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Abstract 11 

Simulation of paste extrusion requires knowledge of the material wall interactions and bulk 12 

deformation behaviour. A systematic approach to decoupling these is presented for a stiff 13 

paste, comprising microcrystalline cellulose/calcium carbonate/water, employing three 14 

different experimental configurations to separate paste-wall friction from bulk rheology.  15 

The bulk yielding behaviour was identified from ram extrusion testing with orifice dies, while 16 

wall friction was characterised using the twin-die extrusion apparatus reported by (Bryan et 17 

al., 2018).  Further extrusion tests with square and conical entry dies featuring various die 18 

land lengths provided data for comparison with simulations.  The wall friction exhibited non-19 

linear Navier slip with negligible pressure dependency: this relationship was included within 20 

a solid mechanics-based simulation of ram extrusion with ABAQUS.  The estimate of the 21 

plastic yield stress from orifice die testing was refined using simulations of flow through 22 

square-entry dies and predicted the extrusion pressure for conical-entry dies with 23 

reasonable accuracy. 24 
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Nomenclature 31 

Roman  

 Area m2 

 Circular equivalent diameter m 

 Diameter m 

 Barrel diameter m 

 Diameter of primary (1) and secondary (2) TSED die m 

 Young's modulus Pa 

 Number fraction - 

 Cumulative number fraction - 

 Height m 

 Barrel height m 
 Extrudate height m 
 Herschel-Bulkley flow consistency Pa (s-1)-s 

 Length m 

 Length of barrel (0), primary (1) and secondary (2) TSED die m 

 Benbow-Bridgwater die entry flow index - 

 Navier slip exponent, non-linear case - 

 Pressure Pa 
 Pressure ransducers 1, 2, 3 Pa 

 Benbow-Bridgwater die entry term Pa 

 Benbow-Bridgwater die land term Pa 

 Central transducer pressure (PT2) Pa 

 Extrusion pressure Pa 

 Pressure drop due to wall friction  Pa 

 Die radius m 

 Arithmetic mean deviation of profile m 

 Fillet radius m 

 Barrel radius m 

 Herschel-Bulkley flow index - 

 Current test time s 

 Displacement in  (1) and  (2) directions 
m 

,  Velocity, magnitude m s-1 

 Flow velocity in TSED initial die m s-1 

 Ram velocity m s-1 

 TSED die chamber velocity m s-1 

 Extrudate velocity m s-1 

 Slip velocity m s-1 

 Displacement m 

 Distance along sample path m 
  32 
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Greek   

 Benbow Bridgwater die entry velocity multiplication factor Pa (m s-1)-m
1 

 Navier slip multiplication factor, non-linear Pa (m s-1)-n 

 Navier slip multiplication factor Pa (m s-1)-1 

 Strain rate s-1 

 Viscosity Pa s 

 Angle radians 

 Maximum cone die-entry angle 
radians 

 Coulombic friction coefficient - 

 Poisson's ratio - 

 Density kg m-3 

 Stress Pa 

 Herschel-Bulkley yield stress Pa 

 Yield stress Pa 

 Stress in vertical direction Pa 
 Shear stress Pa 
 Wall shear stress Pa 

 Barrel and die land wall shear stress Pa 

 Shear yield stress Pa 

 Benbow-Bridgwater shear yield stress term Pa 

   
Abbreviations 33 

 34 

 35 

 36 

 37 

 38 

 39 

 40 

  41 

ALE  Arbitrary Lagrangian-Eulerian 
AR  Aspect ratio 

BB  Benbow-Bridgwater method 

CaCO3  Calcium carbonate 

CE  Conical-entry 
CED  Circular equivalent diameter 
CEL  Coupled Eulerian-Lagrangian 
CFD  Computational fluid dynamics 
CI  Confidence interval 
FEA  Finite element analysis 
LPM  Liquid phase migration 
MCC  Microcrystalline cellulose 
PEEK  Polyether ether ketone 
PT  Pressure transducer 
SE  Square-entry 
SS  Stainless steel 

TSED  Twin square entry die system 
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1. Introduction  42 

Highly dense suspensions, with solids loading close to 43 

fraction, are widely used in net shape forming operations to create shaped products with 44 

constant cross section. 45 

often as it has a strong association with viscoelastic behaviour. Examples of such pastes 46 

include PTFE suspensions (Mitsoulis and Hatzikiriakos, 2009),  microcrystalline 47 

cellulose/water wet masses used in pharmaceutical extrusion-spheronisation (Zhang et al., 48 

2011), and ceramic and hardmetal green body forming mixtures (Wilmot et al., 2009), 49 

(Blackham et al., 2012), (Ferstl et al., 2012). The high solids fraction gives rise to yield stress 50 

behaviour and significant wall slip, both of which are features of plastic materials. The high 51 

yield stresses (orders of kPa) and often weak velocity dependence lead to them being 52 

53 

multi-phase nature (Wilson and Rough, 2012) which do not arise with viscoplastic fluids. 54 

Ram extrusion has been employed both as an industrial process for forming paste materials 55 

and as a method to characterise their rheology. It involves pushing material through a 56 

contraction, or die, to generate an extrudate with a particular shape. In rheological testing it 57 

overcomes some of the problems arising with conventional rheometers but is accompanied 58 

by issues associated with loading (ensuring the sample is homogeneous and free of air 59 

pockets) and interpretation of the results. Figure 1 shows a schematic diagram of a simple 60 

laboratory ram extruder with key dimensions labelled, alongside a schematic showing the 61 

important contributions to the overall pressure drop (and force exerted on the ram, often 62 

used to calculate this quantity). The extrusion die depicted has a square-entry geometry, 63 
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meaning the die face is aligned at 90  to the barrel walls. A conical-entry die features an 64 

angle less than 90 . 65 

Figure 1. 66 

As with capillary rheometry, assumptions are required to extract rheological parameters 67 

from ram extrusion data. Benbow and Bridgwater (Benbow and Bridgwater, 1995) 68 

presented a semi-empirical model for the paste extrusion pressure, , assuming that (see 69 

Figure 1(b)) in the die entry ( ) the paste deforms plastically with no redundant work, and 70 

only experiences significant wall shear in the die land ( ), where it is assumed to undergo 71 

plug flow at velocity  with complete slip at the walls, viz. 72 

  (1) 

The wall shear stress ( ) contribution to the pressure drop comprises a shear yield stress, 73 

, alongside a power-law velocity dependence described by empirical parameters  and . 74 

Contributions from wall friction in the barrel are usually neglected. Deformation in the die 75 

entry was considered by Benbow and Bridgwater to involve simple extension, with the 76 

empirical parameters ,  and  describing the yielding behaviour. This approach works 77 

well for comparative purposes, but the parameters are not readily employed in detailed 78 

simulations of other geometries (Wilson and Rough, 2012).  79 

Other analytical models for P1 exist, including that of Basterfield et al. (Basterfield, Lawrence 80 

and Adams, 2005), who considered the flow of a viscoplastic Herschel-Bulkley material 81 

(obeying Equation (2)) with uniaxial flow consistency  and flow index  through a smooth-82 

walled conical entry zone of angle  upstream of an orifice die (i.e. L = 0). The 83 

assumption of a smooth wall results in a regular radial velocity profile and allowed the local 84 
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extensional shear rate, , to be calculated analytically, which could be integrated over the 85 

entry to give Equation (3). 86 

  (2) 

  (3) 

where 87 

  (4) 

Zhou et al. (Zhou et al., 2013) used Basterfield et al  result to describe the extrusion 88 

behaviour of fresh cement paste. This model does not consider the work involved in the 89 

change in flow patterns upstream and downstream of the radial flow zone, or shear against 90 

the cone sides, which give rise to the more complex flow patterns suggested in Figure 2.  91 

Figure 2. 92 

C93 

techniques including sectioning of billets, magnetic resonance imaging (MRI) velocimetry 94 

(Barnes, Wilson and Johns, 2006), (Rabideau et al., 2012), (Mantle et al., 2004), nuclear 95 

magnetic resonance (NMR) imaging (Götz, Buggisch and Peciar, 1993), (Götz, Kreibich and 96 

Peciar, 2002), particle tracking, positron emission particle tracking, PEPT (Wildman et al., 97 

1999), and speckle velocimetry (Wilmot et al., 2009). 98 

(Bryan, Rough and Wilson, 2015) conducted detailed 2-D computational fluid dynamics 99 

(CFD) simulations of a viscoplastic (Herschel-Bulkley) fluid flowing through concentric 100 

cylindrical dies, quantifying the wall friction associated with wall slip using a Navier slip law, 101 

of the form  102 



7 
 

  (5) 

They showed that the shape of the static zone in the die entry region, and hence the work 103 

involved in this deformation, was strongly affected by the wall friction. Flow visualisation 104 

and CFD simulation of solid granular soap extrusion was conducted by (Bryan, Rough and 105 

Wilson, 2017), who concluded that extraction of rheological parameters from ram extrusion 106 

testing was an ill-posed problem if only overall quantities (extrusion pressure, mean velocity 107 

and geometry) were available. Reliable identification of parameters either required local 108 

information (e.g. pressure measurements, velocity distributions from imaging) or additional 109 

experimentation. 110 

Ram extrusion of pastes has also been modelled using solid mechanics approaches. 111 

Horrobin and Nedderman (Horrobin and Nedderman, 1998) used the ABAQUS finite 112 

element analysis (FEA) platform to simulate the extrusion of a plastic material obeying von 113 

 with yield stress , extruding through a smooth square-entry die while 114 

(Horrobin, 1999) investigated the influence of wall friction. They reported the following 115 

relationships for  for smooth-walled dies: 116 

 

  

 
 
 

 

(6) 
 

 
 
 

(7) 
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Other solid mechanics studies include those of (Aydin et al., 2000), who modelled conical-117 

entry ram extrusion of an elasto-viscoplastic material with a combined Tresca and 118 

Coulombic friction law, while Patel et al. (Patel, Blackburn and Wilson, 2017) simulated the 119 

ram extrusion of a paste undergoing liquid phase migration (LPM). As with fluid mechanics 120 

approaches, constitutive relationships are required for bulk deformation (von Mises, 121 

Drucker-Prager, Cam-Clay for soils) and wall friction (e.g. Tresca, Coulombic).  Model 122 

parameterisation is subject to the same challenge of the problem being ill-posed unless the 123 

wall is perfectly smooth or fully rough. 124 

The parameterisation problem can be tackled by identifying wall friction relationships 125 

separately from overall extrusion behaviour. (Bryan, Rough and Wilson, 2018) investigated 126 

the frictional behaviour of a solid granular soap undergoing ram extrusion using novel 127 

devices to determine the wall slip behaviour. They then employed a fluid mechanics 128 

simulation technique to model the ram extrusion of the material, which led them to 129 

conclude that solid mechanics approaches could be more appropriate for granular materials 130 

like soap. 131 

This paper implements the same approach, but with solid mechanics simulation.  The 132 

extensional flow of the paste is modelled as a plastic material using ABAQUS. Experimental 133 

results are presented for a microcrystalline cellulose/calcium carbonate/water paste which 134 

is a model material for pharmaceutical extrusion (Zhang et al., 2011). Experiments were 135 

conducted to identify the parameters associated with paste-wall friction and paste bulk 136 

rheological properties for extrusion in stainless steel equipment. The twin square-entry die 137 

(TSED) rig described by Bryan et al. (Bryan, Rough and Wilson, 2018) is used to identify wall 138 

friction behaviour as a function of bulk paste mean velocity in the chamber, assuming 139 
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incompressible plug flow and hydrostatic pressure, and the results are compared with 140 

values extracted from fitting ram extrusion data to Equation [1]. Contributions to  from 141 

wall friction in the barrel and the die land are then subtracted to give an estimate of . An 142 

ABAQUS simulation including the wall friction law is then used to refine the parameters to 143 

give a self-consistent set of properties for use in simulation of other geometries. As a test, 144 

parameters obtained from tests with square-ended dies are employed in simulations 145 

predicting the extrusion pressure for conical-entry dies. 146 

Experimental Methods  147 

1.1.  Materials 148 

The paste used in this study consisted of microcrystalline cellulose (MCC, Avicel PH101, FMC 149 

Corporation) and calcium carbonate (CaCO3, Pumex V40-5) powders, with reverse osmosis 150 

water as the liquid binder. The MCC powder is often employed as a plastic forming aid 151 

(excipient) and the CaCO3 was used as a means of making the paste stiffer (Zhang et al., 152 

2011).  153 

The size and shape distributions of the MCC and CaCO3 powders were characterised with a 154 

Morphologi G3 automated microscopy system. The circular equivalent diameters are 155 

presented in Table 1. Microscope images showed the MCC particles to be long while the 156 

CaCO3 particles were more cuboidal. Further particle shape and size data are provided in the 157 

Supplementary Information. 158 

Table 1 159 

1.2.  Paste Preparation 160 
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The paste composition is shown in Table 1. The method of preparation follows that of Zhang 161 

et al. (Zhang et al., 2011). Mixing was performed with a Kenwood Chef planetary mixer 162 

equipped -shaped beater attachment.  163 

The dry powders were first weighed out (  and added to the mixer bowl. After one 164 

minute of dry mixing at mixer , water was slowly added to the bowl over a period 165 

of one minute. T  2 166 

minutes, respectively. The bowl was scraped with a wooden spatula to remove paste from 167 

the walls between each mixing step. The paste was stored in a double-sealed container for 168 

at least 2 hours before use. A new batch of paste was prepared for each day of testing. The 169 

lab temperature and humidity were monitored and were found to vary between 19 and 170 

24°C, 26 and 53%, respectively.  171 

1.3.  Extrusion Protocol 172 

A Zwick ZO50 Strain frame configured as a ram extruder was used for paste extrusion 173 

experiments. The extrusion apparatus consisted of a stainless-steel barrel (25.00 mm inner 174 

diameter), ram (24.93 mm diameter, measured with digital callipers) with a polyether ether 175 

ketone (PEEK) tip, a brass extrusion table, and stainless-steel dies that sat in a recess in the 176 

table beneath the barrel. A number of stainless-steel dies were used for extrusion tests, all 177 

cylindrically concentric with diameter 3 mm.  The die land lengths ranged from 0 (orifice 178 

dies) to 52 mm.  179 

Prior to extrusion, a blank die was fitted, and the paste loaded into the barrel in 10 g 180 

charges, compacting each charge by hand before loading the next. Each test required 181 

approximately 90 g of paste. The ram was then lowered until it contacted the paste billet. 182 

The force was zeroed, and the billet compacted, lowering the ram at 0.2 mm s-1 until a 183 
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compaction force 500 N was recorded, and held at this level for 15 s. After compaction the 184 

ram was withdrawn, the blank die removed and the test die installed.  185 

An extrusion run consisted of advancing the ram until it made contact with the paste. The 186 

force was zeroed and the ram moved downwards at the set speed. The force was measured 187 

by a load cell and the extrusion pressure calculated by dividing the measured force by the 188 

ram cross sectional area, e.g. . 189 

Six stainless-steel dies, with  = 52 mm / 3 mm, 40 mm / 3 mm, 28 mm / 3 mm, 10 mm / 190 

3 mm, 3 mm / 3 mm and 0 mm / 3 mm were employed for the tests described in Section 191 

4.1. Tests were conducted at five velocities,  = 0.5, 1, 2, 3 and 5 mm s-1, corresponding 192 

to = 34.7, 69.4, 139, 208 and 347 mm s-1, respectively, (assuming the paste to be 193 

incompressible). Lower extrusion velocities were not used in order to avoid liquid phase 194 

migration. The orifice die tests described in Section 4.4 featured a wider range of velocities, 195 

from  = 0.5  10 mm s-1 ( = 34.7 - 694 mm s-1). 196 

Each extrusion profile showed an increase in the force measured by the ram as the paste 197 

moved into the die land until a steady state was reached, manifested as an approximately 198 

flat region on a plot of force vs ram displacement. The average extrusion pressure was taken 199 

over a region selected by eye such that any effects at the start and end of the test were 200 

excluded.  201 

The system was converted to a conical geometry by inserting a stainless steel conical-entry 202 

section (height 11 mm, exit diameter 3 mm, cone angle 45 °) in the barrel above the die 203 

face. These tests were performed with dies with  = 42 mm / 3 mm and 12 mm / 3 mm.  204 

 205 
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1.4.  Twin Stage Die Protocol 206 

The twin square-entry die (TSED) rig (Bryan, Rough and Wilson, 2018), depicted in Figure 3, 207 

consisted of two axisymmetric contraction regions separated by a cylindrical flow section.  208 

Figure 3. 209 

The extrusion setup was the same as for the normal extrusion tests, but with the TSED unit 210 

replacing the square-entry die. The first chamber (  = 11 mm,  = 110 mm) had three 211 

pressure transducer ports located along the chamber (Figure 3(a)). The secondary die, with 212 

dimensions  and , was interchangeable and was secured in place by bolts.   213 

The tests reported here employed three secondary dies, with  = 35 mm / 3 mm, 22 214 

mm / 3 mm, 10 mm / 3 mm. Five chamber velocities were tested,  = 10, 20, 30, 40 215 

and 50 mm s-1 (corresponding to  = 1.94, 3.87, 5.81, 7.74 and 9.68 mm s-1, respectively). 216 

Three lower velocities,  = 0.1, 0.5 and 1 mm s-1 were also tested. In the 0.1 mm s-1 tests, 217 

the extrusion pressure increased steadily over time and water leakage was observed 218 

through the fittings, indicating that LPM was occurring (Mascia, Patel, Rough, Martin, & 219 

Wilson, 2006). 220 

Three Kulite XTM transducers (3.83 mm thread diameter, 35 MPa maximum operating 221 

pressure, 45 MPa breakage pressure) were used to monitor the pressure along the TSED 222 

chamber. They were calibrated with a Druck DPI digital pressure indicator using water as the 223 

test medium.  The voltages were sampled by LabView software using the DAQAssistant tool 224 

at 2 Hz (   30 mm s-1), 3 Hz (  = 40 mm s-1) and 4 Hz (  = 50 mm s-1). 225 

The averaging region was selected by eye by viewing each individual profile and choosing 226 

the region that appeared to be in steady state. Since there were fluctuations in the 227 
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measured pressure due to the inhomogeneous nature of the paste, this selection was 228 

specific to each test. 229 

The analysis of example TSED pressure transducer data is illustrated in Figure 4, for  = 230 

35 mm / 3 mm and = 3.87 mm s-1. The pressure increased from zero to a maximum 231 

value in a period of approximately 5-6 seconds, corresponding to the filling of the TSED 232 

chamber with paste. The subsequent decrease from a maximum to a steady-state is 233 

hypothesised to result from the establishment of the flow profile and static zones within the 234 

device, which is commonly observed in paste extrusion profiles. There are often fluctuations 235 

and humps in the pressure measurements, attributed to paste inhomogeneity or the release 236 

of air bubbles trapped in the paste during loading and mixing. The steady-state region was 237 

selected as the portion of the profile after the initial transient response and before the 238 

decrease in pressure at the end of the test which displayed few large profile features and 239 

was as horizontal as possible. This was chosen manually (Figure 4(a)), as above, and the 240 

pressure readings averaged, giving a plot of pressure vs distance (Figure 4(b)). The 10th and 241 

90th percentiles of the measured pressures in these regions were used as error bounds for 242 

the individual pressure measurements. A linear trend was fitted to the three pressure data 243 

points. The error in the linear fit was taken as the maximum and minimum gradient 244 

obtained through the error bounds. 245 

Figure 4 246 

 247 

1.5.  Roughness Measurements 248 
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The roughness of the inner surface of the TSED bore was measured after polishing with a 249 

Talysurf i120 contact profilometer, using a stylus with a diamond tip of  250 

regions around the bore diameter were selected for testing. In each region, the roughness 251 

measurement was repeated over three 12 mm long axial traverses, centred on the pressure 252 

transducer ports. The cut-off length for roughness analysis was 2.5 mm and the traverse 253 

speed was 0.5 mm s-1. The roughness heights of the polished inner TSED surfaces, 254 

characterised by the arithmetic mean deviations,  , are given in Table 2. All the values lie 255 

below   characteristic powder sizes listed in 256 

Table 1. Fully rough behaviour, associated with particles being trapped within asperities on 257 

the die wall, was therefore not expected. Some light scoring was evident to the eye in the 258 

area behind each pressure transducer entry port, likely resulting from the machining of the 259 

part. All parts used in this study were either machined recently (dies, conical-entry insert), 260 

or polished prior to use (barrel, TSED). 261 

Table 2 262 

 263 

2. Theoretical and Computational Aspects 264 

2.1.  Wall shear stress estimation 265 

The paste-wall shear stress can be estimated from the TSED measurements by a force 266 

balance, which gives 267 

  (8) 

where  is the distance along the wall. It is assumed that the pressure is isotropic and 268 

uniform over the cross section.  If the wall shear stress is independent of pressure and there 269 
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is complete slip in the die land (so that the paste is in plug flow, with being equal to the 270 

bulk paste plug flow velocity, ) a slip law of the form in Equation (1) can be postulated 271 

(Benbow and Bridgwater, 1995): 272 

  (9) 

This gives 273 

  (10) 

where  and . Equation (9) could be adapted to include pressure 274 

dependency, with the inclusion of an extra term with ,  being an effective solid friction 275 

coefficient, as investigated by Bryan et al. (Bryan, Rough and Wilson, 2018), but minimal 276 

pressure dependence was observed for the MCC-based paste used here.  277 

 278 

 279 

 280 

2.2. Computational Methods 281 

2.2.1. Simulation Geometry 282 

ABAQUS 6.14 (Dassault Systèmes, 2014), was used to simulate the flow of a plastic material 283 

in square- and conical-entry geometries and to estimate the pressure drop across the die 284 

entry region (Figure 2(c)).  285 

Figure 5 shows the axisymmetric die-entry region. In all simulations, the barrel diameter was 286 

 = 25 mm, the die diameter  = 3 mm, the height of the billet = 40 mm (to 287 
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incorporate static zones) and the extrudate height  = 10 mm. The salient corner of 288 

the extrusion die was rounded slightly to avoid numerical issues associated with a square 289 

corner, with fillet radii of 0.3 mm and 0.6 mm for the square- and conical-entry simulations, 290 

respectively. 291 

Figure 5 292 

2.2.2. Analysis Method and Boundary Conditions 293 

The simulation techniques adopted followed those used by (Dassault Systèmes, 2014) to 294 

model steady-state axisymmetric extrusion. An explicit solver with Arbitrary-Lagrangian-295 

Eulerian (ALE) meshing and Eulerian boundaries was used. This avoided difficulty associated 296 

with mesh deformation that can occur with Lagrangian systems where large strains arise, 297 

whilst allowing the solid mechanics contact formulations to be used. 298 

The boundary conditions were:  299 

(i) The top boundary was rigid and a uniform vertical velocity was applied to this 300 

surface (see Fig. 5(a), (c));  301 

(ii) An equation constraint was applied to the bottom boundary, such that the 302 

velocity normal to the boundary was uniform using the Abaqus *equation 303 

command (Dassault Systèmes, 2014), (see Fig. 5(c));  304 

(iii) There was no displacement in the  direction along the centreline;  305 

(iv) A power-law tangential friction condition of the form of equation 9 without 306 

normal stress dependence was set between the billet and barrel walls, finishing 307 

half-way around the filleted die corner. The second half of the fillet and the die 308 

land was prescribed as a frictionless contact condition, (see Fig. 5(c)).  309 
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Adaptive mesh constraints were:  310 

(i) the top boundary was fixed in the  and  directions, and the bottom boundary 311 

in the y direction, to prevent mesh movement;  312 

(ii) the inlet and outlet were set as Eulerian surfaces, enabling passage of material 313 

into and out of the mesh. The whole billet domain was set to be an ALE adaptive 314 

mesh domain. 315 

Figure 5(a) and 5(c) outline the boundary conditions acting on the billet and the contact 316 

conditions. Figure 5(b) shows the adaptive mesh constraints which fixed and positioned the 317 

mesh. 318 

2.2.3. Mesh Definition 319 

Axisymmetric, linear, reduced integration, hybrid, constant pressure elements were used 320 

(Abaqus element type CAX4RH), employed in a structured quadrilateral mesh. The mesh 321 

was designed to be fairly uniform to prevent deformation as a result of the ALE remeshing. 322 

Around 13,000 elements were used for each square-entry extrusion simulation and 19,000 323 

for conical-entry simulations. A global mesh seeding size of 0.2 mm was used: 30 mesh 324 

seeds were prescribed around the filleted die-entry corner for the square-entry simulation, 325 

and 8 for the conical-entry cases. The mesh was produced using the -326 

technique for the square-entry simulations and the - -327 

entry simulations. Examples of the meshes used for conical-entry and square-entry 328 

simulations are shown in Figure 6.  329 

Figure 6 330 
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2.2.4. Material and Frictional Properties 331 

The paste was modelled as a von Mises elastic-plastic material. The Poisson ratio was set at 332 

0.47 to avoid high frequency noise in the simulation (Dassault Systèmes, 2014). The value of 333 

features of the solution, 334 

specifically the extrusion pressure and velocity profile. T thus set at 335 

150  to reduce simulation run-time and velocity fluctuation. Frictional heating was 336 

ignored. 337 

The ABAQUS kinematic contact algorithm was used, with a friction law of the form of 338 

equation (8) encoded in the user subroutine VFRIC (see Supplementary Material) and 339 

parameters extracted from the TSED experiments. 340 

The material density was scaled to decrease the simulation time, but not so much that the 341 

kinetic energy in the simulation became appreciable relative to the internal energy. A rule of 342 

thumb is that the kinetic energy should be less than 10% of the internal energy in each quasi 343 

steady-state simulation. Densities were chosen arbitrarily to ensure this was achieved, with 344 

 kg m-3 for  < 1 mm s-1,  kg m-3  for 1  3 mm s-1, and  kg m-3 for  >  345 

3 mm s-1. 346 

2.2.5. Analysis Techniques and Results Extraction 347 

Python and MATLAB scripts were written to extract and plot the relevant data from 348 

ABAQUS. The energies at the sampling times were checked to avoid instances where 349 

significant mesh deformation was present.  griddata350 

interpolate the data to a regular grid with an element size in the x and y direction of 351 

(  and a linear interpolation scheme. The value of the grid element size was 352 

found to have little influence on the results and was selected to provide sufficiently accurate 353 
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detail of the features of the simulation (using an element size a little smaller than the mesh 354 

size in simulation, 0.125 mm). 355 

The extrusion pressure was calculated by integrating the normal stress acting in the axial 356 

direction, , across a horizontal plane in the barrel located at  upstream of the die 357 

entry for square-entry and  for conical-entry simulations, viz. 358 

The frictional shear stress was calculated from the stress outputs from billet elements in 359 

contact with the barrel and die walls.  360 

2.2.6. Simulation Checks 361 

Simulations were run with an Intel®  i7-8700 CPU @ 3.20 GHz, 3192 MHz, 6 Core, 12 362 

logical processors for a simulated extrusion time of 45 s. The actual time taken to compute 363 

the simulations depended on the simulation density, varying between approximately 1 day 364 

and 1 week. Convergence to a steady state was assessed by considering the plastic strain 365 

(PEEQ) at a node on the billet mesh adjacent to the die at the top (immediately after the 366 

filleted radius) and end of the extrudate section of flowing material (see Figure 5(a)). The 367 

kinetic, internal, plastic dissipation and other energies were also checked. The kinetic energy 368 

was found to be less than 300 times the internal energy in each simulation, indicating that 369 

there was little effect of the scaled density on the solutions. The effect of mesh size was 370 

tested with billet seed sizes of 0.1 0.5 mm for a square entry case (Vram = 3 3 mm s-1) and 371 

found to give little difference in Pex: a value of 0.2 mm was selected as a compromise 372 

between run-time and simulation quality. Alongside these factors, the linear and bulk 373 

  (11) 
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viscosity parameters in the ABAQUS simulation were set to zero and the averaging regions 374 

were selected to avoid times at which mesh deformation became significant. 375 

 376 

3. Results and Discussion 377 

The experimental results obtained with regular extrusion dies are presented in Section 4.1, 378 

which includes a Benbow-Bridgwater characterisation. Barrel friction tests are discussed in 379 

Section 4.2 and compared with wall friction results from the TSED device in Section 4.3. 380 

Section 4.4 presents experimental data obtained with orifice dies, which are compared with 381 

simulation results in Section 4.5.  382 

3.1.  Benbow-Bridgwater Approach 383 

Six stainless-steel square-entry extrusion dies were used to characterise the extrusion 384 

behaviour of the MCC/CaCO3 paste. The results of extrusion tests with these dies at five test 385 

velocities are shown in Figure 7. The linear dependency on  indicates that  was 386 

constant along the selected die land (see Equation (1)) at a given velocity, and independent 387 

of pressure. The intercepts on the -axis give the Benbow-Bridgwater  terms and these 388 

are summarised in Figure 8 (a).   is approximately independent of velocity, indicating that 389 

the material could be described as plastic.  The gradients from Figure 7 yield the wall shear 390 

stress, , and Figure 8 (b) shows a power-law dependency on  of the form of equation 391 

(8). 392 

Figure 7 393 

Figure 8 394 

3.2.  Barrel friction tests 395 
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The contribution to the measured extrusion pressure from wall friction in the barrel was 396 

determined by preparing a billet of paste as in the extrusion tests discussed above, then 397 

using the ram to push it out of the barrel with no die in place. The force on the ram 398 

(expressed as extrusion pressure) decreased linearly with displacement and the barrel wall 399 

shear stress was estimated from 400 

  (12) 

The maximum velocity which could be tested in the strain frame was 10 mm s-1. The  401 

results obtained from these tests are shown in Figure 9 and lie around the power-law fit 402 

discussed in Figure 11. The general trend is that  increases with slip velocity.  403 

Figure 9 404 

 405 

3.3.  Twin Die Extrusion 406 

The TSED results in Figure 10 again show an increase in  with estimated slip velocity, 407 

following a power-law trend. The middle transducer pressures (PT2 reading) ranged from 2.5 408 

- 19.1 MPa in these tests and there was little effect on  when  was changed. This 409 

was consistent with the linearity of the Bagley-like plots in Figure 7, indicating negligible 410 

pressure dependence and little Coulombic contribution to the wall friction for this paste. 411 

Figure 10 412 

The three sets of wall shear stress data (Figure 8(b), Figure 9, Figure 10) were combined and 413 

fitted to the empirical friction law (Equation 8). Figure 11 shows significant overlap between 414 

the three data sets. The parameters from the fitting are reported in Table 3. Also shown on 415 

the plot and in Table 3 are the results for related pastes (an MCC/water formulation, a 416 
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kaolin clay and a terracotta paste) obtained using the Benbow-Bridgwater approach.  They 417 

all exhibit power-law behaviour, with 0.33 < n < 0.6. The material studied by (Zhang et al., 418 

2011) has some similarity to the paste studied here, lacking CaCO3, and the range of  419 

tested was limited to 40  3100 mm s-1, as tests at lower speeds were subject to LPM. 420 

They were not able to justify a non-zero wall shear yield stress, : one of the advantages of 421 

the TSED device is the ability to access behaviour at low extrusion speeds reliably. Power-422 

law slip relationships have also been reported for highly dense suspensions by He et al. (He, 423 

Lee and Kalyon, 2019) who used polydispersed mixtures of ballotini to prepare suspensions 424 

in a silicone oil (poly(dimethyl) siloxane) with solids volume fractions in the range 0.62-0.82. 425 

Figure 11 426 

Table 4 427 

3.4. Orifice Die Extrusion 428 

Orifice die tests provide insight into the work associated with die entry (and the yield stress) 429 

and provided data for comparison with the simulation results. Extrudates exhibited visually 430 

detectable fracture, as illustrated in the insert in Figure 12, with the fracture behaviour 431 

being determined by the ram velocity.  The summary of extrusion pressures in Figure 12 432 

shows a modest increase in  with . Also shown is the expected  contribution to  433 

for a 100 mm billet length (which would occur approximately half-way through each 434 

extrusion test), which mirrors the observed increase with . This is consistent with the 435 

paste behaving plastically, with paste-barrel wall friction exhibiting velocity dependence. 436 

There is some scatter in the data, most likely due to the inhomogeneous nature of the 437 

paste, which is exacerbated by the lack of a die land and a modest extrusion pressure.  438 
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Figure 12. 439 

3.5.  Simulations 440 

3.5.1. Estimating the yield stress 441 

Direct measurement of the yield stress is not possible, so  was estimated by comparing 442 

 values obtained from orifice die experiments (Section 4.4) with simulations. An initial 443 

estimate of  was made using a truncated form of equation 1,   (assuming 444 

little velocity dependence). The estimate was compared with the steady-state simulation 445 

result (Equation 13) with an additional contribution for barrel wall friction in the region 446 

above the die entry as this was not considered in the simulation, viz.  447 

  (13) 

  was set at 81.25 mm which, when added to the length of the barrel with active friction 448 

in the simulation, gave a total billet height of 100 mm, which corresponded to a point 449 

midway through the extrusion test. Setting  = 0.38 MPa gave reasonable agreement, 450 

shown in Figure 12. This value is less than that given by the Benbow-Bridgwater method 451 

(fitting data to Equation (1), which gave  MPa in this case, and  MPa for 452 

similar pastes (Parkin et al., 2016)). One of the reasons why Equation (1) overestimates y is 453 

because the expression used to estimate the extensional work, , does not 454 

consider redundant work. Employing Equation (6) instead, which was obtained from 455 

simulation of extrusion through smooth, square-ended dies, gave an estimate of 0.41 MPa. 456 

This is noticeably closer to the value obtained using the simulations and is slightly larger, 457 

which is expected as the contribution from wall friction to the experimental value acts in 458 

addition to the work required to yield the paste. 459 
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 460 

3.5.2. Flow patterns and shear stress results  461 

Figure 13 presents streamline data for square-entry and conical-entry simulations. This 462 

information is useful for identifying regions of high strain and strain rates, which can affect 463 

the local microstructure and subsequently extrudate quality. Plug flow occurs in the barrel 464 

and die land sections, shown here by the parallel streamlines in the barrel section. The 465 

streamlines extend close to the die-barrel corner of the square-entry die, Figure 13(a), 466 

which matches experimental observations in which the paste static zone did not extend 467 

across the whole die face. Figures 13 (b) and (d) show contours of the von Mises stress. 468 

These show that the section closest to the die land, extending to the barrel-die corner, is 469 

under yield (giving values of the Von Mises stress equal to the yield stress,  but the 470 

boundary of this region is rather flat, unlike the profile assumed in analytical treatments 471 

such as Figure 2(b).  Some fluctuations in the contour plots were observed with simulated 472 

time, in particular along the walls of the barrel. One of these is labelled with an asterisk in 473 

Figure 13(b). These are attributed to mesh movements or velocity/frictional fluctuations, 474 

related to the ALE meshing present in the simulation. The von Mises plots for the square- 475 

and conical-entry simulations are qualitatively similar. The same contour scale is used for 476 

each. 477 

Figure 13 478 

The results can be compared with square- and conical-entry flow visualisation of solid soap 479 

extrusion, reported by (Bryan, Rough and Wilson, 2017), in which a hemicylindrical flow 480 

chamber was used to investigate the flow pattern in square-entry and conical-entry (30  481 

cone angle) geometries. A simulation was run for this cone angle using the MCC/CaCO3 482 
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paste material parameters, and the results are compared in Figure 14. Good qualitative 483 

agreement was obtained for both geometries, with material flowing close to the die-barrel 484 

corner in each case.  485 

Figure 14 486 

Sets of velocity profiles for the square-entry simulations are presented in Figure 15(a), 487 

sampled along the centreline of the billet. The frictional shear stress (ABAQUS CSHEAR1 488 

parameter) is sampled along the elements of the billet in contact with the walls of the barrel 489 

and die. This is plotted against distance along the barrel/die walls from the top right-hand 490 

side of the billet, shown in 15(b). The maximum and minimum velocities in the simulations 491 

closely match the estimates of the outlet velocities, assuming incompressible homogeneous 492 

plug flow in the barrel inlet and outlet, shown by dotted lines in Figure 15(a). There are 493 

small fluctuations in the values along the barrel and die- land region.  494 

Figure 15 495 

The computed  values match the estimates fairly well in the barrel until y/R0 > 2. As the 496 

barrel-die corner is approached, the shear stress decreases, corresponding to the low-497 

velocity corner zone. The shear stress increases again as the die entry is approached and the 498 

local velocity increases.  499 

 500 

3.5.3. Conical entry dies 501 

 Simulations of the die-entry and experiments were conducted for dies with  = 3 mm, with 502 

 = 16 mm and  = 42 mm, for different ram velocities. Neither of these die lands were used 503 

in characterisation testing.   included contributions from cone and barrel friction 504 
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( ), the die entry, P1, and die land friction, . The latter was the largest of the three 505 

contributions, corresponding to approximately 71% of the pressure drop for  = 1 mm s-1 506 

and  = 42 mm / 3 mm.  507 

Figure 16 compares the experimental data with the simulation results for this geometry. 508 

Also shown are the  values estimated using the Benbow-Bridgwater result for a conical-509 

entry die (excluding barrel friction) (Benbow and Bridgwater, 1995), viz. 510 

 511 

where  is the angle of the cone wall to the axis of symmetry.  512 

Figure 16 513 

The simulation and Benbow-Bridgwater prediction give reasonable agreement with the 514 

experimental data for the shorter die. The difference between the Benbow-Bridgwater 515 

prediction and the simulation, arising from the  term, was small. Both overestimate  516 

for the longer die at higher velocities. This difference is attributed to differences in the 517 

surface-roughness in the die lands from those used in the characterisation and TSED tests. 518 

Since the die land pressure drop in these cases is the largest contribution to , and the 519 

contribution increases with , this difference is manifested at higher speeds. The extrusion 520 

pressure recorded at = 342 mm s-1 for a square entry configuration is plotted in Figure 7 521 

and lies noticeably below the fitted trend line, indicating that this die differs from the 522 

characterisation set.  523 

 (14)
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Figure 16 indicates that Equation (14) gives a reasonable prediction of the extrusion 524 

pressure but the Benbow-Bridgwater approach gives no information about local flow 525 

behaviour and is not readily applied to complex geometries. Equation (3), by comparison, 526 

assumes a radial convergent flow pattern and thus could be employed to give rheological 527 

parameters for use in simulations. The radial flow is compared to the simulation results in 528 

Figure 17. The local velocity magnitude was calculated across two planes upstream of the 529 

die entry and this is plotted in normalised form, scaled by Vram.  The scaled radial flow field is 530 

independent of Vram: the simulation results obtained for different velocities were similar so 531 

only one set is presented for clarity. 532 

Figure 17 533 

The flow field is expected to approach the radial case near the die entry. Figure 17 (a,ii) 534 

shows that this is the case for the square-entry die at  = 0.14, with the analytical profile 535 

slightly underpredicting the simulation result at the centreline. Wall friction has a small 536 

effect on the simulation profiles at this location, indicating that the wall was relatively 537 

smooth. Horrobin (Horrobin, 1999) showed significant differences when the wall was fully 538 

rough. In contrast, the two profiles differ markedly at = 0.44 (Figure 17 (a,i)), with both 539 

simulation results indicating that the paste is still close to plug flow. This suggests that 540 

Equation (3) will not give a reliable estimate of the paste rheological parameters in this 541 

geometry even when there is significant slip at the walls. 542 

In the conical entry case, a near-radial flow field is imposed by the geometry. Figure 17(a,ii) 543 

shows that the analytical profile gives a reasonable description of the flow pattern at = 544 

0.44, distant from the die entry. At lower , the local velocity and wall shear stress 545 

increase, invalidating the assumption of frictionless lubricated flow in the analytical profile. 546 
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Figure 17(b,ii) shows that this causes significant differences between the analytical and 547 

simulated velocity profiles at = 0.16. It is noteworthy that the smooth-walled 548 

simulation differs from the analytical profile.  549 

 550 

 551 

 552 

 553 

  554 
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4. Conclusions  555 

The wall friction behaviour of a MCC/CaCO3 paste undergoing extrusion was quantified 556 

using ram extrusion and the friction rig developed by Bryan et al. (Bryan, Rough and Wilson, 557 

2018). There was negligible effect of pressure on the wall shear stress and the data obtained 558 

from three different testing protocols showed good consistency.  The data  could be fitted 559 

to a non-linear Navier slip law including a shear yield stress, as proposed by (Benbow and 560 

Bridgwater, 1995). These tests featured a wide range of slip velocities and were able to 561 

access low velocities without encountering liquid phase migration problems.  562 

Orifice die experiments were used to estimate the paste yield stress using solid mechanics 563 

simulations on ABAQUS employing an ALE meshing technique, custom VFRIC friction law 564 

and elastic-plastic material model. The bulk rheology of the paste could be described by a 565 

single value of the yield stress, indicating simple plastic behaviour. The yield stress of the 566 

paste was determined as 0.38 MPa and this was tested in simulations of ram extrusion 567 

through conical entry dies. The match with experimental data was good, indicating that the 568 

approach could be used to predict the flow through more complex dies. Comparison of the 569 

detailed flow profiles highlighted the challenges with using analytical results to estimate 570 

paste yielding behaviour from ram extrusion tests. 571 
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Figure 1. (a) Schematic of a ram extruder, showing the ram - used to push the paste through 

the shaped hole within a square entry die (SED), the barrel (housing initially containing the 

paste) and the die, alongside important dimensions and parameters. (b) Schematic showing 

contributions to the pressure drop, namely friction against the barrel and die walls and 

deformation in the die entry.  

  

(a) Ram 

Paste 

Direction of ram 
movement 

D0 

L 

D 

Barrel 

Die 
V0 

 

 

 

 

 

 

(b) 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 2. Schematics of paste flow through a square entry die showing different descriptions 

of extension. (a) Benbow-Bridgwater, flow field not defined; (b) conical convergent flow, e.g. 

(Basterfield, et al., 2005); and (c) flow profiles predicted by numerical simulation.  
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Table 1. Composition of the MCC/CaCO3 paste. 
 
 
 
 
 
 
 
 
 
 
  

Component  Mass fraction 
 % 

Number averaged circular 
equivalent diameter (CED)  

 
MCC 40.45 9.1 

CaCO3 49.44 7.3 

water 10.11 - 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Figure 3. (a) Schematic diagram of the inner chambers of the TSED showing the internal 

dimensions and flow parameters. (b) Photograph of the TSED showing transducer ports and 

secondary die.  
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Figure 4. Example of data sets from TSED transducers for a test with  = 35/3 and = 

3.87 mm s-1: (a) pressure record; (b) average pressure vs distance along the TSED flow 

chamber, at locations shown in Figure 3(a). The error bars in (b) indicate the 90th and 10th 

percentiles for the pressure readings within the extrusion averaging region. The dotted line 

indicates the linear fit.  
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Table 2.  values measured at different locations on the TSED chamber wall. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  

Test Location 
  

/  
  

/  

Hole 0 
Centre 0.29  

90 ° Clockwise 0.81 0.70 
90 ° Anticlockwise 0.99  

Hole 1 
Centre 0.40  

90 ° Clockwise 0.32 0.36 
90 ° Anticlockwise 0.35  

Hole 2 
Centre 0.27  

90 ° Clockwise 0.34 0.30 
90 ° Anticlockwise 0.29  



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 5. Die-entry simulation created using ABAQUS. (a) schematic diagram outlining the 
velocity inlet and outlet boundary conditions and the position of the centreline / axis in the 
square-entry simulations; (b) adaptive mesh constraints used in the model to fix and 
position the mesh during the analysis. (c) displacement / equation boundary conditions and 
contact specifications and (d) key describing the meaning of the symbols used and the 
equation constraint. Nodes 1 and 2 represent elements used to test the steady state by 
viewing the PEEQ at nodes on their outside edge (see section 3.2.6.).  
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Figure 6. Meshes used for die-entry square- (a) and conical-entry (b) extrusion simulations. 

These meshes correspond to the deformed billet once any initial mesh movement had 

ceased.  
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Figure 7. Bagley-style plots for extrusion of the MCC/CaCO3 paste at the extrudate velocities 

indicated in the legend. Error bars represent the 10th and 90th percentiles of  within the 

steady-state region of each data set. The loci show linear fits to the data. The solid points 

(purple squares,  5.33; black circle  14) relate to tests with dies not used in 

the characterisation, discussed in section 4.5.3. 
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Figure 8. Benbow-Bridgwater analysis of data in Figure 7: (a) intercept, giving  and (b) 

gradient, giving , as a function of . The error bars are those associated with the linear 

fits made to the data in Fig. 7. 
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Figure 9. Effect of ram (billet) velocity on barrel wall shear stress. Error bars were smaller 

than the data points and are calculated based on the linear fit to the pressure profiles 

obtained. The dashed locus shows the friction law obtained for the tests in sections 4.1-4.3, 

shown in Figure 11. 
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Figure 10. Wall slip measurements from TSED device, including repeated tests. Legend 

indicates secondary die dimensions. Range bars are calculated based on the maximum and 

minimum gradient through the range bars of the average pressures during the steady state 

regions (10th and 90th percentiles used). The dashed locus shows the friction law obtained 

for all tests in sections 4.1-4.3, shown in Figure 11. 
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Table 3. Parameters for wall slip law (equation 8) obtained by fitting to the TSED, Benbow-

Bridgwater and barrel friction experimental data. Also shown are the wall slip relationships 

reported for related materials. 

 
 
 

 

  

Parameter 
Material 

  

/ Pa 

  

/ Pa (m s-1)-n 

n  

/ - 

R-squared 

/ - 

This work, MCC/CaCO3/water paste     

95 % Confidence Interval (CI) lower    - 

95 % CI upper    - 

Zhang et al. (2011) 45 wt% MCC/water paste -   - 

Wildman et al. (1999) white kaolin clay paste -   - 

Guilherme et al. (2009) terracotta paste    - 



 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 11. Combined wall slip data sets. Symbols: billet  circles; TSED  triangles; squares  

ram extrusion (Figure 8(b)).  Note log scale for . The solid black line shows fit to 

Equation (8) with parameters in Table 3. The error bars are those described previously. 

Dashed loci show the friction relationships reported for related materials listed in Table 3.  
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Figure 12. Effect of ram velocity on extrusion pressure for square-entry orifice dies with  = 

3 mm. Simulation results - open black circles and solid black line; experimental data - red 

crosses. The simulation results include a barrel friction correction, calculated using Equation 

(8) for a 100 mm high paste billet. The error bars represent the 10th and 90th percentiles of 

the extrusion pressure in the region averaged for the data (as in previous Figures). Black 

dashed locus shows the estimated contribution to  from barrel wall friction. Insert image 

shows an example of fractured extrudate.  
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Figure 13. Examples of detailed simulation outputs. Streamlines for (a) square entry and (c) 

conical entry die, angle = ,  with power-law friction law (Equation (8)). (b) and (d) show 

the corresponding contour plots for the von Mises stress, sampled at the 120th frame in the 

simulation (simulation time of 27 s). Conditions:  = 1 mm s-1,  = 3 mm and 

. In the streamline plots, the solid black line shows the boundary of the die and 

barrel. Distances are scaled with . In the contour plots, some fluctuations in the 

contours with time were observed, expected to result from mesh movement or fluctuations 

in friction / velocity. One such fluctuation is labelled by an asterisk in (a).  
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Figure 14. Comparison of simulation flow patterns to flow visualisation data from (Bryan, 

Rough and Wilson, 2017), for solid granular soap in (a) square-ended and (b)  conical-

entry die geometries. In both cases,  = 3 mm and .  
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Figure 15. Simulations of square entry simulation with power law friction for values 

indicated in the legend. (a) Velocity profile along the centreline of the extruding material, (b) 

Wall shear stress along the barrel wall and die face. Dashed lines in (a) show estimated Vex; 

those in (b) show frictional shear stress calculated at Vram. Schematic diagrams of the 

sampling elements are shown alongside each figure. Note that  denotes the distance along 

the sampling path.  
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Figure 16. Effect of extrusion velocity on extrusion pressure for conical entry (CE) insert 

experiments with = 0.8, 1, 2, 3, 5 mm s-1 and  = 42/3 (red) and 16/3 (black). Symbols 

- experimental results; solid lines - simulations (with barrel and die land friction corrections), 

dashed lines  Benbow-Bridgwater, Equation (14), prediction with  . 

Experimental values for square entry tests are shown as open symbols.  
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Figure 17. Magnitude of the local flow velocity, sampled across a horizontal plane in the 

barrel for ((a,i), (b,i)) square-entry and ((a,ii), (b,ii)) conical-entry simulations for the case 

with mm s-1. Inserts indicate plane location, and . The velocity 

magnitude is normalised by the ram velocity, the radial location normalised by the barrel 

radius (and thus does not extend to 1). Solid black lines show the profiles for the radial flow 

field used by Basterfield et al. (Basterfield, Lawrence and Adams, 2005), with the dot-dash 

portion representing the velocity discontinuity at the boundary. The horizontal solid purple 

line indicates the ram velocity. Dashed lines show simulation results: blue  wall friction 

given by Equation (8); red  smooth wall.  
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