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Abstract

The Haemers-Mathon bound states that ¢t < s + t2(s> — s + 1) for any finite
regular near hexagon with parameters (s,t¢,t3), s > 2. In this paper, we generalize
this bound to arbitrary finite near hexagons with an order. The obtained inequality
involves the orders of the quads through a given line.
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1 Introduction

Suppose S = (P, L,1) is a partial linear space, i.e. a point-line geometry with nonempty
point set P, line set £ and incidence relation I C P x L such that any two distinct points
are incident with at most one line. S is said to have order (s,t) if every line is incident
with precisely s + 1 points and every point is incident with exactly ¢ + 1 lines.

A partial linear space is called a generalized quadrangle [17] if every point is incident
with at least two lines and if for every non-incident point-line pair (x, L), there exists a
unique point on L collinear with x.

A partial linear space S is called a near hexagon if its collinearity graph has diameter
3 and if for every point x and every line L, there exists a unique point on L that is nearest
to x with respect to the distance in the collinearity graph. Such a near hexagon is said to
be reqular with parameters (s,t,ts) where s,t,t5 € N if S has order (s,t) and if every two
points at distance 2 have precisely ¢, + 1 common neighbours. The regular near hexagons
with parameters (s,t,t2) = (s,t,0) are precisely the generalized hexagons of order (s,t)
(as for instance defined in [19]). If 2 and y are two points of S, then d(z,y) denotes the
distance between x and y (in the collinearity graph), and I';(z) with i € N denotes the
set of points at distance 7 from =x.

Suppose S is a near hexagon. A set X of points of S is called a subspace if every line
having two of its points in X has all its points in X. If X is a nonempty subspace, then
the points of X and the lines of § that have all their points in X define a subgeometry



X of §. A set X of points is called convez if every point on a shortest path between two
points of X is also contained in X. A quad of S is a nonempty convex subspace () for
which @) is a generalized quadrangle.

Generalized quadrangles and near hexagons are special cases of so-called near polygons.
These geometries were introduced in [18] because of their connection with line systems in
Euclidean spaces. The family of near polygons includes the well-studied dual polar spaces
and generalized polygons and also some “sporadic” examples related to finite simple
groups. Some of these near polygons have recently been discovered [2, 3] and are related
to the Suzuki chain, one of the most fundamental objects in the theory of finite simple
groups. It also seems that near polygons form the natural setting for studying certain
problems on (substructures of) dual polar spaces and generalized polygons, see e.g. [1].

Suppose now that S is a finite near hexagon with order (s,t), s > 2, having v points.
If = and y are two points at distance 2 from each other such that |[I'y(z) NI (y)| > 2, then
by Proposition 2.5 of [18], we know that x and y are contained in a unique quad Q(z,y).
If @ is a quad of S, then every line of @ is incident with precisely s + 1 > 3 points,
implying (see e.g. [5, Theorem 5.17]) that the generalized quadrangle () must have some
order. The following is the main result of this paper.

Theorem 1.1 Suppose S is a finite near hexagon with order (s,t), s > 2, having v points.
Let L be a line of S and let Q1,Qo, . .., Qy with k € N denote all quads through L. Suppose
Q; with i € {1,2,...,k} has order (s,t5). Then

L2 s(s2+ 1w —s(s+ 1)(s2+ 1) — s%t(s + 1)
;s+t§i)2t_ (s+1)(s* = 1) +st(s — 1)(s+ 1) +v

In the special case where S is a regular near hexagon with parameters (s, t,ty) where s > 2
and ty > 1, then k = %, t;i) =ty foreveryi € {1,2,...,k}andv = (s—}—l)(l—kst—k%).
In this case, the bound mentioned in Theorem 1.1 reduces to (t —to)(t — (8% + to(s* — s +
1)) <0, ie tot < s®+ty(s*>— s+ 1) since t > to. This bound is called the Mathon
or Haemers-Mathon bound, see e.g. [9, 15]. Proofs of this bound can also be found in
[4, 5, 16].

In the special case where S is a generalized hexagon of order (s,t), s > 2, we have
k=0and v = (s+1)(1+ st + s*?) and the inequality mentioned in Theorem 1.1 reduces
to t < s®. This bound is known as the Haemers-Roos inequality, as it was discovered by
Haemers and Roos in [10], see also Haemers [8].

In the special case that & is the direct product of a generalized quadrangle of order
(s,t2), s,ta > 2, with a line of size s + 1 ([4, (a)], [5, Section 6.6]) and L is a line not
contained in a quad of order (s,t), then t =ty + 1, v = (s + 1)*(sty + 1), k =t + 1 and
tg) = 1 for every i € {1,2,...,k}. In this case, the inequality in Theorem 1.1 reduces
to to < s?. This is precisely the Higman inequality for generalized quadrangles ([11, 12],
[17, 1.2.3]). So, Theorem 1.1 can be regarded as a generalization of both the Higman



inequality for generalized quadrangles and the Haemers-Roos inequality for generalized
hexagons.

The known near hexagons for which equality can be obtained (in Theorem 1.1) are
the generalized hexagons of order (s, s%), the direct products of generalized quadrangles
of order (s, s?) with lines of size s+ 1, and the two sporadic near hexagons constructed in
[18] from respectively the extended ternary Golay code and the Witt design S(5,8,24). It
is not clear to the author whether other examples can exist or if there is extra information
about the structure of the near hexagons that can be derived in case of equality.

For a given value of s € N\ {0,1}, there are only a limited number of possibilities
for (¢,v) for which there can exist a near hexagon of order (s,t) with v points. This is
a consequence of the fact that there exist upper bounds for ¢ and v in terms of s (like
the bound ¢t < s* + s? from [7]) and strong divisibility conditions involving s, ¢ and v
(like the divisibility condition e e € N from [6]). For given s, there

are also a limited number of possibilities for the tgi)’s, as /s < t;i) < s?if tg) # 1 and
(s +t9) | st (s + (Y + 1) ([17, Section 1.2)).

Not so many examples of (families of) finite near hexagons with an order (s,t), s > 2,
are known, and recent research (as in [6]) has indicated that with respect to certain prop-
erties such near hexagons behave similarly as regular near hexagons (who have distance-
regular collinearity graphs). The various recent restrictions (mentioned above) also indi-
cate that for given s, there are relatively few surviving possibilities for ¢ and v. These
facts have increased the interest in classifying near hexagons with an order (e.g. showing
nonexistence). For certain of the feasible possibilities for s, t and v, Theorem 1.1 offers
information about the possible quads that can contain a given line, and this information
can be useful during the classification process. For several of these possibilities, the right
hand side of the inequality is strictly positive, implying that every line of the near hexagon
is contained in a quad. The following consequence of Theorem 1.1 is interesting in view of
the fact that there exist for every prime power ¢ a near hexagon of order (g, ¢*) without
any quads (namely a dual twisted triality hexagon, see [19]).

Corollary 1.2 Let S be a finite near hexagon of order (s,t) with s > 2 and t > s*. Then
every line of S is contained in at least one quad.

Proof. 1t suffices to show that in this case, the right hand side of the inequality is strictly
positive, or equivalently

s(s—D(s+ 1)+ (s+1)(s"+ = Dt+s(s+1)(s°+1) = (s8°+s—t)v>0. (1)

This is clearly the case if t > s® + 5. So, suppose s® +1 <t < 5% + s.

Given a point = of §, we obviously have [I'g(z)| = 1, |I'1(z)] = s(t + 1) and |T'y(x)| <
[Ty ()| - st = s*(t +1). As every point of T'y(z) is collinear with at most st points of
[3(x) and every point y € I'3(x) is collinear with exactly ¢ + 1 points of I';(z) (one on
each line through y), we have [I'3(z)] < = - |Ty(7)| - st < s’t2. Adding all contributions,

1
we find that v <1+ s(t+1) + s*(t + 1) + 32 = (s + 1)(1 + st + s*t?). In combination



with 0 < s* + s —t < s — 1, we see that the left hand side of (1) is bounded below by
s(s—1)(s+ 122+ (s + D)(s* +s* = 1)t +s(s +1)(s* +1) — (s> = 1)(1 + st + s*?) > 0.

The proof of Theorem 1.1 uses similar ideas as the proofs of the Haemers-Roos in-
equality in [8, 10] and the Haemers-Mathon bound in [9]. As in these papers, we consider
two matrices C' and C such that C is the principle submatrix of C' defined by the points
at distance 1 from a given line L. The trivial inequality rank(C) < rank(C) then leads
to the inequality mentioned in Theorem 1.1. Although the methods are similar to those
in [8, 9, 10], there are also important differences.

The computation of rank(C) in the case of generalized hexagons and regular near
hexagons was realized in [8, 9, 10] using the 3-class association scheme on the point set.
Such an association scheme does not necessarily exist for general finite near hexagons
with an order. Despite this fact, we still are able to compute the rank of C' by relying on
some recent results of [7].

In the case of generalized hexagons, the matrix C has an easy form and its rank is
readily computed, see [8, 10]. In general, C' can be written as the sum of two matrices,
where one of them is a “block diagonal matrix”. In the case of regular near hexagons, these
two matrices commute and have a common basis of eigenvectors. This fact was essentially
used in [9] to compute the eigenvalues with their multiplicities and (subsequently) the
rank of the matrix C. In the case of general finite near hexagons with an order, these two
matrices do not necessarily commute. We shall therefore use another method to compute

rank(C).

The computation of rank(C) will be done in Section 2. The computation of rank(C)
will be realized in Section 5 by relying on some helpful results from Sections 3 and 4.
Throughout the paper, we follow the following notation. If m € N\ {0}, then O,,, denotes
the m x m zero-matrix, I,, denotes the m x m identity matrix and J,, the matrix all
whose entries are equal to 1 (with all matrices being defined over the reals).

2 Some properties of finite near hexagons with an
order

In this section, § = (P, L,1) denotes a finite near hexagon of order (s,t), s > 2, having
v = |P| points. We define the following numbers:

v S
— 14 s%* —st, ng:= — st —s.

no =1, ny:=s(t+ 1), 712::8le o

For a proof of the following lemma, see e.g. Proposition 2.3 of [7].

Lemma 2.1 For every point x and every i € {0,1,2,3}, we have |[';(x)| = n;.



We also define the following number:

n n n s+D(s* =) +st(s—1(s+1)2+v
oz::n0+—21+—j—|——g’:( )( ) 5( )( ) '
S S S S

Wethenhavea>n0+%:1+%.
Let p1,pa, ..., py be a particular ordering of the points of S. For every i € {0, 1,2,3},
let A; be the symmetric real v X v matrix whose (j, k)th entry with 1 < j, k < v is defined

as ¢
L if (py i) =
g { 1 0=

0 otherwise.

Then Ay is the v X v identity matrix I,, A is the collinearity matrix of S and Ay + A; +
As + Az = J,. We define the following additional symmetric matrix N:

In the sequel, we put O :=0O,, I := 1, and J := J,.

Lemma 2.2 We have J?=v-J, NJ=JN =0 and N> =a - N.

Proof. Obviously, we have J?> = v-J. By Proposition 4.1 of [7], we know that N* = a- N.
By Lemma 2.1 and the definition of the matrix N, we know that J- N =N-J =« - J,

where o/ =ng — = + % — % = 0. .
Lemma 2.3 o Ifv = s%a, then the eigenvalues of the matriz s> N + J are 0 and v
and their respective multiplicities are equal to v — (s* +1) = s*(a —1) — 1> 0 and
3
52+ 1.

o Ifv # s3a, then the eigenvalues of the matriz s> N + J are equal to 0, s3a and v,

and their respective multiplicities are equal tov —1—2 >0, 2 and 1.

Proof. Since the matrices I = Ay, J and N are linearly independent, the minimal
polynomial of s3N + J has degree at least 2. Based on Lemma 2.2, we compute that

SSN+J = $SN+J,
(N +J)? = saN +uvJ,
(N +J)? = (sPaN+v]) - (N +J) = s°a’N +0%J.

So, we see that the minimal polynomial of s>N + J has degree 2 if and only if v = s3a,
in which case X2 — vX is the minimal polynomial with roots 0 and wv.

If v # s3a, then the minimal polynomial is equal to

X2 a0 | =5(v—sPa) X(X —s%a) (X —v),



which has 0, s®a and v as roots.
Suppose v = s3a. Let m; and msy denote the respective multiplicities of the eigenvalues
0 and v. Then m; +my =v and 0-m; +v-my = Tr(s*N + J) = (s* + 1)v, implying that
my=s*+1landm; =v—(s*+1)=(a—1)s* = 1. As v — 1 > =L we have m; > 0.
Suppose v # s>a. Then let m;, ms and ms denote the respective multiplicities of 0, v
and s?a. Then

my+mo+m3 = v,
v-mg+sPa-ms = Tr(sN+J)=uv(s’+1),
v?mg +5%a% -msg = Tr((s*N + J)?) = Tr(s%aN +vJ) = v(s%a + ).

This implies that

v v

m=v—1——, myg=1 mg=—.

e e
Suppose m; = 0. Then o = %= > 1+ je. s > (¢t +1)(v — 1), in contradiction with
v > s+ 1. Hence, m; > 0. n

Lemma 2.4 The matriz C := Ay — (s — 1) Ay + (s> — s + 1) Ao has rank £ + 1.
Proof. An easy computation shows that
3N 4+ J
H—leQ—(S—l)A1+(S2—S+1)A0,

and by Lemma 2.3 we know that the matrix s>N +.J has rank 241 (regardless of whether

v = s3a or not). -

3 Some ranks of matrices associated with generalized
quadrangles of order (s, t5)

Let Q be a finite generalized quadrangle of order (s,t3) with s,¢3 > 1, and let L be a line
of Q. We denote by X the set of all points of Q not contained in L. For every x € X, let
2’ denote the unique point on L collinear with x. We consider the following symmetric
relations on the set X:

{(z,2)

{(z,y) (z,y) =1and 2’ = y'};
{(z,y) e X x X | d(z,y) =1 and 2’ # y'};
{(z,9) (z,y) =2 and 2’ = y'};
{(z,y) (z,y)

T,y =2and 2’ # y'}.



Put v :=|X| = (s+1)sty, O := O,, [ := 1, and J := J,. Let p1,pa,...,p, be a particular
ordering of the elements of X. With the relation Ry, k € {0, 1,2, 3,4}, we associate a real
symmetric matrix By = (b};)1<i,j<v, whose entries are defined as follows:

o . J 1 i (0 pj) € Ry
v 0 otherwise.

Then By =1 and By + By + By + B3 + B, = J. Moreover, we have
B()J = J, Blj = (S - 1)J, BQJ = StQJ, B3J = S(tg - ]_)J, B4J = S(S - ]_)tQJ

We also have B; = O if and only if s = 1, By # O, By = O if and only if ¢, = 1 and
By = O if and only if s = 1. We define the following real 5 x 5 matrix:

s2—s+1 —(s—1) —(s—1) 1 1
—(s—1)* 2s-—1 s—1 s—1 -1
M= | —s(s—1)t, sty sty 0 0
s(ta—1)  s(ta —1) 0 s(ta—1) 0
s(s — 1)ty — sty 0 0 sty

The following can easily be verified (e.g. with Maple).

Lemma 3.1 o The eigenvalues of M are equal to s* + sty (multiplicity 1), sty (mul-
tiplicity 2) and O (multiplicity 2).

e The minimal polynomial of M is equal to m(X) := X (X — st3)(X — (s* + st3)) €
R[X].

Lemma 3.2 The following equations hold:

BBy = B,
BlBl = (S — 1)B(] + (S - 2)31,
BlBZ = B47

BBy = (s—1)Bs,

BBy = (s—1)By+ (s —2)By,

ByBy = By,

ByBy = By,

ByBy = styBo+ (s —1)By + t2Bs + (to — 1) By,

ByBs = (ty —1)Bg+ (to — 1)By,

ByBy, = styBy+ (s —1)(ta —1)By + (s — 1)ta B3 + (sty — 2t2 + 1) By.

Proof. Obviously, B;By = B;I = B; for every i € {1,2}.



If (z,y) € Ry and (y, 2) € Ry, then (z, z) belongs to either Ry and R;. If (x,2) € Ry,
i.e. if x = z, then there are s — 1 points y € X such that (z,y), (y,z) € Ry, namely the
s — 1 points on the line xa” distinct from x and 2/. If (z,2) € Ry, then there are s — 2
points y € X such that (z,y), (y, z) € Ry, namely the s — 2 points on zz’ distinct from z,
z and z’. We conclude that B1B; = (s — 1) By + (s — 2) B.

If (z,y) € Ry and (y,z) € Rs, then the lines xy and yz are different, and so we
necessarily have d(x,z) = 2. Since 2’ = ¢’ and y' # 2/, we have 2’ # 2/, implying
that (z,z) € Ry. Conversely, if (x,z) € Ry, then there is a unique point y € X for which
(z,y) € Ry and (y, z) € Ry, namely the unique point on zz’ collinear with z. We conclude
that B; B, = B,. Taking the transpose of this equation, we find By B; = By.

If (z,y) € Ry and (y, 2) € Rs, then also (z,z) € R3. Conversely, if (z,2) € R3, then
there are s — 1 points y € X such that (z,y) € Ry and (y,2) € Rs, namely the s — 1
points on za’ distinct from x and 2’. We conclude that By Bs = (s — 1) Bs.

We Compute that BlB4 = Blj—BlBO —B1B1 —B1B2 —BlBg = (S — 1)B2—|— (S— 2)B4

Suppose (x,y) and (y, z) belong to R. It is impossible that (z,z) € Ry, as otherwise
x,y, 2z are mutually collinear and so contained in a line that would be disjoint from L
(since (x,y) € Ry) and also meet L (since (z,2) € Ry). So, (x,z) € Ry U Ry U Ry U Ry.

If (z,2) € Ry, i.e. © = z, then there are sty points y such that (z,y), (y,2) € Ra,
namely the sty points y € X \ {z} that are on one of the t; lines through z disjoint from
L. If (x,2) € Ry, then there are s — 1 points y € X such that (z,y), (y,2) € Rs, namely
the s — 1 points on the line zz distinct from = and z. If (z,2) € Rs, then there are t,
points y € X for which (x,y), (y,2) € Ry, namely the t; neighbours of = and z distinct
from o’ = 2'. If (z, z) € Ry, then there are to— 1 points y € X for which (z,v), (v, z) € Ra,
namely the ¢5 — 1 neighbours of z and z that do not lie on the lines zz’ and zz’.

We conclude that ByBy = stoBg + (s — 1) By + to B3 + (to — 1) By.

Suppose (z,y) € Ry and (y,z) € Rs. Then 2/ # 3 and y' = 2’ implies that 2’ # 2/,
ie. (z,2) € Ry URy.

Suppose (z,z) € Ry. Any point y € X satisfying (z,y) € Rs and (y, z) € R3 cannot
be contained in any of the lines xz’,zz and so must be contained in one of the t; — 1
lines through x distinct from zz’ and xz. Each of these t, — 1 lines contains a unique
point y € X satisfying (x,y) € Ry and (y, 2) € R3, namely the unique point of that line
collinear with 2.

Suppose (z,2) € Ry. Any point y € X satisfying (z,y) € Ry and (y, 2) € R3 cannot
be contained on xx’ nor on the unique line through = meeting zz’. On each of the ¢, — 1
other lines through x, there is a unique choice for such a point, namely the unique point
on that line collinear with 2z’.

It follows that ByBs = (to — 1) By + (t2 — 1) By.

We Compute that BQB4 = BQJ — BQBO — BQBl — BQBQ — Bng = StQBl + (S — 1)<t2 —
1)32 + (S - 1)t233 + (Stg - 2t2 + 1>B4 ]

The following is an immediate consequence of Lemma 3.2.



Corollary 3.3 Putting F := J — s(By + By) + (s* — s)I, we find

FBy = (s*—s+1)By—(s—1)B; — (s — 1)By + B3 + By,

FB, = —(s—1)*By+ (25 —1)By+ (s — 1)By + (s — 1) B3 — By,
FBy = —s(s—1)tyBy+ staBy + sty By,

FBs = s(ta —1)By+ s(ta — 1)By + s(t2 — 1) Bs,

FB, = s(s—1)taBy — staB; + sty By.

The equations in Corollary 3.3 can be summarized as
[Bo By By B3 By]" - F=(M®]I)-[By By By By By]",

where M ® I denotes the Kronecker product [13, Section 4.2] of the matrices M and I.
If p(X) € R[X], then by Lemma 4.2.10 of [13], we know that

[By By By Bs By)" -p(F) = (p(M)®1) - [By B, By Bs By]".

In particular, we have [By By By Bz Byt - m(F) = O, where m(X) € R[X] is the
polynomial as defined in Lemma 3.1. This implies that m(F) = Bom(F) = O. So, the
minimal polynomial of F is a divisor of m(X) and its eigenvalues are \; := s? + sty,
Ag := sty and Az := 0 (possibly with multiplicity 0). For every i € {1,2,3}, let m; denote
the multiplicity of \; as an eigenvalue of F'. Then

my -+ meo + ms = v=sty(s+1),
ml)\l + mg)\g + m3>\3 = T?“(F),
ml)\% + 777@)\% + mg/\g = TT(FQ)

This linear system allows to compute the values for my, ms and mgs as soon as we know
the values of Tr(F) and Tr(F?). Since F = J — s(By + By) + (s* — s)I, we have
Tr(F) = (s* — s+ 1)sta(s + 1). We compute
F? = J*+ (B + B3 +2B,By) + (s* — 5)*I
—258(By + By)J +2(s* — 5)J — 25%*(s — 1)(B; + By)
= 8752(8 + 1)J + 82<(5 — 1)[ + (S — 2)B1 -+ Stz[ + (8 — 1)82 + thg -+ (tg — 1)B4

+QB4> + (8% — 8)°1 — 2s(s — 1 + sty)J +2(s* — 5)J — 25*(s — 1)(B; + Bs).

From this one easily deduces that Tr(F?) = s%ty(s + 1)(s*ty — sty + s> — s* + t3). The
above linear system can now be solved and we find the following solutions:

(82 — 1)sty s+1, ,
m =-——-—— me=s+1 m3g= sty + st — s — 19).
1 St 2 + 3 s+t2( 5 T sta 2)
From this, one easily deduces that rank(F)=s+ 1+ %

9



We thus see that the eigenspace corresponding to the eigenvalue sty has degree s+ 1.
In fact, it is easy to describe this eigenspace. Put L = {z1,%2,...,2s11}. We may
suppose that we have ordered the points pi,ps,...,p, in such a way that the points
in I';(z;) come first, followed by those in I'y(x3), then those in I'i(z3), etc. For every
i € {1,2,...,s + 1}, let w; be the column vector of dimensions sty(s + 1) x 1 such
that if j € {1,2,...,sta(s + 1)}, then (w;)jg = 1if (i — D)sto +1 < j < i - sty and
(w;)j1 = 0 otherwise. Then (wq,wy, ..., wsy1) is the (s + 1)-dimensional eigenspace of F
corresponding to the eigenvalue sts.

Now, define £ := By + By + Bs. Taking the ordering of the points as above, we see
that F is a block diagonal matrix whose diagonal consists of s 4+ 1 blocks of type Jg,.
So, E has two eigenvalues, namely st, with multiplicity s + 1 and 0 with multiplicity
(sta — 1)(s+1). The eigenspace corresponding to the eigenvalue sty is obviously equal to
(w1, W, ..., Wei1).

So, if W; with ¢ € {1, 2,3} denotes the eigenspace of F' corresponding to the eigenvalue
Ai, then Wy = (wq,ws, ..., wsyq) and R™ is the orthogonal direct sum Wy @ Wy @ W3, As
W1 & W3 is orthogonal with W, it should be the eigenspace of E' corresponding to the
eigenvalue 0.

Lemma 3.4 If E = By+ By + By and F = J — s(By + By) + (s* — s)I = (B3 + By) —
(s = 1)(B1 + Bs) + (s* — s + 1)1, then the following hold:

(1) The matriz E has rank s+ 1.

(s2—1)st
(2) The matriz F'— E has rank ~— ==

(s2—1)st
(3) The matriz [F E] has rank s + 1+ =2

Proof. (1) The matrix F has only one nonzero eigenvalue, namely sto, whose correspond-
ing eigenspace W5 has dimension s + 1.

(2) The matrix F — E has two eigenvalues, namely s* + sty = s? + sty — 0 and
0 = sty — sty = 0 — 0, whose respective eigenspaces are W and (W5, W3). So, the rank of

52—
F — E is equal to dim(W;) =m; = %

(3) We have rank([F E]) = rank([F — E E]) = dim(W;) +dim(W,) = s+ 1+ & S:th);tg.
Indeed, by the proof of part (2) we know that the column space of F' — E is equal to W7,

and by the proof of part (1) we know that the column space of E is equal to W5. n

Remark. The eigenvalues and multiplicities of the matrix B; + By were mentioned in
[9]. From this information, Lemma 3.4 can also be derived. We have opted to give a
self-contained proof of Lemma 3.4 since [9] was never published and only mentions the
values of eigenvalues and multiplicities.

4 Some ranks of other matrices

For given s,t € N\ {0}, consider the partial linear space S that satisfies the following
properties:

10



1) Every line contains precisely s + 1 points.

(
(2) There exists a line L in S that meets every other line.
(3) Every point of L is incident with precisely ¢ lines distinct from L.

)
)
)
(4) Every point not incident with L is incident with a unique line meeting L.

Alternatively, S can also be obtained by considering a line pencil U consisting of ¢ lines
of size s + 1 through a given point (the center), taking s 4+ 1 isomorphic copies of & and
adding one extra line that contains the s+ 1 centers of these s+ 1 isomorphic line pencils.

Let X denote the set of all points of S not contained in L. Similarly as in Section
3, we can define relations Ry, Ry, Ry, R3 and R4, on X. As every line meets L, we have
Ry, = (). If x and y are two noncollinear points of X, then any path between x and y must
pass through their projections 2’ and ¢’ on the line L, showing that also B, = (). Note
that if ¢ = 1, then also R3 = 0.

If A is a square matrix and k£ € N\ {0}, then D(A, k) denotes the block diagonal
matrix whose diagonal consists of k copies of the matrix A.

Put v := |X| = st(s +1). Similarly as in Section 3, we can associate to each R;,
i€{0,1,2,3,4}, a real v X v matrix B;. We have By = I, and By = B, = O,,.

Lemma 4.1 ]fE = B0+Bl+B3 and F := <B3+B4)_<S_1>(BI+BQ>+(52_S+1)IU =
Bz — (s — 1)By + (s* — s + 1)1, then the following hold:

(1) rank(F) =s+1;

(2) rank(F — E) = t(s* — 1);

(3) rank([F E]) =s+1+t(s*—1).
Proof. Put L = {z1,29,...,251}. Without loss of generality, we may assume that
we have labeled the points in X in such a way that those collinear with x; come first,
followed by those collinear with x5, etc. The collinearity graph I' of § is the disjoint union

of (s + 1)t cliques of size s, and we may suppose that we have labeled the points in each

['1(x;) in such a way that those belonging to the same clique occupy consecutive places.
Then

BO = ]U7
BO+Bl = U1 = D(JS,(S‘i‘l)t),
Bo+Bl+B3 = UQ = D(Jst,8+1).

We thus see that £ = U, has rank s + 1. We compute that

F = B3—(s—1)Bi+ (s> —s+ 1)1,
= (UQ—Ul)—(5—1)<U1—Iv)+(52—8+1>1v
= U2 - SU1 + SQIU.

11



Eigenspace || Dimension | E=Uy | Uy | I, | F := Uy — sUy + 5%, | F — E = —sU; + s%1,
| H | EARE L | F- B L

(w) 1 st s | 1 st 0
Wi t—1 0 s |1 0 0
Wo (s—1)t 0 0|1 s 52

Table 1: Eigenvalues of the matrices E = (7;, /U; f;, Fand F— F

If we put ﬁ; = Jg, val = D(Js, t) , I, = Iy, E = ﬁ; and F = ﬁ; — S,le + st;, then
F=D(F,s+1)and E=D(FE,s+1).
Consider the following column vectors of dimensions st x 1:

w = [11--- 117,

w; = [11---100--- 0],
s s(t—1)

wy = [00---011---100 --- 0],
£ s s(t—2)

Put W, = (w; — Ws,...,w; — w;) and let Wy denote the subspace {1y, s, ..., w)"
consisting of all column vectors of dimensions st x 1 that are orthogonal with each of
W, W, . .., Wy with respect to the standard inner product. Then R*! is the direct sum
(w)yeWreW,. N

The matrices Us, Uy and I, commute and so they have a common basis of eigenvectors,
see e.g. [14, Theorem 1.3.21]. Such a basis can be taken to be equal to {w} U By U By,
where B; with i € {1,2} is a basis of W;. The corresponding eigenvalues are mentioned
in Table 1. From this table, we deduce that

e rank(E) =1 and rank(F — E) = (s — 1)t,
e the column space of F' — E is Wy and the one of E is (w),
e rank([F E)) = rank([F — E E]) = dim((Wy,@)) = 1 + (s — 1)t.

Since F = D(F,s+ 1) and E = D(E, s + 1), the claims of the lemma follow. ]

5 Proof of Theorem 1.1

Let S = (P, L, 1) be a finite near hexagon of order (s,t), s > 2. Let L = {x1,22,...,Tss1}
be a line of S and suppose L is contained in precisely £ € N quads which we will denote
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by Q1,Q2,...,Qk. Put
Qk1 1= (Pl(L> \(@Q U@ U---U Qk)> UL

The sets Q1,Qs, . .., Qr+1 determine a partition of the set I'y(L) of points at distance 1

from L. If Q41 # L, then the geometry Cj;;:l induced on i1, by the lines contained in
Q111 belongs to the family of geometries under consideration in Section 4.

Let p1,po,...,py with v = |P| be an ordering of the points of S. Without loss of
generality, we may suppose that we have ordered the points in such a way that the
(s + 1)st points in ['1(L) come first. The points inside I'y(L) will be ordered such that
those contained in )y come first, followed by those in ()9, then those in @3, etc. The
points inside each I'; (L) N Q; are ordered such that those in I';(z1) come first, followed
by those in I'1(z3), then those in T';(z3), etc... As explained in Section 4, the set Qg1 \ L
can be regarded as a union of cliques of size s. We also assume that inside each I'; (z;) N
[y (L) N Qk41, the points are labeled such that those belonging to the same clique occupy
consecutive places. ‘ -

For every i € {1,2,...,k}, let tg) € N\ {0} such that the generalized quadrangle Q;

has order (s, tg)) p tt(kﬂ) =t —t§) ¢ —. .. —tlF) Then for every i € {1,2,...,k+1}

and for every point x € L, there are precisely tg) hnes through z distinct from L that are

contained in ;. Put ki=k+1if Qr+1 # L (or equlvalently, ¢{F) # 0), and k=k
otherwise.

For all k1, ko € N\ {0}, let J(k1, k2) denote the real k; x ko matrix all whose entries are
equal to 1. For all 4,j € {1,2,...,k}, denote by OU9) the real zero matrix of dimensions
(s+1)st8) x (s+1)stS, and by E@9 the real (s+1)st{” x (s+1)st5” block diagonal matrix
whose diagonal consists of s+ 1 copies of J(stg), stgj)), ie. B0 = D(J(stg), stéj)), s+1)
using the notation of Section 4.

Consider now the matrix

C:i=A— (s— 1A + (s* = s+ 1)1,

which has rank 2 +1 by Lemma 2.4. Let C [:4;, ;4:, respectively .7] denote the submatrices
obtained by selecting the first (s + 1)st rows and columns of C' [Ay, Ay, respectively 1,].
Then _

rank(C) < rank(C) = 2 +1

and L . _
C=A—(s—1DA + (s> —s+1)I.

For every i € {1,2,...,k}, let R%, RY RY RY RY denote the relations of Q; \ L as
defined in Sections 3 and 4, and let B(()),B§ ),Béi) Béz),B " denote the corresponding
matrices (as defined in these sections). By Brouwer and Wilbrink [4], every two collinear
points of T';(L) must lie in the same @;, and every two points of I';(L) at distance 2 lie

13



in the same @); or have the same projection on L. This allows to conclude that

BY + B 01.2) 01.3) cee o OWR)

0(271) B§2) + B§2) 0(273) [N O(ZE)
:{i — 0(371) 0(372) B§3) + Bég) PN O(&E) ,

i O(k,l) O(k72) O(k73) PN Bf + Bg |

[ BY + B{Y E(1.2) E(1.3) EWR ]

2 2 &

B2 B + B E(23) . EGH

A, = E®G1) E(32) B + B® ... EBR)
| & pk2) g® ... p® 4 g0

Note that E@) = B + B 4+ B{ for every i € {0,1,...,k}. We compute that

[ p) g2 g3 ... gk

EQD  p@ g3 ... gk
C.— | EBL EG2 FG ... geH |

E&D  pk2 pE3 .. pk)

where FO = (B’ + B{’) = (s = 1) - (B” + B{) + (s* = s + 1) , ,

{0,1,... ,E} We now compute the rank of the matrix C. We will rely on the following
facts which follow from Lemmas 3.4, 4.1 and the definition of the E(9)’s,

st for every i €

(I) The rank of the matrix E®7, 4, j € {1,2,... ,E}, is equal to s + 1.
, - (4)
(ITa) The rank of the matrix F® — E®) is equal to %‘f;l) for every i € {1,2,...,k}.
STl

(IIb) If t7) £ 0, then the rank of the matrix FU+1 — BE+1k+D) ig equal to £57 (s2—1).

. . (#)
(Illa) The rank of the matrix [F® E®)] is equal to s + 1 + %‘i_l)

1,2,... k).

for every 1 €

(IIIb) If t¥) =£ 0, then the rank of the matrix [F*+) EG+LED] s equal to s + 1 -+
(2 = 1),

Note that the column spaces of the matrices EG) and E®9) coincide for all i,j €
{1,2,...,k} (due to the repetition of columns). We then see that the following also
hold:
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st;i> (s2—1

(ITTa’) The rank of the matrix [F® E®)] is equal to s + 1 + =2 ) for every i €
2

{1,2,...,k} and every j € {1,2,...,%}.

(ITIb") If 557 £ 0, then the rank of the matrix [F*®+1) E®+19)] is equal to s+ 1+t (2 —
1) for every i € {1,2,...,k + 1}.

The rank of the sum of two matrices is at most the sum of the ranks of these matrices.
So, the rank of C' is at most the sum of the ranks of the matrices

FO _ gy 012) O13) Ok
021 FO _ g2 023) D)
OB.1) 0B:2) FB _ F33) OBk ,
Ok.1) Ok.2) Ok.3) Fk_ pkk)
[ py g2 pa3) ER) ]
B2 g2 p23) E(2k)
EGLD  pB2 pG3) BGR |
I E®D  pk2)  pE3) E&F) |
i.e. at most
(1) (2) (k)
st st st k+1
(52—1)'( D e 2<k)+té+)>+(s+1)
s+t s+ 1ty s+t
(1) (2) (k)
st st st
= (s+1)+(s2—1)-( At — ot Tt 1) - —t'§>
s+ 15 s+ 15 s+t
1 2 k
RV (. Al CaN L 18] ®
S+ 1y s+ 15 s+t

Now, consider C as a block diagonal matrix of dimensions k x k, and denote by C (1) with
i€{1,2,...,k} the matrix obtained from C' by selecting the first i rows (of blocks). We
prove by induction on i € {1,2,...,k} that

%

(>

j=1

2 (@)
rank(C@) > (s +1) + (ST Usta

s+ tg)

).

Looking at the column span of C(1) and invoking (IIIa’), we indeed see that

rank(C(1)) = (s + 1) + sty (2 — 1)

s+ tgl)
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Now, suppose that

g (4 ( .2
~ Z t —1
=1 STtis

for a certain i € {1,2,...,k — 1}.

For every j € {1,2,...,st(s+1)}, let e; be the row matrix of dimensions 1 x st(t+1),
all whose entries are equal to 0, except for the jth one which is equal to 1. Then the real
vector space V' of all row matrices of dimensions 1 x st(t + 1) can be written as a direct
sum

V=Viehae oV,

where
Vi o= <€1""’est;”(s+1)>’
V2 <€stg1>(s+1)+1’ e es(tg1>+tg2))(s+1)>v
Vi <€s(t§”+~~+t§k’1))(s+1)+1’ e ’es(tgl)+'~~+tgk>)(s+1)>'

Ifk=Fk+ 1, ie. t;kﬂ) £ 0, then we define

Vk+1 <€S(tg1)+.‘_+t;k))(8+1)+1, ey est(s+1)>-

For every j € {1,2,... ,E}, let II; : V' — V; be the canonical projection operator from V'
on the subspace V;. For every j € {1,2,...,k}, let W; denote the row span of the matrix
C(j). Then Properties (I) and (IIIa’) imply the following:

e II;,1(W;) has dimension s + 1;

st<2i+1>(52—1)

e II; 1 (W;y1) has dimension s + 1 +

st5 Y
. . st(Hl)(s?fl) - St(i+1)(8271)
It follows that dim(W;1) > dim(W;) + — L = rank(C(i)) + L and hence
2 s 2 $
(i+1) (2 i+l ()2
~ ~ t -1 t -1
rank(C(i+1)) = dim(W;y1) > rank(C(7)) + M >s+1+ (Z w)
(i+1) ()
t + s = Stli3

We thus know that

ko102
rank(C(k)) > s+ 1+ (Z M)

= S + tgj)

Note that rank(C) = rank(C(k)) if k = k.
Suppose now that k = k + 1, or equivalently, t;kﬂ) # 0. By Properties (I) and (I1Ib’),
we also know
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o Il 1 (W) has dimension s + 1;
o Il 1(Wyy1) has dimension s + 1 + zfggﬂ)(s2 —1).

It follows that dim(Wj1) > dim(W;) + t5(s2 — 1). Hence,

k

rank(C) = rank(C(k+1)) > mnk(é(/{:))ﬂék“)( 2=1) > (s+1)+(s"~ ( . +Z j?ft )

Comparing the lower bound for mnk‘(é’) with the upper bound obtained in (2), we find

k
rank(C) = (s - StQ
KC) = (s+1)+ (s (t2 +;S+t )
k ())2
= (s+1)+ (s’ —1)~<t ;;igg))’

=1 s+ té
which is equivalent to
i (2 o, s Do —s(s+1)(s* +1) = s*t(s + 1)
Hs+ty (s+1)(s* = 1) +st(s = 1)(s+ 1) +v

Remark. In [9], the matrix C' was written as the sum of two matrices, where one of them
was the “block diagonal matrix” with “diagonal entries” equal to F, F® . F®) For
the case under consideration in [9], namely for regular near hexagons with parameter
to > 0, these two matrices commute and thus have a common basis of eigenvectors. For
the cases under consideration here, these two matrices do not necessarily commute and
so we had to resort to different methods for computing the rank of C'.
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