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Abstract

We use the fermion zero-modes in the background of multi-caloron solutions with non-
trivial holonomy as a probe for constituent monopoles. We find in general indication
for an extended structure. However, for well separated constituents these become
point-like. We analyse this in detail for the SU(2) charge 2 case, where one is able
to solve the relevant Nahm equation exactly, beyond the piecewize constant solutions
studied previously. Remarkably the zero-mode density can be expressed in the high
temperature limit as a function of the conserved quantities that classify the solutions
of the Nahm equation.

1 Introduction

To describe regular monopoles in gauge theories a Higgs field is required. This de-
fines the abelian subgroup of the gauge field. Yet in the full non-abelian theory there
is no Dirac string and a regular solution results, the well-known 't Hooft-Polyakov
monopole [I]. In the strong interactions no such Higgs field should be present, but
nevertheless it has been conjectured that a dual superconductor description, in which
monopoles form the dual charges that condense, could explain confinement [2]. This
scenario receives some support from the studies in supersymmetric theories through
Seiberg-Witten duality [3], although also the old center vortex picture is still under
active study [4]. Lattice studies based on abelian and center projections, and their
respective notions of dominance [5] are the main means through which one tries to
address these issues. One relies on so-called gauge fixing singularities to identify the
relevant monopole [6] or center vortex degrees of freedom.

A more recent alternative to study the monopole content of gauge theories, without
the need of addressing singular configurations, gauge fixing, nor introducing an extra
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Higgs field, has been through calorons, which are instantons at finite temperature. It
has been found that calorons are actually made up from constituent monopoles [7, 8, 9],
which becomes most apparent when the background Polyakov loop is non-trivial (as in
the confined phase), and the size of the caloron is larger than the inverse temperature
(the extent of the euclidean time direction). The background Polyakov loop is defined
in the periodic gauge A,(Z,t) = A,(Z,t+ ) by its asymptotic value, or the so-called
holonomy,

8
Poo = lim Pexp(/o Ao(Z, t)dt) = g' exp(2midiag(ua, pa, - - 1in))9, (1)

where ¢ is the gauge rotation used to diagonalize P, whose eigenvalues exp(2miy;)
can be ordered on the circle such that p; < pe < ... <, < g1, With pi; =14 p;
and 37 ; u; = 0. The masses of the constituent monopoles are given by 872v; /3, with
Vj = pjy1 — jj, which add up to 872/, consistent with the instanton action.

Solutions are known explicitly [10] for SU(n) charge 1 calorons. The n constituents
can have any spatial location, although all have the same location in time (they do,
however, become static when well separated), and n— 1 abelian phases complete its 4n
parameters. Charge k calorons can be viewed as composed of kn monopoles, of which
a class of axially symmetric configurations was constructed explicitly [T1].

The purpose of this paper is to study in more detail these higher charge calorons,
where the emphasis is on constructing the chiral fermion zero-modes. Charge 1 calorons
have exactly one fermion zero-mode, which was shown for well separated constituents
to be supported on one and only one constituent [I2, [[3]. We may change the con-
stituent that supports the zero-mode, by changing the fermion boundary conditions
from (anti)periodic, to being periodic up to a phase exp(2miz) (from now on we will
use the classical scale invariance to set § = 1). For z € [u;, ptj41] the zero-mode is
localized to what we will call type j constituent monopoles (with mass 872v;, and the
appropriate U"~1(1) charge associated to their embedding in SU(n)).

Lattice evidence has been gathered over recent years that these monopole con-
stituents are present in dynamical configurations in the confined phase of gauge theo-
ries for SU(2) using cooling [14} 5], and for SU(3) using fermion zero-modes [16] as a
filter. It is somewhat of a puzzle that these constituent monopoles had not been seen
in earlier cooling studies (apart from when using twisted boundary conditions [I7]).
That they remained unnoticed when using fermion zero-modes as a filter is, however,
simply a consequence of the fact that these studies were restricted to the use of fixed
fermion boundary conditions. Only when cycling through boundary conditions spec-
ified by periodicity up to a phase, the SU(3) charge 1 instanton configurations will
show three separate constituent monopoles. In Fig. [l we show a typical example based
on the exact solutions for SU(3), closely following the observed behavior [16] based
on actual lattice simulations in the confined phase, which guarantees the background



Polyakov loop to be non-trivial. In the high temperature phase, where the Polyakov
loop is trivial, two of the constituents are massless and only one peak will be seen.
These massless constituents are interesting in their own right, giving rise to so-called
non-abelian clouds [I8], but they will not concern us here.
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Figure 1: The logarithm of the properly normalized zero-mode density for a typical
SU(3) caloron of charge 1, cycling through z. Shown are z = pu; (for linear plots see
Fig. B)) and three values of z roughly in the middle of each interval z € [p;, f1;41]. All
plots are on the same scale, cutoff for values of the logarithm below -5. The zero-mode
with anti-periodic boundary conditions is found at z = 30/60. For the action density
of the associated gauge field, see Ref. [13, T9].

Figure 2: The properly normalized delocalized zero-mode densities for z = p;, on a
linear scale (cmp. Fig. [).

We do not only study the fermion zero-modes for the higher charge calorons to
compare with lattice simulations, but also as a tool to understand to which extend the
constituent monopoles can be unambiguously identified in the caloron solutions. In the
high temperature limit the non-abelian cores of the monopoles shrink to zero-sizes, and
one is left with abelian gauge fields. Without taking the high temperature limit, but
excluding the non-abelian cores, the same physics describes what we called the far field
region [IT]. It would be desirable if the abelian field in this region is described by point-
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like Dirac monopoles (actually dyons because of self-duality), when the constituents
are well separated. For charge 1 calorons and the class of axially symmetric solutions
studied before [I] the density of the fermion zero-modes become Dirac delta functions
at the locations of the constituent monopoles in the high temperature limit, for any
constituent separation. This infinite localization in the high temperature limit can
be understood from the fact that for most z values there is an effective mass for the
fermions. Therefore, by studying these zero-modes in the general case, we hope to
learn more about the localization of the monopoles.

It is not directly obvious that any higher charge caloron can be described by point-
like constituents in the far field limit. The tool to construct these solutions is the Nahm
equation [20), [7], which is a duality transformation that maps the problem of finding
charge k calorons to that of U(k) gauge fields on a circle with specific singularities at
z = ;. In the cases studied so far, the dual (Nahm) gauge field can be made piecewize
constant, from which one easily reads off the constituent monopole locations. In gen-
eral, however, the Nahm gauge fields depend non-trivially on z, and it is important to
understand what this implies for the localization of the constituents. Quite remarkably,
we will nevertheless find that in the high temperature limit the fermion zero-mode den-
sity does not depend on z and can be expressed in terms of the conserved quantities
of the Nahm equation. We compute it explicitly for charge 2, revealing in general an
extended structure. However, the extended structure collapses to isolated points for
well separated constituents. This is so as long as z # p1;, which is the value where the
localization of the zero-modes jumps. We separately study in the high temperature
limit the case where z = p;, for which the fermion zero-modes delocalize (decaying
algebraically). Support of the zero-modes is now on constituent monopoles of types
j — 1 and j. We analyse this in detail for the class of axially symmetric solutions of
Ref. [I1], in the light of some puzzles concerning so-called bipole zero-modes [Z]].

This paper is organized as follows: first we describe the caloron zero-modes in
Sect. [ and set up the Green’s function calculation in Sect. B to be able to discuss
the zero-mode and far field limits. Sect. Bl deals with the case where z = pu;, for which
zero-modes are delocalized. In Sect. Bl we relate the zero-mode density for z # 1, to
conserved quantities of the Nahm equation and study in Sect. @l the general solution
for SU(2) charge 2 caloron. We conclude with a discussion of the implications of our
results and the problems that still need to be addressed. Two appendices provide the
details for the zero-mode and far field limit calculations.

2 Fermion zero-modes

We wish to construct the zero-modes of the chiral Dirac equation in the background of
a self-dual gauge field at finite temperature. The Dirac equation in its two-component



Weyl form, with &, = 0}, = (1, —i7) (7; are the usual Pauli matrices), reads
DV.(2) =6,D,V.(z) = ,(9, + Au(2)) V. (). (2)

Assuming the gauge field is periodic in the imaginary time direction, with period 5 = 1,
we seek the zero-modes that satisfy the boundary condition

U, (t+1,7) = exp(—2miz) V. (¢, D), (3)

A simple abelian gauge transformation, V,(z) = exp(2mizt)¥,(x), makes the zero-
mode periodic. This gauge transformation replaces the gauge field by A, (z) —27iz,1,,
but it does not change the field strength, such that existence of the appropriate number
of zero-modes is guaranteed by the index theorem.

The caloron solutions are obtained by Fourier transformation, reformulating the al-
gebraic ADHM (Atiyah-Drinfeld-Hitchin-Manin) construction [22] of multi-instanton
solutions in R*, as the Nahm transformation [7]. For this the instantons in R* period-
ically repeat themselves in the imaginary time direction up to a gauge rotation with
P~. This Fourier transformation also selects out of the infinite number of fermion
zero-modes in R*, those that satisfy the correct periodicity.

In the ADHM formulation the k£ normalized fermion zero-modes for a charge k

SU(N) instanton are given by (¢ =ity = 09,7 =1,...,nisthe colorindex, l =1,... k
the charge index and I = 1,2 the spinor index)
Uy(r) =7 (67 (@)l (@) fue) . b(@) = Lo+ ul(@)ula), (4)
with uf(x) given explicitly in terms of the ADHM parameters by
u'(z) =A\(B—-12)"", B=0,B, z=u1,0, (5)
where A = (A\q,...,\x), with )\ZT a two-component spinor in the n representation of

SU(n) (A can be seen as a n x 2k complex matrix), and B, hermitian k£ x k matrices.
As ¢(z) is an n x n positive hermitian matrix (for n = 2 proportional to 1,), its square
root is well-defined. We also recall the gauge field is given by

Au(x) = ¢~ 2 (2) (ul (2)yul@)) o™ 2 (x) + ¢ (2) 0™ (). (6)
which can be shown to be self-dual provided the quadratic ADHM constraint is satisfied,
A+ (B = 12)1(B — 142) = o0 f, (7)

which implicitly defines f, as a hermitian k£ x k& Green’s function, thereby completing
the description of Eq. (#). A further simplication [9, 23] will be helpful, which uses the
fact that 2(B,, — z,) = 0, f, ' and ul(z) = ¢(z)\f.(B — 1z)7, implying

Au(m) = 36" (@) A0, f ATV (2) + 1072 (), 0,02 (),

o~ (x) = 1AM, Wi(x) = (21) 7 (02 (2) A0 fo0,8 )i (8)
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with 7,,, = 7,05 = 6,0, the anti-selfdual "t Hooft tensor.

As mentioned above, calorons are obtained by arranging the instantons in R* to
be periodic (up to a gauge rotation). The time interval [0, 1] will contain as many
instantons as the topological charge of the caloron. One splits the charge index [ as
| = pk + a, where a labels the k instantons in the interval [0, 1] and p labels the infinite
number of repeated time-intervals, playing the role of the Fourier index. We find,
suppressing the gauge and spinor index (cmp. Ref. [12 13]),

Vi) = (2m) 16200, [ R ) 9)

where the Fourier transforms of A and f, are denoted by A,(z) and f2*(2/,z). The
fermion zero-modes thus constructed are in the so-called algebraic gauge, for which
U.(t 4+ 1,%) = exp(—27iz)PaV.(t, 7). In this gauge all components of A, vanish
at spatial infinity and the non-trivial holonomy is encoded in the boundary condition,
which for the gauge field reads A, (t+1, %) = P A, (t, T)P!. A simple time-dependent
gauge transformation allows one to transform to the periodic gauge, after which Ag
goes to a constant at spatial infinity.

To encode the appropriate periodicity in the ADHM parameters we need to take

Mpk+a = P2, . Introducing the projections F,, on the eigenvalues of Py, i.e.
Poo = Som_1exp(2miply,) Py, we find Ao(2) = X0 0(2 — pim) PrnCa, which makes the
expression for the zero-modes particularly simple,

Ui(w) = (2m) 7' 6" (2) 3 PrnCo0ueu fy (1ms 2)- (10)
m=1
The fact that we are dealing with higher charge calorons, is reflected in the presence
of the indices a,b = 1,... k. Making use of the well-known identity [23, 24, 25]
in R*, Wi (x)* W} (x) = —(2m) 207 fi", Fourier transformation gives the appropriate
expression for the caloron zero-mode density

W2 (2) Wl (2) = —(21) 20, [0 (2, 2). (11)

Using the fact that limz_e |:E’|f§b(z, z) = m6%, the zero-modes \ifg are seen to be
orthonormal.

We close this section by remarking that for SU(2) an alternative construction is
possible, as part of the Sp(n) series (since Sp(1) = SU(2)). The ADHM construction
for Sp(n) is based on quaternions. In particular )\; is assumed to be a quaternion,
whereas B,, is now real-symmetric. All formulae presented above remain valid, but it
should be noted that the transformation A\ — X", B, — TB,T", with T € U(k),
leaving the gauge field and the ADHM constraint untouched, has to be replaced by
T € O(k).



3 Zero-mode and far field limit

As we have seen above, all physical quantities can be reconstructed, once we have
found the Green’s function f%(z, 2'). Here we review the necessary ingredients. We
start with the fact that the Green’s function is defined through an impurity scattering
problem [IT]

(- VEn ) = -2, (12)

where f,(z, 2') is related to f,(z,2') by a U(k) gauge transformation

fo(z,2) = §(2) fo(2.2)51(), §(2) = exp (2mi(& — woly)2) (13)

The “potential” V', which includes “impurity” contributions, is determined by the
(dual) U(k) Nahm gauge field A,(2)

V(2 %) = 472 R3(2, ) + 27> 0(2 = 1) Sy S = 3 () St ()
Rj(2 @) = wjly, — (2mi) '9(2)A;(2)3"(2), St = mtrs((IPn). (14)

Fourier transformation of B, gives (2mi)~'6(z — 2/) (8,015 + flu(z)) and defines the
Nahm gauge field. We have further used the fact that one can choose a U(k) gauge in
which Ag(z) = 2mi&, is constant, which itself can be transformed to zero by §(z). Note
that g(1) plays the role of the holonomy associated to the dual Nahm gauge field flu(z)
Crucial is that we can formulate the zero-mode and far field limits without specifying
the solutions of the Nahm equations. These Nahm equations, which are equivalent to
the ADHM constraint, are given by
d - .

2, Ai(2) + [Ao(2), Aj(2)] + sl An(2), Adl(2)] = 218 37 6(2 = )i

pab = —mtry (CIPnGF) - (15)
This will be discussed in more detail in Sect.

To solve the second order equation for f,(z,2') it is convenient to convert it to a
first order equation, involving 2k x 2k matrices,

(£ (ln B (LED) s (D).

which can be solved as

( %ﬁgi 2)) = —AmW e 0) (L~ o) 07— A W) () ).
(17)



where zy can be arbitrary and

W (29, 1) = Pexp [/ (V(O' ﬁ) ]B’f) dz} L Fu =t (Wt 1,20).  (18)

2 T

In particular, one can show that [I1]
— 3 Tr, Fl (2) = —30207 log ¥o(w), ¢ = det (i€ ™" (1a, — Fy) /V2) (19)

To isolate the exponential contributions in Eq. (I8), one introduces two solutions of
the Riccati equation [IT],

1 d o,
/.02 £\ B2 7
R-(2)°+ o R-(z) = R*(z; 7). (20)

Since R(z; ) — #1y, for |Z| — oo, we find in this limit that RE(z) — |#|1,. Defining

fm(2) = Pexp

1or Rmz)dz] » 2 € [t s, (21)
Hm

we see that fE(z) — exp (£27|#|(z — jm)1z). These are the exponentially rising and
decaying solutions of Eq. ([[Z), in terms of which we can rewrite for z, 2" € (fm, ftmt1)

W(z,2') = Wi (2)WH(Z), Win(2) = Win(2)En(2), (22)

m

where F,(z) contains all exponential factors,

Won(2) = <27T}I€L£(z) —QW%;L(Z)) - Fnla) = (fnt()(Z) f,,}o(z)) ' (23)

As an illustration let us assume R(z; )2 = (£1; — €Y;,)2 = R2, independent of z,
for z € [pm, ftm+1], as is the case for charge one [0] and a class of axially symmetric
solutions [TT] (see Sect. ). We then find R (2) = R, (2) = R, and fZ(z) = exp(2m(z—
1) R,,). Diagonalizing R, defines k locations (the eigenvalues of Y}, ), which are sharply
defined and give rise to point-like constituents in the high temperature limit. When
ﬁ(z; ¥) is not piecewize constant, these locations are a priori not sharply defined. We
still expect the cores to be the regions in # where E(z; &) remains small (cmp. Eq. ().
The separations between the cores of monopoles of different type is controlled by the
discontinuity in A;(z), Eq. (), and can in general be chosen large. This allows us to
define the zero-mode limit, where Z is assumed to be far removed from any constituent
core not of type m. In technical terms that means that RZ,(z) is large for all m’ # m.
Accordingly, f./(z) and f,(2)7! are exponentially small for these values of Z (cmp.
Eq. ([21])). Results that are valid up to these exponential correction are denoted by a



subscript “zm” for the zero-mode limit and “ff” for the far field limit. In the latter
case, T is assumed to be far removed from all constituents.

In appendix A we show that for p,, < 2/ < 2z < i1
[z, ) = 7(6h(2) — em(2) Zins) (6 = ZienZins) ™ (E(2) = Zkm () R ().

(for 2’ > z one uses f.(2',2) = fi(z,2")) with

en(2) = [ i (me) ™ e = enlm),  En(2) = fi(2)7
Z, =1 — QZglem—l(lum)a Z;:b =1 — 2ZmlRm(,Um)> (25)
Ry(2) = 4(Ry(2) + R, (2), B = Ry, (k) + By (k) + S

This result is valid up to exponential corrections as long as ¥ is far removed from all
constituents of type m’ # m. Note that in this limit Z£ = 1, however, only up to
algebraic corrections, which is why we have kept them. In Fig. Bl we give the zero-
mode densities for a charge 2 axially symmetric solution in SU(2), with well-separated
constituents. We found no differences to 1 part in 10° between the exact result and
the result obtained with the zero-mode limit, Eq. (24). The choice of basis for the
zero-modes involves the gauge rotation that for each interval z € [t ftm1] identifies
the constituent locations, cmp. Sect. Hland Ref. [IT]. This ensures that each zero-mode
is localized to only one constituent monopole.
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Figure 3: Zero-mode densities for a typical charge 2, SU(2) axially symmetric solution.
For comparison the action density (cmp. Fig. 2 of Ref. [I1]) is shown in the middle.
All are on a logarithmic scale, cutoff below e=2. On the left is shown the two periodic
zero-modes (z = 0) and on the right the two anti-periodic zero-modes (z = 1/2).

It is now almost trivial to read off from this the far field limit for f,(z, z), where &
is assumed to be far from all constituents. As long as z # p,, and z # fi,41, €,,(2) and
é..(z) are exponentially small, and fI(z,2) = mef (2)(e))7te (2) R, (2). But using
the definitions of e£(z) and é£(z) all exponential factors precisely cancel and in the
far field limit we are left with

fi(z,2) = 7R 2), 2 € (fm, 1), (26)
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which will play a very important role in Sects. Bland . We can also read off the far field
limit for f,(z,z') evaluated at the impurities p,, and g1, noting that by definition

e (fm1) = € (fim) = Ly,

ff(,um-i-la ,Um—i-l) = W(ﬂk - Zr_n—l—l)Rr_nl (,Um-i-l) = 277-2;5—17
FE s ) = 7L — Z5) Ry ) = 2751, (27)

and fl (pmi1, pim) = 0 (as well as 7 (i, pmi1) = 0, using fo(2,2) = fI(¥,2)),
verifying the results of Ref. [I1]. Although f,(z,z) is continuous at the impurities,
comparing Eq. (26) with Eq. ([217) we see, as anticipated, that in the high temperature
limit f.(z, z) is discontinuous at the impurities. At finite temperature, the transition
across the impurity has a “width” inversely proportional to the temperature.

For k = 1, where e (2) = exp(£27 (i1 — 2)7m) and €= (2) = exp(27(2 — i )Tm)

one finds for 2/, z € (tm, fim+1)

27 sinh (27T7°m(,um+1 -2+ 7;1“)) sinh (277, (2 — o + 7,1))

[ 2) =

: , (28)
T Sinh (27T7“m(l/m + k4 %}H))

which agrees with the result of Ref. [13], where only the limit with v = —1log Z and
Yme1 = —ilog Z,, .| neglected and 2’ = z was considered. We stress again that the
presence of v implies a subtle algebraically decaying influence due to the constituents of
type m —1 and m+ 1 (the influence of all other constituents is decaying exponentially,
although this is only relevant for SU(n > 3)). In terms of constituent radii r,,, = |Z—,,|
and locations 7, one has

_ ‘?jm—l—l - ?jm‘ + "m+1 — Tm ‘gm—l - ?jm‘ + "m—1 —Tm
L1 = 1 = ) 7—7"_7, = 1= = . (29)
| Gmt1 = Ym| + Tma1 +Tm Y1 = G| + "1 + T
For SU(2), with ¢,+1 = Ym—1, therefore Z = Z_ |, or v} = ~,,,,, and the influence
of the other constituent is only felt by a renormalization of the mass v,,,
cosh (277, (U, + 2m)) — cosh (277,,(22 — Lty — thm,
SU(Q) f:fm(z,z) - ( mr (V v )) ( mr ( T H H +1))' (30>

rm sinh (2707, (Vi + 29m))

Note that for SU(2) pu1+p2 = 0 and po+ s = 1. This leads to the well-know result for
the monopole zero-mode density f2(z,z) = mr !t tanh (77, (Vy + 29m)), with z = 0
for m = 1 (periodic zero-mode) and z = 1/2 for m = 2 (anti-periodic zero-mode).

4 Bipole zero-modes

In this section we discuss the zero-modes in the high temperature limit for z = pu,,,
which means that P..e~2™* has one of its eigenvalues equal to 1, which leads to one of
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the components of the fermion to become massless. Indeed, using Eqs. ([II3121) we
find that in the far field limit

s=p W) = @07 (5)7 ) B =4 () g a),  (8)

decays algebraically and has support on the constituents of type m—1 and m, as is easy
to see for k = 1, where X, = | — §p_1| + |% — Y| + |Um-1 — Uim|- Here we will restrict
ourselves to SU(2), particularly interesting for the axially symmetric caloron solutions,
since in the high temperature limit its gauge field has the form of the so-called bipole
ansatz (see Eq. (BH)), which always has an integrable chiral fermion zero-mode [21]. In
the bipole ansatz all Dirac strings have to run in the same direction, but other than
that, the locations of the self-dual Dirac monopoles can be arbitrary. However, for the
axially symmetric caloron solutions the constituents have to alternate between opposite
charges on a line [II]. In this case, with the solution coming from a regular caloron,
there are always as many zero-modes as the number of constituents with a given charge
(equal to the topological charge k). By considering the case of solutions with topological
charge 2, we will find the expressions for the bipole zero-mode and the extra zero-mode,
in terms of the constituent locations only (which should be possible, since the abelian
gauge field has this property in the high temperature limit). Remarkably, we will find
that rearranging the order of the constituents, so as to violate the constraint coming
from the axially symmetric caloron, the second zero-mode is no longer integrable (while
the gauge field and bipole zero-mode remain well defined).

A particular class of axially symmetric caloron solutions is obtained by taking

Yi = g(z)Ag—f §'(2) to be piecewize constant. This can be shown to satisfy the Nahm

or ADHM equation when we take [T1]

Co = paexp(2micy)(, g = Z al' Py, Trpa, =0, Y, = Y,.¢, (32)

m=1
where p, are positive, not to be confused with
P = pp® exp(2mi(aft — ™) A, A = Aypm€ = —mtry((TP,.¢7). (33)
For SU(2) one has Ay, = —Ay, (for SU(n > 2) a constraint on ¢ is required, to

guarantee that all Ay, are parallel). We will take € = Ags/|Ays| = (0,0,1) (hence

Ay, > 0) and Py, = exp(2mipo73) (therefore ( = (/Ays/mlsy). This can always be
arranged to be the case by a global gauge rotation, and a spatial rotation. We define
Ym, Up to an irrelevant overall shift, through Ay, = ¥, — ¥m_1. This fixes Y,, to be

w ) L v exp (2 [of — ad = (uy + s7)(E — €5)])
Ym - (ga + paym)éab + Z(l 5ab)papbjg1 ij 9 sin (7‘(‘ [58 — gg}) .
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The constituent locations are found from the eigenvalues of Y,,. Although constant,
it is not true in general that the Y,, can be diagonalized simultaneously, making this
a non-abelian solution of the Nahm equation. Yet, as we remarked before, one easily

computes the Green’s function, since RZ(z) = R,, = \/(fllk —e€Yy,) (@1, —€Y,,) is
constant in z. Using that for the axially symmetric solutions 5% = S%4 /| Ag,|, one

shows [I1] that in the high temperature limit the (abelian) gauge field can be written
in the form of the bipole ansatz [21]

det(Ry + Ry + S2)
det(R1 + R2 - Sg) ’

?

Au(z) = 5

7_377]21/01/ lOg ¢(x)> ¢($) = ¢f‘f(x)

(35)

In the bipole ansatz, one splits A,(x) in an isospin up and isospin down component
(with inverted abelian charges). However, all that concerns us here is the fact that
for any ¢, A,(x) as given above is self-dual (and hence a solution of the Maxwell
equations) provided log ¢ is harmonic away from Dirac string singularities (defined by
¢~' = 0). This always gives rise to at least one normalizable zero-mode of the chiral
Dirac equation

Uor () = (279) L2 (2) (115 48 )10, log b (). (36)

were p is simply a normalization factor. Here m corresponds to the isospin component
that survives for z = p, (with the other component related to f, (1, 2) vanishing in
the far field limit, see Eq. [{@)).

We now work out the explicit form of all £ zero-modes for the axially symmetric
caloron solution, showing how the zero-mode in Eq. [B8) is recovered from these. Using
Egs. (IDR7AB3), together with the fact that f, (1, o) is exponentially small (7 is used
for picking out the surviving component), we find for the normalized zero-modes at

2= pim (IC] = /Ay2/T)
2 i A _ A ba
° (@) = 6 2(@) < e (110,0) i (501) (37)
Using the fact that (cmp. Eq. (§))

iam (1) 90 —2miam
o' (x) = 1= 27|¢Ppac®™ o (5,1)" e 2ol p, (38)

the following linear combination recovers the bipole zero-mode

—2miall 1/2
Br() = P (1) = 5 (6000, (1= 67 0)) . = S AEIGP,
(39)
By defining WY (2) = p@ ¥ () with p@) an orthonormal set of complex vectors,
with p(l) = p,e?™'|(|/p we form a complete set of orthonormal zero-modes. That
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these are solutions of Eq. ([£) is guaranteed by the general formalism we developed,
but one may of course check this by substitution in the Dirac equation. This requires

0; det 80,51 = 0, with & = (1, — 25,,5,)) .

For axially symmetric SU(2) solutions with charge 2 we choose p(?) = é‘abpz(,l) and
find for the two orthonormal zero-modes at z = s

W 1 a + a — — ~ 3 T AN
v = 2p 1}-1?/2(1') < 2—2'023 1) ¢(i)1(£17), ¢(2)1(1') = 27Tp2 (p( )) 2, 1p(1). (40)

with gb(_ﬁ =1—¢gz", as shown in Ref. [IT], only depending on the constituent locations

y\@ read off from the eigenvalues of Y;,. Many choices of y,,, &, &2, a2, p, and ps
actually give rise to the same constituent locations, and hence the same expressions for
A, (x) and UM, Tt is important for consistency that this will hold for ¥ as well. Apart
from an irrelevant phase, this is indeed the case (checked for many random choices of

the parameters). The explicit analytic formulae in terms of the 4 arbitrary constituent
(1) 1) (2) (2)

locations, apart from the constraint on the ordering ;" < ys’ <y~ <y, , read
2 () i) (1) (1)
- _ oAy =~y |
Sy ly — e
_ 0 =08 =) 4 ) =) )
¢(2%(35) = ¢'N qb(ﬁ,

22 L N(J)T(])

1,]= 7

where rgj ) = |7 — e_’yi(j )| and the constants N, Ni(j ) are given by

J AR AL (42)

N = J (w5 — i)t - yé”)j v = W = e o)
(s =t — o) (ws” — ")

The phase v vanishes when o' = £ = 0, but is of course irrelevant for checking y@
to be a properly normalized fermion zero-mode, orthogonal to ¥M, In Fig. @l we give
an example for the behavior of these zero-mode densities. We choose y§l) = —6.031,
yél) = —2.031, y§2) = 2.031 and y§2) = 6.031. These are the constituent locations also
found in Fig. Bl based on the axially symmetric solution with ps = 1/4, a, = & = 0,
& =35 Ay, = 1 and p; = py = 2. Shown are the results for both zero-modes
(bipole zero-mode on the right) at finite temperature, § = 1 (bottom), and at infinite
temperature (top). Note that these two only differ in the cores of the constituents,
regular at finite temperature, but singular for the self-dual Dirac monopoles one is
left with in the high temperature limit. The bipole zero-mode density is shown on a
scale enhanced by a factor 5. Its reduced height is due to the fact that this zero-mode
decays much slower than the other one, as can be read off from the behavior of (25(_2)1 (x)

in Eq. (@T).
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Crucial for the normalizability of both zero-modes is that 1/¢; is constant on the
Dirac strings, where 1/¢g vanishes

-1 —1 iy vy —y® (1) (1)
¢(1)(O,0,$3) = 17 ¢(2) (0707:1:3) = —e"N | ZH—tn for Y1 <3 < Ya

ng)_ygl)
(1)_y(1)

600,79 =1, 60,07 = N () or oY smsyf (@)

Ya

We are now in a position to answer the question what happens when violating the
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Figure 4: The two zero-mode densities at z = s = 1/4 (same configuration as Fig. B)).
The bipole zero-mode (right) is at 5 times the vertical scale of the second zero-mode
(left). Top for the high temperature limit and bottom for finite temperature (5 = 1).
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Figure 5: The two zero-mode densities for Eq. (1) with the order of y?) and yél)
interchanged. The second zero-mode (left) is at the same scale, whereas the bipole
zero-mode (right) has its vertical scale magnified by a factor 10, compared to Fig. @l

constraint on the alternating order of oppositely charged constituents, by smoothly

deforming from 3" < y® to y{" > ¥, Under this deformation, both ¥@ and ¥®
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remain zero-mode solutions of the Dirac equation, and A, remains a self-dual abelian
gauge field. We now have a Dirac string for y?) < x3 < yél) of double the usual
strength (¢5' behaving as x4 as opposed to 2% ), where the second zero-mode density
diverges, as illustrated in Fig. Bl This is because ¢,y will no longer be constant on the
double Dirac string. The bipole zero-mode, on the other hand, remains well defined.
It actually vanishes identically on the double Dirac string (cmp. Fig. 1 of Ref. [21]),

and no longer “sees” the two inner self-dual Dirac monopoles.

It would be interesting if one could formulate an index theorem for these abelian field
configurations with singularities, but this will not be straightforward as our analysis
shows. It is yet another subtlety in describing the monopole content of non-abelian
gauge fields. Developing a better understanding of these constraints, that affect the
long range properties of configurations, is our main motivation for these studies.

5 Appearance of conserved quantities

Our analysis has shown that in all cases, as long as z stays away from the impurities,
the zero-mode density is exponentially localized to the cores of the constituents in the
far field limit. The sizes of the monopole cores shrink to zero in the high temperature
limit (with masses scaling proportional with the temperature), therefore we expect

V(@) = (4m)'Tr (R, (2)) (44)

cmp. Eqs. [ and B8, to be harmonic almost everywhere except for singularities tracing
the cores of type m monopoles for z € (fi, ftmy1). Since the caloron gauge field does
not depend on z, this interpretation requires V,, not to depend on z. The trace in
Eq. @) is necessary to remove any z dependence due to the fact that the basis of
zero-modes is only defined up to a — possibly z dependent — unitary transformation.
All this is obviously true when ﬁ(zg ¥) is piecewize constant, as for £ = 1 and for the
class of axially symmetric solutions of Ref. [IT]. In this case the zero-mode density
in the high temperature limit reduces to the sum of k delta function, located at the
appropriate constituent monopole locations.

To show that V,, is independent of z, even when ﬁ(z, ¥) is not piecewize constant
we solve the Riccati equation, Eq. (20), iteratively in 1/|%| and obtain the multipole
expansion for V,,,(Z). We can then use the Nahm equation for A;(z) to check if every
moment of this expansion is independent of z. We restrict our attention to the region
between ,, and pi,,11 and perform a rotation U(Z)

Ai(2) sin(f) cos(p)  sin(f) sin(yp) cos(0)
D001(2), Ud) = cos(@). cE)s()go) cos(6) (sn;(@) — Siél(«?) :
—sin(y cos(yp

Yi(2) = Uy (2)9(2) omi

(45)
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with (6, ) defined such that Uy; = Z; = x;/|Z| (the dependence of Y(z) on & will
always be implicitly assumed). This leaves rotations around Z as a remaining freedom,
which we will make use of later. For the axially symmetric solutions discussed in

—
A

Sect. B, Y (z) = U(2)Y,,, cmp. Eq. (B4).

The Nahm equation, which is invariant under rotations, is equivalent to (working
in the gauge where Ay is constant, removed by the gauge transformation with g(z))

da
dz
We introduced Y (z) in Eq. (@) such that

Yi(2) = —mieyi[Y;(2), Yi(2)]- (46)

R(z8)° = L[ - 21FYi(2) + Y 2(2), (47)
has a simple form. Writing
R (2)? = 1|77 — |Z1Qx (2 2171, (48)

we can now formulate the Riccati equation, Eq. @), in terms of Y (z) and Q4 (z; |Z| 1),

Q=) () TR, 1 d [ Qu(lE)
E @ R ad d B

1 —

, o (49)

which can be solved by iteration, expanding in powers of 1/|Z|, something that is
easily automated. We used the algebraic program FORM [26] for its superior memory
management and speed to push this calculation to a high order. We find for the first
few terms (also easily obtained by hand),

Ry (2)/|7] = L = Yi/|7] + (Y3 + Y5 +i[Ys, Ya]) /|7 + (50)
L(YaW1Ys + Y3Y1Ys FiYaY1 Vs +iVaViYo) /@ + .

where the z dependence of Y;(z) is suppressed for ease of notation and any derivatives
with respect to z are eliminated with the help of the Nahm equation, Eq. (@f). We
substitute this expansion in Eq. @), with R,,(z) = }(R}(2) + R,,(z)), from which we
obtain its multipole expansion. The first few terms are

V() = Tr (L + Yi/ 2] + 3(3Y? = V) /|#)” + 12 (5Y7 = 3Y ) /* + .. ).
(51)

A number of checks can be performed on this result. First of all V,, and Q)+ are
invariant under any rotation among Y5 and Y3, V,, is real and )1+ are hermitian, as
should be. By construction, cmp. Eqs. (1), (26) and (@),

47| 7|

S ()18 () = V@), = € (e ) (52)

16



in the far field limit, and one verifies that this integrates to k, as required by the
proper normalization of the zero-modes. But most importantly, we verify with the
help of the Nahm equation, Eq. @H), that £}, = 0 to the order given (whereas
in general neither RE(z), nor Tr(R,,(z)) are constant). For the dipole term this is
immediate, since d%TrYl = —2miTr[Ys,Y;] = 0. For the quadrupole term we have
LTr(3Y2 — YV?) = —4miTr(3Y1[Va, Ya] — £, Y;Y;Yi) = 0, using the cyclic property of
the trace, etc. Note that Trfli(z) plays a special role. It corresponds to the U(1) part
of the U(k) Nahm gauge field, and therefore decouples in the Nahm equations. As is
obvious from the definition of é(z, %), Eq. ([4), it can actually be absorbed in a shift
of . Therefore, where this simplifies matters we may assume }7(2) to be traceless.

Finally we check, as conjectured above, that each of the terms is harmonic. For this
we have to note that Y (z) depends on & through the rotation U(&), see Eq. (). In the
expression for V,,(Z) the # dependence is easily recovered since Y 2 is independent of
7 and Yi(2) = §(2)A;(2)§1(2)z;/(2mi|Z]). Tt is now straightforward to verify that each
term is harmonic. When k = 1 we may use that Y; = Z - 4/,,, is no longer a matrix, and
one indeed finds V,,,(Z) in Eq. (1) to be the multipole expansion for (4|7 —¢,,|) ! for
that case. Since this is harmonic (for Z # ¥,,), each term in the multipole expansion of
V() has to be harmonic. For arbitrary k and Y'(z) we have checked these properties
to order |Z]™* in the multipole expansion.

From now on we take charge 2. In this case there are 5 independent conserved
quantities that characterize the solutions of the Nahm equation on a given interval
2 € [lam, flans1], apart from the 3 translational degrees of freedom contained in TrA;(z).
They are given by the entries of the traceless and symmetric matrix M,

Mij = =3 (Te(Ai(2) A45(2)) — 105 Tr(Ar(2) Ax(2))) (53)

One easily checks with the Nahm equation that this is conserved, as for the quadrupole
term considered above. Although not needed here, it is known [7] that for any & a
solution to the Nahm equation implies det(yjflj(z) — 2miy;x;) is constant, provided
§ € C° with y? = 0. Indeed, for k = 2 and & = 0, using that det(y;A;(z)) =
—1Tr(y;A;(2))?, this is equivalent to M being constant if and only if y? = 0. Since M
gives all the independent invariants, it should be possible to express V,,(Z) in terms of
M and Z. Considerable simplifications occur, because we can write

Aj(2) = iAju(2)31 (2)7ai(2) (54)

(absorbing the trace part in a shift of &), and use 7,7, = dapls + i€apeTe to reduce the
matrix products to scalar products, A, (2)A;4(2) = M;; + 16;;.A%,(2). We do indeed
find that V,,(%) is a function of M and & only,

V(@) = — <1+ 3 Mll(ae)+0(|a?|—4)>. (55)

~ 277 2[72
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where for convenience we introduced

A ~ 1 ~ i =

NMyj(2) = (U@)MmU 1(93))2,], = 1T (Yi(2)Y;(2) — 36,V 2(2)) . (56)
We performed the multipole expansion for charge 2 to order |Z|™'. Only the odd
orders appear, because Y (z) is assumed to be traceless. In appendix B we give the
term of order 21, and show how from this all lower order multipole coefficients can be
recovered.

6 Exact results for charge 2

In this section we will construct SU(2) charge 2 solutions for which R(z;Z) is not
piecewize constant and analyse the localization of the fermion zero-modes in the far field
limit. We already saw in Sect. Bl that on each interval (p,, ftm+1) we have information
on the zero-mode density, Eq. (B2), in terms of 8 parameters. Three of these are
associated with Tﬂ?(z), which give the center of mass coordinates for the constituents
of type m. Of the other 5, given by the 3 x 3 traceless symmetric matrix M, 3 are
associated to a rotation R that diagonalizes M, whereas the remaining 2 parameterize
the eigenvalues of M. They will give a scale (D) and shape (k) parameter, see below.

6.1 Solutions to the Nahm equation

Explicit solutions in terms of Jacobi elliptic functions were first considered in the
context of SU(2) charge 2 monopoles [27, 28]. These solutions can be adopted for
the calorons provided the appropriate boundary conditions, read off from Eq. ([H),
are implemented. In terms of the 3 x 3 matrix A;,(z) defined in Eq. (B4, the Nahm
equation becomes (away from z = p,,)

rd ., . —1
5 A () = det(A(2) A7 (2), (57)
from which we find
T (AGAR) = 1y det A(2) = 13/det (A2 A(2)). (58)

The traceless part of A(z).A"(z) is therefore independent of z, once again verifying that
M = A(2)A'(z) — 113Tr(A(2).A(2)) is constant. Here we are, however, interested in
the equation for the trace part

dizF(z) = 4\/det (F(2)13+ M), F(z)=1Tr (.A(Z)At(z)) . (59)
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When we diagonalize M with a suitable rotation R, M = Rdiag(cy, ¢z, c3) R, fixing R
such that ¢y < ¢; < ¢ (note that in addition ¢; + ¢ + ¢5 = TrM = 0), this can be cast
in the form

d
L F) = 4(F(2) + e)(F(2) + &) (F(2) + cs). (60)
Defining F(z) + ¢; = 1D?f?(Dz) and introducing D and k to parameterize the c;,

D?*=1(cs— ), k*= i <1, (61)

C3 — C2

shows that the solution can be written in terms of the Jacobi elliptic functions?

K = k'sny(z)
f1(2> - ) f2( ) an(z) ’

cny(2)

. dnk(z)
fa(z) = eng(2)

., kK'=+v1-k% (62)

The overall sign of the functions f;(z) is chosen such that dfi(z)/dz = f2(2) f3(z), and
cyclic, such that in terms of these the most general solution of the Nahm equation is
given by

A;(z@ R, h,D, k) = 2migt(2)h (aj112 + DR, fb(Dz)Tb) hj(z), D= (4r)'D, (63)

where R is the rotation that diagonalizes M and h is a global gauge rotation (leaving
A(2)A'(z) invariant). In the Sp(1) formalism for constructing SU(2) calorons one
requires Ag(z) = A;(—2), a property shared by f,(Dz)7, for each b. Arranging fo(z)
to be odd and f; 3(2) to be even in z was the reason for choosing ¢» < ¢; < ¢;.

We see that k' = 0 (i.e. k = 1) recovers the case where R(z;7) is piecewize con-
stant, for which VE=1(Z) = (4n|Z — ¢]) ' + (4n|@ + ¢]) 7', with ¥ = (0,0,D) and +¢
the two locations of the equal charge constituents (the center of mass assumed to be
zero), see Sect. Bl The combined zero-mode density in the far field limit is given by
—02V, (%) = 6(F — ¢) + 6(F + ), the sum of two delta-functions at these constituent
locations. Actually, two point-like constituents necessarily implies k = 1. Comparing
3My1/(167°|Z)%) = 33, ¢;a2/(167°|]°), see Eq. (BB), with the quadrupole term for
VE=1(7), (222 — 22 — 23)D? /(4| Z|®), one finds that ¢; = ¢y, which forces k = 1. It is in
this context that we define y = £(0, 0, D) as would-be constituent locations even when
k # 1. In which way we will approach point-like constituents when k — 1 will become
clear in Sect. So far we have studied the Nahm equation away from the “impuri-
ties”. We first want to convince ourselves that there are more general (not piecewize
constant) solutions to the Nahm equation that describe calorons with non-trivial holon-
omy, for which we need to solve the boundary conditions at the “impurities”.

IThe Jacobi elliptic functions are defined by sny(u) = sin(¢(u)), cnk(u) = cos(p(u)) and dny (u) =

1 —k2?sni(u), with u = fow(u) df(1 — k?sin® §)~'/2. We use boldface for k to avoid confusion with
charge k. One also encounters the notation [29] sn(u|m) for sny(u), with m = k2.
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6.2 Matching at the impurities

We will consider here the case of SU(2) charge 2 calorons in the symplectic repre-
sentation, for which A;(—z) = Aﬁ(z) This condition is preserved under the gauge
transformation §(z) defined in Eq. ([3l), but requires us to further constrain h ap-
pearing in Eq. (63) to be generated by 7. It means that for z € [u, u2) the Nahm
gauge field is given by A;(z) = A;(z;a™, R, =2 DO kM), For z € [y, 1 + 1]
we use that periodicity of A;(z) implies A;(1 — 2) = A;(—2) = Ag(z), such that
Aj(z) = Aj(z — 3;@a?, R®, e=20@m D@ k@) This was studied before by Houghton
and Kraan for trivial holonomy (uo = 0) [30], where one of the monopole types is mass-
less. For general holonomy, the Nahm equation reduces at z = s to (see Eq. (1))

Aj(pn = 3;@® R, 73907 DO K@) — A4 (6™, RW, =377 DO kM) = 2ip],

A A (64)
At z = pp = —po, using A;(—z) = A;(z)", the same condition is found (one can
check [TT] that p; = —pb).

104
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Figure 6: Plotting |Ad]| versus D, Eq. (68), for k = 0, 0.9, 0.99, 0.999 and 0.9999 (left
to right).

A particularly simple solution is obtained for pus = 1/4 (equal mass constituents)
by taking the same parameters in both intervals, up to a shift @, D™ =D, k™ =k,
R™ = 13 and 0™ = 0, collapsing Eq. (G4) to

. . snk(1D)

= Adl, —2(0,1,0)nDk' ——=2—<

P2 als ( ) L )T2 an(%Dy

This can be solved by taking P, = 1(1s+ 72), (, = pexp(2mia,m), with a; —ag = 1/4,
which gives pgt = —2mp?Pg%(0,1,0), such that

DK'sny (D)

2meny(1D)

For increasing D, cny (D) will reach zero at 2D = K (k), the half-period®. To keep
2K (k) = [7/% d6(1 — k2 sin? 0)~1/2, satisfying K (k) = —log(1k')(1 + O(K’2)) [29)

Ad=a? —aV (65)

(0,1,0) = —Ad = 7p*(0, 1,0). (66)
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|Ad| finite, k” has to approach zero as well.

In Fig. @ we plot |Ad] as a function of k and D, from which we confirm that, at
fixed |Ad|, k has to approach 1 to have well separated constituents. In this point-
like limit, monopole constituents of type 1 are located at (0, —iwp?, +D) and those of
opposite charge (type 2) at (0, imp? +D) (choosing the overall center of mass at the
origin). This configuration has parallel magnetic moments and placing self-dual Dirac
monopoles at the mentioned locations would give a gauge field in the bipole ansatz,
Eq. (B3). However, the abelian component of the gauge field coming from the above
caloron can at best take the bipole form in the limit discussed. For k = 1 and D finite,
|Ad| = 0, and one is left with two singular instantons (of zero size) at (0,0, £D).

For this reason we now consider a class of solutions which contains regular axially
symmetric solutions with k = 1. Again we take up = 1/4, D™ = D, k™ = k,
(o = pexp(2mia,Ts), but now with ap = —a; = 77 ta, P, = L(1 +73), 0@ = -0V =0

and
cosp 0 sing

-1
R® = (RW) " = o 1 0 |. (67)
—singp 0 cosy
One finds
Pt = —mp?(—sin Ty, — sin ary, 7y + cos aly)®, (68)

and Eq. (&) takes the following form

2D(f1(1D)sinfcosp + f3(2D)cosfsing)rs + Aayly, = wp’sinars
—2Dfy(1D)7y + Aagly = wp’sinamn (69)
—2D(f1(1D) cosOsinp + f3(2D)sinfcos)r + Aazly, = —7wp?(m + cosaly).
This can be simplified to
Dsin(f — @) (fg(iD) — fl(iD)) = 17p*(1 —sina), Ad = —7mp*cosa(0,0,1), (70)
Dsin(6 + @)(fg(iD) + fl(iD)) = 11p*(1 +sina), Dfa(iD)=—1inp’sina,
It gives a three parameter family of solutions with would-be point-like constituents at
79 = ((=1)’Dsin ¢, 0, (—1)™ D cos p — (—=1)™1p* cos a). (71)
To have an exact point-like far field limit we need to impose k = 1, implying sin o =
0 and cos 0sin ¢ = 0. The first possibility is that cosf = 0, for which |cosp|D = 1p?.
One finds two constituents of opposite charge to coincide. Such a solution describes a
singular (zero-size) instanton on top of a smooth caloron. Excluding this singular case

we are left with the choice sin = 0, for which |sin@|D = 1p?>. We now find axially
symmetric solutions with constituent locations at

7 = Fimp? ((=1)™ + (—1)7] sin 0] ) (0,0,1), (72)
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where the overall sign comes from the fact that cosa = +1. For cosf # 0, all con-
stituents are now separated from each other, giving a regular solution. Both cases
were already studied in Ref. [I1]], based on assuming that ps is one dimensional (cmp.
Sect. H). It can be shown that for SU(2) exact point-like constituents, k¥ = k) =1,
forces p, to be one dimensional for any choice of the remaining parameters.
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0.1 0.2 0.3 0.4 0.5

Figure 7: On the left we plot k versus p fora =0 (k=1), a = —7/100 and o« = —7/2
(giving the lower bound for k at fixed p). On the right are shown the locations, Eq. (1),
of monopoles and antimonopoles (fat vs. thin curves) in the 1, 3-plane for p = 1/4, by
varying « from —7 (indicated by the arrows) to 0.

Nevertheless, when sin « # 0, insisting as before that equal charge constituents are
well separated, while keeping the centers of mass of these pairs at a fixed distance
7p?cosa, one forces k — 1 while increasing D, and hence approximate point-like
constituents. We will illustrate this behavior for § = w/4. In Fig. [ we plot for a
typical value of p the constituent locations as given by Eq. ([[Il), varying « between —m
and 0 (given p, a and 6, one can use Eq. ([{0) to solve for ¢, D and k). We also plot k
as a function of p for some values of ¢, showing the rapid uniform approach to k = 1.
The asymptotic behavior for &« = —m/2 is determined by

/ 4 exp(—D / 4) / /
K = o (1+0(?), D=4v2r%*(1+0(K?)). (73)
It is als