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AbStRACt

Amplitude and phase statistics of SAR complex interferogram are significant in the study of interferometry 
and polarimetry. To reduce statistical variations, multi-look processing is adopted by averaging spatially the complex 
interferogram. In this study, we derive and validate three kinds of probability density functions (PDFs) of multi-
look interferogram for different surface feature scenes. For simple homogeneous areas with the gamma distribution 
intensity, a concise product-form interferometry phase PDF is derived, which is equivalent to a conventional Gauss 
hypergeometric PDF. For complicated areas with the K and G0 distributions intensity, two new interferometry amplitude 
PDFs named as Gamma-K and Gamma-G are proposed, and their phase PDFs are approximately preserved. Finally 
three typical areas including grass, mountain, and city are picked out from a pair of RADARSAT-2 SAR images 
and studied. Experimental results indicate good agreement between the computed histograms and the theoretical 
distributions. The results obtained can be applied to the feature classification of polarisation SAR data and the 
estimation of decorrelation effect of interferometric SAR.

Keywords: Synthetic aperture radar, complex interferogram, amplitude and phase statistics, probability density 
functions

1. INtRODUCtION
Amplitude and phase statistics of SAR complex 

interferogram are significant in the study of interferometry and 
polarimetry. SAR complex interferogram is widely applied 
in many technology fields, such as interferometry measure1, 
interferometry SAR signal simulation2, move target detection3,4, 
polarimetric interferometry5,6,7, building edge detection8, 
polarimetric SAR image segmentation9, water change detection10. 
Usually these distribution models are established by statistically 
deducing amplitude and phase PDFs after analyzing statistic 
characteristics of SAR complex interferogram. In the past for 
the demands of understanding synthetic aperture radar images, 
the clutter intensity distribution was widely concerned. Several 
clutter intensity probability distribution models have been 
proposed for different scenes, such as Gamma distribution11, 
K distribution12 and G0 distribution13. Since 1993, the statistics 
study of the interferometry phase took an important progress. 
Bamler and Just14,15 analyzed quantitatively the influence of 
decorrelation on the phase statistics of SAR interferograms, 
discussed the probability density function of the interferometric 
phase for arbitrary transfer functions, and pointed out that the 
phase statistics are completely determined by the complex 
correlation coefficient. Tough16, et al. provided an analysis 
of the key distributions encountered in single and multi-look 
polarimetric and interferometric SAR data, under a Gaussian 
or multi-variate K distribution model. In the same year, for 
simple homogeneous scene whose intensity is characterised 
as Gamma distribution, Lee17,18, et al. derived PDFs of the 
multi-look phase difference, magnitude of complex product, 
and intensity and amplitude ratios between two components 

of the scattering matrix from the complex Wishart distribution 
and pointed out the multi-look phase difference has a Gauss 
hypergeometric distribution, and the multi-look amplitude 
distribution is a product of two modified Bessel functions. The 
procedures involve multiple integrations of special functions, 
thus yielding closed-form, easily computable solutions for the 
PDFs. All these results laid a foundation for SAR interferometry 
and polarimetry research.

With the development of SAR interferometry and 
polarimetry technology, more accurate amplitude and phase 
statistical models of SAR complex interferogram need be 
established for different complicated scenes, such as grass, 
mountain and city. Usually the clutter statistics in the grass 
area is adjacent to Gamma distribution, and mountain and 
city are usually different. The clutter PDF of complicated 
scene is usually established as the K or G0 distribution model 
for the heavy tail characteristic12,13. Gui19, et al. developed a 
joint distribution of magnitude and phase for multi-look SAR 
interferogram in extremely heterogeneous clutter, the model 
performance was validated on two dual-channel SAR images. 
Recently, a novel distribution denoted as S1 distribution was 
proposed for modelling the textural component20.

  
2.  StAtIStICAl MODelS Of SAR ClUtteR 

INteNSIty
2.1 Simple Homogeneous Scene

As we know, SAR speckle noise is severer in higher 
intensity areas, which is fitted to the multiplicative model21. 
Full growth speckle noise hypothesis is usually satisfied for 
the simple homogeneous scene. The SAR image intensity can 
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be represented as the product of the RCS background and the 
speckle noise as follows: 

( , ) ( , ) ( , )I a r a r a r= σ ⋅ω                                        (1)
where a and r represent the azimuth and range position 
respectively, and σ  isn’t related to ω .

For simple homogeneous scene, the RCS background 
( , )a rσ  can be looked as a constant. multi-look clutter intensity 

of the SAR image has a Gamma distribution11 as follows: 

( )
( ) ( )

1 nIn n
I

n

n Ip I e
I n

 − − 
 =

Γ
                                                (2)

where [ ]E I I= , n  is the number of looks, and ( )Γ ⋅  is the 
Gamma function.

2.2 Complicated Scene
For some complicated scenes, ( , )a rσ  can’t be treated as 

a constant, so some new clutter probability distribution models 
need be derived. 
(1) K distribution clutter intensity statistical model

Suppose ( , )a rσ  has a Gamma distribution as follows: 

 
1

( )
( ) ( )
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                                       (3)

where L is a model parameter, and σ  is the mean of the RCS. 
Thus the multi-look clutter intensity has a K distribution 
statistical model as follows: 

( ) ( )( )/ 2 1/2( -2)/2
-

2( ) 2
( ) ( )

L n L n
K n Lp I L I K LI

L n
+ +  = λ λ Γ Γ   

(4)

where /nλ = σ , and [ ]nK ⋅  is the third kind of modified Bessel 
function.
(2) G0 distribution clutter intensity statistical model

Suppose ( , )a rσ  has an inverse Gamma distribution as 
follows:

 0
12( )

( )G
p e

γ
κ− σ

κσ = σ
γ Γ −κ

                                       (5)

where κ ( 0κ < ) and γ  is two model parameters. Thus the 
multi-look clutter intensity has a 0G  distribution statistical 
model as follows:

( )
( )
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( ) ( )
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−

−κκ

Γ − κ
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                                (6)

3. StAtIStICAl MODelS Of INteRfeROgRAM 
AMPlItUDe AND PHASe

3.1 the expression of Multi-look Interferogram
Let v1 and v2 denote the master and slave SAR images, 

and then

1 1 1

2 2 2

( ) ( ) ( )

( ) ( ) ( )

v k k u k

v k k u k

 = σ ⋅


= σ ⋅
                                                 (7)

where k denotes the pixel position, which is sometimes ignored 
in the following text. u1 and u2 are two correlative normalised 
complex noises with a circular Gaussian density function22 
and 1 1 2 2 1E u u E u u∗ ∗   = =    . 1σ  and 2σ  represent the RCS 
textures. u and σ  are commonly assumed to be independent. 
The multi-look complex interferogram may be written as 

follows:

* *
1 2 1 2

1 1

1 1( ) ( ) ( ) ( ) ( )
n n

j

k k

He v k v k k u k u k
n n

ψ

= =

= = σ∑ ∑          (8)

where H and ψ  are the amplitude and phase of interferogram, 
and n is the number of looks. In next section, three statistical 
models of ( )kσ  are discussed and applied to deduce the 
statistical distributions of the interferogram. 

( )kσ•  is a constant, the scene is simple homogeneous.
( )kσ•  has a Gamma density function, the scene is more 

complicated. 
( )kσ• has an inverse Gamma density function, the scene is 

extremely heterogeneous.

3.2 Statistical Models of Interferogram Amplitude 
and Phase for Simple Scene
Suppose that

( )
( ) ( ) ( )* *1 11 1211
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(9)

Complex correlation coefficient between two SAR images 
is 

*
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                                          (10)

The complex covariance matrix is 
* *

1 1 1 2 11 11 22
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 (11)
For the simple homogeneous scene is with a constant 

( )kσ , the matrix A has a complex Wishart distribution17

( ) ( )
( ) ( ) ( )

{ }( )
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exp
1 det
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np tr
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−

= −
πΓ Γ −

-1A
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C
     (12)

After some simplifications, the joint PDF of interferogram 
amplitude and phase are derived, which is a Gauss 
hypergeometric model as follows:

 ( )1
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n n
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where 11 22/H C Cη =  is the normalised multi-look 
interferogram amplitude.
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(14)

Integration of Eqn. (13) wrt ψ  and using the above 
equation, yields the IK distribution model of the normalised 
multi-look interferogram amplitude as follows:

( )
( )( )

1

0 12 22

4 2 2
1 11

n n

n
n n np I K

n

+

η −

   η ρ η η
η =    −ρ −ρΓ −ρ    

         (15)

where 0 ( )I i  is the modified Bessel function of order zero.
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Similarly the phase distribution can be obtained by 
integrating Eqn (13) with respect to amplitude η .

 
( ) ( )1
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(16)
Let 22 cos( ) / (1 )p n= − ρ ψ −θ −ρ , and 22 / (1 )c n= −ρ , 

we have

( )
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Notice 0p c+ >  and apply the second integration 
expression of the Eqns (2.16.6.3) in the Frery23, et al. one gets 
a product-form PDF of interferogram phase as follows 
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where 2 1( )F i  is the Guass hypergeometric function.
A hypergeometric PDF model of interferogram phase 

derived by Lee17, et al. is
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The equivalence relation between Eqns. (18) and (19) 
can be proven by mathematic software. We can see that new 
formula Eqn. (18) has a more concise product form than 
conventional formula Eqn. (19). 

3.3 Statistical Models of Interferogram Amplitude 
and Phase for Complicated Scenes
Suppose the scattering texture is approximately constant 

in the local multi-look window area, the Eqn. (8) can be written 
as

* * *
1 2 1 2 1 2

1 1 1

1 1( ) ( ) ( ) ( ) ( ) ( ) ( )
n n n
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He v k v k k u k u k u k u k
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σ
= = σ =∑ ∑ ∑  

 (20)
Regarding the clutter intensity statistical model as 

K distribution or 0G  distribution for complicated scene, 
the corresponding image scattering texture 1σ  and 2σ  are 
independent and real random variables with the Gamma 
function or inverse Gamma function distributions. 

One can see that the interferogram phase is unrelated to 
σ , so the former interferogram phase statistical model is also 
applicable to the complicated scene.

Referring to Eqn. (20), the interferogram amplitude H  is

* *
1 2 1 2

1 1

1( ) ( ) ( ) ( )
n n

k k

H u k u k u k u k
n n= =

σ
= = σ⋅ = σ ⋅η∑ ∑   (21)

So the interferogram amplitude H can be regarded as 
the product of a real random variable σ and the normalized 

multi-look interferogram amplitude η  of simple homogeneous 
scene.
Case (1): When σ  has a Gamma distribution function as 
Eqn.(3), the PDF of the interferogram amplitude H is

( ) ( ) ( )
0

1 /K Kp H p H p d
∞

η= σ σ σ
σ∫                           (22)

Substitute Eqn. (3) and Eqn. (15) into Eqn. (22) yields
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Case (2): When σ  has an inverse Gamma distribution function 
as Eqn. (5), we have
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σ∫         (24)

Substitute Eqn. (5) and Eqn. (15) into Eqn. (22) yields
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(25)

here, the expressions Eqns (23) and (25) are the statistic 
distribution models of the complex interferogram respectively 
for the K and G0 distribution clutter scenes, which are named 
by the authors as Gamma-K and Gamma-G distribution models, 
respectively.

4.  MODelS VAlIDAtION wItH tHe ReAl 
DAtA
A pair of RADARSAT-2 SAR images acquired on 4th  may 

and 28th may 2008 over Toronto was used to validate the above 
theoretical models. The master image is showed as Fig. 1, in 
which three representative areas are picked out and denoted as 
A (grass), B (plain mountain), and C (city), respectively. 

4.1 Validation of the Clutter Statistic Models
The clutter intensity of the three types of areas is 

respectively fitted to Gamma, K, and G0 distribution models, 
and the model parameters are obtained by moment estimation 
method in the Baselice & Ferraioli8. The estimated model 
parameters of the selected areas in the master and slave images 
are given as Table 1, Table 2, and Table 3, and the corresponding 
fitted PDFs of the intensity are showed in Figs 2, 3, and 4. The 
fitted error e is computed as the difference of the real data and 
the fitted model.

( )( )2
1

N

i i
i

p x y
=

ε = −∑                                                    (26)

where N denotes the number of the image intensity partitions, 
iy  denotes the proportion of the i -th partition, and ( )ip x  

denotes the fitted PDF. It was found that the Gamma distribution 
intensity model is distinctly superior for the grass and plain 
mountain areas, which has fewer model parameters and higher 
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accuracy. For the city area, the G0 distribution intensity model 
is the best one, and the K distribution model follows. 

4.2 Validation of Interferogram Phase Statistic 
Model
The parameter ρ  of the model Eqn. (18) is chosen as 

the mean correlation coefficient of the three areas, and n is 
estimated by function fitting. Table 4 shows the estimated model 
parameters of the interferogram phase in different experiment 
areas. We can see that all the fitted errors are enough low for Figure 2. The fitted intensity PDFs in areas A(grass) : (a) The 

master image, and (b) the slave image.

table 3.  the estimated model parameters of intensity distribution in area C (city)

figure 1. the master image and three experimental areas (A: 
grass; b: plain mountain; C: city).

table 1. the estimated model parameters of intensity distribution in area A (grass)

gamma K g0

n ε n L λ ε n γ κ ε

master image 2.650 0.043 4.433 4.224 0.026 0.093 3.371 1586 -11.342 0.065

Slave image 2.660 0.041 4.408 4.224 0.026 0.101 3.407 1658 -11.649 0.068

table 2.  the estimated model parameters of intensity distribution in area b (plain mountain)

gamma K g0

n ε n L λ ε n γ κ ε

master image 2.880 0.029 4.502 4.220 0.016 0.071 3.562 3056 -13.443 0.049

Slave image 2.890 0.034 4.540 4.218 0.015 0.083 3.505 3493 -13.926 0.057

gamma K g0

n ε n L λ ε n γ κ ε

master image 1.800 0.062 3.774 4.129 0.012 0.031 2.524 1446 -5.499 0.021

Slave image 1.820 0.087 3.784 4.135 0.012 0.044 2.567 1536 -5.613 0.031

(a)

(b)
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the three scenes. That is to say, Eqn. (18) is a universal PDF 
model for all scenes.

4.3 Validation of Interferogram Amplitude Statistic 
Model
For describing the statistical models of interferogram 

amplitude Eqns (15), (23), and (25), the above estimated 
parameters in Sections 4.1 and 4.2 are used. There into, the 
parameter ρ is chosen as the mean correlation coefficient of the 
three areas. The parameters L and λ  in Eqn. (23) are chosen as 
the averages of the estimated K distribution model parameters 
of the master and slave images in Table 1, Table 2, and Table 
3. The parameters γ  and λ  in Eqn. (25) are averages of the 
estimated G0 distribution model parameters of the master and 
slave images in Table 1, Table 2, and Table 3. The parameter 
n is estimated by function fitting. The estimated PDF model 

Figure 3.  The fitted intensity PDFs in area B (plain mountain): (a) The master image, and (b) The slave image.

Figure 4.  The fitted intensity PDFs in area C (city): (a)The master image, and (b) the slave image.

(a) (b)

(a) (b)

Area A Area b Area C

ρ n ε ρ n ε ρ n ε

0.749 2.315 0.018 0.636 2.731 0.021 0.491 2.524 0.024

table 4. the estimated model parameters and errors of the 
interferogram phase

table 5. the estimated PDf model errors of the interferogram 
amplitude

fitted model errors

IK gamma-K gamma-g

Area A 0.049 0.031 0.036

Area B 0.219 0.035 0.050

Area C 0.191 0.187 0.118
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errors of the interferogram amplitude and the fitted PDF curves 
in the different experiment areas are respectively showed in 
Table 5 and Figure 5.

5. CONClUSIONS
Following conclusions have been drawn: 

•  All the three models have perfect results for the grass 
area. 

•  For the plain mountain area, Gamma-K and Gamma-G 
distribution models are all feasible, and IK model has 
higher errors. 

•  For the city area, three models are all unperfect for the 
potential reason of more dot-scattering characteristic, 
especially IK model has the worst fitted results, and only 
Gamma-G model is almost acceptable. 
In this, research the authors have derived and validated 

three kinds of probability density functions (PDFs) of multi-
look interferogram for the different surface feature scenes. 
For simple homogeneous areas with the Gamma distribution 
intensity, a concise product-form interferometry phase PDF 
has been derived, which is equivalent to a conventional Gauss 
hypergeometric PDF. For complicated areas with the K and 
G0 distributions intensity, two new interferometry amplitude 
PDFs named as Gamma-K and Gamma-G are proposed, and 
their phase PDFs are approximately preserved. Experimental 
results indicate good agreements between the histograms and 
all the theoretical distributions. The results of this paper can be 
applied to the feature classification of polarisation SAR data 
and the estimation of decorrelation effect of interferometric 
SAR.
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