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Abstract

We take the viewpoint that the physically acceptable solutions of the Lorentz—Dirac equation for radiation
back-reaction are actually determined by a second order equation of motion, the self-force being given as
a function of spacetime location and velocity. We propose three different methods to obtain this self-force
function. For two example systems, we determine the second order equation of motion exactly in the
nonrelativistic regime via each of these three methods, the three methods leading to the same result. We
reveal that, for both systems considered, back-reaction induces a damping proportional to velocity and, in
addition, it decreases the effect of the external force.

1 Introduction

The Maxwell equations of classical electrodynamics describe how given charged particles determine the elec-
tromagnetic field, while the Newton equation with the Lorentz force tells how a given electromagnetic field
determines the motion of charged particles. As a first step towards describing interaction between matter and
field, the radiation back-reaction (self-force) of a point charge e having the special relativistic world line function
r is deduced to be[ll 2] [B] [ [5] [6] _

Foar =n (g7 = #ir /) T, (1)
where indices Tun from 0 to 3, g is the spacetime metric, ¢ is the speed of light, n = (2/3) €?/c?, and overdot
denotes differentiation with respect to proper time.! This force is added to the external force f, which may
depend on both the spacetime location and the four-velocity of the particle, to obtain

mid = fI(r,7) +n (g7, — i /c?) T, (2)

called the Lorentz—Dirac equation, for the motion of the point particle with mass m.

The problems with this equation are well-known. First, it is of third order so the initial values of spacetime
position, velocity and acceleration are necessary to obtain the motion, and there is no apparent reasoning how
to prescribe acceleration. Second, the equation admits 'runaway’ solutions—motions accelerating exponentially
in time—, and, third, it exhibits acausal behavior.

There are a number of attempts to treat these problems (see, e.g., [1, 8 [, 10, 11l 12} 13| 14} 15, 16] 17],
research along the lines of [I8], etc.), trying to find the physically acceptable solutions of the Lorentz—Dirac
equation and giving further and further insight into the situation.

It is important to note here that, irrespective of whether the Lorentz—Dirac equation is considered an exact
one for exactly pointlike charges or an approximate one for distributed ones, it is legitimate, useful and insightful
to investigate whether an equation of the form (@) finds physically meaningful use.

One of the proposed and most frequently applied approach is as follows[I9]. As a zeroth approximation, the
equation without radiation is considered:
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mil = fI(x, ). (3)
The third derivative is computed from this equation,
1 (Of7 , Of .,
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1Note that, upon fjr‘j =1, we also have —7ir, 7k = 7J [rkrk —(1/2) (f’“r‘k) ] = 7J#,i**. Frequently, the self-force is written using

this latter form.
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Then the second derivative here is replaced by the rhs of @) (divided by m), an expression of lower order
derivatives, leading to the following approximation of the self-force ():

: S @\ 1 /aff ., 1 oft
by (x,2) =1 (gjk -2 f’“) — (%il + E%ﬂ(z’i)) . (5)

C m

This is added to the external force to derive an approximate second order equation of motion:
mil = fI(x, &) + b, (2, &). (6)

In known examples, b {jl} (z,2) is found to be a damping dissipative term.

Another idea [I0] is that the initial values of spacetime position, velocity and acceleration cannot be given
independently, and one has to find a ‘critical manifold’ formed by those initial values which do not result in
runaway solutions. In [I0], it is stated that the critical manifold admits a second order differential equation for
the physically acceptable motions but the actual form of such an equation is not given. Instead, by a singular
perturbation, only a first approximation is provided, which results in (@]).

Here, our object of interest is the exact form of the second order differential equation for the critical manifold.
Before proceeding, we mention that other results [20] also suggest, implicitly, the existence of a second order
equation of motion in the background.

In what follows, we explicitly assume the existence of a second order equation of motion,?

mi! = fI(x, &)+ V(x, &), (7)
with the self-force as a function of spacetime position and velocity,
fsjelf:bj(x’j”)a (8)

and derive the condition on it that ensures that all its solutions are solutions of (2]) as well. This condition
turns out to take the form of a partial differential equation for (g)).

In parallel, based on physically plausible ideas, we also propose two iterative methods for obtaining the
self-force function. Actually, the first step of one of these iterative methods corresponds to (Gl).

For demonstration, we investigate the partial differential equation and the iterative methods in quantitative
detail, in the nonrelativistic regime,? treating two special cases. For both systems, we calculate the self-force
function exactly via each of the three methods, and find that the three approaches provide the same result.

2 The self-force function

For convenience, we introduce the shorthands
f=1t/m. q=n/m, b=0b/m. 9)

2.1 Differential equation for the self-force function
As said, we assume that the equation of motion of a radiating particle is of the form
# = f(w, &) + (2, &), (10)

where the second term on the rhs is the self-force as a function of spacetime position and four-velocity. In order
to obtain its actual expression, we use a fixed-point-like property, as follows. Computing the third derivative
from the expected equation of motion ([I0), substituting & in the obtained expression by the rhs of (I0), and
applying 7 (¢7), — @7@x/c?) to the result, we have to recover the self-force:

5 A<j :'cj:'ck>[8(f’“+8k)il+a(f’“+8k)

— £l 7l
=N{9k— c2 ol 97l (f +b) . (11)

2 Apparently, this hypothesis is considerably stronger than assuming dependence on the extended past, which phenomenon could
also be plausible by physical expectations about how interaction takes place between matter and field. Here, driven by the above
motivations, we investigate whether one can succeed with this stronger assumption.

3Namely, we take only j = 1,2,3 in (@) and omit terms of the order of 1/c? or higher.



Naturally, one has to keep in mind that z and 2 are to be understood as independent variables. We can display
this fact in a more self-explaining way, writing (1)) as

(o) =i (o~ 5 ) {aw Pl AL <x,u>} .

c2 ox! oul

This is a first order partial differential equation (system) for the two-variable function(s) b, Tts solution
is expected to contain an arbitrary free function; on physical grounds, one can impose some requirements, via
which one can obtain the sought self-force function uniquely.

To formulate the fundamental condition, let us draw attention to that the self-force depends on the external
force, b(z,u) = by(x,u). It is evident that there is no self-force without external action; this fact can be taken
into account in two ways.

First, we require that if f is zero in a neighborhood of a spacetime point xg and four-velocity ug then

bf(xo,UO) =0. (13)

Second, it is plausible to expect that less action generates less reaction; consequently, we demand that if
the external action tends to zero then the self-force must tend to zero, too. Specifically, we will consider the
self-force function b, ¢ for every 0 < x < 1 and will impose, in the pointwise sense,

EL% bis(z,u) =0. (14)

A third natural assumption is that if the external field has a spacetime symmetry then the self-force function
has the same symmetry. Namely, if f is invariant under a Poincaré transformation P (with the underlying
Lorentz transformation L), i.e., Lf (P_lac, L_lu) = f(z, u), then the same invariance must hold for by, too.

Though not utilized in the present considerations, a natural generalization of this criterion to include non-
invariant cases would be that the transformation of f to f¥(z,u) = Lf (P_lx, L_lu) is accompanied by the
corresponding transformation of by to bsr (x,u) = Lby (Pflac, Lilu). Similarly, our two other conditions could
also be generalized /weakened for future needs.

2.2 Iteration of the radiation term

Equation () is, in general, a rather complicated system of partial differential equations so it is not easy to
find its solutions. Hence, we look for other methods as well, to determine the self-force function.

An idea is suggested by (6 which, as said, cannot be an exact equation. We can consider it, however, as a
first approximation. Then it is a straightforward idea that we take an analogous second approximation: 7' is
computed as the derivative of

and then & is substituted by the rhs of ([I&). Thus, we obtain an expression 3{2}(113, %), with which the second
approximation for the equation of motion is

# = (@, &) + by (x,2). (16)

The same procedure can be repeated iteratively for all higher orders. If the sequence of terms l;{n} (x,2) converges

to a I;(z, &)—in some appropriate sense, e.g., pointwise—then we arrive at a second order equation of motion
of the form (I0). Naturally, it is a tough problem is whether the sequence converges or not.

2.3 Iteration of the solution

The above iteration method suggests another one, which would not directly result in an equation of motion but
in the motion corresponding to initial values xg of spacetime position and ug of four-velocity.

Let the solution of the zeroth approximation (8] corresponding to initial values zy and wug be denoted by
r{o}- Taking its first and third derivatives, we establish the differential equation

i = 1w, @) 4 (0 = Py oy /) Ty (17)



as the first approximation for the equation of motion. Let 71} be its solution for initial values zo and wuyo.
Taking its first and third derivative, we establish the second approximation, and so on; at step n + 1 we solve

i = @, 0) + 0 (97 =y Py /) Tl (18)

If the sequence of solutions r(,} converges to an r then we succeeded in finding a motion satisfying equality (2])
without the need for the initial value of acceleration. This motion is, therefore, a good candidate for the sought
physical solution.

Naturally, here, too, convergence is a tough problem.

We can observe that, although this iterative method provides solutions rather than the equation of motion,
a corresponding self-force function b(z,u) can be read off from the solutions. Namely, the value of the corre-
sponding b at any spacetime point xy and four-velocity value ug can be calculated from the third derivative of
the solution r belonging to initial values xy and ug, at the initial proper time value:

b (xo,up) =17 (gjk — (ug)’ (uo)k/CQ) Tk(()) (19)

3 Applying the three approaches in the nonrelativistic regime: Con-
stant field

Let us consider a constant external electromagnetic field, which acts on the charged particle via the Lorentz
force
f=eE+evxB=¢E+eFuv, (20)

where FE is the electric field three-vector, B is the magnetic axial vector field, F' = (—BX) is the corresponding
antisymmetric three-tensor—now each assumed space and time independent—, and v is the velocity of the
particle. With the shorthands

E-‘E B=°B F-=°F, (21)
m m m
we can simply write ) R 5 -
f=f(w)=E+Fv. (22)

The electromagnetic nature of the field will not play any role here so the subsequent considerations will be
applicable for any force of the form (22), including a constant gravitational attraction, for example.

We will need some technical remarks regarding F. Tts kernel is spanned by B, its range is the plane
orthogonal to B, and, with P denoting the orthogonal projection onto this plane, we find

F=PF=FP=PFP, (I-P)F=0 F?’=_-B°P, (23)

where I stands for the three-identity tensor (and B is the magnitude of B).
To keep the formulae shorter and more easily accessible, we first treat E = 0. In this case, the equation of
motion without radiation is
¥ = Fo. (24)

The results for the general case E # 0 are presented in section 341

3.1 Differential equation for the self-force function

We can start with ruling out the space and time dependence of l;, based on the requirement of section 2.1] that
a spacetime symmetry of the external force should be respected by the self-force, too. In the present case, the
symmetry in question is spacetime translation invariance. Hence, the sought equation of motion is of the form

0 = Fv+b(v). (25)

In addition, the external field is invariant for space inversion, —F(—v) = F(v), and thus —b(—v) = b(v) is
required, too. R
According to our assumption described in section 2.1l b must obey the differential equation

6(1}) = 77[13’ + i)'(v)] [13"0 + i)(v)}, (26)



with / denoting the derivative map. Let us assume that we can expand b in a series. Because of the space
inversion symmetry, the even powers are zero, so

E(”) = Liv+ L3(v,v,v) + Ls(v,v,v,v,v) + -~ (27)

where L is a linear map, Ls is a symmetric trilinear map etc.; keep in mind that they depend on F'. Using
the notation L3 (vg) := L3(v,v,v) etc., we obtain

Liv+ L3(v®) + Ls(v°) + - = f[F + Ly + 3L3(v?, - ) + 5L5(v*, - ) + ]
X

[FU+L1’U+L3(’UB)+L5(’U5)+"'L (28)

from which it follows, order by order, that
L3(v*) = #[3Ls(v?, (F + L1)v) + (F + Ly) L3 (v®)], (30)
L;5(v°) = 9[3Ls(v? L3 (v®)) + 5Ls(v*, (F + L1)v) + (F + L) L5 (v°)], (31)

etc. Multiplying ([29) from the left and from the right by F + Ly, we find that L1 F = FL,. Then it is a simple
algebraic fact that ~
L, =—aF —yP+ (I — P), (32)

where «, v and 3 are scalar coefficients depending on F. Applying the second condition put in section 21l ~
and B must tend to zero if F' tends to zero.

Having (32), (29) yields
—~aF —yP + B(I — P) =i[-(1 - a)’B*P +~+*P + 8*(I - P) — 2y(1 — a)F], (33)
which tells )
a=2iy(l-a), y=iq(l-a)’B® i (34)
as well as 3 = 132, according to which f3 is either zero or equals 1/7. The second possibility is excluded by the
demand that 8 must be zero for zero external field so

B=0. (35)

The first equation in (34) rules out o = 1, and then another equivalent pair of equations is

m:ﬁ, AAB2(1—a)' + (1 —a)? —1=0. (36)

The latter condition is a quadratic equation for g := (1 — «)? > 0, with the only non-negative root

o=(-1+1+16@B)") / (3(iB)"). (37)
Again, the condition that v must be zero for zero external field, gives the result:
a=1-yo,  v=(01/Ve-1)/(20), (38)

the latter obtained from the first equation in ([B8l). As it is proved in the Appendix, [B0) yields Ls = 0, and,
similarly, all the higher order terms are found to be zero. Hence, the self-force is

b(v) = —(aF +~P)v, (39)
and the equation of motion is
v =Fv+b(v), ie, 0= [(1- o)F — vP]wv. (40)
It is informative to inspect the solution of this equation of motion, which is
w(t) = (I — P)vy + e Tt Ft Py (41)

for initial velocity vy at zero initial time. For nonzero B, we have 0 < 1 — a < 1 and v > 0 so radiation causes
that

e the effect of the external magnetic field is reduced by a certain factor, and
e the component of velocity perpendicular to the magnetic field tends to zero as time passes.

Note that, in this simple case, two conditions given at the end of section R.I]suffice to determine the self-force
function completely.



3.2 Iteration of the radiation term

It follows from the equation without radiation—the zeroth approximation (24)—that ¥ = Fv = F?v = —B2Pwv.
Accordingly, the first approximation of the radiation term is

i){l} (’U) = L{l}’U, L{l} = 77?B2P, (42)

with which the first approximation of the equation of motion becomes v = (14:' + L{l})v. The radiation term
derived from this equation equals

7 - 2
bioy(v) = Ligyv,  Lyzy =0(F + L) . (43)

Repeating this again and again, we recognize the generic recursion formula

= T 2
by (v) = Lymyv, Ly =0(F + La-y) " (44)

Since
L E 2 _ .05 T ST
Ly =i(F + Lyyy)” = 7(-B*P - 2aB*F + #*B"P), (45)

every Ly, is a linear combination of F and P. Supposing that the sequence B{n}(v) converges for all v, Ly,
should converge to an L, for which we have

L =7q(F + L) (46)
where L is a linear combination of F' and P: L = —aF — vP. Consequently,
—aF AP =4 [7(1 fa)232P727(1704)13'+72P}, (47)

which imposes the pair of equations in ([B4]), i.e. we arrive at the same result as previously.

The ambiguity a = 1+ /g arises here, too. If convergence holds then, naturally, only one of the possibilities
can be the limit. To select the correct one, we can consider the simple case when there is no external force.
Then all the iteration terms are zero, and the iteration converges trivially. Hence, the coefficients must be zero
for zero magnetic field, as previously.

A problem with the method of iterating the radiation term is that it is hard to obtain conditions for the
convergence of the iteration. Unfortunately, convergence may not hold. Indeed, for ﬁB = l1—i.e., for such

special magnetic fields—convergence does not occur, since then Loy = —2F, so L3y = Ly Thus, for all
higher ns,
Ly (nis even),
Ly = L{ ’ . (48)
(13 (nis odd).

It is interesting, however, that the final result [BY) does not exclude the case ﬁB = 1, and provides solution for
7B > 1 as well (which is expected to be outside the domain of convergence).

3.3 Iteration of the solution

Considering an initial value vy at zero initial time, the zeroth equation (24)) has the solution

wioy(t) = ey (49)
Then oy (t) = —BQGFtvo, so the first approximation satisfies the equation
v =Fv— ﬁBQeﬁ‘tvo, (50)
whose solution with initial value vq is
wipy (t) = (1 - ﬁé%) oFlayg. (51)

Then w3y (t) = — [BQ (1 - ﬁBQt) + 2ﬁ32ﬁ'} eFtyy. The second approximation satisfies the equation

o= Fv—1 [32(1 —7B%) + 2773217‘} Fty, (52)



with the solution
Wiy (1) = [1 — B2 (t - %f;B%) — 27° Bt F] Fruy. (53)
At the nth step of this iteration scheme, we find
Wy (1) = [Py () + 4y (D F | v, (54)
where p¢,} and gq,} are polynomials of ¢ satisfying the recursive formulae
Piny =1 (ﬁ{nfl} —2B%4(,1y — BQpn—1) , (55)
d{ny =1 ((j{nfl} +2Pn—1) — BQQ{nfl}) (56)
and the initial conditions py,}(0) = 1, g3 (0) = 0.

Let us suppose that p := lim, p(,) and ¢ := lim, q(,) exist and, moreover, that the limit procedure and
differentiation can be interchanged. Then, for w := lim, wy,y,

w(t) = [p(t) + q(t)Fle vy, (57)
=1 (- 2B% - B%), (58)
i = (i+2- B%) (59)

together with the conditions p(0) = 1, ¢(0) = 0. With the notation s := p+iBgq, (B8) and (59) can be comprised
as
- (1/77—213) §— B2 =0. (60)

The roots of the corresponding characteristic polynomial are

1/27 —iB £ 1/1/ (4732) — iB/1). (61)

The emerging ambiguity can be resolved as previously: if the magnetic force is sent to zero then py,y(t) = 1
for all n, therefore, we choose the root that vanishes for B — 0 so as to obtain the solution p(t) = 1, i.e., the
free motion (no self-force).

Therefore, if (—v) and « are the real and the imaginary part of the root, respectively, then the solution of
our system of differential equations is

p(t) = e cos(aBt), q(t) = —e *sin(aBt)/B, (62)

where a and  satisfy the relations in (34]).

We have obtained the same result as previously. In particular, utilizing (23]), one can demonstrate that (57))
is the same as ([@I]). At last, it is straightforward to find that the self-force function corresponding to (B1)—see
([@)—proves to be the same as (BJ).

On the other side, one can also observe that, though leading to the same result, the two iterations themselves
are different: the solutions of the iterated equations ¥ = (F + Ly,})v do not equal the functions (54).

Convergence is a nontrivial question in this approach, too. Nevertheless, it is interesting that, with this
method, there is no evidence for excluding the case 1B = 1.

3.4 Nonzero electric and magnetic field

As anticipated in section [Bl now we turn towards the case of a nonzero constant electric field in addition to the
nonzero constant magnetic field.

It is beneficial to decompose the electric field into components parallel to and orthogonal to the magnetic
field, respectively, and to observe that this decomposition can be written in the form

E=(I-PE+F (-%FE) (63)



This induces a decomposition of the equation of motion without self-force [i.e., containing only the external
Lorentz force (22)]. The B-parallel component,

[(I-P)] = - P)E, (64)

governs only the B—parallel component of v, while the B—orthogonal part can be written as

. 1 -
u=Fu with u:= Pv — EFE’ u L B, (65)

and determines the time evolution of the B—orthogonal component of v.

Now we add the self-force term. Both iteration methods, namely, that of the radiation term and that of the
solution, can be found to preserve this decomposition, where the E-orthogonal part can actually be treated the
same way for u as we proceeded in the E = 0 case for v. Both approaches provide

. 1 - .- .
b(v) = —aPE + WEFE — [aF +~P]v (66)
for the self-force and
- 1 - - _ 1 - -
v(t)=I - P)Et+ (I — P)vy + EFE + e telm)Ft (on - EFE) (67)

for the solution, after putting the two decomposed parts together. The found self-force function proves to be
a solution of the partial differential equation of the third approach as well, and satisfies the two additional
requirements—vanishing for vanishing external field and symmetry preservation.

4 Applying the three approaches in the nonrelativistic regime: Har-
monic force

As our second physical system considered as example for the three proposed methods, we next investigate the
one-dimensional nonrelativistic motion due to a harmonic elastic force. Without radiation back-reaction, the

equation is
&= —wir, (68)

where w is a non-negative constant.

4.1 Differential equation for the self-force function

According to our assumption described in section 2.1l the radiation self-force function l;(z, &) in the anticipated
equation of motion R
i = —wz + b(z, ) (69)

is to satisfy the quasi-linear partial differential equation

. b b )
b(z,v) =7 | —w?v + (;3; v) v+ gcv’ v) (—wa + b) . (70)
Note that, although not denoted explicitly, the sought b also depends on w, i.e., on the external force.
The characteristic ordinary differential equation corresponding to ([{Q)) reads
dz dv y b 1,
— =, — = —wz +b, — = b+ w. (71)
dg dg ¢ 7
This is a simple linear differential equation whose characteristic roots A fulfill the equation
A3 — A2 —w? = 0. (72)
We can find its solutions (roots) by the Cardano formula. With the notation
3
pa =\ )2+ 127 £ /TR A T 7P 2T, (73)



the roots are

R 1 pr+p  V3py—po)
_ 1 4
77)‘1 3 2 +1 2 ) (7 )
L pi4p VBpr—po)
Nha = 3 5 i 5 , (75)
. 1
Az = 3 teeto- (76)
With the three roots, the solutions of equation (71 are of the form
3 3 ) 3
2(€) = cies, (&) =) NieieMs, b(€) = Neiet + wi(€). (77)
i=1 i=1 i=1

According to the method of characteristics, via eliminating the auxiliary variable £, one obtains b as a function
of z and v. Now we use the condition of section 21l that b must be zero for zero external force i.e. for w = 0.
Since A; and Ay are zero for w = 0 and A3z is not zero, we deduce from the last equality above that cg = 0 is
necessary.

Then & can be eliminated easily; with the notations z; := c1eM€ and 29 1= 626)\25, we have

T =21+ 29, v = A121 + Aa2o, b= N2+ Aoz + wia. (78)

Here, the first two equations enable one to express 21 and 22 as a linear function of x and v. Substituting them
into the third equation provides b also as a linear function of z and v: b(z,v) = (w? — A A2)x + (A1 + A2)v.
A convenient way to proceed is to write the coefficients in another form:

b(z,v) = aw?z — . (79)
Evidently,
. 2
=g et (80)
and, substituting (79)) into (7)), we obtain
m - SN2 2,2
o= ~ and 1+ =nN"w”. 81
T (1 +77)" =1 (81)

We can see that v > 0 and 0 < « < 1 are necessary for w # 0. Hence, the equation of motion with the radiation
term ([79) reads
i=—(1—a)w’s — yi. (82)

According to this equation, radiation causes that

e the effect of the harmonic force is reduced by a certain factor, and

e the motion is damped by a term proportional to velocity.

We can see in this case, too, that the condition that the self-force must be zero if the external force is zero
suffices to determine the self-force function completely.
4.2 TIteration of the radiation term

It follows from the equation without radiation (the zeroth approximation) (68) that @ = —w?#, so the the first
approximation of the radiation term is A
b{l}(:c, :C) = 777w2i', (83)

and the first approximate equation of motion becomes # = —w?z + 3{1}(90, %). Computing T from this equation

and then replacing # with —w?z + 5{1} (x,2), we obtain the second approximation
3{2}(50, z) = ﬁ2w4z — fw? (1 — ﬁQwQ) T (84)

and the second equation & = —w?x + 3{2}(90, z).



It is straightforward then that the nth approximation is of the form
b{n}(:c &) = apws — Ypd (85)
where «,, and 7y, are functions (polynomials) of H?w? and satisfy the recursive formulae
a1 = (1 — an), M1 = P60 (1= o) = (7). (86)

Supposing that the sequence l;{n} converges to a l;, i.e., the limits « := lim,, ,, and  := lim,, ,, exist, then

bz, ) = aw’x — yi (87)
and R
ny . A \2 22 2
= —, 1+ = , 88
T (1 +77)° = nw (88)

which coincide with (8I)). Putting A := 1 4 77y, the second equation above is transformed into the equation
([@2). Naturally, now we are interested in the real roots. We find that only one root is real, namely, with the

notation ([73),

) 2
e e (89)

Hence, we arrive at the same result as previously.

It is a problem, though, that it is difficult to obtain conditions for the convergence of the iteration. Unfor-
tunately, ¢ onvergence does not hold necessarily. Indeed, if jw = 1 then the sequence does not converge because
then b{g}(x #) = wr?, and thus b{g} = b{l} Consequently,

by = { 20 (188 cven), (90)
b{l} (TL 1S Odd)

It is interesting, however, that, with ([89), ([88)) provides a solution for all values of fjw.

4.3 Iteration of the solution

Considering some initial values g and vy for position and velocity, the zeroth equation (68]) has the solution

10y () = 206"t 4 zhe Wt = zpe! fc.c. (91)
with
z0 = (o — ivg/w) /2. (92)
Since 7oy (t) = —izgw3el“? + c.c., the equation for the first iterated solution reads
i = —wr + 7 (—izgw?e +c.c.), (93)

whose solution with the chosen initial values is
riy(t) = [—(1/2)7w’t + 20] € + c.c. (94)
Then we find that the nth solution is of the form
riny () = pa(t)e™ +c.c., (95)
where p,,(t) is a polynomial of ¢ of nth degree; and we have
Py = (o + 2iwpn — w’py)e! +c.c. (96)

and )
¥ iny = (P + 3iwpp — 3w?pp — iwp, et +c.c., (97)

and the resulting recursive formula (arising both from the coefficient of e! and from that of e~i“?) is

DPn+1 + 21Wpni1 — w2pn+1 = _w2pn+1 + ﬁ(pn + 3iwpy, — 3w2pn - iwspn)- (98)
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Thus, supposing convergence (and that differentiation can be interchanged with taking the limit), we find for
the limit p := lim,, p,

P+ 2iwp — w?p = —w?p + (P + 3iwp — 3w?p — iwp). (99)
This is a linear differential equation of third order. Its solutions are of the form e* with
(A +iw)? + w? = H(A + iw)?. (100)
Putting A\ 4+ iw = p + iv, where 1 and v are real, we can rewrite this as
p? 4 2ipy — v + w? = f(pd + 3ipdy — 3u? — iv?), (101)
which is equivalent to the pair of real equations

v =3p® —2u/1, (102)
8(ijp)* — 8(ip)? + 2(Ap) — (7w)® = 0. (103)

With v := 2u, [I03) reduces to the second equation of (88). In parallel, putting v? =: (1 — a)w? —72%/4 (i.e.,
defining « in this way), we find y(fy + 1) = (1 — a)w?, which, together with the second equation of (88,
results in its first one.

As a consequence, whenever convergence holds, the iteration of solutions gives the same solutions and same
self-force function as the iteration of the radiation term.

5 Discussion

We looked for a second order equation of motion whose solutions satisfy the Lorentz—Dirac equality and, at the
same time, are physically acceptable. Our aim was to give back-reaction as a function of spacetime position and
velocity. A simple argument showed that this self-force function is determined by a first order partial differential
equation. Two iterative methods, too, were proposed for finding the self-force function.

In the nonrelativistic approximation we could exactly calculate the self-force function for two systems:
a constant external electromagnetic field and a one-dimensional elastic external force. The three suggested
methods turned out to lead to the same result. As concerns the physical picture, for both systems, radiation
back-reaction has two manifestations: inducing a damping linear in velocity and reducing the strength of the
external force.

The latter effect could also allow the—quantum field theory motivated—interpretation that back-reaction
causes a positive renormalization of the mass of the particle. However, for the constant external electromagnetic
field, this renormalization turns out to differ from a simple scalar multiplying of the mass. Rather, renormal-
ization is a direction dependent, tensorial multiplication.

This system also proves to show a limitation of the criterion by Dirac and Haag [7, [§], which would choose
that solution for initial position and velocity for which acceleration tends to zero for asymptotically large
times. In fact, this system is found to decouple into two independent subsystems, one parallel to and the
other orthogonal to the magnetic field. In the former subsystem, acceleration remains time independent and
corresponds to unrenormalized mass, while damping and renormalized mass (or renormalized external force)
emerges in the latter subsystem.

It is therefore an important open question on what grounds the decrease of the external force can be
interpreted as mass renormalization, and whether in other systems this renormalization is not only direction
dependent but, for example, also (spacetime) position and velocity dependent (as suggested by some preliminary
considerations not detailed here).

The three methods we proposed and investigated led to the same result for the two systems considered.
Some differences among the three approaches were found, though. First, the problematic aspect is that there
is an encoded amount of ambiguity in the partial differential equation to solve. This ambiguity was easy to
rule out for the two systems we considered but may be a harder task for other systems. Second, in the two
iteration approaches, convergence remained a tough open mathematical problem; moreover, not all coefficients
of the model ensured the existence of a solution in one of the iteration methods.

Further study is needed, accordingly, about each method separately and also about some possible connections
among them.
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A The proof utilized in section [3.1]

The claim that (B0) yields L3 = 0 can be proved as follows.
We start with deriving a simple algebraic fact. Let T be a symmetric trilinear map. Then, with the
simplifying notation used earlier,

T((w+v)*) =T (w®) + 3T (w?,v) + 3T (w, v*) + T (v°) (104)

for all v and w. Thus, if T((-)*) = 0 then 3T (w? v) + 3T (w,v?) = 0 for all v and w. Here, for a fixed
v, the first term is bilinear, the second term is linear in w; their sum can be zero only if both are zero. As a
consequence, if T(v?’) = 0 for all v then T'(w? v) = 0 for all w and v. Further, for a fixed v, we have

T((w1 + w2)2,v) = T(w%, v) + 2T (w1, wa,v) + T(wg,v), (105)
which shows that, if T(wQ, v) = 0 for all w and v, then
T(wy,ws,v) =0 forall wp,ws,v. (106)

Hence, we have the result: if T'(v?) = 0 for all v then (IT6) holds.
The previous consideration and (B0) yield that

[T —A(F + Ly)] Ls(wy, s, v) = 37 L3 (w1, ws, (F + Ly)v) (107)
for all wq, we and v. For fixed wy and wy, W := L3(w;, ws, -) is a linear map satisfying
[I —H(F + L1)|W = 3)W (F + L), (108)
which implies R ~
W I —3)(F + Ly)] = (F + L)iW, (109)

too. Recall that F'+ Ly = (1- a)F~‘ — v P. Then it is a simple fact that the linear maps multiplying W on the
left hand side in (I08) and (I09), respectively, are nondegenerate. Therefore, applying I — P from the right to
(I08) and from the left to (I09), we find WP =W = PW.

As a consequence, W commutes with F', too, so it must be of the form W = SF + (P, and either (I08) or

(I09) implies

(1+49y)W =47(1 — a)WF. (110)
This equation and W = BF + (P result in
(1+4i7)8 = 4i(1 — )¢, (1+4i7)¢ = —4i(1 — ) BB, (111)

implying B232 = —(¢2, which is possible only if 3 =0 and ¢ = 0, i.e., W = 0.
Since we had W = L3(w1,ws, -) for arbitrary w; and ws, we arrive at Ls = 0.
Acknowledgments

Support from the Hungarian Scientific Research Fund (OTKA, Grant No. K116375) is appreciated.

References
[1] J.D. Jackson, Classical electrodynamics (Wiley, New York, 1998) 3rd ed.
[2] S.R. de Groot, L.G. Suttorp, Foundations of electrodynamics (North-Holland, Amsterdam, 1972).

[3] J.G. Taylor, Classical electrodynamics as a distribution theory, Math. Proc. Camb. Phil. Soc. 52 (1956),
119-134.

[4] T. Matolcsi, Classical electrodynamics, Extracts from the Scientific Works of the Department of Applied
Analysis, E6tvos University, Budapest, Hungary, 1977/4.

12



[5]

[6]

[17]

18]

[19]
[20]

E.G.P. Rowe, Structure of the energy tensor in the classical electrodynamics of point particles, Phys. Rev.
D 18, 3639-3654 (1978).

A. Gsponer, The self-interaction force on an arbitrarily moving point-charge and its energy-momentum
radiation rate: A mathematically rigorous derivation of the Lorentz—Dirac equation of motion,
arXiv:0812.3493v2; ISRI-07-01, 2008.

P.A.M. Dirac, Classical theory of radiating electrons, Proc. Royal Soc. London A 167, 148-169 (1938).
R. Haag, Die Selbstwechselwirkung des Elektrons, Z. Naturforsch. 10a, 752-761 (1955).

M.M.de Souza, The Lorentz—Dirac equation and the structures of spacetime, Bras. J. Phys. 28, 250-256
(1998).

H. Spohn, The critical manifold of the Lorentz-Dirac equation, Europhys. Lett. 50, 287-292 (2000).
R.F. O’Connell, The equation of motion of an electron, Phys. Lett. A313, 491-497 (2003).

H. Spohn, Dynamics of charged particles and their radiation field (Cambridge University Press, Cambridge,
2004).

A.D. Yaghjian, Relativistic dynamics of a charged sphere (Lect. Notes Phys. 686, Springer, New York, 2006)
2nd ed.

F. Rohrlich, Classical charged particles (World Scientific, Singapore, 2007) 3rd ed.

R. Mares, P.I. Ramirez-Baca, G. Ares de Parga, Lorentz—Dirac and Landau-Lifshitz equations without mass
renormalization: ansatz of Pauli and renormalization of the force, J. Vectorial Relativity 5, 1-8 (2010).

G. Ares-de-Parga, R. Mares, M. Ortiz-Dominguez, A study of the central field problem by using the Landau—
Lifshitz equation of motion for a charged particle in classical electrodynamics, J. Vectorial Relativity 5,
26-33 (2010).

A. Kar, S.G. Rajeev, On the relativistic classical motion of a radiating spinning particle in a magnetic field,
Annals of Physics 326, 958-967 (2011).

P. Forgacs, T. Herpay, P. Kovacs, Comment on “Finite Size Corrections to the Radiation Reaction Force
in Classical Electrodynamics”, Phys. Rev. Lett. 109, 029501 (2012).

L.D. Landau, E.M. Lifshitz: Classical theory of fields (Butterworth-Heinemann, Oxford, 1982).

J. Polonyi, Effective dynamics of a classical point charge, Annals of Physics 342, 239-263 (2014).

13



	1 Introduction
	2 The self-force function
	2.1 Differential equation for the self-force function
	2.2 Iteration of the radiation term
	2.3 Iteration of the solution

	3 Applying the three approaches in the nonrelativistic regime: Constant field
	3.1 Differential equation for the self-force function
	3.2 Iteration of the radiation term
	3.3 Iteration of the solution
	3.4 Nonzero electric and magnetic field

	4 Applying the three approaches in the nonrelativistic regime: Harmonic force
	4.1 Differential equation for the self-force function
	4.2 Iteration of the radiation term
	4.3 Iteration of the solution

	5 Discussion
	A The proof utilized in section ??

