ( p f 3 - 4 1 1 )  5: El-uPl-BBl (42) 

4  (1  - 71) F = [ 1 + ~ ( 3 - ~ r ) 2 ) ' l ~ l + % ~ l  (43) 

whkre - .  i - -  . 

cc = p (3 - 492) (1 - 271~) - 0 - 272) ( 3  - 471) 

ace= 2p-(1+k)  L  

,g = p(2-4q1) -3+471+L~ 

v = 2 p - 2 + ( 1 - k ) L  

L = a, (1  + &) 1 uz (1  + 9 2 )  

and p  = ~ 1 / ~ 2  

NOW the applicatim of (3) leads to 

I ( E l  [ ( p - 1 ) ' ( 1 -  2 ~ h ) e - ~ f ~ - - r - 3 + 4 7 ~  

1 
= - F ,  [ ( u - ( p - 1 ) ~ 3 - 4 ~ ~ ) ( f h + 1 - 2 ~ ~ )  j e 2 f h -  

- - 2 7 1 - )  { ) + a ] - -  

- q [ ( ~ - - 1 - - ~ f l i ) e - 2 ~ -  ~ - - 3 + 4 v ~ + a , 5 : h  I (44) 
& 

l$qustiohs (40) k ( 4 3 )  express the unknown functions C  ( 5 ) ,  D ( I ) ,  E (6 )  and F  (61  in terms ofE1 (6 ) ,  
#, (61 and Bl ( 6 )  and (41) expresses the h n b u ~ n  functioh El ( 6 )  in terms of single ~t~known functio4 
PI (5:) .  
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where 
e -%[a+  b  I1 +9) +2ce- -X]  

H (x )  = -- + 

x ($1 (48) , 

and G' ( r )  is d e h d  es 
. , 

00 

d (Z) .. . 
4 G' (9 = g (r)  + ,, + ,) ST [ l + Q ( % h )  ] J,(e*dt (49) 

0 

t$ ( 8 )  can be obtained from equation (33) and Q (x )  is given as 

- h  P 3 x 2 - b ~ , z " )  +e4 ( 9 , + , 8 , ~ + b ~ ~ ~ ~ - ) ] +  [ ( l - l - h ( l - ~ ) e - x  

.(I --a1 eVs ) x t q  1, , + ,--. . 
(60) 

where 
P' (L - P) ,.d ~ ( 1 - q  

PI " + a r b ,  ,p2 = 2K + a' b -- 
K 

21 

'IL - n1+b, 
[ L  (I + ~c) ' - -  4 4  

P a =  - R 
P* ' - - h  

2 #  - -- 

219 
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01 
1 

and j. = - fi ( 2 4  X Z n  dh (n  =P, 1,2) 2% 1 (66) 
0 

The expression for K (8, t) is obtained by substituting f h  = X an4 writing the ezpansion for cosine 
and sine functions in powere of h. 

On substituting the value of 4 ( 6 )  from (33) into (52), we get 
1 

- . ( ~ 1  du + p2 jg- (ul au f j e rtrn) sin rr U )  a w(t) = p 1 * ( t ) +  7 
t 0 0 

1 

c o s ( t t ) d ~ - -  J ~ ( 8 . t )  W ( S )  d8 (66) 
0 

Inserting the value of g' (zc) &om (39) into (M}, we get. 

60 1  W ( t )  = PI $ (t)  f 2 p 1 P 2  T [ ; ( l - t 3 ) + - - -  3h 30h8 {sf1 (1 - t2) + 
2 3  '1 + + 6% (1 + 6ts) ) - 2520h6 71, (11  - 6ta - 6tl) + = { .  1 

+ 120% (3 + 42ta + 336t" ) + 0 (fin"] - [ K  (8, t )  W (8) dS f 57) 
0 

qr .' , 
where - . :  

! f i ( 2 A ) h 2 ' d X  ( n = O , l , $  8, = 
(2% + 1) (W 

0 

AQ iterative solution of (57) aan be'obtained by writing - 
' 

. , %(') + o (h4) . w ( t )  = wo (6)  + 7 (59) 

whm 
6 .  

" ~ 2  e 0 ( l - - q  0 ( 1  = PI ) + -7 . . 
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1 

‘+I 2% 8 1 6 
- 1 

w 4 ( t )  =-  %a fi 1 o - ~ J [ d * a ( ~ ) ~ - j l ~ l ( ~ ) ( ~ z + t 2 ) ] d ~  
0 1 

w5 @I = " 12COn " 8, '[ ?I ,  (11 - (t2 - St*) + 1208, (3 + 42tz + 36f4] 

1 
1 - -J[ ?T ~ , ( s ) ~ , - ~ , ( s ) j , ( ~ z + t 2 ) +  ~ ~ ( ~ ~ j , ( t 4 + ( t z ~ + s 4 ) ] d ~  

0 
-- -- 

. s ~ r ' c s l  values of I, ( n  = 1 ,2) ,6 ,  ( n  = 0 , 1 , 2 )  hbve been computed fop 7) = '33,  q 2 = ,  25, k,= .42  
k, = .54, E,' -- lox  1O'l dynlcrna, E2'= 21 x 1011 dynlcqia, eel = 01000012 and a4 - Ot0000102 and p-- 

The value* of the integral& ( n  = 0,  1, 2) Lave been4 given in Tpble 11 

N O R M A L  S T R E S S  U N P E R  T H E  P U N C B  

We shall now derive the expression for the n o p a l  stress under the pun?h. 
. . 

The aormal stress under the punch is 

(1) L -J A\- 

uz,Z (r, - h) * ( ~ i )  
0 

Substituting the value of G (6) from (51) into (61) and interi;hansing the order of integration, we get 

(1' 
(62) - , wn (r ,  - h) - - - - 

9. dr (t2 -- r2)f 
9' . .". 

T O T A L  I , O A D  O N  T H E  P U N C l l  

We dqkthwexpresaisll of bta l  load P app_li%d by the-punoh_to maintain the displacement. 

The totai 1 0 4  pnder k e  pmuh-is 

(63) 
..4 

0 

(1) ' 
inserting the value of a,, (r ,  - h) from (62) into (63) we get 

I 1 

P = - 2 n  (69 

0 

TABLE 1 
i. 

VALUES Ol? IN'J!EGRALS In, 8% AND jlt FOR 12=0, 1 AND 2 ' ... 
. ... - - 

A *  

Integrals n 
---- _ - - - - _ C  

0 - 1 2 ---- --- 
I n  . . 0.029632 09088248 

an 1.191022 0.18511~ ObO57212 

.in 1.246991 ^ 0 800334 (i * 381609 
- -A 
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S H A P E  O F  T H E  D E F O R M E D  $ u R F A C E  

The shape of the deformed surface for I. > 1 is 

(1) 
uz (r ,  - 7t) = - (2 - 2 ~ ~ )  1 + H (2 th)  1 G ( 6 )  J o ( t r )  d t  (65) 

0 

Substituting the value of G ( f )  from (51) into (65) we have 
1 

(1) 
zc, ( P ,  - h) = - ( 2  - 2Tl)  [ j (F!:;~ + I lY (t)  I (v, L)  at 1 (66) 

0 - 0 

where (i c 

K (r, t )  = - f H (%I) Jo iXr/h.ln) 00s (hi,&) ~2 h 
0 

3 
= [* - Q ( t 2 f w  +& ( t 4 +  - 8 r 4 + 3 r 2 t 2 ) ] + ~ ( h - 7 )  - (67) 

wherejn (12 = 0,. 1,2) is defined by the equation (55). . . 

The expression:for K (r, t )  is obtained by substituting t h  = X and writing the expansiqns for oosipe 
and J, function in powers of h. 

P . A R T I C U L A R  C A S E S  

Here we consider cases for two different shapes of the punch. 

Zlat-Eded Cylilzdrical Punch 
t- , 

The shape of the punch is a flat ended circular cylinder of unit radius anit* is the depth to whioh the punoh 
penetrates (s% Fig. 1). Then we have 

9 (4 = 6 O < r < l  (68) 
Therefore, the value (52) c m  be written as 

# ( t )  = P  (69) 
Inserting the value of $ (t) from (69) into the expressions of (60), (59) can be writben as 

W (t)= A, + Al ta + A, t4 + o (h-6) 

where 

I p r~s r tc I  CAYER 

+ B, [ -0.030365 - 0 '007314 

t - 0  h + 
- - -  

E LA5 TIC FWNOA TION 
0*002902 0.001138 0-000512 

+- ha - h3 
- 

I h4 i- 

2 - AXIS 

Pig. 1-Flat ended oylindrical punoh (problem 1). 
* 





SRIVASTAVA & GUPTA : Thermoelaatio Contact Problem 

Colekal Punch - - 
The shape of the punch is a right circular cone, and the elastic l s y a  is idantad n d t y  by it 

(see Fig. 2). The displacement is 
g ( r )  = (n/2 - r )  O g r C l -  . (74) 

Therefore equation (53) is 
# ( t )  = ($2) 77 ( 1  - t )  (76) 

Substituting the value of i,h (t) from (75) into (60), equation (59) csn be written aa 

W ( t )  = A 3  + A 4 t  + A5t2 + Ast4 + O(h-6) (76) 
where 

8, = r -0'745968 + [ 
0' 148019 0.058766 0°007489 0*@22271 

h - h8 + f - 
- 0'015760 ] + do [ - 0.030366 - 0.007314 8 ~ W 2 9 @ ~  

h5 k + V ' -  
0.001138 0~000542 - 

h3 
- -- 

h4 -I- h5 . y 

The normal stress is 

and the pr-ure is ' 

P = - 2n [A3 + A4/2 + A5/3 + Ad51 + O(h-6) (78) 

(1) 
The ~ l ~ a p e  of the deformed surface, i.e. zr, (r, - h) for r > 1 is 

+ 

( 1 )  
u, b-, - h) = - ( 2  - 27,) [ (Si + A, 8in-l l / r  - 118 (r2 - I)* (8A4 + 4As + zd,) 4)) + 

where, C 

and 
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