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The concept of quantum many-body scars has recently been put forward as a route to describe
weak ergodicity breaking and violation of the Eigenstate Thermalization Hypothesis. We propose a
simple setup to generate quantum many-body scars in a doubly modulated Bose-Hubbard system
which can be readily implemented in cold atomic gases. The dynamics are shown to be governed
by kinetic constraints which appear via density assisted tunneling in a high-frequency expansion.
We find the optimal driving parameters for the kinetically constrained hopping which leads to small
isolated subspaces of scared eigenstates. The experimental signatures and the transition to fully
thermalizing behavior as a function of driving frequency are analyzed.

Introduction.– There have been great efforts in the last
decades to further our understanding of quantum ther-
malization, i.e. how local observables of a closed quan-
tum system converge to a stationary state of thermal
equilibrium, even though the system follows unitary dy-
namics. It is believed, with strong support from extensive
numerical studies [1], that quantum thermalization can
be sufficiently described by the Eigenstate Thermaliza-
tion Hypothesis (ETH) [2]. Additional evidence comes
from the rapid progress in controllable experiments, for
example cold atoms [3–5] and trapped ions [6, 7], which
have enabled the characterization of different paths to
thermalization [8].

While ETH can explain thermalization for the vast
majority of quantum systems, there are also systems
substantially deviating from predictions by ETH, as ob-
served in quench experiments showing that some systems
keep some memory of their initial state [9]. Prominent
examples include integrable systems [10] and many-body
localized (MBL) phases [11–13] with an extensive num-
ber of conserved quantities. Beyond the two extremes of
fully thermalizing versus fully many-body localized sys-
tems, the basic question has emerged whether ergodicity
can be weakly broken by special eigenstates rather than
the full spectrum.

Recently, an interesting phenomenon suggesting weak
ergodicity breaking in non-integrable systems was ob-
served experimentally on a Rydberg atom platform [5].
Unexpected persistent coherent oscillations appeared for
a set of special initial states. It turns out that kinetic
constraints in the system play an important role in the
appearance of slow equilibration; for example the con-
strained PXP model of a spin- 1

2 chain [14–19] displays
similar phenomenology. A special band of non-thermal
eigenstates, dubbed quantum many-body scars, emerge;
they have support in a small portion of Fock-space while
other states obey ETH. Any initial state with a large
overlap with scar states displays non-ergodic behavior
that manifests itself through persistent coherent oscilla-

tions.
By now, there exist several theoretical proposals for

quantum systems hosting quantum many-body scars;
most of them are spin models [14, 15, 20–31], but also
fermionic [32, 33] and bosonic models [34] can show this
effect. Besides the spin-model realized with Rydberg
atoms, all of these models are designed such that they
feature quantum many-body scars with little consider-
ation on actual implementability. A crucial question is
whether quantum many-body scars can also occur in ex-
perimentally feasible settings beyond spin systems.

We propose an experiment consisting of bosonic atoms
trapped in an optical lattice, with temporal modula-
tion of on-site energy and interaction. In the fast
driving regime, this can be described by an effective
model [35, 36] with density-assisted tunneling processes,
such that the rate for a particle to tunnel depends on
the number of particles on its site and neighboring sites.
Since these rates can be tuned in terms of driving am-
plitudes and frequencies, optimally chosen driving pa-
rameters realize kinetic constraints, i.e. selection rules
between states that would otherwise be connected via
tunneling processes. For the effective model, the Hilbert
space is then separated into disjoint subspaces, leading
to the appearance of quantum many-body scars [33]. We
show that scarred states are experimentally detectable
from suitable initial states that result in coherent oscil-
lations that exist for time-scales exceeding the natural
time-scales for thermalization by far.
Doubly Modulated Model.– We focus on a system of

spinless bosons occupying the lowest band in an 1D opti-
cal lattice described by the Bose Hubbard Model (BHM),

Ĥ(t) =
∑

〈pq〉
ĉ†pJpq ĉq+

U(t)

2

∑

p

n̂p(n̂p−1)+F (t)
∑

p

εpn̂p ,

(1)
where ĉp(ĉ

†
p) annihilates (creates) a boson at site p, and

n̂p = ĉ†pĉp is the occupation number operator. U(t) is
the amplitude of the on-site interaction, εp = −p repre-
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sents the tilt potential, F (t) is the shaking amplitude,
and Jpq = −J is the bare tunneling rate between nearest
neighbors. We will consider the doubly modulated ver-
sion of the BHM [37, 38], in which both U(t) and F (t)
are modulated periodically with period T . In practice,
the time dependence results from a periodic tilt or ac-
celeration of the lattice and modulation of a magnetic
field inducing a Feshbach resonance [39, 40]. We exploit
the freedom to choose suitable driving profiles to realize
kinetically constrained hopping of bosons on a chain. It
turns out that a monochromatically modulated on-site
interaction U(t) = Ud cos(ωt) and a shaking in the form
F (t) = F2 cos(2ωt) + F4 cos(4ωt) are all that is required.
To simplify notation, we will also use the dimensionless
quantities Ũd = Ud/ω, F̃2 = F2/2ω and F̃4 = F4/4ω in
the following.

Kinetically Constrained Hopping.– The Hamiltonian
H̃(t) in the frame induced by the driving term of the
Hamiltonian admits a perturbative high-frequency ex-
pansion even for strong driving [37, 38]. The dynam-
ics can then be approximated by a time-independent
effective Hamiltonian Ĥeff [41]. The lowest order con-
tribution to the high-frequency expansion reads Ĥ0

eff =
1
T

∫ T
0
dtH̃(t), which in the present case reduces to the

so-called density assisted tunneling

Ĥ0
eff =

∑

pq

ĉ†pÂ
0
pq(n̂p, n̂q)ĉq , (2)

where the density dependence is contained in the opera-
tor

Â0
pq(n̂p, n̂q) = −JJ0

(
Ũd(n̂p− n̂q), F̃2(p− q), F̃4(p− q)

)
,

(3)
in terms of the zeroth order three-dimensional Bessel
function J0 [42]. The existence of the term n̂p− n̂q in the

operator Â0
pq indicates that the tunneling rates depend

on the occupation number difference of specific initial
and final states [37, 38]. For example, in a chain with
the initial Fock state |ψi〉 = |n1 . . . nN 〉 one obtains

ĉ†pÂ
0
p,p+1ĉp+1 |ψi〉 = hLnp,np+1

ĉ†pĉp+1 |ψi〉 , (4)

with the prefactor

hLnp,np+1
= −JJ0(Ũd(−np + np+1 − 1), F̃2, F̃4) , (5)

that can be interpreted as the tunneling rate for a particle
to tunnel from site p + 1 to p, i.e. to the left. Similarly
the rate for a particle to tunnel from site p to p+ 1 reads

hRnp,np+1
= −JJ0(Ũd(−np + np+1 + 1), F̃2, F̃4) . (6)

As states with low occupations per site will be particu-
larly relevant, the following rates

hL(0,1) = hR(1,0) = hR(2,1) = hL(1,2) = −JJ0(0, F̃2, F̃4) ,

h
L/R
(1,1) = hR(2,0) = hL(0,2) = −JJ0(Ũd, F̃2, F̃4) ,

hL(2,1) = hR(1,2) = hL(0,3) = hR(3,0) = −JJ0(2Ũd, F̃2, F̃4) ,

(7)

hR(3,0)hL(0,3)
hR(1,0)

hR(2,1) hL(1,1) hR(1,1)
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|021i
<latexit sha1_base64="NCOcXTQC5dngcgJClhLOvJyqAwE=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR7LHgxWMF+wFtKJvtpF262YTdjVBi/4YXD4p49c9489+4aXPQ1gcDj/dmmJkXJIJr47rfzsbm1vbObmmvvH9weHRcOTnt6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6m/vdR1Sax/LBzBL0IzqWPOSMGisNnty6N1BUjgWWh5WqW3MXIOvEK0gVCrSGla/BKGZphNIwQbXue25i/Iwqw5nAeXmQakwom9Ix9i2VNELtZ4ub5+TSKiMSxsqWNGSh/p7IaKT1LApsZ0TNRK96ufif109N2PAzLpPUoGTLRWEqiIlJHgAZcYXMiJkllClubyVsQhVlxsaUh+CtvrxOOvWa59a8++tqs1HEUYJzuIAr8OAGmnAHLWgDgwSe4RXenNR5cd6dj2XrhlPMnMEfOJ8/zm+Q1g==</latexit><latexit sha1_base64="NCOcXTQC5dngcgJClhLOvJyqAwE=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR7LHgxWMF+wFtKJvtpF262YTdjVBi/4YXD4p49c9489+4aXPQ1gcDj/dmmJkXJIJr47rfzsbm1vbObmmvvH9weHRcOTnt6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6m/vdR1Sax/LBzBL0IzqWPOSMGisNnty6N1BUjgWWh5WqW3MXIOvEK0gVCrSGla/BKGZphNIwQbXue25i/Iwqw5nAeXmQakwom9Ix9i2VNELtZ4ub5+TSKiMSxsqWNGSh/p7IaKT1LApsZ0TNRK96ufif109N2PAzLpPUoGTLRWEqiIlJHgAZcYXMiJkllClubyVsQhVlxsaUh+CtvrxOOvWa59a8++tqs1HEUYJzuIAr8OAGmnAHLWgDgwSe4RXenNR5cd6dj2XrhlPMnMEfOJ8/zm+Q1g==</latexit><latexit sha1_base64="NCOcXTQC5dngcgJClhLOvJyqAwE=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR7LHgxWMF+wFtKJvtpF262YTdjVBi/4YXD4p49c9489+4aXPQ1gcDj/dmmJkXJIJr47rfzsbm1vbObmmvvH9weHRcOTnt6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6m/vdR1Sax/LBzBL0IzqWPOSMGisNnty6N1BUjgWWh5WqW3MXIOvEK0gVCrSGla/BKGZphNIwQbXue25i/Iwqw5nAeXmQakwom9Ix9i2VNELtZ4ub5+TSKiMSxsqWNGSh/p7IaKT1LApsZ0TNRK96ufif109N2PAzLpPUoGTLRWEqiIlJHgAZcYXMiJkllClubyVsQhVlxsaUh+CtvrxOOvWa59a8++tqs1HEUYJzuIAr8OAGmnAHLWgDgwSe4RXenNR5cd6dj2XrhlPMnMEfOJ8/zm+Q1g==</latexit><latexit sha1_base64="NCOcXTQC5dngcgJClhLOvJyqAwE=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR7LHgxWMF+wFtKJvtpF262YTdjVBi/4YXD4p49c9489+4aXPQ1gcDj/dmmJkXJIJr47rfzsbm1vbObmmvvH9weHRcOTnt6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6m/vdR1Sax/LBzBL0IzqWPOSMGisNnty6N1BUjgWWh5WqW3MXIOvEK0gVCrSGla/BKGZphNIwQbXue25i/Iwqw5nAeXmQakwom9Ix9i2VNELtZ4ub5+TSKiMSxsqWNGSh/p7IaKT1LApsZ0TNRK96ufif109N2PAzLpPUoGTLRWEqiIlJHgAZcYXMiJkllClubyVsQhVlxsaUh+CtvrxOOvWa59a8++tqs1HEUYJzuIAr8OAGmnAHLWgDgwSe4RXenNR5cd6dj2XrhlPMnMEfOJ8/zm+Q1g==</latexit>

|111i
<latexit sha1_base64="jeQcAqIoGEsWeyOP5HodKMaAMW0=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKYI8FLx4r2A9oQ9lsJ+3SzSbsboQS+ze8eFDEq3/Gm//GpM1BWx8MPN6bYWaeH0thrOt+O6WNza3tnfJuZW//4PCoenzSMVGiObZ5JCPd85lBKRS2rbASe7FGFvoSu/70Nve7j6iNiNSDncXohWysRCA4s5k0eKKUDjRTY4mVYbXm1t0FyDqhBalBgdaw+jUYRTwJUVkumTF96sbWS5m2gkucVwaJwZjxKRtjP6OKhWi8dHHznFxkyogEkc5KWbJQf0+kLDRmFvpZZ8jsxKx6ufif109s0PBSoeLEouLLRUEiiY1IHgAZCY3cyllGGNciu5XwCdOM2yymPAS6+vI66VzVqVun99e1ZqOIowxncA6XQOEGmnAHLWgDhxie4RXenMR5cd6dj2VrySlmTuEPnM8fznCQ1g==</latexit><latexit sha1_base64="jeQcAqIoGEsWeyOP5HodKMaAMW0=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKYI8FLx4r2A9oQ9lsJ+3SzSbsboQS+ze8eFDEq3/Gm//GpM1BWx8MPN6bYWaeH0thrOt+O6WNza3tnfJuZW//4PCoenzSMVGiObZ5JCPd85lBKRS2rbASe7FGFvoSu/70Nve7j6iNiNSDncXohWysRCA4s5k0eKKUDjRTY4mVYbXm1t0FyDqhBalBgdaw+jUYRTwJUVkumTF96sbWS5m2gkucVwaJwZjxKRtjP6OKhWi8dHHznFxkyogEkc5KWbJQf0+kLDRmFvpZZ8jsxKx6ufif109s0PBSoeLEouLLRUEiiY1IHgAZCY3cyllGGNciu5XwCdOM2yymPAS6+vI66VzVqVun99e1ZqOIowxncA6XQOEGmnAHLWgDhxie4RXenMR5cd6dj2VrySlmTuEPnM8fznCQ1g==</latexit><latexit sha1_base64="jeQcAqIoGEsWeyOP5HodKMaAMW0=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKYI8FLx4r2A9oQ9lsJ+3SzSbsboQS+ze8eFDEq3/Gm//GpM1BWx8MPN6bYWaeH0thrOt+O6WNza3tnfJuZW//4PCoenzSMVGiObZ5JCPd85lBKRS2rbASe7FGFvoSu/70Nve7j6iNiNSDncXohWysRCA4s5k0eKKUDjRTY4mVYbXm1t0FyDqhBalBgdaw+jUYRTwJUVkumTF96sbWS5m2gkucVwaJwZjxKRtjP6OKhWi8dHHznFxkyogEkc5KWbJQf0+kLDRmFvpZZ8jsxKx6ufif109s0PBSoeLEouLLRUEiiY1IHgAZCY3cyllGGNciu5XwCdOM2yymPAS6+vI66VzVqVun99e1ZqOIowxncA6XQOEGmnAHLWgDhxie4RXenMR5cd6dj2VrySlmTuEPnM8fznCQ1g==</latexit><latexit sha1_base64="jeQcAqIoGEsWeyOP5HodKMaAMW0=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKYI8FLx4r2A9oQ9lsJ+3SzSbsboQS+ze8eFDEq3/Gm//GpM1BWx8MPN6bYWaeH0thrOt+O6WNza3tnfJuZW//4PCoenzSMVGiObZ5JCPd85lBKRS2rbASe7FGFvoSu/70Nve7j6iNiNSDncXohWysRCA4s5k0eKKUDjRTY4mVYbXm1t0FyDqhBalBgdaw+jUYRTwJUVkumTF96sbWS5m2gkucVwaJwZjxKRtjP6OKhWi8dHHznFxkyogEkc5KWbJQf0+kLDRmFvpZZ8jsxKx6ufif109s0PBSoeLEouLLRUEiiY1IHgAZCY3cyllGGNciu5XwCdOM2yymPAS6+vI66VzVqVun99e1ZqOIowxncA6XQOEGmnAHLWgDhxie4RXenMR5cd6dj2VrySlmTuEPnM8fznCQ1g==</latexit>

|201i
<latexit sha1_base64="0s9UmFqjfsKQHzYk+uFh9WV8gWA=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR7LHgxWMF+wFtKJvtpF262YTdjVBi/4YXD4p49c9489+4aXPQ1gcDj/dmmJkXJIJr47rfzsbm1vbObmmvvH9weHRcOTnt6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6m/vdR1Sax/LBzBL0IzqWPOSMGisNnuquN1BUjgWWh5WqW3MXIOvEK0gVCrSGla/BKGZphNIwQbXue25i/Iwqw5nAeXmQakwom9Ix9i2VNELtZ4ub5+TSKiMSxsqWNGSh/p7IaKT1LApsZ0TNRK96ufif109N2PAzLpPUoGTLRWEqiIlJHgAZcYXMiJkllClubyVsQhVlxsaUh+CtvrxOOvWa59a8++tqs1HEUYJzuIAr8OAGmnAHLWgDgwSe4RXenNR5cd6dj2XrhlPMnMEfOJ8/znGQ1g==</latexit><latexit sha1_base64="0s9UmFqjfsKQHzYk+uFh9WV8gWA=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR7LHgxWMF+wFtKJvtpF262YTdjVBi/4YXD4p49c9489+4aXPQ1gcDj/dmmJkXJIJr47rfzsbm1vbObmmvvH9weHRcOTnt6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6m/vdR1Sax/LBzBL0IzqWPOSMGisNnuquN1BUjgWWh5WqW3MXIOvEK0gVCrSGla/BKGZphNIwQbXue25i/Iwqw5nAeXmQakwom9Ix9i2VNELtZ4ub5+TSKiMSxsqWNGSh/p7IaKT1LApsZ0TNRK96ufif109N2PAzLpPUoGTLRWEqiIlJHgAZcYXMiJkllClubyVsQhVlxsaUh+CtvrxOOvWa59a8++tqs1HEUYJzuIAr8OAGmnAHLWgDgwSe4RXenNR5cd6dj2XrhlPMnMEfOJ8/znGQ1g==</latexit><latexit sha1_base64="0s9UmFqjfsKQHzYk+uFh9WV8gWA=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR7LHgxWMF+wFtKJvtpF262YTdjVBi/4YXD4p49c9489+4aXPQ1gcDj/dmmJkXJIJr47rfzsbm1vbObmmvvH9weHRcOTnt6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6m/vdR1Sax/LBzBL0IzqWPOSMGisNnuquN1BUjgWWh5WqW3MXIOvEK0gVCrSGla/BKGZphNIwQbXue25i/Iwqw5nAeXmQakwom9Ix9i2VNELtZ4ub5+TSKiMSxsqWNGSh/p7IaKT1LApsZ0TNRK96ufif109N2PAzLpPUoGTLRWEqiIlJHgAZcYXMiJkllClubyVsQhVlxsaUh+CtvrxOOvWa59a8++tqs1HEUYJzuIAr8OAGmnAHLWgDgwSe4RXenNR5cd6dj2XrhlPMnMEfOJ8/znGQ1g==</latexit><latexit sha1_base64="0s9UmFqjfsKQHzYk+uFh9WV8gWA=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR7LHgxWMF+wFtKJvtpF262YTdjVBi/4YXD4p49c9489+4aXPQ1gcDj/dmmJkXJIJr47rfzsbm1vbObmmvvH9weHRcOTnt6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6m/vdR1Sax/LBzBL0IzqWPOSMGisNnuquN1BUjgWWh5WqW3MXIOvEK0gVCrSGla/BKGZphNIwQbXue25i/Iwqw5nAeXmQakwom9Ix9i2VNELtZ4ub5+TSKiMSxsqWNGSh/p7IaKT1LApsZ0TNRK96ufif109N2PAzLpPUoGTLRWEqiIlJHgAZcYXMiJkllClubyVsQhVlxsaUh+CtvrxOOvWa59a8++tqs1HEUYJzuIAr8OAGmnAHLWgDgwSe4RXenNR5cd6dj2XrhlPMnMEfOJ8/znGQ1g==</latexit>

|030i
<latexit sha1_base64="fluziN6e/icoevJt6QOg4p0l19E=">AAAB83icbVBNS8NAEJ34WetX1aOXYBE8lY0K9ljw4rGC/YAmlM122i7dbMLuRiixf8OLB0W8+me8+W/ctDlo64OBx3szzMwLE8G1IeTbWVvf2NzaLu2Ud/f2Dw4rR8dtHaeKYYvFIlbdkGoUXGLLcCOwmyikUSiwE05uc7/ziErzWD6YaYJBREeSDzmjxkr+E7kivqJyJLDcr1RJjczhrhKvIFUo0OxXvvxBzNIIpWGCat3zSGKCjCrDmcBZ2U81JpRN6Ah7lkoaoQ6y+c0z99wqA3cYK1vSuHP190RGI62nUWg7I2rGetnLxf+8XmqG9SDjMkkNSrZYNEyFa2I3D8AdcIXMiKkllClub3XZmCrKjI0pD8FbfnmVtC9rHql599fVRr2IowSncAYX4MENNOAOmtACBgk8wyu8Oanz4rw7H4vWNaeYOYE/cD5/AM5wkNY=</latexit><latexit sha1_base64="fluziN6e/icoevJt6QOg4p0l19E=">AAAB83icbVBNS8NAEJ34WetX1aOXYBE8lY0K9ljw4rGC/YAmlM122i7dbMLuRiixf8OLB0W8+me8+W/ctDlo64OBx3szzMwLE8G1IeTbWVvf2NzaLu2Ud/f2Dw4rR8dtHaeKYYvFIlbdkGoUXGLLcCOwmyikUSiwE05uc7/ziErzWD6YaYJBREeSDzmjxkr+E7kivqJyJLDcr1RJjczhrhKvIFUo0OxXvvxBzNIIpWGCat3zSGKCjCrDmcBZ2U81JpRN6Ah7lkoaoQ6y+c0z99wqA3cYK1vSuHP190RGI62nUWg7I2rGetnLxf+8XmqG9SDjMkkNSrZYNEyFa2I3D8AdcIXMiKkllClub3XZmCrKjI0pD8FbfnmVtC9rHql599fVRr2IowSncAYX4MENNOAOmtACBgk8wyu8Oanz4rw7H4vWNaeYOYE/cD5/AM5wkNY=</latexit><latexit sha1_base64="fluziN6e/icoevJt6QOg4p0l19E=">AAAB83icbVBNS8NAEJ34WetX1aOXYBE8lY0K9ljw4rGC/YAmlM122i7dbMLuRiixf8OLB0W8+me8+W/ctDlo64OBx3szzMwLE8G1IeTbWVvf2NzaLu2Ud/f2Dw4rR8dtHaeKYYvFIlbdkGoUXGLLcCOwmyikUSiwE05uc7/ziErzWD6YaYJBREeSDzmjxkr+E7kivqJyJLDcr1RJjczhrhKvIFUo0OxXvvxBzNIIpWGCat3zSGKCjCrDmcBZ2U81JpRN6Ah7lkoaoQ6y+c0z99wqA3cYK1vSuHP190RGI62nUWg7I2rGetnLxf+8XmqG9SDjMkkNSrZYNEyFa2I3D8AdcIXMiKkllClub3XZmCrKjI0pD8FbfnmVtC9rHql599fVRr2IowSncAYX4MENNOAOmtACBgk8wyu8Oanz4rw7H4vWNaeYOYE/cD5/AM5wkNY=</latexit><latexit sha1_base64="fluziN6e/icoevJt6QOg4p0l19E=">AAAB83icbVBNS8NAEJ34WetX1aOXYBE8lY0K9ljw4rGC/YAmlM122i7dbMLuRiixf8OLB0W8+me8+W/ctDlo64OBx3szzMwLE8G1IeTbWVvf2NzaLu2Ud/f2Dw4rR8dtHaeKYYvFIlbdkGoUXGLLcCOwmyikUSiwE05uc7/ziErzWD6YaYJBREeSDzmjxkr+E7kivqJyJLDcr1RJjczhrhKvIFUo0OxXvvxBzNIIpWGCat3zSGKCjCrDmcBZ2U81JpRN6Ah7lkoaoQ6y+c0z99wqA3cYK1vSuHP190RGI62nUWg7I2rGetnLxf+8XmqG9SDjMkkNSrZYNEyFa2I3D8AdcIXMiKkllClub3XZmCrKjI0pD8FbfnmVtC9rHql599fVRr2IowSncAYX4MENNOAOmtACBgk8wyu8Oanz4rw7H4vWNaeYOYE/cD5/AM5wkNY=</latexit>

|120i
<latexit sha1_base64="dYqm0BnWWxvxFi7hiw3cBK9AisU=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR7LHgxWMF+wFtKJvtpF262YTdjVBi/4YXD4p49c9489+4aXPQ1gcDj/dmmJkXJIJr47rfzsbm1vbObmmvvH9weHRcOTnt6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6m/vdR1Sax/LBzBL0IzqWPOSMGisNnry6O1BUjgWWh5WqW3MXIOvEK0gVCrSGla/BKGZphNIwQbXue25i/Iwqw5nAeXmQakwom9Ix9i2VNELtZ4ub5+TSKiMSxsqWNGSh/p7IaKT1LApsZ0TNRK96ufif109N2PAzLpPUoGTLRWEqiIlJHgAZcYXMiJkllClubyVsQhVlxsaUh+CtvrxOOvWa59a8++tqs1HEUYJzuIAr8OAGmnAHLWgDgwSe4RXenNR5cd6dj2XrhlPMnMEfOJ8/znGQ1g==</latexit><latexit sha1_base64="dYqm0BnWWxvxFi7hiw3cBK9AisU=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR7LHgxWMF+wFtKJvtpF262YTdjVBi/4YXD4p49c9489+4aXPQ1gcDj/dmmJkXJIJr47rfzsbm1vbObmmvvH9weHRcOTnt6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6m/vdR1Sax/LBzBL0IzqWPOSMGisNnry6O1BUjgWWh5WqW3MXIOvEK0gVCrSGla/BKGZphNIwQbXue25i/Iwqw5nAeXmQakwom9Ix9i2VNELtZ4ub5+TSKiMSxsqWNGSh/p7IaKT1LApsZ0TNRK96ufif109N2PAzLpPUoGTLRWEqiIlJHgAZcYXMiJkllClubyVsQhVlxsaUh+CtvrxOOvWa59a8++tqs1HEUYJzuIAr8OAGmnAHLWgDgwSe4RXenNR5cd6dj2XrhlPMnMEfOJ8/znGQ1g==</latexit><latexit sha1_base64="dYqm0BnWWxvxFi7hiw3cBK9AisU=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR7LHgxWMF+wFtKJvtpF262YTdjVBi/4YXD4p49c9489+4aXPQ1gcDj/dmmJkXJIJr47rfzsbm1vbObmmvvH9weHRcOTnt6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6m/vdR1Sax/LBzBL0IzqWPOSMGisNnry6O1BUjgWWh5WqW3MXIOvEK0gVCrSGla/BKGZphNIwQbXue25i/Iwqw5nAeXmQakwom9Ix9i2VNELtZ4ub5+TSKiMSxsqWNGSh/p7IaKT1LApsZ0TNRK96ufif109N2PAzLpPUoGTLRWEqiIlJHgAZcYXMiJkllClubyVsQhVlxsaUh+CtvrxOOvWa59a8++tqs1HEUYJzuIAr8OAGmnAHLWgDgwSe4RXenNR5cd6dj2XrhlPMnMEfOJ8/znGQ1g==</latexit><latexit sha1_base64="dYqm0BnWWxvxFi7hiw3cBK9AisU=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR7LHgxWMF+wFtKJvtpF262YTdjVBi/4YXD4p49c9489+4aXPQ1gcDj/dmmJkXJIJr47rfzsbm1vbObmmvvH9weHRcOTnt6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6m/vdR1Sax/LBzBL0IzqWPOSMGisNnry6O1BUjgWWh5WqW3MXIOvEK0gVCrSGla/BKGZphNIwQbXue25i/Iwqw5nAeXmQakwom9Ix9i2VNELtZ4ub5+TSKiMSxsqWNGSh/p7IaKT1LApsZ0TNRK96ufif109N2PAzLpPUoGTLRWEqiIlJHgAZcYXMiJkllClubyVsQhVlxsaUh+CtvrxOOvWa59a8++tqs1HEUYJzuIAr8OAGmnAHLWgDgwSe4RXenNR5cd6dj2XrhlPMnMEfOJ8/znGQ1g==</latexit>

|210i
<latexit sha1_base64="GBd64Zy4G+xDvF/KFUy0bw8Tt/Y=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR7LHgxWMF+wFtKJvtpF262YTdjVBi/4YXD4p49c9489+4aXPQ1gcDj/dmmJkXJIJr47rfzsbm1vbObmmvvH9weHRcOTnt6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6m/vdR1Sax/LBzBL0IzqWPOSMGisNnuqeO1BUjgWWh5WqW3MXIOvEK0gVCrSGla/BKGZphNIwQbXue25i/Iwqw5nAeXmQakwom9Ix9i2VNELtZ4ub5+TSKiMSxsqWNGSh/p7IaKT1LApsZ0TNRK96ufif109N2PAzLpPUoGTLRWEqiIlJHgAZcYXMiJkllClubyVsQhVlxsaUh+CtvrxOOvWa59a8++tqs1HEUYJzuIAr8OAGmnAHLWgDgwSe4RXenNR5cd6dj2XrhlPMnMEfOJ8/znKQ1g==</latexit><latexit sha1_base64="GBd64Zy4G+xDvF/KFUy0bw8Tt/Y=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR7LHgxWMF+wFtKJvtpF262YTdjVBi/4YXD4p49c9489+4aXPQ1gcDj/dmmJkXJIJr47rfzsbm1vbObmmvvH9weHRcOTnt6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6m/vdR1Sax/LBzBL0IzqWPOSMGisNnuqeO1BUjgWWh5WqW3MXIOvEK0gVCrSGla/BKGZphNIwQbXue25i/Iwqw5nAeXmQakwom9Ix9i2VNELtZ4ub5+TSKiMSxsqWNGSh/p7IaKT1LApsZ0TNRK96ufif109N2PAzLpPUoGTLRWEqiIlJHgAZcYXMiJkllClubyVsQhVlxsaUh+CtvrxOOvWa59a8++tqs1HEUYJzuIAr8OAGmnAHLWgDgwSe4RXenNR5cd6dj2XrhlPMnMEfOJ8/znKQ1g==</latexit><latexit sha1_base64="GBd64Zy4G+xDvF/KFUy0bw8Tt/Y=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR7LHgxWMF+wFtKJvtpF262YTdjVBi/4YXD4p49c9489+4aXPQ1gcDj/dmmJkXJIJr47rfzsbm1vbObmmvvH9weHRcOTnt6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6m/vdR1Sax/LBzBL0IzqWPOSMGisNnuqeO1BUjgWWh5WqW3MXIOvEK0gVCrSGla/BKGZphNIwQbXue25i/Iwqw5nAeXmQakwom9Ix9i2VNELtZ4ub5+TSKiMSxsqWNGSh/p7IaKT1LApsZ0TNRK96ufif109N2PAzLpPUoGTLRWEqiIlJHgAZcYXMiJkllClubyVsQhVlxsaUh+CtvrxOOvWa59a8++tqs1HEUYJzuIAr8OAGmnAHLWgDgwSe4RXenNR5cd6dj2XrhlPMnMEfOJ8/znKQ1g==</latexit><latexit sha1_base64="GBd64Zy4G+xDvF/KFUy0bw8Tt/Y=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkR7LHgxWMF+wFtKJvtpF262YTdjVBi/4YXD4p49c9489+4aXPQ1gcDj/dmmJkXJIJr47rfzsbm1vbObmmvvH9weHRcOTnt6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6m/vdR1Sax/LBzBL0IzqWPOSMGisNnuqeO1BUjgWWh5WqW3MXIOvEK0gVCrSGla/BKGZphNIwQbXue25i/Iwqw5nAeXmQakwom9Ix9i2VNELtZ4ub5+TSKiMSxsqWNGSh/p7IaKT1LApsZ0TNRK96ufif109N2PAzLpPUoGTLRWEqiIlJHgAZcYXMiJkllClubyVsQhVlxsaUh+CtvrxOOvWa59a8++tqs1HEUYJzuIAr8OAGmnAHLWgDgwSe4RXenNR5cd6dj2XrhlPMnMEfOJ8/znKQ1g==</latexit>

|300i
<latexit sha1_base64="pCF62wACtRlc+rKB7aFl1Q6v1HE=">AAAB83icbVBNS8NAEJ34WetX1aOXYBE8lY0K9ljw4rGC/YAmlM122i7dbMLuRiixf8OLB0W8+me8+W/ctDlo64OBx3szzMwLE8G1IeTbWVvf2NzaLu2Ud/f2Dw4rR8dtHaeKYYvFIlbdkGoUXGLLcCOwmyikUSiwE05uc7/ziErzWD6YaYJBREeSDzmjxkr+0xUhvqJyJLDcr1RJjczhrhKvIFUo0OxXvvxBzNIIpWGCat3zSGKCjCrDmcBZ2U81JpRN6Ah7lkoaoQ6y+c0z99wqA3cYK1vSuHP190RGI62nUWg7I2rGetnLxf+8XmqG9SDjMkkNSrZYNEyFa2I3D8AdcIXMiKkllClub3XZmCrKjI0pD8FbfnmVtC9rHql599fVRr2IowSncAYX4MENNOAOmtACBgk8wyu8Oanz4rw7H4vWNaeYOYE/cD5/AM5zkNY=</latexit><latexit sha1_base64="pCF62wACtRlc+rKB7aFl1Q6v1HE=">AAAB83icbVBNS8NAEJ34WetX1aOXYBE8lY0K9ljw4rGC/YAmlM122i7dbMLuRiixf8OLB0W8+me8+W/ctDlo64OBx3szzMwLE8G1IeTbWVvf2NzaLu2Ud/f2Dw4rR8dtHaeKYYvFIlbdkGoUXGLLcCOwmyikUSiwE05uc7/ziErzWD6YaYJBREeSDzmjxkr+0xUhvqJyJLDcr1RJjczhrhKvIFUo0OxXvvxBzNIIpWGCat3zSGKCjCrDmcBZ2U81JpRN6Ah7lkoaoQ6y+c0z99wqA3cYK1vSuHP190RGI62nUWg7I2rGetnLxf+8XmqG9SDjMkkNSrZYNEyFa2I3D8AdcIXMiKkllClub3XZmCrKjI0pD8FbfnmVtC9rHql599fVRr2IowSncAYX4MENNOAOmtACBgk8wyu8Oanz4rw7H4vWNaeYOYE/cD5/AM5zkNY=</latexit><latexit sha1_base64="pCF62wACtRlc+rKB7aFl1Q6v1HE=">AAAB83icbVBNS8NAEJ34WetX1aOXYBE8lY0K9ljw4rGC/YAmlM122i7dbMLuRiixf8OLB0W8+me8+W/ctDlo64OBx3szzMwLE8G1IeTbWVvf2NzaLu2Ud/f2Dw4rR8dtHaeKYYvFIlbdkGoUXGLLcCOwmyikUSiwE05uc7/ziErzWD6YaYJBREeSDzmjxkr+0xUhvqJyJLDcr1RJjczhrhKvIFUo0OxXvvxBzNIIpWGCat3zSGKCjCrDmcBZ2U81JpRN6Ah7lkoaoQ6y+c0z99wqA3cYK1vSuHP190RGI62nUWg7I2rGetnLxf+8XmqG9SDjMkkNSrZYNEyFa2I3D8AdcIXMiKkllClub3XZmCrKjI0pD8FbfnmVtC9rHql599fVRr2IowSncAYX4MENNOAOmtACBgk8wyu8Oanz4rw7H4vWNaeYOYE/cD5/AM5zkNY=</latexit><latexit sha1_base64="pCF62wACtRlc+rKB7aFl1Q6v1HE=">AAAB83icbVBNS8NAEJ34WetX1aOXYBE8lY0K9ljw4rGC/YAmlM122i7dbMLuRiixf8OLB0W8+me8+W/ctDlo64OBx3szzMwLE8G1IeTbWVvf2NzaLu2Ud/f2Dw4rR8dtHaeKYYvFIlbdkGoUXGLLcCOwmyikUSiwE05uc7/ziErzWD6YaYJBREeSDzmjxkr+0xUhvqJyJLDcr1RJjczhrhKvIFUo0OxXvvxBzNIIpWGCat3zSGKCjCrDmcBZ2U81JpRN6Ah7lkoaoQ6y+c0z99wqA3cYK1vSuHP190RGI62nUWg7I2rGetnLxf+8XmqG9SDjMkkNSrZYNEyFa2I3D8AdcIXMiKkllClub3XZmCrKjI0pD8FbfnmVtC9rHql599fVRr2IowSncAYX4MENNOAOmtACBgk8wyu8Oanz4rw7H4vWNaeYOYE/cD5/AM5zkNY=</latexit>

|003i
<latexit sha1_base64="I6NpRkZkjaDFJBmvosISTaHW0V8=">AAAB83icbVBNS8NAEJ34WetX1aOXYBE8lY0K9ljw4rGC/YAmlM122i7dbMLuRiixf8OLB0W8+me8+W/ctDlo64OBx3szzMwLE8G1IeTbWVvf2NzaLu2Ud/f2Dw4rR8dtHaeKYYvFIlbdkGoUXGLLcCOwmyikUSiwE05uc7/ziErzWD6YaYJBREeSDzmjxkr+EyFXvqJyJLDcr1RJjczhrhKvIFUo0OxXvvxBzNIIpWGCat3zSGKCjCrDmcBZ2U81JpRN6Ah7lkoaoQ6y+c0z99wqA3cYK1vSuHP190RGI62nUWg7I2rGetnLxf+8XmqG9SDjMkkNSrZYNEyFa2I3D8AdcIXMiKkllClub3XZmCrKjI0pD8FbfnmVtC9rHql599fVRr2IowSncAYX4MENNOAOmtACBgk8wyu8Oanz4rw7H4vWNaeYOYE/cD5/AM5tkNY=</latexit><latexit sha1_base64="I6NpRkZkjaDFJBmvosISTaHW0V8=">AAAB83icbVBNS8NAEJ34WetX1aOXYBE8lY0K9ljw4rGC/YAmlM122i7dbMLuRiixf8OLB0W8+me8+W/ctDlo64OBx3szzMwLE8G1IeTbWVvf2NzaLu2Ud/f2Dw4rR8dtHaeKYYvFIlbdkGoUXGLLcCOwmyikUSiwE05uc7/ziErzWD6YaYJBREeSDzmjxkr+EyFXvqJyJLDcr1RJjczhrhKvIFUo0OxXvvxBzNIIpWGCat3zSGKCjCrDmcBZ2U81JpRN6Ah7lkoaoQ6y+c0z99wqA3cYK1vSuHP190RGI62nUWg7I2rGetnLxf+8XmqG9SDjMkkNSrZYNEyFa2I3D8AdcIXMiKkllClub3XZmCrKjI0pD8FbfnmVtC9rHql599fVRr2IowSncAYX4MENNOAOmtACBgk8wyu8Oanz4rw7H4vWNaeYOYE/cD5/AM5tkNY=</latexit><latexit sha1_base64="I6NpRkZkjaDFJBmvosISTaHW0V8=">AAAB83icbVBNS8NAEJ34WetX1aOXYBE8lY0K9ljw4rGC/YAmlM122i7dbMLuRiixf8OLB0W8+me8+W/ctDlo64OBx3szzMwLE8G1IeTbWVvf2NzaLu2Ud/f2Dw4rR8dtHaeKYYvFIlbdkGoUXGLLcCOwmyikUSiwE05uc7/ziErzWD6YaYJBREeSDzmjxkr+EyFXvqJyJLDcr1RJjczhrhKvIFUo0OxXvvxBzNIIpWGCat3zSGKCjCrDmcBZ2U81JpRN6Ah7lkoaoQ6y+c0z99wqA3cYK1vSuHP190RGI62nUWg7I2rGetnLxf+8XmqG9SDjMkkNSrZYNEyFa2I3D8AdcIXMiKkllClub3XZmCrKjI0pD8FbfnmVtC9rHql599fVRr2IowSncAYX4MENNOAOmtACBgk8wyu8Oanz4rw7H4vWNaeYOYE/cD5/AM5tkNY=</latexit><latexit sha1_base64="I6NpRkZkjaDFJBmvosISTaHW0V8=">AAAB83icbVBNS8NAEJ34WetX1aOXYBE8lY0K9ljw4rGC/YAmlM122i7dbMLuRiixf8OLB0W8+me8+W/ctDlo64OBx3szzMwLE8G1IeTbWVvf2NzaLu2Ud/f2Dw4rR8dtHaeKYYvFIlbdkGoUXGLLcCOwmyikUSiwE05uc7/ziErzWD6YaYJBREeSDzmjxkr+EyFXvqJyJLDcr1RJjczhrhKvIFUo0OxXvvxBzNIIpWGCat3zSGKCjCrDmcBZ2U81JpRN6Ah7lkoaoQ6y+c0z99wqA3cYK1vSuHP190RGI62nUWg7I2rGetnLxf+8XmqG9SDjMkkNSrZYNEyFa2I3D8AdcIXMiKkllClub3XZmCrKjI0pD8FbfnmVtC9rHql599fVRr2IowSncAYX4MENNOAOmtACBgk8wyu8Oanz4rw7H4vWNaeYOYE/cD5/AM5tkNY=</latexit>

FIG. 1: Fragments for a system of 3 sites. Connections
are assigned with hopping rates. If all dashed ones are

forbidden for conditions in Eq. (8), four blocks of states
appear. For clarity one of these is shadowed in gray.

play an important role in the formation of many-body
scars.

Fragmentation in Fock-Space.– In order to understand
how specific choices of the rates in Eq. (7) result in the
desired fragmentation of Hilbert space, it is instructive to
consider the basic example of three lattice sites with peri-
odic boundary condition as illustrated in Fig. 1. Tunnel-
ing processes between different Fock states are indicated
by solid and dashed lines, and processes that occur with
the same rate are depicted with the same color.

If all the rates of processes depicted with dashed lines
vanish, then the Hilbert space is being fragmented into
four blocks – one block containing the states |012〉, |102〉,
|003〉, two blocks containing their cyclic permutations,
and the one-dimensional block |111〉. This fragmentation
naturally occurs if the rates specified in Eq. (7) satisfy
the conditions

hR(2,0) = hL(0,2) = h
L/R
(1,1) = 0 , hL(1,2) = hR(2,1) = 0 . (8)

In practice it is not necessary that these rates vanish ex-
actly, but clear deviation from ETH can also be observed
in the presence of leaking channels, i.e. small, but finite
amplitudes of these rates.

Fragmentation in systems of any number of sites and
filling factor can be understood in terms of elementary
building blocks of few sites. One exemplary building
block contains only the Fock states |n1n2n3n4n5n6〉 for
a system of six atoms on six sites, with n1 = n6 = 0,
n2 ≤ 2 and n5 ≤ 2, for instance the state |ψ〉 = |003300〉.
Due to the constraints in Eq. (8), the vanishing occupa-
tion on sites 1 and 6 in |ψ〉 is conserved throughout time
evolution. In turn, for a products of such 6-site states,
there will be no mixing in-between thus they form a frag-
ment which is much smaller than the total Hilbert space.
In practice, there are many more elementary building
blocks, giving rise to a substantial number of scarred
states in large systems.

Optimal Control of Scars.– In order to realize the above
scars experimentally, the driving parameters need to be
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FIG. 2: Left: Figure of merit for the appearance of
quantum many-body scars given by the ratio (log scale)

of leaking and hopping channels for a Hilbert space
fragment. The red region labels the best parameter

space with ratios lower than 10−4. Right: Hopping rate
as a function of F2. Two leaking channels cross zero at

the same time.

chosen such that

J0(Ũd, F̃2, F̃4) = 0 , J0(0, F̃2, F̃4) = 0 , (9)

to satisfy the conditions given in Eq. (8). In general,
one needs a large modulating interaction Ud, to realize
a notable difference between hopping channels (Eq. (7))
with different particle numbers. For concreteness, we fix
Ud/J = 12, ω/J = 6 and show the ratio between domi-
nant leaking and leading hopping rates within the frag-
ment (|hL(0,1)|+|hL1,1|)/|hL(2,1)| as a function of F2, F4 in the
left panel of Fig. 2 . This is a suitable figure of merit for
the appearance of long time coherent oscillations as the
inverse of the ratio captures the time scale for the leaking
effects to become notable. There is a sweet spot in black
around (28.8, 2.8) with ratios below 10−6. In the right
panel, the rates are depicted with fixed F4 = 2.8J , and
one can see two leaking rates crossing zero at the same
point. Therefore those two channels can be tuned to both
be strictly forbidden, leading to perfect fragments.

So far we have restricted our discussion on the condi-
tions for fragmentation of the Hilbert space of the effec-
tive Hamiltonian Ĥ0

eff , which drastically changes the stro-
boscopic dynamics of the driven Bose-Hubbard chain in
the high-frequency regime, but higher order processes of
magnitude O(1/ω) will play an increasing role for smaller
frequencies. This will inevitably open leaking channels
and a transition to a thermalizing system without scars
is expected. In the following, higher order effects are
analyzed via the spectrum of the full Floquet operator,

Û(T ) = T
∫ T

0
exp

(
−iĤ(t)dt

)
, obtained via exact diago-

nalization for unit-filling. The ratio between the driving
amplitude Ud, F2, F4 and frequency ω is fixed to the op-
timal point discussed above.

In contrast to the smooth dependence of expectation
values of local observables as a function of eigenstates’
energy, scarred states typically lead to very different val-
ues even for states close in energy [27]. This violation
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<latexit sha1_base64="Tp3y3ZNfPEG/x9k64n7ya++vQIo=">AAAB/XicbZDLSgMxFIYz9Vbrbbzs3ASL4KrMiKDLghtxIRVsLcwM5UyatqGZTEgyQh2Kr+LGhSJufQ93vo1pOwtt/SHw8Z9zOCd/LDnTxvO+ndLS8srqWnm9srG5tb3j7u61dJopQpsk5alqx6ApZ4I2DTOctqWikMSc3sfDy0n9/oEqzVJxZ0aSRgn0BesxAsZaHfcgpFIzbjEPgcsBjIPrqONWvZo3FV4Ev4AqKtTouF9hNyVZQoUhHLQOfE+aKAdlGOF0XAkzTSWQIfRpYFFAQnWUT68f42PrdHEvVfYJg6fu74kcEq1HSWw7EzADPV+bmP/Vgsz0LqKcCZkZKshsUS/j2KR4EgXuMkWJ4SMLQBSzt2IyAAXE2MAqNgR//suL0Dqt+V7Nvz2r1m+KOMroEB2hE+Sjc1RHV6iBmoigR/SMXtGb8+S8OO/Ox6y15BQz++iPnM8f81KVkA==</latexit><latexit sha1_base64="Tp3y3ZNfPEG/x9k64n7ya++vQIo=">AAAB/XicbZDLSgMxFIYz9Vbrbbzs3ASL4KrMiKDLghtxIRVsLcwM5UyatqGZTEgyQh2Kr+LGhSJufQ93vo1pOwtt/SHw8Z9zOCd/LDnTxvO+ndLS8srqWnm9srG5tb3j7u61dJopQpsk5alqx6ApZ4I2DTOctqWikMSc3sfDy0n9/oEqzVJxZ0aSRgn0BesxAsZaHfcgpFIzbjEPgcsBjIPrqONWvZo3FV4Ev4AqKtTouF9hNyVZQoUhHLQOfE+aKAdlGOF0XAkzTSWQIfRpYFFAQnWUT68f42PrdHEvVfYJg6fu74kcEq1HSWw7EzADPV+bmP/Vgsz0LqKcCZkZKshsUS/j2KR4EgXuMkWJ4SMLQBSzt2IyAAXE2MAqNgR//suL0Dqt+V7Nvz2r1m+KOMroEB2hE+Sjc1RHV6iBmoigR/SMXtGb8+S8OO/Ox6y15BQz++iPnM8f81KVkA==</latexit><latexit sha1_base64="Tp3y3ZNfPEG/x9k64n7ya++vQIo=">AAAB/XicbZDLSgMxFIYz9Vbrbbzs3ASL4KrMiKDLghtxIRVsLcwM5UyatqGZTEgyQh2Kr+LGhSJufQ93vo1pOwtt/SHw8Z9zOCd/LDnTxvO+ndLS8srqWnm9srG5tb3j7u61dJopQpsk5alqx6ApZ4I2DTOctqWikMSc3sfDy0n9/oEqzVJxZ0aSRgn0BesxAsZaHfcgpFIzbjEPgcsBjIPrqONWvZo3FV4Ev4AqKtTouF9hNyVZQoUhHLQOfE+aKAdlGOF0XAkzTSWQIfRpYFFAQnWUT68f42PrdHEvVfYJg6fu74kcEq1HSWw7EzADPV+bmP/Vgsz0LqKcCZkZKshsUS/j2KR4EgXuMkWJ4SMLQBSzt2IyAAXE2MAqNgR//suL0Dqt+V7Nvz2r1m+KOMroEB2hE+Sjc1RHV6iBmoigR/SMXtGb8+S8OO/Ox6y15BQz++iPnM8f81KVkA==</latexit><latexit sha1_base64="Tp3y3ZNfPEG/x9k64n7ya++vQIo=">AAAB/XicbZDLSgMxFIYz9Vbrbbzs3ASL4KrMiKDLghtxIRVsLcwM5UyatqGZTEgyQh2Kr+LGhSJufQ93vo1pOwtt/SHw8Z9zOCd/LDnTxvO+ndLS8srqWnm9srG5tb3j7u61dJopQpsk5alqx6ApZ4I2DTOctqWikMSc3sfDy0n9/oEqzVJxZ0aSRgn0BesxAsZaHfcgpFIzbjEPgcsBjIPrqONWvZo3FV4Ev4AqKtTouF9hNyVZQoUhHLQOfE+aKAdlGOF0XAkzTSWQIfRpYFFAQnWUT68f42PrdHEvVfYJg6fu74kcEq1HSWw7EzADPV+bmP/Vgsz0LqKcCZkZKshsUS/j2KR4EgXuMkWJ4SMLQBSzt2IyAAXE2MAqNgR//suL0Dqt+V7Nvz2r1m+KOMroEB2hE+Sjc1RHV6iBmoigR/SMXtGb8+S8OO/Ox6y15BQz++iPnM8f81KVkA==</latexit>
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L = 7
<latexit sha1_base64="ugpe/8v04dsWA18tWqipUUyOHKY=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0UYiMEtLCwiGg+IDnC3mYuWbK3d+zuCSHkJ9hYKGLrL7Lz37hJrtDEBwOP92aYmRckgmvjut/Oyura+sZmbiu/vbO7t184OGzoOFUM6ywWsWoFVKPgEuuGG4GtRCGNAoHNYHg99ZtPqDSP5aMZJehHtC95yBk1Vnq4u6p0C0W35M5AlomXkSJkqHULX51ezNIIpWGCat323MT4Y6oMZwIn+U6qMaFsSPvYtlTSCLU/np06IadW6ZEwVrakITP198SYRlqPosB2RtQM9KI3Ff/z2qkJL/0xl0lqULL5ojAVxMRk+jfpcYXMiJEllClubyVsQBVlxqaTtyF4iy8vk0a55J2XyvcXxepNFkcOjuEEzsCDClThFmpQBwZ9eIZXeHOE8+K8Ox/z1hUnmzmCP3A+fwCf741e</latexit>

L = 8
<latexit sha1_base64="xHZc8R8y4H5H2UaTsYjDIsT/THs=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0UTCMEtLCwiGg+IDnC3mYuWbK3d+zuCSHkJ9hYKGLrL7Lz37hJrtDEBwOP92aYmRckgmvjut/Oyura+sZmbiu/vbO7t184OGzoOFUM6ywWsWoFVKPgEuuGG4GtRCGNAoHNYHg99ZtPqDSP5aMZJehHtC95yBk1Vnq4u6p0C0W35M5AlomXkSJkqHULX51ezNIIpWGCat323MT4Y6oMZwIn+U6qMaFsSPvYtlTSCLU/np06IadW6ZEwVrakITP198SYRlqPosB2RtQM9KI3Ff/z2qkJK/6YyyQ1KNl8UZgKYmIy/Zv0uEJmxMgSyhS3txI2oIoyY9PJ2xC8xZeXSaNc8s5L5fuLYvUmiyMHx3ACZ+DBJVThFmpQBwZ9eIZXeHOE8+K8Ox/z1hUnmzmCP3A+fwChc41f</latexit>

L = 6
<latexit sha1_base64="xqkvLezFy6Xxv5s9neAprKZPc0Y=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6kUI6MGDh4jmAckSZie9yZDZ2WVmVghLPsGLB0W8+kXe/Bsnj4MmFjQUVd10dwWJ4Nq47reztLyyurae28hvbm3v7Bb29us6ThXDGotFrJoB1Si4xJrhRmAzUUijQGAjGFyP/cYTKs1j+WiGCfoR7UkeckaNlR7urs47haJbcicgi8SbkSLMUO0UvtrdmKURSsME1brluYnxM6oMZwJH+XaqMaFsQHvYslTSCLWfTU4dkWOrdEkYK1vSkIn6eyKjkdbDKLCdETV9Pe+Nxf+8VmrCSz/jMkkNSjZdFKaCmJiM/yZdrpAZMbSEMsXtrYT1qaLM2HTyNgRv/uVFUi+XvNNS+f6sWLmZxZGDQziCE/DgAipwC1WoAYMePMMrvDnCeXHenY9p65IzmzmAP3A+fwCea41d</latexit>

50
<latexit sha1_base64="UeDKNk4ed8xefKiY5cibyeOQFME=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KklV9FjQg8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6xHHC/YgOlAgFo2ilh0u3Vyq7FXcGsky8nJQhR71X+ur2Y5ZGXCGT1JiO5yboZ1SjYJJPit3U8ISyER3wjqWKRtz42ezSCTm1Sp+EsbalkMzU3xMZjYwZR4HtjCgOzaI3Ff/zOimG134mVJIiV2y+KEwlwZhM3yZ9oTlDObaEMi3srYQNqaYMbThFG4K3+PIyaVYr3nmlen9Rrt3mcRTgGE7gDDy4ghrcQR0awCCEZ3iFN2fkvDjvzse8dcXJZ47gD5zPH/BujPk=</latexit>

100
<latexit sha1_base64="3f8hhrGCqT19VKbKfWVWOb+VWD8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCHjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfjm5nffkKleSwfzSRBP6JDyUPOqLHSg+e6/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8Slq1qndRrd1fVuq3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AFYcI0v</latexit>
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<latexit sha1_base64="c/6g80g/2nHfSUO7ZRvCrysgn2I=">AAACDHicbVC7SgNBFJ31bXxFLW0Gg2AVd6OgpaCFhYWCMYFsCHcnN8ng7Owyc1cISz7Axl+xsVDE1g+w82+cxBSaeGDgcM653LknSpW05Ptf3szs3PzC4tJyYWV1bX2juLl1a5PMCKyKRCWmHoFFJTVWSZLCemoQ4khhLbo7G/q1ezRWJvqG+ik2Y+hq2ZECyEmtYik8R0XAQwW6q5CHPaBcD1r55UFlEJqR6FJ+2R+BT5NgTEpsjKtW8TNsJyKLUZNQYG0j8FNq5mBICoWDQphZTEHcQRcbjmqI0Tbz0TEDvueUNu8kxj1NfKT+nsghtrYfRy4ZA/XspDcU//MaGXVOmrnUaUaoxc+iTqY4JXzYDG9Lg4JU3xEQRrq/ctEDA4JcfwVXQjB58jS5rZSDw3Ll+qh0ej6uY4ntsF22zwJ2zE7ZBbtiVSbYA3tiL+zVe/SevTfv/Sc6441nttkfeB/fbHqbPA==</latexit>

0
<latexit sha1_base64="u7q39KiZPt+kUMfYWd2ycQaLLP8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCHjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2b+wxMqzWN5byYJ+hEdSh5yRo2Vmm6/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+Sdq3qXVRrzctK/TaPowgncArn4MEV1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/ewGMug==</latexit>

1<latexit sha1_base64="4y3a1wo6wa7xUmxmljmBdZwE1xI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCHjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2b+wxMqzWN5byYJ+hEdSh5yRo2Vml6/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+Sdq3qXVRrzctK/TaPowgncArn4MEV1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/fIWMuw==</latexit>

2<latexit sha1_base64="xgRa2tBvrVMa1jRdYNUf83Mi9AU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCHjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2b+wxMqzWN5byYJ+hEdSh5yRo2VmrV+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14l7VrVu6jWmpeV+m0eRxFO4BTOwYMrqMMdNKAFDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AH4JjLw=</latexit>

3
<latexit sha1_base64="KtIq1cPSnzPN57YL++EpGGwDQlw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewmgh4DevCYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8MJME/YgOJQ85o8ZKjWq/WHLL7gJknXgZKUGGer/41RvELI1QGiao1l3PTYw/pcpwJnBW6KUaE8rGdIhdSyWNUPvTxaEzcmGVAQljZUsaslB/T0xppPUkCmxnRM1Ir3pz8T+vm5rwxp9ymaQGJVsuClNBTEzmX5MBV8iMmFhCmeL2VsJGVFFmbDYFG4K3+vI6aVXKXrVcaVyVandZHHk4g3O4BA+uoQb3UIcmMEB4hld4cx6dF+fd+Vi25pxs5hT+wPn8AX+NjL0=</latexit>

![J ]
<latexit sha1_base64="VTX735KkyXiZSdlKpx3P+a6S1/A=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeAF/EgEUyMbJYwO5lNhsxjmZkVwpKv8OJBEa9+jjf/xkmyB00saCiquunuilPOjPX9b6+0srq2vlHerGxt7+zuVfcP2kZlmtAWUVzpTowN5UzSlmWW006qKRYxpw/x6GrqPzxRbZiS93ac0kjggWQJI9g66bGrBB3g8CbqVWt+3Z8BLZOgIDUo0OxVv7p9RTJBpSUcGxMGfmqjHGvLCKeTSjczNMVkhAc0dFRiQU2Uzw6eoBOn9FGitCtp0Uz9PZFjYcxYxK5TYDs0i95U/M8LM5tcRjmTaWapJPNFScaRVWj6PeozTYnlY0cw0czdisgQa0ysy6jiQggWX14m7bN64NeDu/Na47aIowxHcAynEMAFNOAamtACAgKe4RXePO29eO/ex7y15BUzh/AH3ucPkfKQRw==</latexit><latexit sha1_base64="VTX735KkyXiZSdlKpx3P+a6S1/A=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeAF/EgEUyMbJYwO5lNhsxjmZkVwpKv8OJBEa9+jjf/xkmyB00saCiquunuilPOjPX9b6+0srq2vlHerGxt7+zuVfcP2kZlmtAWUVzpTowN5UzSlmWW006qKRYxpw/x6GrqPzxRbZiS93ac0kjggWQJI9g66bGrBB3g8CbqVWt+3Z8BLZOgIDUo0OxVv7p9RTJBpSUcGxMGfmqjHGvLCKeTSjczNMVkhAc0dFRiQU2Uzw6eoBOn9FGitCtp0Uz9PZFjYcxYxK5TYDs0i95U/M8LM5tcRjmTaWapJPNFScaRVWj6PeozTYnlY0cw0czdisgQa0ysy6jiQggWX14m7bN64NeDu/Na47aIowxHcAynEMAFNOAamtACAgKe4RXePO29eO/ex7y15BUzh/AH3ucPkfKQRw==</latexit><latexit sha1_base64="VTX735KkyXiZSdlKpx3P+a6S1/A=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeAF/EgEUyMbJYwO5lNhsxjmZkVwpKv8OJBEa9+jjf/xkmyB00saCiquunuilPOjPX9b6+0srq2vlHerGxt7+zuVfcP2kZlmtAWUVzpTowN5UzSlmWW006qKRYxpw/x6GrqPzxRbZiS93ac0kjggWQJI9g66bGrBB3g8CbqVWt+3Z8BLZOgIDUo0OxVv7p9RTJBpSUcGxMGfmqjHGvLCKeTSjczNMVkhAc0dFRiQU2Uzw6eoBOn9FGitCtp0Uz9PZFjYcxYxK5TYDs0i95U/M8LM5tcRjmTaWapJPNFScaRVWj6PeozTYnlY0cw0czdisgQa0ysy6jiQggWX14m7bN64NeDu/Na47aIowxHcAynEMAFNOAamtACAgKe4RXePO29eO/ex7y15BUzh/AH3ucPkfKQRw==</latexit><latexit sha1_base64="VTX735KkyXiZSdlKpx3P+a6S1/A=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeAF/EgEUyMbJYwO5lNhsxjmZkVwpKv8OJBEa9+jjf/xkmyB00saCiquunuilPOjPX9b6+0srq2vlHerGxt7+zuVfcP2kZlmtAWUVzpTowN5UzSlmWW006qKRYxpw/x6GrqPzxRbZiS93ac0kjggWQJI9g66bGrBB3g8CbqVWt+3Z8BLZOgIDUo0OxVv7p9RTJBpSUcGxMGfmqjHGvLCKeTSjczNMVkhAc0dFRiQU2Uzw6eoBOn9FGitCtp0Uz9PZFjYcxYxK5TYDs0i95U/M8LM5tcRjmTaWapJPNFScaRVWj6PeozTYnlY0cw0czdisgQa0ysy6jiQggWX14m7bN64NeDu/Na47aIowxHcAynEMAFNOAamtACAgKe4RXePO29eO/ex7y15BUzh/AH3ucPkfKQRw==</latexit>

(b)

FIG. 3: Violation of ETH as a function of driving
frequency in units of J . (a) Expectation value of the

local particle number operator, with respect to
eigenstates of the Floquet operator as function of the
quasienergy for system size L = 8. (b) Width of the
distribution of 〈n̂L/2〉 as a function of frequency for

different system sizes .

of ETH can be seen in Fig. 3a depicting the expectation
value of the local particle number 〈n̂L/2〉 for eigenstates
of the Floquet operator as a function of their quasienergy.
In the case of slow driving, depicted in red, the local par-
ticle number is close to the value of one, with essentially
no dependence on the quasienergy εα. For faster driv-
ing, however, the local particle number changes seem-
ingly chaotically from one eigenstate to the next. The
transition to the fast driving regime can also be appre-
ciated from the range of quasi energies: outside the fast
driving regime (ω/J = 1), the full interval [−ω/2, ω/2)
is occupied, whereas the occupied interval hardly grows
with increasing ω for ω/J ≥ 4.

The width of the distribution of local particle num-
bers is best characterized in terms of the difference be-
tween the typical largest and typical smallest local par-
ticle number. Fig. 3b depicts the width ∆〈n̂L/2〉 =
〈n̂L/2〉max − 〈n̂L/2〉min, where 〈n̂L/2〉max/min is the av-
erage over the 20 largest/lowest local particle numbers.
The error bars are estimated from the variances of these
averages. The dependence of ∆〈n̂L/2〉 on the driving fre-
quency ω, shows a well-pronounced increase indicating
the formation of many-body scars on the transition to
the high-frequency regime.

Having established the appearance of quantum many-
body scars, the last – but crucial – aspects to discuss are
their experimental signatures and realization.

Coherent Oscillations.– A direct way of detecting
scarred states is by studying the long time oscillations of
specially prepared initial states. For the optimal param-
eters in the high-frequency limit, the state will remain
in the subspace of its fragment and thus show coherent
oscillations. If the driving frequency is finite, but suf-
ficiently large so that the rates of leaking channels are
much smaller than tunnelings rates within the subspace,
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<latexit sha1_base64="Nqf4LCX/E/Hh8oEs4Y92pzrFsMs=">AAAB+HicbVDLSsNAFL2pr1ofjbp0EyyCq5KIr2WxG5cV7APaECbTaTt0ZhJmJkIN+RI3LhRx66e482+ctFlo64GBwzn3cs+cMGZUadf9tkpr6xubW+Xtys7u3n7VPjjsqCiRmLRxxCLZC5EijArS1lQz0oslQTxkpBtOm7nffSRS0Ug86FlMfI7Ggo4oRtpIgV1tBumAIz2RPL28yrLArrl1dw5nlXgFqUGBVmB/DYYRTjgRGjOkVN9zY+2nSGqKGckqg0SRGOEpGpO+oQJxovx0HjxzTo0ydEaRNE9oZ67+3kgRV2rGQzOZZ1TLXi7+5/UTPbrxUyriRBOBF4dGCXN05OQtOEMqCdZsZgjCkpqsDp4gibA2XVVMCd7yl1dJ57zuuXXv/qLWuC3qKMMxnMAZeHANDbiDFrQBQwLP8Apv1pP1Yr1bH4vRklXsHMEfWJ8/wQKTIw==</latexit><latexit sha1_base64="Nqf4LCX/E/Hh8oEs4Y92pzrFsMs=">AAAB+HicbVDLSsNAFL2pr1ofjbp0EyyCq5KIr2WxG5cV7APaECbTaTt0ZhJmJkIN+RI3LhRx66e482+ctFlo64GBwzn3cs+cMGZUadf9tkpr6xubW+Xtys7u3n7VPjjsqCiRmLRxxCLZC5EijArS1lQz0oslQTxkpBtOm7nffSRS0Ug86FlMfI7Ggo4oRtpIgV1tBumAIz2RPL28yrLArrl1dw5nlXgFqUGBVmB/DYYRTjgRGjOkVN9zY+2nSGqKGckqg0SRGOEpGpO+oQJxovx0HjxzTo0ydEaRNE9oZ67+3kgRV2rGQzOZZ1TLXi7+5/UTPbrxUyriRBOBF4dGCXN05OQtOEMqCdZsZgjCkpqsDp4gibA2XVVMCd7yl1dJ57zuuXXv/qLWuC3qKMMxnMAZeHANDbiDFrQBQwLP8Apv1pP1Yr1bH4vRklXsHMEfWJ8/wQKTIw==</latexit><latexit sha1_base64="Nqf4LCX/E/Hh8oEs4Y92pzrFsMs=">AAAB+HicbVDLSsNAFL2pr1ofjbp0EyyCq5KIr2WxG5cV7APaECbTaTt0ZhJmJkIN+RI3LhRx66e482+ctFlo64GBwzn3cs+cMGZUadf9tkpr6xubW+Xtys7u3n7VPjjsqCiRmLRxxCLZC5EijArS1lQz0oslQTxkpBtOm7nffSRS0Ug86FlMfI7Ggo4oRtpIgV1tBumAIz2RPL28yrLArrl1dw5nlXgFqUGBVmB/DYYRTjgRGjOkVN9zY+2nSGqKGckqg0SRGOEpGpO+oQJxovx0HjxzTo0ydEaRNE9oZ67+3kgRV2rGQzOZZ1TLXi7+5/UTPbrxUyriRBOBF4dGCXN05OQtOEMqCdZsZgjCkpqsDp4gibA2XVVMCd7yl1dJ57zuuXXv/qLWuC3qKMMxnMAZeHANDbiDFrQBQwLP8Apv1pP1Yr1bH4vRklXsHMEfWJ8/wQKTIw==</latexit><latexit sha1_base64="Nqf4LCX/E/Hh8oEs4Y92pzrFsMs=">AAAB+HicbVDLSsNAFL2pr1ofjbp0EyyCq5KIr2WxG5cV7APaECbTaTt0ZhJmJkIN+RI3LhRx66e482+ctFlo64GBwzn3cs+cMGZUadf9tkpr6xubW+Xtys7u3n7VPjjsqCiRmLRxxCLZC5EijArS1lQz0oslQTxkpBtOm7nffSRS0Ug86FlMfI7Ggo4oRtpIgV1tBumAIz2RPL28yrLArrl1dw5nlXgFqUGBVmB/DYYRTjgRGjOkVN9zY+2nSGqKGckqg0SRGOEpGpO+oQJxovx0HjxzTo0ydEaRNE9oZ67+3kgRV2rGQzOZZ1TLXi7+5/UTPbrxUyriRBOBF4dGCXN05OQtOEMqCdZsZgjCkpqsDp4gibA2XVVMCd7yl1dJ57zuuXXv/qLWuC3qKMMxnMAZeHANDbiDFrQBQwLP8Apv1pP1Yr1bH4vRklXsHMEfWJ8/wQKTIw==</latexit>

100
<latexit sha1_base64="RozqCSRBFTxmNJFkx4wA2ypwEVc=">AAAB7HicbVBNS8NAEJ3Urxq/qh69LBbBU9mIUI9FLx4rmLbQhrLZbtqlm03Y3Qgl9Dd48aCIV3+QN/+NmzYHbX0w8Hhvhpl5YSq4Nhh/O5WNza3tnequu7d/cHhUOz7p6CRTlPk0EYnqhUQzwSXzDTeC9VLFSBwK1g2nd4XffWJK80Q+mlnKgpiMJY84JcZKvoex6w5rddzAC6B14pWkDiXaw9rXYJTQLGbSUEG07ns4NUFOlOFUsLk7yDRLCZ2SMetbKknMdJAvjp2jC6uMUJQoW9Kghfp7Iiex1rM4tJ0xMRO96hXif14/M9FNkHOZZoZJulwUZQKZBBWfoxFXjBoxs4RQxe2tiE6IItTYfIoQvNWX10nnquHhhvdwXW/dlnFU4QzO4RI8aEIL7qENPlDg8Ayv8OZI58V5dz6WrRWnnDmFP3A+fwC/1o1R</latexit><latexit sha1_base64="RozqCSRBFTxmNJFkx4wA2ypwEVc=">AAAB7HicbVBNS8NAEJ3Urxq/qh69LBbBU9mIUI9FLx4rmLbQhrLZbtqlm03Y3Qgl9Dd48aCIV3+QN/+NmzYHbX0w8Hhvhpl5YSq4Nhh/O5WNza3tnequu7d/cHhUOz7p6CRTlPk0EYnqhUQzwSXzDTeC9VLFSBwK1g2nd4XffWJK80Q+mlnKgpiMJY84JcZKvoex6w5rddzAC6B14pWkDiXaw9rXYJTQLGbSUEG07ns4NUFOlOFUsLk7yDRLCZ2SMetbKknMdJAvjp2jC6uMUJQoW9Kghfp7Iiex1rM4tJ0xMRO96hXif14/M9FNkHOZZoZJulwUZQKZBBWfoxFXjBoxs4RQxe2tiE6IItTYfIoQvNWX10nnquHhhvdwXW/dlnFU4QzO4RI8aEIL7qENPlDg8Ayv8OZI58V5dz6WrRWnnDmFP3A+fwC/1o1R</latexit><latexit sha1_base64="RozqCSRBFTxmNJFkx4wA2ypwEVc=">AAAB7HicbVBNS8NAEJ3Urxq/qh69LBbBU9mIUI9FLx4rmLbQhrLZbtqlm03Y3Qgl9Dd48aCIV3+QN/+NmzYHbX0w8Hhvhpl5YSq4Nhh/O5WNza3tnequu7d/cHhUOz7p6CRTlPk0EYnqhUQzwSXzDTeC9VLFSBwK1g2nd4XffWJK80Q+mlnKgpiMJY84JcZKvoex6w5rddzAC6B14pWkDiXaw9rXYJTQLGbSUEG07ns4NUFOlOFUsLk7yDRLCZ2SMetbKknMdJAvjp2jC6uMUJQoW9Kghfp7Iiex1rM4tJ0xMRO96hXif14/M9FNkHOZZoZJulwUZQKZBBWfoxFXjBoxs4RQxe2tiE6IItTYfIoQvNWX10nnquHhhvdwXW/dlnFU4QzO4RI8aEIL7qENPlDg8Ayv8OZI58V5dz6WrRWnnDmFP3A+fwC/1o1R</latexit><latexit sha1_base64="RozqCSRBFTxmNJFkx4wA2ypwEVc=">AAAB7HicbVBNS8NAEJ3Urxq/qh69LBbBU9mIUI9FLx4rmLbQhrLZbtqlm03Y3Qgl9Dd48aCIV3+QN/+NmzYHbX0w8Hhvhpl5YSq4Nhh/O5WNza3tnequu7d/cHhUOz7p6CRTlPk0EYnqhUQzwSXzDTeC9VLFSBwK1g2nd4XffWJK80Q+mlnKgpiMJY84JcZKvoex6w5rddzAC6B14pWkDiXaw9rXYJTQLGbSUEG07ns4NUFOlOFUsLk7yDRLCZ2SMetbKknMdJAvjp2jC6uMUJQoW9Kghfp7Iiex1rM4tJ0xMRO96hXif14/M9FNkHOZZoZJulwUZQKZBBWfoxFXjBoxs4RQxe2tiE6IItTYfIoQvNWX10nnquHhhvdwXW/dlnFU4QzO4RI8aEIL7qENPlDg8Ayv8OZI58V5dz6WrRWnnDmFP3A+fwC/1o1R</latexit>

50
<latexit sha1_base64="UIPr3lvSQ6TvU1pc/zFoXxbvri0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cK9gPaUDbbSbt0dxN2N0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviAU31nW/ndLa+sbmVnm7srO7t39QPTxqmyjRDFssEpHuBtSg4ApblluB3VgjlYHATjC5y/3OE2rDI/VopzH6ko4UDzmjNpeu3EplUK25dXcOskq8gtSgQHNQ/eoPI5ZIVJYJakzPc2Prp1RbzgTOKv3EYEzZhI6wl1FFJRo/nd86I2eZMiRhpLNSlszV3xMplcZMZZB1SmrHZtnLxf+8XmLDGz/lKk4sKrZYFCaC2Ijkj5Mh18ismGaEMs2zWwkbU02ZzeLJQ/CWX14l7Yu659a9h8ta47aIowwncArn4ME1NOAemtACBmN4hld4c6Tz4rw7H4vWklPMHMMfOJ8/V4eNGw==</latexit><latexit sha1_base64="UIPr3lvSQ6TvU1pc/zFoXxbvri0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cK9gPaUDbbSbt0dxN2N0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviAU31nW/ndLa+sbmVnm7srO7t39QPTxqmyjRDFssEpHuBtSg4ApblluB3VgjlYHATjC5y/3OE2rDI/VopzH6ko4UDzmjNpeu3EplUK25dXcOskq8gtSgQHNQ/eoPI5ZIVJYJakzPc2Prp1RbzgTOKv3EYEzZhI6wl1FFJRo/nd86I2eZMiRhpLNSlszV3xMplcZMZZB1SmrHZtnLxf+8XmLDGz/lKk4sKrZYFCaC2Ijkj5Mh18ismGaEMs2zWwkbU02ZzeLJQ/CWX14l7Yu659a9h8ta47aIowwncArn4ME1NOAemtACBmN4hld4c6Tz4rw7H4vWklPMHMMfOJ8/V4eNGw==</latexit><latexit sha1_base64="UIPr3lvSQ6TvU1pc/zFoXxbvri0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cK9gPaUDbbSbt0dxN2N0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviAU31nW/ndLa+sbmVnm7srO7t39QPTxqmyjRDFssEpHuBtSg4ApblluB3VgjlYHATjC5y/3OE2rDI/VopzH6ko4UDzmjNpeu3EplUK25dXcOskq8gtSgQHNQ/eoPI5ZIVJYJakzPc2Prp1RbzgTOKv3EYEzZhI6wl1FFJRo/nd86I2eZMiRhpLNSlszV3xMplcZMZZB1SmrHZtnLxf+8XmLDGz/lKk4sKrZYFCaC2Ijkj5Mh18ismGaEMs2zWwkbU02ZzeLJQ/CWX14l7Yu659a9h8ta47aIowwncArn4ME1NOAemtACBmN4hld4c6Tz4rw7H4vWklPMHMMfOJ8/V4eNGw==</latexit><latexit sha1_base64="UIPr3lvSQ6TvU1pc/zFoXxbvri0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cK9gPaUDbbSbt0dxN2N0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviAU31nW/ndLa+sbmVnm7srO7t39QPTxqmyjRDFssEpHuBtSg4ApblluB3VgjlYHATjC5y/3OE2rDI/VopzH6ko4UDzmjNpeu3EplUK25dXcOskq8gtSgQHNQ/eoPI5ZIVJYJakzPc2Prp1RbzgTOKv3EYEzZhI6wl1FFJRo/nd86I2eZMiRhpLNSlszV3xMplcZMZZB1SmrHZtnLxf+8XmLDGz/lKk4sKrZYFCaC2Ijkj5Mh18ismGaEMs2zWwkbU02ZzeLJQ/CWX14l7Yu659a9h8ta47aIowwncArn4ME1NOAemtACBmN4hld4c6Tz4rw7H4vWklPMHMMfOJ8/V4eNGw==</latexit>

0
<latexit sha1_base64="qFmBhc79CXWED8RYhBPRJ87TS3k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecZpwP6IjJULBKFrpwa1UBtWaW3fnIKvEK0gNCjQH1a/+MGZpxBUySY3peW6CfkY1Cib5rNJPDU8om9AR71mqaMSNn81PnZEzqwxJGGtbCslc/T2R0ciYaRTYzoji2Cx7ufif10sxvPYzoZIUuWKLRWEqCcYk/5sMheYM5dQSyrSwtxI2ppoytOnkIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBgxE8wyu8OdJ5cd6dj0VrySlmjuEPnM8f4Z2M3A==</latexit><latexit sha1_base64="qFmBhc79CXWED8RYhBPRJ87TS3k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecZpwP6IjJULBKFrpwa1UBtWaW3fnIKvEK0gNCjQH1a/+MGZpxBUySY3peW6CfkY1Cib5rNJPDU8om9AR71mqaMSNn81PnZEzqwxJGGtbCslc/T2R0ciYaRTYzoji2Cx7ufif10sxvPYzoZIUuWKLRWEqCcYk/5sMheYM5dQSyrSwtxI2ppoytOnkIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBgxE8wyu8OdJ5cd6dj0VrySlmjuEPnM8f4Z2M3A==</latexit><latexit sha1_base64="qFmBhc79CXWED8RYhBPRJ87TS3k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecZpwP6IjJULBKFrpwa1UBtWaW3fnIKvEK0gNCjQH1a/+MGZpxBUySY3peW6CfkY1Cib5rNJPDU8om9AR71mqaMSNn81PnZEzqwxJGGtbCslc/T2R0ciYaRTYzoji2Cx7ufif10sxvPYzoZIUuWKLRWEqCcYk/5sMheYM5dQSyrSwtxI2ppoytOnkIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBgxE8wyu8OdJ5cd6dj0VrySlmjuEPnM8f4Z2M3A==</latexit><latexit sha1_base64="qFmBhc79CXWED8RYhBPRJ87TS3k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecZpwP6IjJULBKFrpwa1UBtWaW3fnIKvEK0gNCjQH1a/+MGZpxBUySY3peW6CfkY1Cib5rNJPDU8om9AR71mqaMSNn81PnZEzqwxJGGtbCslc/T2R0ciYaRTYzoji2Cx7ufif10sxvPYzoZIUuWKLRWEqCcYk/5sMheYM5dQSyrSwtxI2ppoytOnkIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBgxE8wyu8OdJ5cd6dj0VrySlmjuEPnM8f4Z2M3A==</latexit>

�2<latexit sha1_base64="MPKebSdSiL59JaSWsXpadY9L+U8=">AAAB63icbVBNS8NAEJ34WeNX1aOXxSJ4sSRF0GPRi8cK9gPaUDbbTbt0dxN2J0Ip/QtePCji1T/kzX9j0uagrQ8GHu/NMDMvTKSw6Hnfztr6xubWdmnH3d3bPzgsHx23bJwaxpsslrHphNRyKTRvokDJO4nhVIWSt8PxXe63n7ixItaPOEl4oOhQi0gwirl0WXPdfrniVb05yCrxC1KBAo1++as3iFmquEYmqbVd30swmFKDgkk+c3up5QllYzrk3YxqqrgNpvNbZ+Q8UwYkik1WGslc/T0xpcraiQqzTkVxZJe9XPzP66YY3QRToZMUuWaLRVEqCcYkf5wMhOEM5SQjlBmR3UrYiBrKMIsnD8FffnmVtGpV36v6D1eV+m0RRwlO4QwuwIdrqMM9NKAJDEbwDK/w5ijnxXl3Phata04xcwJ/4Hz+AE5bjRU=</latexit><latexit sha1_base64="MPKebSdSiL59JaSWsXpadY9L+U8=">AAAB63icbVBNS8NAEJ34WeNX1aOXxSJ4sSRF0GPRi8cK9gPaUDbbTbt0dxN2J0Ip/QtePCji1T/kzX9j0uagrQ8GHu/NMDMvTKSw6Hnfztr6xubWdmnH3d3bPzgsHx23bJwaxpsslrHphNRyKTRvokDJO4nhVIWSt8PxXe63n7ixItaPOEl4oOhQi0gwirl0WXPdfrniVb05yCrxC1KBAo1++as3iFmquEYmqbVd30swmFKDgkk+c3up5QllYzrk3YxqqrgNpvNbZ+Q8UwYkik1WGslc/T0xpcraiQqzTkVxZJe9XPzP66YY3QRToZMUuWaLRVEqCcYkf5wMhOEM5SQjlBmR3UrYiBrKMIsnD8FffnmVtGpV36v6D1eV+m0RRwlO4QwuwIdrqMM9NKAJDEbwDK/w5ijnxXl3Phata04xcwJ/4Hz+AE5bjRU=</latexit><latexit sha1_base64="MPKebSdSiL59JaSWsXpadY9L+U8=">AAAB63icbVBNS8NAEJ34WeNX1aOXxSJ4sSRF0GPRi8cK9gPaUDbbTbt0dxN2J0Ip/QtePCji1T/kzX9j0uagrQ8GHu/NMDMvTKSw6Hnfztr6xubWdmnH3d3bPzgsHx23bJwaxpsslrHphNRyKTRvokDJO4nhVIWSt8PxXe63n7ixItaPOEl4oOhQi0gwirl0WXPdfrniVb05yCrxC1KBAo1++as3iFmquEYmqbVd30swmFKDgkk+c3up5QllYzrk3YxqqrgNpvNbZ+Q8UwYkik1WGslc/T0xpcraiQqzTkVxZJe9XPzP66YY3QRToZMUuWaLRVEqCcYkf5wMhOEM5SQjlBmR3UrYiBrKMIsnD8FffnmVtGpV36v6D1eV+m0RRwlO4QwuwIdrqMM9NKAJDEbwDK/w5ijnxXl3Phata04xcwJ/4Hz+AE5bjRU=</latexit><latexit sha1_base64="MPKebSdSiL59JaSWsXpadY9L+U8=">AAAB63icbVBNS8NAEJ34WeNX1aOXxSJ4sSRF0GPRi8cK9gPaUDbbTbt0dxN2J0Ip/QtePCji1T/kzX9j0uagrQ8GHu/NMDMvTKSw6Hnfztr6xubWdmnH3d3bPzgsHx23bJwaxpsslrHphNRyKTRvokDJO4nhVIWSt8PxXe63n7ixItaPOEl4oOhQi0gwirl0WXPdfrniVb05yCrxC1KBAo1++as3iFmquEYmqbVd30swmFKDgkk+c3up5QllYzrk3YxqqrgNpvNbZ+Q8UwYkik1WGslc/T0xpcraiQqzTkVxZJe9XPzP66YY3QRToZMUuWaLRVEqCcYkf5wMhOEM5SQjlBmR3UrYiBrKMIsnD8FffnmVtGpV36v6D1eV+m0RRwlO4QwuwIdrqMM9NKAJDEbwDK/w5ijnxXl3Phata04xcwJ/4Hz+AE5bjRU=</latexit>

�1<latexit sha1_base64="Vil9MbeFmC1Lcuf9X/LZVsZ4fPM=">AAAB63icbVBNS8NAEJ3Urxq/qh69LBbBiyURQY9FLx4r2A9oQ9lsJ+3S3U3Y3Qil9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8MBHcWM/7dkpr6xubW+Vtd2d3b/+gcnjUMnGqGTZZLGLdCalBwRU2LbcCO4lGKkOB7XB8l/vtJ9SGx+rRThIMJB0qHnFGbS5d+K7br1S9mjcHWSV+QapQoNGvfPUGMUslKssENabre4kNplRbzgTO3F5qMKFsTIfYzaiiEk0wnd86I2eZMiBRrLNSlszV3xNTKo2ZyDDrlNSOzLKXi/953dRGN8GUqyS1qNhiUZQKYmOSP04GXCOzYpIRyjTPbiVsRDVlNosnD8FffnmVtC5rvlfzH66q9dsijjKcwCmcgw/XUId7aEATGIzgGV7hzZHOi/PufCxaS04xcwx/4Hz+AEzVjRQ=</latexit><latexit sha1_base64="Vil9MbeFmC1Lcuf9X/LZVsZ4fPM=">AAAB63icbVBNS8NAEJ3Urxq/qh69LBbBiyURQY9FLx4r2A9oQ9lsJ+3S3U3Y3Qil9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8MBHcWM/7dkpr6xubW+Vtd2d3b/+gcnjUMnGqGTZZLGLdCalBwRU2LbcCO4lGKkOB7XB8l/vtJ9SGx+rRThIMJB0qHnFGbS5d+K7br1S9mjcHWSV+QapQoNGvfPUGMUslKssENabre4kNplRbzgTO3F5qMKFsTIfYzaiiEk0wnd86I2eZMiBRrLNSlszV3xNTKo2ZyDDrlNSOzLKXi/953dRGN8GUqyS1qNhiUZQKYmOSP04GXCOzYpIRyjTPbiVsRDVlNosnD8FffnmVtC5rvlfzH66q9dsijjKcwCmcgw/XUId7aEATGIzgGV7hzZHOi/PufCxaS04xcwx/4Hz+AEzVjRQ=</latexit><latexit sha1_base64="Vil9MbeFmC1Lcuf9X/LZVsZ4fPM=">AAAB63icbVBNS8NAEJ3Urxq/qh69LBbBiyURQY9FLx4r2A9oQ9lsJ+3S3U3Y3Qil9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8MBHcWM/7dkpr6xubW+Vtd2d3b/+gcnjUMnGqGTZZLGLdCalBwRU2LbcCO4lGKkOB7XB8l/vtJ9SGx+rRThIMJB0qHnFGbS5d+K7br1S9mjcHWSV+QapQoNGvfPUGMUslKssENabre4kNplRbzgTO3F5qMKFsTIfYzaiiEk0wnd86I2eZMiBRrLNSlszV3xNTKo2ZyDDrlNSOzLKXi/953dRGN8GUqyS1qNhiUZQKYmOSP04GXCOzYpIRyjTPbiVsRDVlNosnD8FffnmVtC5rvlfzH66q9dsijjKcwCmcgw/XUId7aEATGIzgGV7hzZHOi/PufCxaS04xcwx/4Hz+AEzVjRQ=</latexit><latexit sha1_base64="Vil9MbeFmC1Lcuf9X/LZVsZ4fPM=">AAAB63icbVBNS8NAEJ3Urxq/qh69LBbBiyURQY9FLx4r2A9oQ9lsJ+3S3U3Y3Qil9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8MBHcWM/7dkpr6xubW+Vtd2d3b/+gcnjUMnGqGTZZLGLdCalBwRU2LbcCO4lGKkOB7XB8l/vtJ9SGx+rRThIMJB0qHnFGbS5d+K7br1S9mjcHWSV+QapQoNGvfPUGMUslKssENabre4kNplRbzgTO3F5qMKFsTIfYzaiiEk0wnd86I2eZMiBRrLNSlszV3xNTKo2ZyDDrlNSOzLKXi/953dRGN8GUqyS1qNhiUZQKYmOSP04GXCOzYpIRyjTPbiVsRDVlNosnD8FffnmVtC5rvlfzH66q9dsijjKcwCmcgw/XUId7aEATGIzgGV7hzZHOi/PufCxaS04xcwx/4Hz+AEzVjRQ=</latexit>

0
<latexit sha1_base64="qFmBhc79CXWED8RYhBPRJ87TS3k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecZpwP6IjJULBKFrpwa1UBtWaW3fnIKvEK0gNCjQH1a/+MGZpxBUySY3peW6CfkY1Cib5rNJPDU8om9AR71mqaMSNn81PnZEzqwxJGGtbCslc/T2R0ciYaRTYzoji2Cx7ufif10sxvPYzoZIUuWKLRWEqCcYk/5sMheYM5dQSyrSwtxI2ppoytOnkIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBgxE8wyu8OdJ5cd6dj0VrySlmjuEPnM8f4Z2M3A==</latexit><latexit sha1_base64="qFmBhc79CXWED8RYhBPRJ87TS3k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecZpwP6IjJULBKFrpwa1UBtWaW3fnIKvEK0gNCjQH1a/+MGZpxBUySY3peW6CfkY1Cib5rNJPDU8om9AR71mqaMSNn81PnZEzqwxJGGtbCslc/T2R0ciYaRTYzoji2Cx7ufif10sxvPYzoZIUuWKLRWEqCcYk/5sMheYM5dQSyrSwtxI2ppoytOnkIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBgxE8wyu8OdJ5cd6dj0VrySlmjuEPnM8f4Z2M3A==</latexit><latexit sha1_base64="qFmBhc79CXWED8RYhBPRJ87TS3k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecZpwP6IjJULBKFrpwa1UBtWaW3fnIKvEK0gNCjQH1a/+MGZpxBUySY3peW6CfkY1Cib5rNJPDU8om9AR71mqaMSNn81PnZEzqwxJGGtbCslc/T2R0ciYaRTYzoji2Cx7ufif10sxvPYzoZIUuWKLRWEqCcYk/5sMheYM5dQSyrSwtxI2ppoytOnkIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBgxE8wyu8OdJ5cd6dj0VrySlmjuEPnM8f4Z2M3A==</latexit><latexit sha1_base64="qFmBhc79CXWED8RYhBPRJ87TS3k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecZpwP6IjJULBKFrpwa1UBtWaW3fnIKvEK0gNCjQH1a/+MGZpxBUySY3peW6CfkY1Cib5rNJPDU8om9AR71mqaMSNn81PnZEzqwxJGGtbCslc/T2R0ciYaRTYzoji2Cx7ufif10sxvPYzoZIUuWKLRWEqCcYk/5sMheYM5dQSyrSwtxI2ppoytOnkIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBgxE8wyu8OdJ5cd6dj0VrySlmjuEPnM8f4Z2M3A==</latexit>

t[J�1]
<latexit sha1_base64="0UWL7k5RWTtm1E2xJMJaiNQl1WQ=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBG8WBIR9FjwIh6kgv2QNpbNdtMu3d2E3YlQQn+FFw+KePXnePPfuG1z0NYHA4/3ZpiZFyaCG/S8b2dpeWV1bb2wUdzc2t7ZLe3tN0ycasrqNBaxboXEMMEVqyNHwVqJZkSGgjXD4dXEbz4xbXis7nGUsECSvuIRpwSt9IDtm8fs1B8H3VLZq3hTuIvEz0kZctS6pa9OL6apZAqpIMa0fS/BICMaORVsXOykhiWEDkmftS1VRDITZNODx+6xVXpuFGtbCt2p+nsiI9KYkQxtpyQ4MPPeRPzPa6cYXQYZV0mKTNHZoigVLsbu5Hu3xzWjKEaWEKq5vdWlA6IJRZtR0Ybgz7+8SBpnFd+r+Hfn5eptHkcBDuEITsCHC6jCNdSgDhQkPMMrvDnaeXHenY9Z65KTzxzAHzifPzRQkAo=</latexit><latexit sha1_base64="0UWL7k5RWTtm1E2xJMJaiNQl1WQ=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBG8WBIR9FjwIh6kgv2QNpbNdtMu3d2E3YlQQn+FFw+KePXnePPfuG1z0NYHA4/3ZpiZFyaCG/S8b2dpeWV1bb2wUdzc2t7ZLe3tN0ycasrqNBaxboXEMMEVqyNHwVqJZkSGgjXD4dXEbz4xbXis7nGUsECSvuIRpwSt9IDtm8fs1B8H3VLZq3hTuIvEz0kZctS6pa9OL6apZAqpIMa0fS/BICMaORVsXOykhiWEDkmftS1VRDITZNODx+6xVXpuFGtbCt2p+nsiI9KYkQxtpyQ4MPPeRPzPa6cYXQYZV0mKTNHZoigVLsbu5Hu3xzWjKEaWEKq5vdWlA6IJRZtR0Ybgz7+8SBpnFd+r+Hfn5eptHkcBDuEITsCHC6jCNdSgDhQkPMMrvDnaeXHenY9Z65KTzxzAHzifPzRQkAo=</latexit><latexit sha1_base64="0UWL7k5RWTtm1E2xJMJaiNQl1WQ=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBG8WBIR9FjwIh6kgv2QNpbNdtMu3d2E3YlQQn+FFw+KePXnePPfuG1z0NYHA4/3ZpiZFyaCG/S8b2dpeWV1bb2wUdzc2t7ZLe3tN0ycasrqNBaxboXEMMEVqyNHwVqJZkSGgjXD4dXEbz4xbXis7nGUsECSvuIRpwSt9IDtm8fs1B8H3VLZq3hTuIvEz0kZctS6pa9OL6apZAqpIMa0fS/BICMaORVsXOykhiWEDkmftS1VRDITZNODx+6xVXpuFGtbCt2p+nsiI9KYkQxtpyQ4MPPeRPzPa6cYXQYZV0mKTNHZoigVLsbu5Hu3xzWjKEaWEKq5vdWlA6IJRZtR0Ybgz7+8SBpnFd+r+Hfn5eptHkcBDuEITsCHC6jCNdSgDhQkPMMrvDnaeXHenY9Z65KTzxzAHzifPzRQkAo=</latexit><latexit sha1_base64="0UWL7k5RWTtm1E2xJMJaiNQl1WQ=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBG8WBIR9FjwIh6kgv2QNpbNdtMu3d2E3YlQQn+FFw+KePXnePPfuG1z0NYHA4/3ZpiZFyaCG/S8b2dpeWV1bb2wUdzc2t7ZLe3tN0ycasrqNBaxboXEMMEVqyNHwVqJZkSGgjXD4dXEbz4xbXis7nGUsECSvuIRpwSt9IDtm8fs1B8H3VLZq3hTuIvEz0kZctS6pa9OL6apZAqpIMa0fS/BICMaORVsXOykhiWEDkmftS1VRDITZNODx+6xVXpuFGtbCt2p+nsiI9KYkQxtpyQ4MPPeRPzPa6cYXQYZV0mKTNHZoigVLsbu5Hu3xzWjKEaWEKq5vdWlA6IJRZtR0Ybgz7+8SBpnFd+r+Hfn5eptHkcBDuEITsCHC6jCNdSgDhQkPMMrvDnaeXHenY9Z65KTzxzAHzifPzRQkAo=</latexit>

Sub,! = 60J
<latexit sha1_base64="tlJsduns/nOUTDp6LoEqr+WOl9w=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCCylJFXUjFtyIq4r2AU0ok+mkHTqTCTMToYS68VfcuFDErX/hzr9x0mahrQcuHM65l3vvCWJGlXacb2tufmFxabmwUlxdW9/YtLe2G0okEpM6FkzIVoAUYTQidU01I61YEsQDRprB4Crzmw9EKiqiez2Mic9RL6IhxUgbqWPvehzpvuTpXRKMjqAnOOmhi1PnpmOXnLIzBpwlbk5KIEetY395XYETTiKNGVKq7Tqx9lMkNcWMjIpeokiM8AD1SNvQCHGi/HT8wQgeGKULQyFNRRqO1d8TKeJKDXlgOrN71bSXif957USH535KozjRJMKTRWHCoBYwiwN2qSRYs6EhCEtqboW4jyTC2oRWNCG40y/Pkkal7B6XK7cnpeplHkcB7IF9cAhccAaq4BrUQB1g8AiewSt4s56sF+vd+pi0zln5zA74A+vzB4KJlkE=</latexit>

Real,! = 60J
<latexit sha1_base64="pma2g84D9FuLdsTjpGuoO5vFrxE=">AAACAnicbVBNS8NAEN34WetX1JN4WSyCBylJFfUiFryIpyr2A5pSNttpu3Q3CbsboYTixb/ixYMiXv0V3vw3btoctPXBwOO9GWbm+RFnSjvOtzU3v7C4tJxbya+urW9s2lvbNRXGkkKVhjyUDZ8o4CyAqmaaQyOSQITPoe4PrlK//gBSsTC418MIWoL0AtZllGgjte1dTxDdlyK5A8JHR9gLBfTIxalz07YLTtEZA88SNyMFlKHStr+8TkhjAYGmnCjVdJ1ItxIiNaMcRnkvVhAROiA9aBoaEAGqlYxfGOEDo3RwN5SmAo3H6u+JhAilhsI3nenBatpLxf+8Zqy7562EBVGsIaCTRd2YYx3iNA/cYRKo5kNDCJXM3Ippn0hCtUktb0Jwp1+eJbVS0T0ulm5PCuXLLI4c2kP76BC56AyV0TWqoCqi6BE9o1f0Zj1ZL9a79TFpnbOymR30B9bnDzkplqU=</latexit>

Real,! = 2J
<latexit sha1_base64="1N6JXipxCsiJaNBVr+rCXFngZqU=">AAACAXicbVBNS8NAEN3Ur1q/ql4EL4tF8CAlqYJexIIX8VTFfkATymY7aZfuJmF3I5RQL/4VLx4U8eq/8Oa/cdvmoK0PBh7vzTAzz485U9q2v63cwuLS8kp+tbC2vrG5VdzeaagokRTqNOKRbPlEAWch1DXTHFqxBCJ8Dk1/cDX2mw8gFYvCez2MwROkF7KAUaKN1CnuuYLovhTpHRA+OsZuJKBHLio3nWLJLtsT4HniZKSEMtQ6xS+3G9FEQKgpJ0q1HTvWXkqkZpTDqOAmCmJCB6QHbUNDIkB56eSDET40ShcHkTQVajxRf0+kRCg1FL7pHN+rZr2x+J/XTnRw7qUsjBMNIZ0uChKOdYTHceAuk0A1HxpCqGTmVkz7RBKqTWgFE4Iz+/I8aVTKzkm5cntaql5mceTRPjpAR8hBZ6iKrlEN1RFFj+gZvaI368l6sd6tj2lrzspmdtEfWJ8/vGCWZw==</latexit>

(a)

0
<latexit sha1_base64="yvdzdUBQiZRbuXUMfwlJb0Afo7Y=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF49V7Ae0oWy2k3bpZhN2N0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4NvPbT6g0j+WjmSToR3QoecgZNVZ6cEv9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzH+lCrDmcBZqZdqTCgb0yF2LZU0Qu1P55fOyJlVBiSMlS1pyFz9PTGlkdaTKLCdETUjvexl4n9eNzXhtT/lMkkNSrZYFKaCmJhkb5MBV8iMmFhCmeL2VsJGVFFmbDhZCN7yy6ukVat6F9Xa/WWlfpPHUYQTOIVz8OAK6nAHDWgCgxCe4RXenLHz4rw7H4vWgpPPHMMfOJ8/rqOMzA==</latexit>

20
<latexit sha1_base64="tHjKfyIM52u3FIHrkzdPkORO5ao=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7Gt5nffuLaiFg94iThfkSHSoSCUbTSQ80t9csVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/SnVKJjks1IvNTyhbEyHvGupohE3/nR+6oycWWVAwljbUkjm6u+JKY2MmUSB7Ywojsyyl4n/ed0Uw2t/KlSSIldssShMJcGYZH+TgdCcoZxYQpkW9lbCRlRThjadLARv+eVV0qpVvYtq7f6yUr/J4yjCCZzCOXhwBXW4gwY0gcEQnuEV3hzpvDjvzseiteDkM8fwB87nDx/EjQg=</latexit>

60
<latexit sha1_base64="iP1JMNP1pCXmVYNU43tozSLIJO0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Vj04rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9XLrFXqnsVtwZyDLxclKGHPVe6avbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72ezUCTm1Sp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPYzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE1nGoK3+PIyaVYr3nmlen9Rrt3kcRTgGE7gDDy4ghrcQR0awGAAz/AKb45wXpx352PeuuLkM0fwB87nDyXcjQw=</latexit>

100
<latexit sha1_base64="/YcQIek1+ObuFjgP6pyqb6DhWcY=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YA2lM120y7d3YTdiVBC/4IXD4p49Q9589+YtDlo64OBx3szzMwLYiksuu63s7a+sbm1Xdop7+7tHxxWjo7bNkoM4y0Wych0A2q5FJq3UKDk3dhwqgLJO8HkLvc7T9xYEelHnMbcV3SkRSgYxVzyXLc8qFTdmjsHWSVeQapQoDmofPWHEUsU18gktbbnuTH6KTUomOSzcj+xPKZsQke8l1FNFbd+Or91Rs4zZUjCyGSlkczV3xMpVdZOVZB1Kopju+zl4n9eL8Hwxk+FjhPkmi0WhYkkGJH8cTIUhjOU04xQZkR2K2FjaijDLJ48BG/55VXSrte8y1r94arauC3iKMEpnMEFeHANDbiHJrSAwRie4RXeHOW8OO/Ox6J1zSlmTuAPnM8fjHeNQQ==</latexit>

�2<latexit sha1_base64="zYlfn/XTGjR631zCTDiiKpNJ5W0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4sSRV0GPRi8eK9gPaUDbbTbt0swm7E6GU/gQvHhTx6i/y5r9x0+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt5nfeuLaiFg94jjhfkQHSoSCUbTSw3m12CuV3Yo7A1kmXk7KkKPeK311+zFLI66QSWpMx3MT9CdUo2CST4vd1PCEshEd8I6likbc+JPZqVNyapU+CWNtSyGZqb8nJjQyZhwFtjOiODSLXib+53VSDK/9iVBJilyx+aIwlQRjkv1N+kJzhnJsCWVa2FsJG1JNGdp0shC8xZeXSbNa8S4q1fvLcu0mj6MAx3ACZ+DBFdTgDurQAAYDeIZXeHOk8+K8Ox/z1hUnnzmCP3A+fwAbMI0F</latexit> �1<latexit sha1_base64="+81cK5DCdffZ5JvE2apJdJtB+to=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4sSRV0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9cS1EbF6xHHC/YgOlAgFo2ilh3Ov2CuV3Yo7A1kmXk7KkKPeK311+zFLI66QSWpMx3MT9DOqUTDJJ8VuanhC2YgOeMdSRSNu/Gx26oScWqVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uw2s/EypJkSs2XxSmkmBMpn+TvtCcoRxbQpkW9lbChlRThjadaQje4svLpFmteBeV6v1luXaTx1GAYziBM/DgCmpwB3VoAIMBPMMrvDnSeXHenY9564qTzxzBHzifPxmrjQQ=</latexit>

20
<latexit sha1_base64="tHjKfyIM52u3FIHrkzdPkORO5ao=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7Gt5nffuLaiFg94iThfkSHSoSCUbTSQ80t9csVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/SnVKJjks1IvNTyhbEyHvGupohE3/nR+6oycWWVAwljbUkjm6u+JKY2MmUSB7Ywojsyyl4n/ed0Uw2t/KlSSIldssShMJcGYZH+TgdCcoZxYQpkW9lbCRlRThjadLARv+eVV0qpVvYtq7f6yUr/J4yjCCZzCOXhwBXW4gwY0gcEQnuEV3hzpvDjvzseiteDkM8fwB87nDx/EjQg=</latexit>

40
<latexit sha1_base64="9f4iJNX2gdaf7nBBgn+fD5SL1JA=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHoxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4aXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj28xvP3FtRKwecZJwP6JDJULBKFrpoeYW+6WyW3HnIKvEy0kZcjT6pa/eIGZpxBUySY3pem6C/pRqFEzyWbGXGp5QNqZD3rVU0Ygbfzo/dUbOrTIgYaxtKSRz9ffElEbGTKLAdkYUR2bZy8T/vG6K4bU/FSpJkSu2WBSmkmBMsr/JQGjOUE4soUwLeythI6opQ5tOFoK3/PIqaVUr3mWlel8r12/yOApwCmdwAR5cQR3uoAFNYDCEZ3iFN0c6L86787FoXXPymRP4A+fzByLQjQo=</latexit>

60
<latexit sha1_base64="iP1JMNP1pCXmVYNU43tozSLIJO0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Vj04rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9XLrFXqnsVtwZyDLxclKGHPVe6avbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72ezUCTm1Sp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPYzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE1nGoK3+PIyaVYr3nmlen9Rrt3kcRTgGE7gDDy4ghrcQR0awGAAz/AKb45wXpx352PeuuLkM0fwB87nDyXcjQw=</latexit>

0
<latexit sha1_base64="yvdzdUBQiZRbuXUMfwlJb0Afo7Y=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF49V7Ae0oWy2k3bpZhN2N0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4NvPbT6g0j+WjmSToR3QoecgZNVZ6cEv9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzH+lCrDmcBZqZdqTCgb0yF2LZU0Qu1P55fOyJlVBiSMlS1pyFz9PTGlkdaTKLCdETUjvexl4n9eNzXhtT/lMkkNSrZYFKaCmJhkb5MBV8iMmFhCmeL2VsJGVFFmbDhZCN7yy6ukVat6F9Xa/WWlfpPHUYQTOIVz8OAK6nAHDWgCgxCe4RXenLHz4rw7H4vWgpPPHMMfOJ8/rqOMzA==</latexit>

t[J�1]
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FIG. 4: (a) Correlation function given optimal
parameters. Coherent oscillation with fast driving

matches well with subsystem approximation, indicating
the existence of scared states. In contrast, correlation

saturates quickly in the ergodic case with ω = 2J where
higher order effects induce deleterious leaking. (b)

Correlation difference log10(R(t)) between real
dynamics and subspace approximation (Eq. (10)) for

varying frequencies. Some blue spots appear within the
red region at longer times because of the accidental

similarity between Creal(t) and Csub(t).

these coherent oscillations will be damped out slowly and
their lifetime can exceed the thermalization time by far.

As a specific example, we focus on the stroboscopic dy-
namics of a system with ten sites with periodic boundary
conditions and initialized in the Fock state |1100330011〉.
The coherent oscillation of the two-point correlation func-
tion C56(t) = 〈n̂5(t)n̂6(t)〉 − 〈n̂5(t)〉〈n̂6(t)〉, of the two
central sites is depicted in Fig. 4a. The actual system
dynamics Creal(t) are depicted in orange and compared
to the dynamics Csub(t) induced by the subsystem Hamil-
tonian [43] in which all rates of leaking channels are set to
vanish. The ergodic case with slow driving is depicted in
green, and it shows that the correlation saturates rapidly
on a time-scale t ∼ O(1/J). While the comparison be-
tween actual scar dynamics and the effective subsystem
dynamics gives evidence of damping due to leakage, the
oscillations in the scarred dynamics also clearly exceed
the time-scale of thermalization.

In order to turn this qualitative observation into a
quantitative assessment of the lifetime of the coherent
oscillations, it is helpful to define the difference between
the two correlation functions

R(t) = |Creal(t)− Csub(t)|, (10)

comparing the actual dynamics and the effective subsys-
tem dynamics. The difference R(t) is depicted in log 10
scale in Fig. 4b as a function of time t and driving fre-
quency ω. As one can see, the difference is very small
(blue) for short times, and there is a clear increase (red)
for longer times. The point in time around which this
transition occurs grows linearly with ω, as indicated by
a dashed black line. This allows us to define lifetimes for

scar states. The proportionality to ω indicates that the
scar states become increasingly stable as the fast driving
regime is approached (ω →∞).

Similar long-lived coherent dynamics, e.g. Bloch oscil-
lations (BO), also appear in a static tilted lattice with-
out driving [44, 45]. However, there are several crucial
differences between BO and scar dynamics that can be
employed to distinguish them, e.g. initial state depen-
dency and stability to additional interactions, see more
details in the Supplementary Material.

Experimental Realization.– The doubly modulated
Hubbard system in cold atomic gases and the required
initial states can be constructed via existing experimental
techniques. The driving can be achieved by periodically
modulating external magnetic fields in the vicinity of Fes-
hbach resonances [39, 46] and lattice shaking [47]. In
practice, there will be an additional, typically harmonic
trapping potential; since it commutes with the driving
term in the Hamiltonian (Eq.(1)), it does not contribute
to the kinetic constraints resulting in the scar states. The
remaining challenge is thus to prepare fine tuned initial
states. The easiest states to verify fragmentation and vi-
olation of ETH are the Mott insulator state and the den-
sity wave state with two particles on every second site.
Both of them are eigenstates of the effective Hamiltonian,
thus, they will be frozen in the presence of fast driv-
ing. For more interesting cases discussed above, one can
first prepare Mott states with three bosons per site [48]
and then apply the single-spin addressing scheme [49]
to remove unwanted particles on selected sites to obtain
for example |. . . 003300003300 . . .〉. This state provides
an example which shows coherent oscillations for an ex-
ceptionally long time before thermalization in the high-
frequency limit.

Conclusions & Outlook.– Our concrete proposal en-
ables the experimental realization of quantum many-
body scars in a bosonic system, allowing the study of
thermalization and lack thereof in systems substantially
larger than those possible to study in any theoretical
analysis. The Floquet engineering of kinetically con-
strained hopping discussed here can be achieved inde-
pendently of system dimensionality and geometry, thus
paving the way to substantially deepen our understand-
ing of different thermalization paths in two- and three-
dimensional systems with different lattice geometries
(some of which can result in topological order [50]).

The suppression of leaking channels, as well as kineti-
cally constrained hopping in general, is not only helpful
for enabling experiments for quantum many-body scars,
but it can potentially also be used to suppress processes
like heating [51] that poses a serious limitation to quan-
tum simulations based on driven atomic gases. Finally,
the ability to open and close selected tunneling channels
also opens up new pathways for state preparation like the
accurate creation of a coherent superposition of different
Fock states [52] as required e.g. for precision sensing.
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Maksym Serbyn, Mikhail D Lukin, and Dmitry A
Abanin. Emergent su (2) dynamics and perfect
quantum many-body scars. Physical Review Letters,
122(22):220603, 2019.

[16] Vedika Khemani, Chris R Laumann, and Anushya
Chandran. Signatures of integrability in the dynam-
ics of rydberg-blockaded chains. Physical Review B,
99(16):161101, 2019.

[17] Kieran Bull, Ivar Martin, and Z. Papić. Systematic con-
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Comparison between Bloch Oscillations and Scar
Dynamics

With tilted lattices, non-interacting atoms can show
long-lived Bloch oscillation (BO) [44, 45]. However, there
are several crucial differences between BO and the co-
herent scar dynamics(Fig. 4a) which can be employed to
distinguish them experimentally.

First, in contrast to BO, the existence of the coher-
ent oscillation presented in the main content strongly de-
pends on the specially selected initial conditions. Only
properly prepared initial states, e.g. Fock states con-
structed with building blocks, can exhibit coherent dy-
namics. Alternatively, the Mott and density wave states
are dynamically frozen for fast driving. As a counter-
example, the superfluid state will thermalize very quickly.
Moreover, the oscillating frequency of BO is fixed by the
tilted potential [44], while for the coherent scar dynamics,
it can vary by choosing different initial states.

Second, in the presence of additional interactions (of
energy scale U comparable to bare tunneling J), BO are
very sensitive to interaction-induced dephasing and in-
stabilities thus decay rapidly [45]. Yet this is not true

for scar dynamics. Interactions commute with the uni-
tary transformation to the rotating frame thus can be
simply added to the lowest order effective Hamiltonian
(Eq. 2) as it is. Therefore, the density assisted tunneling
will not be impacted and the kinetic constraints leading
to Hilbert space fragmentation remain unchanged. Con-
sidering higher-order processes, our previous work [38]
showed that only negligible (1/ω2) effects are induced,
therefore the coherent oscillation will still persist for a
long time with fast driving.

Third, the correlation between different building blocks
serves as a good measure since no tunnelling is permitted
in-between in the effective Hamiltonian. As an example,
for the initial state |1100330011〉, the correlation function
C15(t) = 〈n̂1(t)n̂5(t)〉 − 〈n̂1(t)〉〈n̂5(t)〉 remains zero for a
sufficiently long time with fast driving. On the contrary,
BO will build up such a spatial correlation after a short
period.

All these three aspects exploit the many-body charac-
ter of the density assisted tunneling which does not have
a counterpart in non-interacting systems. Importantly,
they are experimentally verifiable via local occupation
number or two-point correlation functions.
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