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Correlations of multiplicative functions and
applications

Oleksiy Klurman

ABSTRACT

We give an asymptotic formula for correlations

S AP ) f2(Pa(n)) -+ fn(Pra(n)

n<e
where f ..., fi, are bounded “pretentious” multiplicative functions, under certain nat-
ural hypotheses. We then deduce several desirable consequences. First, we characterize
all multiplicative functions f : N — {—1,+1} with bounded partial sums. This answers
a question of Erdés from 1957 in the form conjectured by Tao. Second, we show that if
the average of the first divided difference of multiplicative function is zero, then either
f(n) = n® for Re(s) < 1 or |f(n)| is small on average. This settles an old conjec-
ture of Katai. Third, we apply our theorem to count the number of representations of
n = a+b where a, b belong to some multiplicative subsets of N. This gives a new ”circle
method-free” proof of the result of Briidern.

1. Introduction

Let U denote the unit disc, and let T be the unit circle. It is of current interest in analytic number
theory to understand the correlations

> fi(Pu(n)) fo(Pa(n)) -+ - fin(Prn(n))

for arbitrary multiplicative functions fi, ..., fi, : N — U, and arbitrary polynomials P, ..., Py €
Z[z]. For example, Chowla’s conjecture that for any distinct natural numbers hq, ... hy

> A+ hr) . A(n+ hy) = o(x)

n<x

where A\(n) is a Liouville function. These problems are still widely open in general, though spec-
tacular progress has been made recently due to the breakthrough of Matoméki and Radziwilt [MR]
and subsequent work of Matomaéki, Radziwilt and Tao [MRT]. In particular, this led Tao [Taob]
to establish a weighted version of Chowla’s conjecture in the form

5 A(n)A(n + h)

=o(l
. oflog z)

n<e
for all h > 1. Combining this with ideas from the Polymath5 project, and a new “entropy
decrement argument”, led to the resolution of the Erdés Discrepancy Problem.
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Following Granville and Soundararajan [GS07a], we define the “distance” between two mul-
tiplicative functions f,g : N — U

1
— 2

D(f,g;y;x) = Ezl_Rﬂ§MMM) |

YSpsT
and D(f, g;z) := D(f, g; 1; ). The crucial feature of this “distance” is that it satisfies the triangle
inequality

D(f,g;y;2) + D(g, hyy; z) = D(f, h; y; )
for any multiplicative functions f, g, h bounded by 1.

Halédsz’s theorem [Hal71], [Hal75] implies Wirsing’s Theorem that for multiplicative f : N —
[—1, 1], the mean value satisfies a decomposition into local factors,

1
O3 ) =TT Myl ) + o) (1)
n<x P
when x — 0o, where we define the multiplicative function f,, for each prime p to be

fl@), ifg=p

fold®) = : (2)

1, if ¢ # p,

for all k > 1, and

1 1 k
My () o= Jim 5 fyn) = (12 S D

n<x k>0
This last equality, evaluating M,(f), is an easy exercise. Substituting this into (1) one finds that
the mean value there is < exp(—D(f, 1;00))?, and so is non-zero if and only if D(f,1;00) < oo
and each M),(f) # 0. Moreover, using our explicit evaluation of M,(f), we see that M,(f) = 0 if
and only if p = 2 and f(2¥) = —1 for all k > 1. We also note that one can truncate the product
in (1) to the primes p < z, and retain the same qualitative result.

1.1. Mean values of multiplicative functions acting on polynomials. Our first goal is to
prove the analog of (1) for the mean value of f(P(n)) for any given polynomial P(x) € Z|x].
This is not difficult for linear polynomials P but, as the following example shows, it is not so
straightforward for higher degree polynomials:

PROPOSITION 1.1. There exists a multiplicative function f : N — [~1,1] such that D*(1, f;x) =
2loglogx + O(1) for all x > 2 and

éZf(nQJrl) > %+0(1>.

n<x

lim sup
Tr—00

In the proof of Proposition 1.1 (see Section 2), the choice of f(p) for certain primes p > x
have a significant impact on the mean value of f(n?+ 1) up to z. In order to tame this effect we
introduce the set

Np(z) = {p*,p> 2| 3In <z, p||P(n)}
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for any given P € Z[z], and modify the “distance” to

NI

—Re —Re(f(p*
Dp(fgya) = | 3 LReU@eP) - 5~ 1= Re(F()g(ph)

p kGNp( )

Yy<pse

and Dp(f, g;x) :=Dp(f, g;1;x). Moreover, we define

My(f(P) = Tim 37 ,(P(n

n<x

g ()

k>0

and one easily shows that

where wp(m) := #{n (mod m): P(n) =0 (mod m)} for every integer m (and note that wp(.)
is a multiplicative function by the Chinese Remainder Theorem). We establish the following
analog of (1):

COROLLARY 1.2. Let f : N — U be a multiplicative function and let P(x) € Z[x] be a polynomial.

Then
1 1
;E F(P) =[] Mp(f (Dpu filog ;@) + loglog:c> .

n<x p<z

This implies that if D(1, f;x) < oo and
> 1=Re(f(p")) = o(x)
pFENP ()
then
- 20 = [T +o00) = TT 7)) + ot
n<e p<z p=
when z — oo.

1.2. Mean values of correlations of multiplicative functions. We now move on to corre-
lations. For P,Q € Z[z], we define the local correlation
My(f(P),9(Q)) = lim *pr (Q(n)). (3)

T—00 I
ne

Evaluating these local factors is also easy yet can be technically complicated, as we shall see
below in the case that P and ) are both linear.

More generally we establish the following

THEOREM 1.3. Let f, g : N — U be multiplicative functions. Let P,Q € Z[x] be two polynomials,
such that res(P, Q) # 0. Then,

%Zf(P(n) H M,y( (Q)) + Error(f(P), 9(Q), x)
n<e p<z
where
Error(f(P).9(Q).2) < Dp(L filogz:a) + Do(L, gilogiz) + 1o 1logx‘
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Theorem 1.3 implies that if D(1, f;2),D(1,g;2) < 00 and }_ ey, 1 — Re(f(p")) = o(x),
ZpeNQ(m) 1 — Re(g(p*)) = o(z) then

1
— > F(Pm)g(Qm) = [T Mp(£(P),9(@) +0(1) = [] My(f(P), 9(Q)) + 0(1).
n<w Pz p=1
If Dp(f,n'; 00),Dp(g,n™;00) < oo then we let fo(n) = f(n)/n' and go(n) = g(n)/n™ so that
Dp(1, fo;00),Dp(1, go;00) < co. We apply Theorem 1.3 to the mean value of fo(P(n))go(Q(n)),
and then proceed by partial summation to obtain

o 2 H(P)g(Qn) = M/ (P)9(@).2) TT My (o) 00(@) + Brron (o P) o (@) )
wheret; P(z) = arP + ... and Q(z) = ba? + p .zthen we define T' = Dt + du and
MF(P),0(@).2) = - 37 Py QU = ah* S o)
Here, o(1) term depends on the polynorgii:is P,Q € Z[z] and
1

loglog x

Error(fo(P), 90(Q), ) <tu Dp(1, fo;logz; x) + Dgo(1, go;log z; x) +
where the implied constant depends on ¢, u. The same method works for m-point correlations
Zfl (Pr(n))f2(Pa(n)) - -+ fn(Pn(n))
n<a
for multiplicative functions f; : N — U and polynomials P; with each Dp, (n's, f;,00) < co. We

give a more explicit version of our results in the case that P and () are linear polynomials:

COROLLARY 1.4. Let f,g: N — U be multiplicative functions with D(f,n', co), D(g,n™, o) <
o0, and write fo(n) = f(n)/n® and go(n) = g(n)/n™. Let a,b > 1, ¢,d be integers with (a,c) =
(b,d) =1 and ad # bc. As above we have

L3 Flan+ c)g(bn -+ d)) = Mi(f( @) || Ma(fo(P). 90(Q)) + (1)

n<x p<z
when x — oo and o(1) term depends on the variables a, b, c,d, t, u.
We have

atpiu pi(t+u)
Aﬂ I)a ) = T . N
(FP).0(@).%) = T

when x — 0o and o(1) term and o(1) depends on a,b,t,u.
If p|(a,b) then My(fo(P),g0(Q)) = 1. If ptab(ad — bc), then

+o0(1)

My(Ga(P)an(@) = Mo(P) + Mylan(@) ~ 1= 1+ (1= 1) [ 3 ol2) 57 anl

j=1 ]>1

In general, if p{ (a,b) we have a more complicated formula

My(fo(P)go(@) = 3 WHEQ(W sz

0<i<k, p 3> j>i

1>0,
p*||lad—be
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and §; = 0 when pl|l and 0; = 1 otherwise. Here fo = 1% 6 and gy = 1 * 7.

For t = u = 0, some version of Corollary 1.4 also appeared in Hildebrand [Hil88a], El-
liot [El192], Stepanauskas [Ste02].

Next we apply Theorem 1.3 to obtain a number of consequences. The key idea for our appli-
cations is that one expands

n+H+1 IJQ
fz S| =D H- ) fn) n+h+0($>
n<x | k=n+1 Vq<H n<x

and then one observes that the h = 0 term equals H if each |f(n)| = 1. Therefore if the above
sum is small then

= Z f(n)f(n+h)>1
n<x
for some h, 1 < |h| < H. As Tao showed, if some weighted version of this is true, then
D(f (n),x(n)n“ x) < 1 for some primitive character x. Therefore, to understand the above
better, we need to give a version of Theorem 1.3 for functions f with D(f(n), x(n)n';z) < 1.

1.3. Correlations with characters. Now we will suppose that D(f(n),n"y(n),c0) < oo for
some t € R where x is a primitive character of conductor q. We define F' to be the multiplicative
function such that

o FOR)x@F)p~ R, ifptg
F(p") = .
1, ifp|q,
and
_ 1 .
My(F, F;d) = lim — Z: Fy(n)Ey(n + d).

In Section 3 we prove

THEOREM 1.5. Let f : N — U be a multiplicative function such that D(f(n),n"x(n);00) < oo
for some t € R and x is a primitive character of conductor q. Then for any non-zero integer d we
have

fo fin+d) =[] Mp(F.Fid) [ My(f.F.d) + o(1)

n<x p<T
> Plla
when x — oo. Here, o(1) term depends on d, x,t and
0, ifp!=tfd
My(r.Fd) =415 e
k J .
( _ %) > If(;’j)l _ If(ik)l . if pltR||d

for any k > 0 and if p"||d for some n > 0, then

My(F,F,d)=1— —— + <1 _ 1) 3 (F(P")F(') N F(p")F(pﬂ) |

pn+1 D

i>n

In particular, the mean value is o(1) if g { d[ ], p.



OLEKSIY KLURMAN

The same method works for correlations

> f(m)g(n+m)

n<x
where D(f(n), n"x(n); o), D(g(n), n™p(n); 00) < co.
1.4. The Erdds discrepancy problem for multiplicative functions. The Polymath5 project
showed, using Fourier analysis, that the Erdos discrepancy problem can be reduced to a statement
about completely multiplicative functions. In particular, Tao [Taoa] established that for any
completely multiplicative f : N — {—1,1},

In [Erd57], [Erd85a], [Erd85b], Erdés along with the Erdds discrepancy problem, asked to classify
all multiplicative f : N — {—1,1} such that

> fn)

n<x

lim sup < 00. (4)

T—r00

In [Taoa], Tao, partially answering this question, proved that if for a multiplicative f : N —
{—1,1}, (4) holds, then f(2/) = —1 for all j, and

S (5)

p

In Section 4, we resolve this question completely by proving

THEOREM 1.6. [Erdés-Coons-Tao conjecture] Let f: N — {—1,1} be a multiplicative func-
tion. Then (4) holds if and only if there exists an integer m > 1 such that f(n + m) = f(n) for
allm>1and )", f(n) =0.

There are examples known with bounded sums, such as the multiplicative function f for
which f(n) = +1 when n is odd and f(n) = —1 when n is even. One can easily show f satisfies
the above hypotheses if and only if m is even, f(2%) = —1 for all k > 1, and f(p*) = f((p*,m))
for all odd prime powers p*. In particular if p does not divide m then f(p¥) = 1.

It would be interesting to classify all complex valued multiplicative f : N — T for which (4)
holds. Using Theorem 1.5 it easy to prove

THEOREM 1.7. Suppose for a multiplicative f : N — T, (15) holds. Then there exists a primitive
character x of an odd conductor q and t € R, such that D(f(n), x(n)n";00) < oo and f(2%) =
—x*(2)2=%* for all k > 1.

1.5. Distribution of (f(n), f(n+1)). Let f : N — C be a multiplicative function and Af(n) =
f(n+1) — f(n). Kétai conjectured and Wirsing proved (first in a letter to Katai, and then in a
joint paper with Tan and Shao [WTS96]) that if a unimodular multiplicative function f satisfies
Af(n) — 0 then f(n) = n® (see also a nice paper of Wirsing and Zagier [WZ01] for a simpler
proof). One would naturally expect that if Af(n) — 0 in some averaged sense, than the similar
conclusion must hold. Katai [Kat83] made the following conjecture which we prove in Section 5 :
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THEOREM 1.8. [Katai’s Conjecture, 1983] If f : N — C is a multiplicative function and

1
lim =S [Af(n)] =
wg&w;' fm)l =0

then either
1
lim — =0
Jim $n§<x\f(n)|

or f(n) =n® for some Re(s) < 1.

Since f(n) = ™™ is multiplicative, where h(n) : N — R is an additive function, one may
compare Theorem 1.8 with the following statement about additive functions, first conjectured by
Erd6s [Erd46] and proved later by Katai [Kat70] (and independently by Wirsing): if h : N — C
is an additive function and

1
lim = 57 [h(n+1) = h(n)| =0
Iggm;\ (n+1) = h(n)| =0,

then h(n) = clogn.

The conjecture attracted considerable attention of several authors including Kétai, Hilde-
brand, Phong and others. See, for example [Hil88b], [Phol4], [Pho00], [K4t91] for some of the
results and the survey paper [Kat00] with an extensive list of the related references.

1.6. Binary additive problems. A sequence A of positive integers is called multiplicative, if
its characteristic function, 14, is multiplicative. We define

) 1
pa(d) = zlg{}o :ch Z La(kd),
k<z/d

with pa = pa(1), which is the density of A. Note that these constants all exist by Wirsing’s
Theorem.

Binary additive problems, which involve estimating quantities like
r(n) = [{(a,b) € Ax B: a+b=n}|

are considered difficult. However, using a variant of a circle method Briidern [Brii09], among other
things, established the following theorem, which we will deduce from Theorem 1.3 in section 6.

THEOREM 1.9. [Briidern, 2008] Suppose A and B are multiplicative sequences of positive
density pa and pp respectively. For k > 1, let

a(p®) = pa(®)/p" = pa* 1) /P
Define b(p") in the same fashion. Then,
r(n) = pappo(n)n + o(n)

when n — oo, where

P a(p)b(pk)  pma(p™ bt
a(n) = (1 +3° 2 _ ) .
2

p—1 (p— 1)

p™|[n

Acknowledgement. I would like to thank Andrew Granville for all his support and en-
couragement as well as many valuable comments and suggestions. I am also grateful to Terence
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Tao and Imre Katai for the insightful comments and corrections and the anonymous referee for
careful reading of the paper and many valuable suggestions. The research leading to the results
of this paper received funding from the NSERC discovery grant and the ISM doctoral award.

2. Multiplicative functions of polynomials

For any given polynomial P(z) € Z[z] we define wp(p*) to be the number of solutions of P(z) =
0(mod(p*)). Clearly, wp(p*) < deg P for all but finitely many primes p. We begin by showing
that the mean value of f(P(n)) in general significantly depends on the large primes. We restrict
ourselves to the case P(x) = 22 +1 but the same arguments work for all polynomials P(z) € Z[z]
that are not product of linear factors.

LEMMA 2.1. Let P(z) = 22 4+ 1. For any = > 2, and any complex numbers g(p*) € T, p < 2z,
k > 1, there exists a multiplicative function f : N — T such that f(p*) = g(p*) for all p < 2x
and

LS HP)| = 5 +ol)
— n))| = = 4+ o(1).
T 2

n<x

Proof. Let
M(z) = {np <z | Ip € Np(x),p|P(nyp)}.

We note that for each p > 2z, there exists at most one element n, € M(z) such that p|P(n,) and
moreover all prime factors of P(n,)/p are smaller than x. We have

2zlogz 4+ O(z) = ZlogP(n) = Z Z A(d)

nsT n<z d|P(n)
x
<2 E logp- —+ E logp + O(x)
P, p p>2z,
p=1 mod(4) p|P(np),
np<T

< zlogz +2logx - |M(z)| + O(x)
and therefore

B(2)] > <; + 0(1)> |

Consider the multiplicative function f defined as follows: f(p*) = g(p*) for all primes p < 2z

and
) =cor ()

if p > 2z and there exists n, € M(z) such that p|P(n,), where

¢ = arg Z f(P(n))
ne(z)



MULTIPLICATIVE FUNCTIONS

Define f(p*) = 1 for all other primes and all k > 1. Clearly,

DfPm)= > f(PM)+ Y f(Py)= Y f(P(n)+c ().

n<z neM(z) np €M(z) neM(x),

n<e n<x

Selecting ¢ so that the two sums point in the same direction, we deduce that

LY sy > B S

=
T 2
n<e

+o(1).

O

Proposition 1.1. There exists a multiplicative function f : N — [—1,1] such that D*(1, f;z) =
2loglogz + O(1) for all x > 2 and

1
2 5 + 0(1).

%Zf(nQ—i—l)

n<x

lim sup
T—r00

Proof. Take the sequence xp = 22" for k > 1 and define completely multiplicative function f
inductively: f(p) = —1 for all primes in p € (v, Tx+1] unless p € Np(zy), in which case we define
the function as in the proof of Lemma 2.1. This guarantees that for all £ > 1,

an-l—

n<mk

> Lo

Since Np(x) contains at most x elements, we have
Y o1p< D> 1/p< (logloga)/logz,
pENp(z) r<p<2zxlogx
so that 3 o1 D e Np(ap) 1/P < Dksn k/2% < 1. Therefore
2
D?(1, f;x) > — > 2loglogz — O(1).
(1, f;2) > p (1)

psT
pEUr>1Np(xk)

For technical reasons, we define an equivalent distance

— Re kYo (pk)

pP<x N

We thus focus on the class of functions such that f(p) is close to 1 on large primes p > z where
the distance is given by Dp(1, f;x) where

D3 (1, fix) < Y (1 —Re f(p* Z 1,

P n<x
PFIIP(n)

which generalizes D(1, f;x) where
D2, i) = D1, fr) =< S Re f(pH) - - 371

p n<z
p IIn
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In order to prove Theorem 1.3, we begin by proving a few auxiliary results. The following lemma
is a simple consequence of the Turdn-Kubilius type inequality for the polynomial sequences.

LEMMA 2.2. Let h : N — C be an additive function such that h(p*) = 0 for p* > x and |h(p*)| < 2
for all p and k > 1. Suppose P(z) € Z[z] is irreducible. Define

k W k+1
P =) h;};) <wP(pk) _we™) )>

pF<a p
and
I
Ic<‘r p
Then
kY2 3
2 e el <2 32 e ©)

Proof. By multiplicativity, we have

<o ldpm) = D0y,

where 7y = O(wp(d)). Furthermore, by Proposition 4 from [GS07b] applied to the additive
functions in place of strongly additive

> h(P(n)) = pn,p|* < Cozop p+ O <I;1§;<\h(l?k)’2> > “rp) > Ird

n<x pP<T p d=p1p2,
Di<T

The error term is bounded by
2

loglog x
he* 2> i < h(p")2(loglog z)? - L2898 T,
<m>< GO )| 22| D0 ral < max () loglog 2)

log
PST d=pip2,
PisT

Combining this observation with the estimate
\h
A
pk<x
we conclude the proof of (6). O

In what follows, we are going to focus on two-point correlations but the same method actually
works for m— point correlations with mostly notational modifications. Let

_ o (wp(®®)  wp(p)
Hh,P = p% h(p ) < pk - pk'H

and

Ky wm(phtl
V(5 Pix) = H Zf ( If)_ Pp(lg)ﬂ))

p<z \ k>0

10
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We also introduce equivalent distance

_ J—
Dh(fgia) = | 30 RG] g L Re U0
y<pF<a p pEENp(2)

We begin by proving the concentration inequality for the values of a multiplicative function
f:N—=U.

PROPOSITION 2.3. Let f : N — U be a multiplicative function. Let P(n) € Z[z|. Then

loglog z)?
ST IF(P() = (f; Pya) > < aD*3(L, fi2) + , #(loglogz)”
log
n<e
Proof. We begin by proving the proposition for the multiplicative function f such that f(p*) = 1
for all p* > 2. Note e*~! = 2+ O(|z — 1|?) for |z| < 1. By repeatedly applying triangle inequality
we have that for all |z, |w;| < 1

H 2 — H W; < Z \zi—wi\. (7)
1<i<n 1<ign 1<i<n
Therefore,
[T /= I (rehH+oure)-13) = I f@ SN -1
P*|IP(n) P*||P(n) P[P (n) P[P (n)
and

IT = T] ¢ +o > 1M -1P

pF|IP(n) P[P (n) P[P (n)
We now introduce an additive function h, such that h(p*) = f(p*) — 1. Clearly,

Do f(P(n) - 2 IfP( ()|

n<x n<x
[fF) 12 2
<Y D> e -1P <z )] ;- < #D*(f,1; z).
n<T pk|| P(n), ph<a
ph<z

Since |e® — €| < |a — b| for Re (a), Re (b) < 0, Lemma 2.2 implies

Z |M(P() _ ehnr|2 Z \h(P(n)) —

n<x n<x

z(loglog x)?’.

2« a;D*Q(f, 12) +
log

We introduce pp, p = Zp<x [k, p, Where

k k+1
p(P") _wp(p™)
o= Y2 ) (20 - )

pk<a

and observe

wp(F)  wp(pht] 11« "
ellh,pzl-i-/l«h,p‘i‘o(/v‘%,p): Z f(Pk)< P(If)_ Pp(lf-&-l ))+O 7+7Z| S;“N

8
=

pF<a

11
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Note that |e#rr| < 1. Using (7) and the Cauchy-Schwarz inequality once again yields

s N DI D ( (h‘wﬁifd*‘%i)

2

PST 1<pk<a
1 !f — 1 2 1
< + < D*(f,1;2) +
2, > (. Li2) + oay
Pz P<$

which together with the triangle inequality completes the proof of the lemma in the special case
when f(p*) =1 for p* > .

We now consider any multiplicative function f and decompose f(n) = fs(n)fi(n) where
fF), ifpf <a
fs(pk) — ( ) o
1, if p* >«
and
1 if pF <
k\ ) X
file") {ﬂwmiuﬁ>x'
Note that for a fixed prime power p¥ € Np(z),
{n < x| p*|P(n)}| < wp(p")

and each P(n) is divisible by < deg P elements of Np(x). Using the Cauchy-Schwarz inequality
yields

2

SIFPm) = fo(P))P < o -1 | <e. Y HEOZIE

x
n<z nsz \ pk||P(n), p*ENP ()
P>z

We are left to collect the error terms and note that

T
pFENp(z)

Proposition 2.3 immediately implies the following corollary which will be used in the proof
of Theorem 1.3.

COROLLARY 2.4. Let f : N — U be a multiplicative function and let g : N — U be any function.
Let P(n) € Z[z]. Then

: (loglog )
P a) = 055732) o) +0 (45005 + 25 )

12
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Proof. Using Proposition 2.3, the triangle inequality and the Cauchy-Schwarz inequality gives

> HP( —P(f;P32) Y g(n) < > [f(P(n)) —B(f; P;z)]

n<e n<e n<x

<<<xZ\f f,Pxﬂ)

n<x

=

3
2

z(loglogz)2

D%(1, f;
<z P(?f»m)+ \/@

O]

Let f,g: N — U be multiplicative functions. For any two irreducible polynomials P, Q) € Z[z]

we define
M(f,g;) Zf (n)).

n<:v

We define w(p¥, p!) to be the quantity such that

{n <z | p|P(mn),p|Q(n)} = zw(p*,p") + O1).
We note that if p { res(P, Q) then w(p*, p!) = 0 unless & = 0 or [ = 0. In the latter case,

wp(p®)  wp(p™h)

k — —_
w(p®, 1) = ok phH

and

w(l l) _ wQ(pl) _ wQ(pl—H)'
P = o Pl
Furthermore, by the Chinese Remainder Theorem we have

{n <z ’ dl‘P(TL), dQ’Q(n)} = wF(dl,dg) + O(O.)p(dl)(,c)Q(dg)> = xF(dl, dg) + Og({L'E).

for some multiplicative function F(d;,d2) and any € > 0. Our main goal in this section is to
prove that the mean value M(f, g;z) satisfies the “local-to-global” principle. We first evaluate
the local correlations.

LeMMA 2.5. Let f,g: N — U be multiplicative functions. Define f,, g, as in (2). Let P, Q € Z[x]
and res(P, Q) # 0. Then,

1 log
L S A = 3 Sl Lo ().
n<e Pk pl>
In particular, if p { res(P, @), then
1
- > Fo(P(n))gp(Q(n))
")  wp@™) k(W) wo(*) log
%f ( P >+§g(p)( ph P >_1 +O($10gp>'

13
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Proof. We first suppose that p { res(P, Q). In this case we have

LY hPmm@E =1 | X e+ Y eh+ Y 1

n<x kgfl% lgz, n<x,
pgl\P(n) p{hQ(n) P°lIP(n)Q(n)
ph) _wp(@*th) k WQ(pk) WQ(pkH) log x
(Zf ( - e +Y 9" e ) T 0 )
k=0 k>0

More generally,

LS nPmim@m =1 S 006h = 3 10Re0ea) +0 (S5,

nse phpi<a, pFpt>1 wlogp
p¥||P(n),
PH1Q(n)
This completes the proof of the lemma. O

Theorem 1.3. Let f,g : N — U be multiplicative functions. Let P,Q € Z[x] be two polynomials,
such that res(P,Q) # 0. Then,

3 FPeg(@0m) = TT My(£(P),9(@) + Error(£(P), 9(@), )

n<x p<z

where
1

loglog x '

Error(f(P),9(Q),z) < Dp(1, f;logx;x) + Dg(1, g;log x5 x) +

Proof. Choose y = (1 — ¢)log z. We begin by decomposing f(n) = fs(n)f;(n) where
° 1, if pF >y
and
1, if pF <y
fip") = .
fFF), it p* >y
By analogy, we write g(n) = gs(n)gi(n). We apply Corollary 2.4 to get

D [iP(m) f(P(n))g(Q(n)) = B(fis Ps2) Y fs(P(n))g(Q(n))

n>1 n<x
3
z(loglogx)2
O | zD%(1, f1;v; — .
+ (az (1, fr;y;x) + N

We now apply Corollary 2.4 to the inner sum to arrive at

Zgl ))fs( ( ) gvaa Zfs s ))
+0 (xD}B(l,fl;y; z) + D5 (1, gi5y; ) + sc(logl(l)\/%xﬁ) )

14
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Combining the last two identities we conclude

D F(P)g(Qm) = B(fi Pl Q5) D fo(P(n))s(@(m)
+0 | 2Dp(1, fryy;z) + 2Dy (1 gl‘y-x)+w .
T

p*) = 0 and 7,(p*) = 0 whenever p* > y. Since Hpkgyp

Let fs = 1% 05, gs = 1 xvs. Then 64(
(1—¢) log x the following sums are supported on the integers dy,ds < x

evtolW) < zaslong asy <

Hence,
Z 0s(d1)vs(dz) Z 1

ZfS(P(n)) gs
dy,d2<x, n<w,
di|P(n),

n<x
p|ldi=p<y
d2|Q(n)

Y. Ou(d) () F(drda)r+ 0 |2 Y 7 [Bu(di)va(dy)]

= Z s( ) ( F
dy,do<x

d<z, dy,d2<z,

d|res(P,Q) (d1,d2)=d,
pld;=p<y

d1,d2<z

Yo D 0(di)vs(d)F(dida)e+0 27 Y [05(di)vs(da)|

d<wz, dy,d2>1,

d|res(P,Q) (d1,d2)=d,
pld;=p<y

To estimate the error term we observe

1 @(d))( 7a(d) (®)

2

S [0s(d)e(dr)] < @ .

d1,d2<z

N
3

p<y \k>0 P

2
2 ) 1 (33/3/4)
— K r2exp .
logy

< 23 <1 +
P<Y
< y, Lemma 2.5

The last sum is O(a:%“) for y < logx and y — oo. It easy to see that for p

implies
Z 0(p F(p*,p),
pkpl>1

where M,(f,g) defined as in (3). By multiplicativity the contribution of small primes is

oD Os(d)vs(do)F(di,da) = [ My(f,9)

dlres(P,Q) di1,d2>1, Py
d17 2):d7

pldi=p<y

15
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We are left to estimate P(f;; P;2)P(g;; Q; z). The contribution of primes p¥ > y and p < y is

0:(p")wp (p*) (P )wq () 1
IR EED Dl I | B R Dl It R D De:
pF>y, izk pF>y, izk pF>y
<y p<y <y

:1+O<1-y):1+0< 1 >
y logy log y

Furthermore, for p > y we clearly have (p,res(P,Q)) = 1 and

B(fi; P; x)P(g1; Q; )

1 01(p")wp (p¥) Y(pF)wq ()
:1+0< )) 14 3 0Der(@h) 14§ 0o
(140 ()
—(1+

logy

YSpse p y<p<x k>1 k>1
1 (M (pF Ko (0*
_(1+0 TN M Py M;ﬂp)
logy P p
y<psz k>1 k>1
and thus

V(fis P 2)W(o; Qi) = [ [ M(f.9) + 0 <lo;y> '

P>y

We note that D3 (1, f;logz; z) can be replaced with Dp(1, f;logz;x) at a cost O(logloey Com-

log z
bining all of the above we arrive at the result claimed. ]

Applying Theorem 1.3 and Lemma 2.5 with ¢ = 1 an we deduce the following corollary.

Corollary 1.2. Let f : N — U be a multiplicative function and P € Zlx| Then

LS 7P = T[7P) + 0 (Dt flog i) + ).

loglog x

n<e p<z

3. Corollaries required for further applications

To state some corollaries required for our future applications we introduce a few notations. We fix
two integer numbers a, b > 1. For multiplicative functions f, g : N — C such that D(1, f;00) < oo,
D(1,g;00) < oo, we set f=1%60, g=1x~. For (r,(a,b)) =1 we define

k 7 k 7
G(figria) = Gra) =[] (9@’“)7@’“) 5y W e W) (10)

pk||r, p<z i>k i>k

16
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and 0; = 0 when p|l and §; = 1 otherwise. We remark that in (10) we allow & = 0 if p { r. For
(r,(a,b)) > 1 we set
G(r,z) := 0.

We can now deduce the following corollary.

COROLLARY 3.1. Let f,g : N — U be multiplicative functions. Suppose that D(1, f;00) < oo,
D(1,g;00) < 00. Let a,b > 1, ¢,d be integers with (a,c) = (b,d) = 1 and ad # be. Then,

£2f<an+c>g<bn+d): 3 GUfigirso) | )

r
n<e rlad—be

when x — oo and the error term o(1) depends on the coefficients a, b, c, d.

Proof. We note that
x
’{n <z | > x,pk]an—i-c}’ < —
log

and thus the contribution of terms with large prime power factors can be absorbed into the
error term. We can now apply Theorem 1.3 (using the same notations) with P(n) = an + ¢ and
Q(n) = bn + d and note that res(P, Q) = ad — be, wp(p¥) = 1 for p{ a and wp(p*) = 0 for p|a,
wo(P®) =1 for ptb and wg(p*) = 0 for p|b, p* < 2. We are left to note that

1
F(dl,dQ) = m

and the terms coming from small primes p < y, such that (r,(a,b)) =1

0s(d1)vs(dz)
s\r) =
Gs(r) Z [d1, do]
d1,d2>1
(dy,d2)=r
(d1,a)=1
(d2,b)=1
plrd;=p<y

each has an Euler product

k 7 k )
Gs(@) = ]I (9(pk)7(pk)+5bzw+5azw>

p*lla, p<y i>k >k

and §; = 0 when p|l and ¢; = 1 otherwise. ]

We will require the following extension of Corollary 3.1 to all “pretentious” functions.

Corollary 1.4. Let f, g : N — U be multiplicative functions with D(f,n', 00), D(g,n™, 00) < oo,
and write fo(n) = f(n)/n® and go(n) = g(n)/n™. Let a,b > 1, c,d be integers with (a,c) =
(b,d) =1 and ad # be. As above we have

3 flan+e)g(on+d)) = MiF(P), (@), ) [] Myl folP), (@) + (1)

n<e p<z

when © — oo and o(1) term depends on the variables a,b, c,d,t, u.
We have
aitbiu:l:i(t—s—u)

+o(1)

17
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when x — oo ad o(1) term and o(1) depends on a,b,t,u. If p|(a,b) then My(fo(P),q0(Q)) = 1.
If p t ab(ad — be), then

M,(fo(P), 90(Q)) = Mp(fo(P)) + Mp(go(Q)) —1 =1+ (1 _ > (Z fo@’ Z ;(ﬂ )) .

jz1 j=1

In general, if p1 (a,b) we have a more complicated formula

My(fo(P),90(Q)) = Z (9( +5 Z +5 ny )

0<i<k, J>i >0
k>0,
p*||ad—be

and 6; = 0 when p|l and §; = 1 otherwise. Here fo = 1% 0 and go = 1 *.

Proof. We observe D( fp, 1,00) < 0o and D(gp, 1,00) < oo and let

M(z) = folan + c)go(bn + d).

n<x

Corollary 3.1 implies

My)=y > Gl 90i759) | o,

Recall that for any r > 1, (r,(a,b)) =1

G(forgoiriz) =G(rz) =[] <e<pk>v<p’f>+abze< N, Z” )

pk||r, p<a i>k i>k

Note that D(1, fp,00) < oo together with the fact that Re (#(p)) < 0 imply

72Re

p=1

and thus for y > r we have

Clry) < o (Z Re (0(p) , Re w(p))) o

o1 p p

18



MULTIPLICATIVE FUNCTIONS

Furthermore, since w < 0 and w < 0 we use (7) to estimate

G(r,z) — G(r,y) = G(r,y) H (14—2 +27 ) ]

y<p<a: k>1 k>1

=G(r,y) |exp <log Z (1 + Z )) ]
y<p<z k>1 k>1

<

Y<Sp<sT

1 log x
< ( 2 p) < los <logy)'

Yy<p<zT

ew(EZRf?”+m?@j(HO<D)1

For (r,(a,b)) > 1 we have G(r,x) = G(r,y) = 0 and (11) holds. Hence,

> G(ry) _ 3 G(::B) Lo <10g (logac))

r|lad—be " rlad—be logy
Since
G(r,y
My)=y > (T ) 4 oy)
rlad—bc
we have

Summation by parts yields

Z flan+c)g(bn +d) = Z(an + o) (bn + d)™ fo(an + ¢)go(bn + d)

n<x n=1

/'w+c“@+ww<<»

= M(z)(az + ¢)®(bz + d)™ / M(y ay—i—c)it(by—}-d)m]/dy

= M(x)(azx + )" (bx +d)™ — = / M(z)y [(ay + )" (by + d)™] "dy

L0 /2 ylog G §y> )[(aerC)”(berd)’“]
_ M(x)

/ dy)

dy>
Yy Yy

=0(1
< ay+c+by—|—d o),

/ ay + ¢)%(by + d)™dy

co{ s (55 s

Note,

y|[(ay + o) (by + @]’

19
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and so the error term is bounded by

* 1
/ log <0g:c> dy < T o(x).
9 logy log

Since |(ay + ¢)* — (ay)®| = O (i) , we have

Y

/ “(ay + o)t (by + dyidy = / " (ay)i (by)dy + o(z).
2 2

Evaluating the last integral and performing simple manipulations with the Euler factors we
conclude

S CURIEE) T g (fo(P). 00(Q)) + (1)

rlad—bc p<zT
and the result follows. O

REMARK 3.2. Let fr(n), & = 1,m be multiplicative functions such that |fx(n)|] < 1 and
D(fx(n),n'*;00) < oo for all n € N. Following the lines of the proof one can generalize Corol-
lary 1.4 to compute correlations of the form

Zfl(am +b1) fa(aan + b2) - -+ frn(@mn + by,).

n<e
Finally, we will require the following special case of Corrolary 3.1.

COROLLARY 3.3. Let f: N — U be a multiplicative function such that D(1, f;00) < oo, m € N.
Then,

fo n+m ZGO(T)—FO(I)

r
n>1 rlm

when © — oo and o(1) depends on m, where f =1x%6 and
Re (6(p* «9
Go(r) == H( DP+2) >>.
pk||r >k
Proof. We apply Corollary 3.1 with g = ?, a=b=1,d=0, c=m and observe

H( 2y B0 ”) H<1+22Re ) L1

p>x >k p>x >1

Hence, the Euler factors

e k
ca)= ] ( o) + 23 He Bl)fRD) fl ”)

i>k

converge to

e k
Gola) = H( y2+22R ”).

pk|la i>k

O

Let f be a multiplicative function such that |f(n)| < 1 and D(f(n),n'x(n);00) < oo for
some t € R where x is a primitive character of conductor ¢. We define F' to be the multiplicative

20
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function such that
FEF)x@F)p~™, ifptq
F(pk) _ ( ) ( ) . J( (12)
1, ifp|aq,
and
_ . 1 JE—
My (F, F;d) = xlggo - Z Fp(n)Fy(n + d).
n<e
We are now ready to establish the formula for correlations when f “pretends” to be a modulated
character.

Theorem 1.5. Let f : N — U be a multiplicative function such that D(f(n),nx(n);c0) < oo
for some t € R and x is a primitive character of conductor q. Then, for any non-zero integer d
we have

1 -
EZf( n)f(n+d) =[] My(F.F;d) [ Mu(f, f.d) +o(1)
nse pp?; Plla
when © — oo. Here, o(1) term depends on d, x,t and
0, ifp'~'td
Mpl(fa?v d) = - %7 Z.fplilHd
NE kY2 .
(1 _ %) Z?:O |f(11;7_)| _ \f(;?kﬂ ’ prH_kHd

for any k > 0 and if p"||d for some n > 0, then

_ 2 1
Mp(F,F,d):l—WJr <1—p>z

ji>n

(F(p”)l*“() LG >F<pf>> |

In particular, the mean value is o(1) if ¢t d] ], p-

Proof. We partition the sum according to r,s > 1 such that r|n and rad(r)|q, (n/r,q) = 1 and
s|(n + d) and rad(s)|q, ((n +d)/s,q) = 1. Note that (r,s)|d. We write

n=m-lem(r,s) + rb(r)
such that sb(s) — rb(r) = d for some integers b(r), b(s). The sum can now be rewritten as

Z f(n)f(n+d) Zf Z f (m (:S> + b(r)) f (m* (TTS) + b(s)>

n<z m*< lcm(’r‘ s)

where the inner sum runs over m™* such that

<m(r‘:) + b(r),q) —1

(m(r’"s) + b(s),q> ~1.

We can therefore define the function f; such that fi(p¥) = f(p*) for all primes p t ¢ and

and
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f1(p*) = 0 otherwise. In this case, Corollary 1.4 implies

S (w0 s (me s ) (13)

= (g 00) 8 (s )

ms lem(r,s)

lem(r,s)

where now m runs over all integers up to % We can now factor fi(n) = x(n)F(n). Note

D(F,1,00) < co. Let m = kq + a where a runs over residue classes mod(g). The sum in (13) can

be rewritten as
%; f(r)f(s) ) mzo(;(q) X (a(r’fs) + b(r)) % (a(sjﬂr) + b(s))

x S F (kq(r,ss) + aﬁ + b(r)> F <k‘q(:5) + aﬁ + b(s)).

k<=2

glem(r,s)

We apply Corollary 1.4 to the inner sum and observe that
dq
(r, )
and the asymptotic in Corollary 1.4 does not depend on by, bo and consequently on the residue
class a(mod(q)). Hence, up to a small error the innermost sum is equal to

S OF (m(:s) + b(r)) F (m(rrs) + b(s)).

T
ms als,r]

asby — arby =

We now focus on the sum

Y x <a (:8) + b(r)) X <a (STT) + b(s)>. (14)

a mod(q)
Let ¢ = pi'p5*..pp*F and x = Xpe1 Xpi2 et Xk where each Xpoi is a primitive character of

conductor p}*. By the Chinese Remainder Theorem the sum (14) equals

. g;(q)x < ek b““))X <<) + b<s>)
=1 > <a(r85) + b(r)> Xpk <a(STT) + b(s)),

)
p*llg a mod(pk)

We claim that the last sum is zero unless r = s. Indeed, if r # s, then there exists prime p such
that p'||r and p/||s for j > 4. Since (r/(r,s),p) = 1 we can make change of variables

a — i(mod(pk”))

(r;s)

and the p—th factor can rewritten

> xpr(ap’ Tt 4 bi(r)xpe (@ + bi(s))

a mod(pk)
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where (t,p) = 1. If j —i > k, then the first term is fixed and the second runs over all residues
modulo p*. So the sum is zero. If j — i < k, we write a = A + p*~U~) L where A runs over
residues mod(pk_(j _l)) and L runs over residues modulo p/~*. Then, our sum becomes

Yoo W) Y XAt bils) + P

A mod(pk*(j*”) L modpj*i

It is easy to show that the inner sum

S" X(A+bi(s) + P IHL) = 0,

L modpJ—*

Thus, the main contribution comes from the terms r = s = R. In this case we have R(b(s) —
b(r)) = d = bR and we can take b(r) = 0, b(s) = b. Our character sum can be rewritten as

S x@x(at ).

a mod(q)

To evaluate the last sum, we split it into prime powers. Now if p¥||¢ and p||b (possibly i = 0)
then we have nonzero contribution if and only if ¢ > k — 1. Indeed, let b = p'by, (b1, p) = 1. We
note

Yo xp@xpla+b) = Y xp(et+ 1)
a mod(p*) ¢ mod(p"),
(e;p)=1

k=1 whenever i = k — 1 and ¢(p¥) whenever i > k.

This sum is 0 if 7 < k — 2 and equals to —p

We thus have
> xtax@+b)= ] " ] 00"

a mod(q) p_Hq P*llq
p'|lb p* b
i<k—1
and the result follows by combining this with Corollary 1.4 and easy manipulations with the
Euler products. 0

Combining the last proposition with Corollary 3.3 we deduce

COROLLARY 3.4. Let f : N — U be a multiplicative function with D(f(n),n'x(n);00) < oo for
some primitive character x of conductor q. Then

1Zf(n)f(wd):@n 2Re<1 ) Zf )_m — 1] +o(1)
xngz q ]ﬁl k>0

when x — oo and o(1) depends on Y, t.

We remark that using the same arguments one may establish the formula for the correlations

Zf g(n+m)

n<x

for D(f(n),n*1x(n),00) < oo and D(g(n),n21)(n),00) < co. We state here one particular case
when m = 1.
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PROPOSITION 3.5. Let f,g: N — U be two multiplicative functions with D(f(n),n"x(n), o) <
oo and D(g(n),n'24p(n),00) < oo for some primitive characters x,v. Let R = ——~ and S =

q (‘b(v%;)
m’ Q= [quqqp]. Then

1 Rit1 gitz
- n%;f(n)g(n T = 1l B )a I;(Q)x(as +b(R))$(aR + b(S))
XH (1_1> M +<1_1> ZM —1] +o0(1)
PsZT p k>0 Pt p k>0 Pt

piQ

when x — oo and o(1) depends on parameters t1,to, X, 1.

Proof. We follow the lines of the proof of Proposition 1.5 and note that in this case (r,s) = 1
and the only term that contributes is

r=R= L
(ax: ay)
and
s=8=—2x
(9x: a9)
O
4. Application to the Erd6s-Coons-Tao conjecture
In this sections we are going to study multiplicative functions f : N — T, such that
lim su n)| < oo. 15
msup| 3 f(n) (15)

n<x

We first focus on the complex valued case and the proof of Theorem 1.7. The key tool is the
following recent result by Tao [Taob].

THEOREM 4.1. [Tao] Let a1, as be natural numbers, and let by, by be integers such that ai1by —
asby # 0. Let € > 0, and suppose that A is sufficiently large depending on €, aq,as,b1,bs. Let
x> w > A, and let g1,g92 : N — U be multiplicative functions with g non-pretentious in the
sense that

1 — Re(g1(p)x(p)p")
>~ LRl

pszT
for all Dirichlet character x of period at most A, and all real numbers |t| < Ax. Then

Z g1(ain + b1)ga2(asn + ba)

n

< elogw.

z/w<n<x
We will require the following technical lemma.

LEMMA 4.2. Let a > 1 be given and let x,, be an increasing sequence such that x, < xp+1 < 5.
Suppose that for each x,,, there exists a primitive character y,, of conductor O(1) and a real
tm With |t,,| < @, such that D(f(n),n""x,,(n),rm) = O(1). Then, there exists t € R and a

primitive character x such that D(f(n),n'x(n),00) < oo.
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Proof. Without loss of generality, we may assume that z,11 = 2% (otherwise we can choose a
suitable subsequence and modify the values of a if necessary). We note that there exists k = O(1)
such that for all n > 1, x¥(p) = 1 for all but finitely many primes p. Triangle inequality now
implies that

D(f*(n),n™", wm) = D(F*(n), n™mxy, (n), 2m) + O(1) = kD(f (1), 0" Xm (1), 2m) = O(1).

Moreover,

D2(fH (), nittm ) <O+ 30

Im <P<$m+1

log
< O(1) + 2log —8TmHL _ (1)

log =,

N

and therefore applying triangle inequality once again we end up with
O(1) B (), ™7, 1) + DS (), 141 1) 3 D1, 170 ),
Clearly k|t +1 — tim| < @1 and therefore by the classical zero-free region we get
t —tp | K ————
Iterating last inequality we conclude that there exists ¢ such that
o — 1] € ————
log Tm+1

for all m > 1. Since there are only finitely many options of characters x,,, we can pass to the
subsequence and assume that y,, = x is fixed. Triangle inequality now implies

D(f(n),n"x(n), 2m) + DL, ) 20) > D(f(n), n'x(n), 2m) + O(1).
We are left to note that
D1, 0, 1) = O(1)

as long as |t,, — t| < 1/logz,, and we can replace t,, with ¢ at a cost of O(1). This completes
the proof of the lemma. O

LEMMA 4.3. Suppose that for a multiplicative f : N — T, (15) holds. Then there exists a
primitive character x and t € R, such that D(f(n), x(n)n', 0o) < occ.

Proof. Let H € N. Suppose that for each 1 < h < H we have

Zf fn+h)<i.

log oyt 2H

Consider

n+H+1 2

T(@)i= o S| 3 Sk
<x k=n+1

Expanding the square we get

f(n+h)f(n+ ha)

T@ = > iz ; -

1<h1#ho<H n<x

The diagonal contribution h; = hg is 14+ 0(1). For hy > h; we introduce h = hg — h; and replace
n in the denominator by N = n + hy at a cost < H/logxz. We change the range for N from
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1+hi < N<Lz+htol<n<zatacost of € logH/logx. Therefore

f(N N f(N +h)
T(z)=H+o(1)— Y _ (H-In|): 1 Z
ogr £
|h|<H

1 H

>H—(H>—H) -—+o0(1) =+ 1

(H? ~ H) - 5+ o1) = 2 +0(1)

for x — oo. This contradicts (15) for sufficiently large H 2 1. Thus, for a fixed H > 1, and large

every large x > 1, there exists 1 < h; < H such that

f(n n+h)
logmz > 1.

Since h, < H, we can apply Theorem 4.1 to conclude that there exists A = A(H) > 0 such that
for any sufficiently large z, there exists ¢, € R, |t;| < Az and a primitive character y of modulus
D < A, such that D(f(n),n"=x(n);z) < A, namely

1—Re(f(p)p~"x(p)) _ ,2
Z p < A2

p<T

Since latter holds uniformly for all large x, Lemma 4.2 implies the result. O

We now refine the result of Lemma 4.3.

Theorem 1.7. Suppose for a multiplicative f : N — T, (15) holds. Then there exists a primitive

character x of an odd conductor q¢ and t € R, such that D(f(n), x(n)n";00) < oo and f(2F) =
x*(2)27* for all k > 1

Proof. Applying Lemma 4.3, we can find a primitive character y of conductor ¢ and ¢ € R such

that D(f(n), x(n)n'; 00) < co. Theorem 1.5 implies that for any d > 0, we have

Sd_hm—Zf fle+d) =[] My(F, Fid) [ My(f, £, d).
et n<e p<xT plq

plg
For fixed H > 1, we can now write

n+H+1
1

lim. ;Z Y. W) =Jm — > Hfmf(th)+2 Y (H=h)Y f(n)f(n+h)
n<z | k=n+1 h=0, n<x 1<h<H n<e
H—-1 N
_HSO+2Z H-h)Sy=H+2> Y Sp.
N=1n=1

We note that all S, < 1 and Theorem 1.5 implies that each S,, behaves like a scaled multi-
plicative function, since it is given by the Euler product. We are going to show that there exists

im0 % anN S, = c and so

H-1 N H
H+2) Y Su=001)~H+2> cn=cH®+O(H).
N=1n=1 N=1

Latter would imply that ¢ = 0. We turn to the computations of the corresponding mean values.
Clearly
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where S(p) denotes the local factor that corresponds to prime p. If p t ¢, then using Theorem 1.5
and simple computations

S (o) warron | 1) £

k>0 p k>0 p

2

If p'||q, then again using Theorem 1.5 we get

3 11 - 1 1\?
Sp = <k_k+1)Mpl(f7f7pk):l_1<1_> :
—\ph p P P

Since ¢ = 0, one of the Euler factors has to be 0. The only possibility then is So = 0 and 2 { ¢
and F(2F) = —1 for all k > 1. This completes the proof. O

Proof of the Erdds-Coons-Tao conjecture. We now move on to the proof of Theorem 1.6.
It turns out that periodic multiplicative functions with zero mean have the following equivalent
characterization that we will use throughout the proof.

PROPOSITION 4.4. Suppose that f is multiplicative with each |f(n)| < 1 for all n € N. Then
there exists an integer m such that f(n+m) = f(n) for alln € N and " f(n) = 0 if and
only if f(2¥) = —1 for all k > 1 and there exists an integer M such that if prime power p* > M

then f(p*) = f(p").

Proof. Suppose that f(n+m) = f(n) for all n > 1 and ", f(n) = 0. From periodicity we
have f(km) = f(m) for all k > 1, and so if p®||m then f(p?) = f(p®) for all b > a. In particular
if p does not divide m then f(p?) = 1. Hence,

) my _ a1 F(0") ’
T;f(n)—d%;f(d)cb(d)— II (» (1—p) PN+ rp)

k
pe||m 1<k<a—1 p

Consequently, some factor has to be 0. The only possibility is then p = 2 and f(2¥) = —1 for all
k > 1. The other direction immediately follows from the Chinese remainder theorem. O

Our starting point is the following result:

THEOREM 4.5. [Tao, 2015] If for a multiplicative f : N — {—1,1}
lim su n)| < oo,
msup| Y f(0)

n<e

then f(2/) = —1 for all j > 1 and

Zl—f(p) < .

> b

In what follows we restrict ourselves to the multiplicative functions f : N — {—1,1} such
that D(1, f,00) < oo, f = 1% g and f(2/) = —1 for all j > 1. For such such functions we are
going to drop the subscript and set

k 7
Gola) = Gla) = [T o) +2 3 W | (16)

P*lla i>k+1
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Here, we allow k = 0 if p { a. The following lemma summarizes properties of G(a) that we will
use throughout the proof.
LEMMA 4.6. Let G(a) be as above. Then

(i) G(4a) =0,a € N;

(ii) G(2a) = —4G(a) for odd a;

(iﬁ) Za>1 Ga(za) = 0;

(iv) If f(3) =1, then G(a) < 0 for all odd a;

G(a
(V) Yoy S =1
Proof. Note that g(2) = —2 and g(2%) = f(2!) — f(2°"!) = 0 for i > 2. Thus G(4a) = 0 and
G(2a) = —4G(a) for odd a. The third part immediately follows from

G(a G(a G(2a
Z ;2): Z ;2)+ Z (2(a)2):

a>1 a1, a odd a1, a odd

To prove (4), fix p and suppose p¥||a. We note that for & = 0, the Euler factor

g(p 4
)=1+2 —— =0
+ Z: —
i>1

for p > 5. Note EQ( ) =1-2= —1.1f 3%|a, then g(3) = f(3)—1 = 0 and E3(a) > 1—3-
Suppose that p*||a and k > 1. Then,

8
Ey(a) = |2+2Zg >4 020
izk+1

Ol
[JeV
Il
(S
V
(e}

for p > 3. Hence the only negative Euler factor is E3 and (4) follows. To prove (5), we take m = 0
in Corollary 3.3 to arrive at

LN WONCEURSED WAL B

n<x a\O a>1

Proof. Recall,

Gla) =[] |2+229 9

pkHa ’L>k‘+l
Note g(p*)g(p¥*') < 0 and so if p¥||la and k > 1 we have
k
)2 9(P*)9(p")
( ) ’ +2 Z ik 7 24—

1
izk+1 p p
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For p = 3 the last bound reduces to E3(a) > 1 and for p > 5 we clearly have E,(a) > 2. For
k =0, we have

g 4 1 4p
—1—|-2 <1l+-- 7:1%— .

’U

Consequently, for £ > 1 and p > 3

Ey (Pk) >

Taking into account p = 3 we conclude

w(a)—1
Ga)l=| TI PP +2 Y 9" )9p") g > (Z) %-]G(l)\.

p*|la, k=1 i>k+1

In fact, it is easy to check that G(1) # 0 and thus the last lemma provides nontrivial lower
bound for G(a). In the next lemma we compute the second moment of the partial sums over the
interval of fixed length.

LEMMA 4.8. Let H € N. Then

1 n+H+1 2
; Z ( Z f(k)> = -2 Z G((L) + O:r%oo(l)'
n<r \k=n+1 a=1, a odd
Proof. Note
1 nt+-H+1 2 1
EZ < > f(’f)) = — Hf(n)f(n+h)+2 Y (H=h)>_ f(n)f(n+h)| +o(1)
n<e \ k=n+1 h, 0, n<z 1<h<H n<x
G(a
:Z H+2 Y (H=h) |+ 0s00(1)
a>1 1gh|<H,
alh

To compute the corresponding coefficient we write H = ra + s, 0 < s < a to arrive at

ra+ s+ 2 Z (ra+s—ma)=ra+s+ar(r—1)+2rs

1<m<r
(ra + s)? (5 s 2)
St (2 2Y),
a a a

Plugging this into our formula and using ( , (2) from the Lemma 4.6 we get

Y o Yo ({ >M ({23-{2)
({ I () ({2 ()]
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H

2a

9

a a

since
2 2
HL _JHY 4 (JHEL _JHL
2a 2a
where ||z|| denotes the distance from z to the nearest integer.

We are now ready to prove Theorem 1.6.
Theorem 1.6. Let f : N — {—1,1} be a multiplicative function. Then

> f(n)| < oo,

n<x

lim sup
T—r00

f(n) for alln > 1 and

if and only if there exists an integer m > 1 such that f(n + m)

>one1 f(n) =0.
Proof. If f satisfies Y ", f(i) =0 and f(n) = f(n+ m) for some m > 1, then for all z > 1,

Y fm)<m

n<e
and the claim follows. In the other direction, we assume [ . f(n)] = Oz—c(1). By Theo-
= —1foralli>1and D(1, f,00) < co. By the Lemma 4.8 we must

rem 4.5 we must have f(2°)
have that for all H > 1,

1 n+H+1 2
$Z< ) =-2 > Gla)

> fk)
n<x a>1, a odd
Suppose that there is an infinite sequence of odd numbers {ap}n>1 such that g(a,) # 0.
ap]. If f(3) =1, then by Lemma 4.6, part (4) we

i” +0500(1) = Opsoo(1).

k=n+1

Observe, |G(ay)| > 1. Choose H = lem|ay,
have
H H
-2 | = n) |5 :
> Gla) o 2 ) Glan) o > M
a>1, a odd 1<n<M
This is clearly impossible if M is sufficiently large.
Suppose f(3) = —1. Let
kY o (i
* g\p~)g\p
cay= I (lawhpe2 Y 409D
Plla, p>3 iske1 P
and
. H
SH)y=-2 Y  G*a) o
az1, (a,6)=1
Note that
H , H
—2 - — v s — .
> Gla) ‘MH ZEg (3" S <3> O(1) (17)
a>1, a odd 120
If E3(1) > 0 then we proceed as in the previous case. If E3(1) < 0, then g(3) = f(3) — 1= -2
Since g(p*)g(p*+1) <0 for all k > 0 we get
8 1
Es(3) 24— —- =3
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and

9(3 4 1 1
0> E3(1 _1+2Z S [P -
i>1 3 ]‘_§ 2

Since E3(3%) > 0 for all k£ > 1, applying triangle inequality in (17) yields
E3(3)S (%) H
SH) > —_-324+0(1) 265~ | - M. 18
(1) > 25 o > 05 () (18)

If there is an infinite sequence {by, },>1 such that ¢g(by,) # 0 and (b,,6) = 1, then we select Hy as
before such that S(Hy) > M and S(3Hp) > M. Then (18) yields S(3Hy) > 5S(Hp). By induction
one easily gets that for all n > 1,

S(3"Hy) = 5"S(Hop).
This implies, that for the sequence H,, = 3"Hy we have S(H,) > H!*¢. From the other hand

D G

a
a=>H, (a,6)=1
and so
. H " G*(a
s-— Y ¢« ¥ cwen y 0
a>1, (a,6)=1 a<H, (a,6)=1 a=H, (a,6)=1
G*(a) G*(a)
<VH ) ——+H > —— +o(H)
a<VH, (a,6)=1 VH<a<H, (a,6)=1

and so S(H) = o(H).
To finish the proof we are left to handle the case g(3*) # 0 for infinitely many k& > 1 and
there exists finitely many b1,by ..., by, (b;,6) =1,4 > 1 and g(b;) # 0. In this case we have

H) < i G*(b;) == M

Choose Hy = lcm[by, ..., b,] and observe that S(3¥Hy) > M/2 for k =1,... K. Then,
3K H, 3" H,
o 5 ool -gm s (5
a>l,a odd 120
: 3% H
> Z B3 (31) S ( = 0) — E3(1)S(Ho)
1<i<K
M k
> Z E3(3%) — M.
1<i<K
The last sum is bounded if E3(3¥) = 0 for all k > K. Consequently, f(3¥) = f(35*1) for k > Ky
and the result follows. O]

5. Applications to the conjecture of Katai

Let f : N — C be a multiplicative function and Af(n) = f(n+ 1) — f(n). In this section we
focus on proving
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Theorem 1.8. If f : N — C is a multiplicative function and

Jim =S |Af(n)] =0 (19)

n<x

then either
. 1
Jim 22 1)l =

n<x

or f(n) =n® for some Re(s) < 1.

In [K4t00], Kétai, building on the ideas of Maclauire and Murata [MM80], showed that in
order to prove Theorem 1.8, it is enough to consider a multiplicative f with |f(n)| = 1 for all
n > 1. Observe, that if we denote

= 1AM

n<x

then (19) implies

Z |7Af < Z 2|Af /1 St )dt = o(log ).

n<e n<e

We begin by proving the following lemma.

LEMMA 5.1. Suppose that f: N — T is multiplicatjve and
A
Z | f <2(1—¢)logx

for x sufficiently large and some 0 < € < 1. Then, there exists a primitive character x1(n) and
ty, € R such that D(f(n), x1(n)n"1;00) < co.

Proof. We note that

Ref(n)f(n+1)=1— W
and therefore -
3 Re f(n)f(n +1) 3 £log + O(L)

n
n<x

We can now apply Lemma 4.3, since the only fact that was used in the proof is that the logarithmic
correlation is large to conclude the result. O

REMARK 5.2. The conclusion of the lemma also holds if f : N — T satisfies
AN
Z| f(n >2(1+5)10gw

|Af(@)[?

n<x n

for some € > 0. In other words, if > is bounded away from 2log x, then

D(f(n), x1(n)n"1; 00) < oco.
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PROPOSITION 5.3. Let f : N — T be a multiplicative function and D(f,n"x(n);c0) < oo for
some t € R and a primitive character x of conductor q. Then

n 2
$ ’Afé) — 901 — B(f) + o(1)) log z

where

~ plg) N FO)x@R)p~™* )
E(f) = p];[l 2R (1 p) ;) o 1

plq
Proof. Applying Corollary 3.4 we have that

—ikt

- k
M<y>=2f(n>f<n+1>>=y’@ﬂ 2Re(1—;) v I )ijjk)p 1) +oly).

n<y p=1 k20
plq
Consequently,
fln+1) M *M
yRe/in 1) _ M) | / ©) 4y — 1og = - B(f) + oflog 2)
= n x 1Y
and

n 2 € HT
S IBSOE gtogp -2 30 BLIREI) 4 01) < 20— B(7) + (1) 08

O]

COROLLARY 5.4. Let f : N — T be a multiplicative function such that D(f,n‘y(n); 00) < oo for
some t € R and a primitive character x of conductor q. Suppose that

n)[2
Z’Affl ) = o(log z).

n<x
Then, f(n) = n'.
Proof. Proposition 5.3 implies that E(f) = 1. We have that for all p > 2, p { ¢, each Euler factor

Ep(f):2<1—1>ZRef(pk)Xk(pk)pikt—1>2<1_;> T S P

P/ =0 p

with the possible equality only at p = 2. From the other hand,

Ep(f)<2<1—1) Zik —1=1.

p k>0 P

Consequently, we must have ¢ = 1 and |E,(f)| = 1 for all p > 2. Since E(f) =1 > 0, we have

E>(f) # —1 and
1 Ref(pk)piikt
2 (1 p> kio —pk —1=1.

This is possible if only if f(p*) = p** for all p > 2 and k > 1. The result follows. O
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Theorem 1.8 now follows from the following

ProrosiTION 5.5. Let f : N — T be a multiplicative function such that

E
Z NT(L)’ = o(log z).

n<e

Then, f(n) = n' for some t € R.

Proof. Applying Lemma 5.1 we can find a primitive character xy and ¢ € R such that
D(f(n), x(n)n'; 00) < co.
We now apply Corollary 5.4 to conclude that f(n) = n. O

6. Applications to the binary additive problems
As was mentioned in the introduction Briidern established the following result.

Theorem 1.9. [Briidern, 2008] Suppose A and B are multiplicative sequences of positive den-
sity pa and pp respectively. For k > 1, let

a(P®) = pa@®) /p* — pa(@*1) /p*?

Define b(h) in the same fashion. Then, r(n) = pappo(n)n + o(n) when n — oo, where

P la(pb(pk)  pma(p™ bt
o(n) = (1 +3° 2 — ) .
A2

p—1 (p—1)>

p™|n
We now sketch how one can derive this from our main result.

Proof. Let f(n) =14(n) and g(n) = Ip(n). Clearly both, f and g are multiplicative taking values
{0,1}. Since pa > 0, we have

1
lim sup — Zf(n) > 0.
z z n<x
Theorem of Delange readily implies that D(1, f; 00) < oo. By analogy, D(1, g; 00) < co. Further-
more,

1
pa= lim — ; f(n) =9(f,1,00)
and
.1
pp = lim — Z: g9(n) =¥(g,1,00).
Notice that
r(m) =" f(n)g(m—n).
nm
We note that following the the proof of Corollary 1.4 we may let a =1, ¢c =0, b= —1, d = m.
Despite the fact that d = m — oo the error term is still bounded by (8). Corollary 1.4 gives
r(m) = Z G(f’glv ’ooi)m + o(m).

llm
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A straightforward manipulation with the Euler factors shows that the latter has the Euler product
described above. O

REMARK 6.1. In case one of the sets A, B has density zero, say pa = 0 we can apply Delange’s
theorem to conclude

r(m) =Y f(n)g(m —n) < Y f(n) = o(m).

nm n<m
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