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1 Introduction

In a recent paper [1] we have developed the covariant gravitational dynamics in a 3+1+1 dimensional
space-time in the spirit of the general relativistic 3+1 covariant cosmology [2], generalizing both pre-
vious approaches to 5-dimensional (5d) gravitational dynamics [3], brane 3+1 covariant cosmology [4]
and 2+1+1 covariant dynamics [5]. Such a formalism may turn useful in discussing perturbations on the
brane [6]. The singled-out directions are the normalna to the hypersurface representing the time-evolving
3-dimensional space (the brane with metrichab and tensionλ) and a temporal directionua tangent to this
hypersurface. All employed gravitational variables are projected to the brane. They consist of kinemati-
cal variables(Θ, σab, ωab, Aa,Ka, La) related to the vectorua; analogous quantities, carrying an overhat,
related tona; two kinematical scalars(K, K̂) related to both; finally gravito-electro-magnetic quantities
(E ,Hk,Fkl, Ek, Êk, Ekl, Êkl,Hkl, Ĥkl). For details on the definitions of these quantities see Ref. [1]. The
matter on the brane has been decomposed asTab = ρuaub+q(aub)+phab+πab, while possible non-standard

model fields nesting in the 5d space-time asT̃ab = ρ̃uaub+2q̃(aub)+2q̃u(anb)+p̃hab+π̃nanb+2π̃(anb)+π̃ab.

The gravitational coupling constantsκ̃2 andκ2 = κ̃4λ/6 act in 5d and on the brane, respectively.

The generic form of the evolution and constraint equations in the 5-dimensional spacetime were given as
Appendix C of Ref. [1] and they were specified on aZ2-symmetrically embedded brane in Subsection IV.D.
The embedding however is not necessarely symmetric: an asymmetric embedding is known to generate
late time acceleration in a cosmological setup [7]. Therefore here we generalize the formalism to an
asymmetrically embedded brane. Following the recipe presented in Subsection IV.D of Ref. [1], we give
here the evolution and constraint equations obtained both as averages and differences across the brane. We
denote the average over the two sides of the brane of any quantity by angle brackets and the jump by∆. For
the extrinsic curvature componentsK ≡ (Θ̂, σ̂ab, K̂, K̂a) the latter is directly related to the brane matter
variables and brane tension cf. the Israel-Lanczos condition, Eqs. (76)-(79) of Ref. [1]. Angle brackets on
indices indicate projection to the 3-space, symmetrization and trace-free character.
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2 The average equations

The evolution equations arising as averages are:

0 = 〈
˙̂
Θ〉−Da〈K̂a〉+〈K̂+

Θ̂

3
〉Θ−2〈K̂a〉Aa+〈σ̂ab〉σ

ab−κ̃2〈q̃〉 ,

0 = 〈
˙̂
K〈a〉〉−Da〈K̂−

2

3
Θ̂〉−Db〈σ̂ab〉+

4Θ

3
〈K̂a〉−〈K̂+

Θ̂

3
〉Aa−〈σ̂ab〉A

b−ωab〈K̂
b〉+σab〈K̂

b〉+κ̃2〈π̃a〉 ,

0 = Ḣ〈kj〉+εab〈kD
aEb

j〉+
1

2
εab〈kD

a〈Êb
j〉〉+ΘHkj−3σa〈kH

a
j〉−ωa〈kH

a
j〉−2ε ab

〈k Ej〉aAb

−
3

2
〈Ê〈j〉ωk〉 −

1

2
ε ab
〈k σj〉a〈Êb〉−

1

2
ε cd
〈k 〈σ̂j〉c〉Dd〈K̂−

Θ̂

3
〉+

1

2
〈K̂−

Θ̂

3
〉εab〈kD

a〈σ̂b
j〉〉

+
〈σ̂cb〉

2
εab〈kD

a〈σ̂j〉c〉+〈Θ̂〉〈K̂〈k〉ωj〉 +
1

2
εab〈k〈σ̂j〉c〉D

a〈σ̂cb〉+
〈Θ̂〉

3
ε ab
〈k σj〉a〈K̂b〉

−
1

2
εab〈k〈K̂j〉〉D

a〈K̂b〉−
1

2
εab〈k〈K̂

b〉Da〈K̂j〉〉+
〈K̂c〉

2
ε ab
〈k σj〉b〈σ̂

c
a〉 −

3〈K̂a〉

2
〈σ̂a

〈j〉ωk〉

+
κ̃4

8

[
εab〈kD

aπj〉cπ
cb+εab〈kπj〉cD

aπcb −
1

3
ε cd
〈k πj〉cDd (ρ+3p)−εab〈kq

bDaqj〉

−
(2λ−ρ−3p)

3
εab〈kD

aπb
j〉−(λ+ρ)ω〈kqj〉−

2 (λ+ρ)

3
ε ab
〈k σj〉aqb−εab〈kqj〉D

aqb

−ε ab
〈k σj〉bπ

c
aqc+3πa

〈jωk〉qa

]
−
κ̃2

3
εab〈kD

a〈π̃b
j〉〉−κ̃2〈q̃〈j〉ωk〉−

κ̃2

3
ε ab
〈k σj〉a〈q̃b〉 ,

0 = Ė〈kj〉−
1

2
〈
˙̂
E 〈kj〉〉−εab〈kD

aHb
j〉+

1

2
D〈k〈Êj〉〉+ΘEkj−

Θ

6
〈Êkj〉+〈Ê〈k〉Aj〉−

2

3
〈E〉σkj

−
〈Êa

〈j〉

2

(
ωk〉a+σk〉a

)
+Ea

〈k

(
ωj〉a−3σj〉a

)
+2ε ab

〈k Hj〉aAb−〈σ̂a
〈j〉〈

˙̂σk〉a〉−
〈σ̂kj〉

2
〈K̂−

Θ̂

3
〉·

+〈K̂〈k〉Dj〉〈K̂−Θ̂〉−
〈Θ̂〉

3
D〈k〈K̂j〉〉+

〈σ̂a
〈j〉

2
Dk〉〈K̂a〉+

〈K̂a〉

2
D〈k〈σ̂

a
j〉〉+

〈Θ̂〉

3
〈K̂+

Θ̂

3
〉σkj

+〈K̂〈k〉

[
Db〈σ̂j〉b〉+

3

2
ωj〉a〈K̂

a〉+〈σ̂j〉a〉A
a−

1

2
σj〉b〈K̂

b〉−
7Θ

6
〈K̂j〉〉

]
−
〈σ̂c

a〉

2
〈σ̂a

〈j〉ωk〉c

−
1

2
〈K̂−

Θ̂

3
〉

[
〈 ˙̂σ〈kj〉〉+

Θ

3
〈σ̂kj〉−2〈K̂〈k〉Aj〉+〈σ̂a

〈k〉
(
ωj〉a+σj〉a

)]
−
σjk

2
〈K̂a〉〈K̂a〉

+〈σ̂a〈j〉Ak〉〈K̂
a〉−

〈σ̂a
c 〉

2
〈σ̂c

〈k〉σj〉a−
Θ

6
〈σ̂a

〈j〉〈σ̂k〉a〉+
κ̃4

8

[
2

3
q〈kDj〉 (ρ−3p)−

(ρ+3p)
·

3
πkj

−2πa
〈jπ̇k〉a +

2 (λ+ρ)

3
D〈kqj〉−πa

〈jDk〉qa −qaD〈kπ
a
j〉+

2 (λ+ρ)

3
(ρ+p)σkj−πa

〈jωk〉cπ
c
a

−σjkq
aqa−2πa〈jAk〉q

a +q〈k

(
−2Dbπj〉b+3ωj〉aq

a−2πj〉aA
a−σj〉bq

b−
7Θ

3
qj〉

)
−πa

cπ
c
〈kσj〉a

+
(2λ−ρ−3p)

3

(
π̇〈kj〉+

Θ

3
πkj+2q〈kAj〉+πa

〈kωj〉a+πa
〈kσj〉a

)
−
Θ

3
πa
〈jπk〉a

]
−
κ̃2

3

[
〈 ˙̃π〈kj〉〉

+D〈k〈q̃j〉〉−〈π̃〈k〉〈K̂j〉〉−
κ̃2

4
q〈k∆π̃j〉+4〈q̃〈k〉Aj〉+〈ρ̃+p̃〉σjk+

Θ

3
〈π̃jk〉+〈π̃a

〈j〉
(
ωk〉a+σk〉a

)]
,
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0 = 〈
˙̂
E 〈k〉〉+

4Θ

3
〈Êk〉−

1

3
Dk〈E〉−

4〈E〉

3
Ak−Da〈Êka〉−〈Êka〉A

a−(ωka−σka) 〈Ê
a〉+〈K̂a〉

×

[
〈 ˙̂σ〈ka〉〉+σck〈σ̂

c
a〉−2Dk〈K̂a〉+Da〈K̂k〉−2A〈k〈K̂a〉〉−σba〈σ̂

b
k〉+εcabω

b〈σ̂c
k〉

]
+〈σ̂ab〉

×

[
Dk〈σ̂ab〉+

2

3
〈K̂k〉σab

]
+〈K̂+

Θ̂

3
〉

[
2

3
Dk〈Θ̂〉−Db〈σ̂kb〉+

2Θ

3
〈K̂k〉

]
−〈σ̂a

b 〉D
b〈σ̂ka〉

+
〈K̂k〉

3
Da〈K̂a〉+ε ab

k 〈K̂c〉〈σ̂
c
b〉ωa−

〈σ̂a
k〉

3
Da〈Θ̂〉+

κ̃4qa

4

[
Daqk−2Dkqa−π̇〈ka〉−σckπ

c
a−2A〈kqa〉

+σbaπ
b
k−εcabω

bπc
k

]
−

κ̃4πab

4

[
2qk
3

σab−Dkπab

]
+

κ̃4 (ρ+p)

6

[
Dkρ−

3

2
Dbπkb−Θqk

]
+

κ̃4

12

×

[
qkD

aqa−3πa
bD

bπka−πa
kDaρ−3ε ab

k qcωaπ
c
b

]
+
2κ̃2

3

[
Dk〈ρ̃+3π̃−3p̃〉

4
+〈K̂−

Θ̂

3
〉〈π̃k〉

−〈π̃′
〈k〉〉−〈K〉〈q̃k〉−〈q̃〉〈2K̂k+Kk〉+〈π̃ka〉〈Â

a〉−〈π̃−p̃〉〈Âk〉 −
5〈σ̂ka〉

2
〈π̃a〉 −

κ̃2qk
2

∆q̃

+
κ̃2(2λ−ρ−3p)

12
∆π̃k+

5κ̃2πka

8
∆π̃a−

∆K

4
∆q̃k−

∆Kk

4
∆q̃+

∆Âa

4
∆π̃ka−

[∆ (π̃−p̃)]

4
∆Âk

]
,

0 = 〈Ė〉−Da〈Êa〉+
4

3
Θ〈E〉+〈Êab〉σ

ab−2〈Êa〉A
a+〈σ̂ab〉

[
〈 ˙̂σ〈ab〉〉−Da〈K̂b〉+〈K̂+

Θ̂

3
〉σab

−2Ab〈K̂a〉+
Θ

3
〈σ̂ab〉+σca〈σ̂

c
b〉

]
+〈K̂a〉

[
2

3
Da〈Θ̂〉−Db〈σ̂ab〉+

2Θ

3
〈K̂a〉−〈K̂b〉σab

]
+
κ̃4πab

4

×

[
π̇〈ab〉+Daqb+2Abqa+

Θ

3
πab+(ρ+p)σab+σcaπ

c
b

]
+
κ̃4qa

4

[
Dbπab−

2

3
Daρ+

2Θ

3
qa−σabq

b

]

+
κ̃4 (λ+ρ)

6
∆q̃ −

2κ̃2

3

[
3〈ρ̃−π̃+p̃〉·

4
+Da〈q̃a〉+Θ〈ρ̃+p̃〉+〈Θ̂〉〈q̃〉+2〈q̃a〉A

a+〈π̃ab〉σ
ab

]
.

0 = ω̇〈a〉−
1

2
ε cd
a DcAd+

2Θ

3
ωa−σabω

b ,

0 = Θ̇−DaAa+
Θ2

3
−AaAa−2ωaω

a+σabσ
ab+

κ2

2
(ρ+3p)−Λ+

κ̃4ρ

12
(2ρ+3p)

−
κ̃4

4
qaqa+〈Θ̂〉〈K̂〉−〈K̂a〉〈K̂a〉−〈E〉+

κ̃2

2
〈ρ̃+π̃+p̃〉 ,

0 = σ̇〈ab〉−D〈aAb〉+
2Θ

3
σab−A〈aAb〉+ω〈aωb〉+σc〈aσ

c
b〉+Eab +

1

2
〈K̂−

Θ̂

3
〉〈σ̂ab〉+

〈Êab〉

2

−
1

2
〈K̂〈a〉〈K̂b〉〉+

1

2
〈σ̂c〈a〉〈σ̂

c
b〉〉−

κ̃2

3
〈π̃ab〉+

κ̃4

8

[
πc〈aπ

c
b〉−q〈aqb〉−

(2λ−ρ−3p)

3
πab

]
,

Copyright line will be provided by the publisher
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The constraint equations arising as averages are:

0= DaHak−
4〈E〉

3
ωk+3Ekaω

a+
ωa

2
〈Êak〉+

ε ab
k

2

[
Da〈Êb〉 − 2Eacσ

c
b + 〈Êac〉σ

c
b −〈σ̂c

a〉Db〈K̂c〉

−
2〈K̂b〉

3
Da〈Θ̂〉 −

2〈Θ̂〉

3
Da〈K̂b〉+ σac〈K̂

c〉〈K̂b〉+〈σ̂da〉〈σ̂
d
c 〉σ

c
b−〈K̂c〉Db〈σ̂ac〉

]
−
ωc

2
〈K̂k〉〈K̂

c〉

+
1

2
〈K̂ −

Θ̂

3
〉
[
〈σ̂c

k〉ωc+ε ab
k 〈σ̂ac〉σ

c
b

]
+
2〈Θ̂〉

3
〈K̂ +

Θ̂

3
〉ωk−

ωk

2

[
〈K̂a〉〈K̂

a〉+〈σ̂ab〉〈σ̂
ab〉

]

+
ωa

2
〈σ̂ca〉〈σ̂

c
k〉+

κ̃4ε ab
k

8

[
2

3
qbDaρ+

2(λ+ ρ)

3
Daqb+qcDbπac +σacq

cqb+πdaπ
d
cσ

c
b + πc

aDbqc

]

+
κ̃4

8

[
4(λ+ ρ)

3
(ρ+ p)ωk−

(2λ− ρ− 3p)

3

(
πc
kωc+ε ab

k πacσ
c
b

)
−qaq

aωk−qcωcqk

−πabπ
abωk +πcaπ

c
kω

a

]
−
κ̃2

3
〈π̃ka〉ω

a+
κ̃2

3
ε ab
k Da〈q̃b〉+

2κ̃2

3
〈ρ̃+ p̃〉ωk−

κ̃2

3
ε ab
k 〈π̃c

a〉σbc ,

0 = Dbσab −
2DaΘ

3
+ε ck

a Dcωk + 2ε ck
a Acωk+

κ̃4 (λ+ρ)

6
qa

−
κ̃4qb

4
πab −

2〈Θ̂〉

3
〈K̂a〉+ 〈σ̂ab〉〈K̂

b〉+ 〈Êa〉+
2κ̃2

3
〈q̃a〉 ,

0 = Daωa−Aaω
a ,

0 = D〈cωk〉+εab〈kD
bσa

c〉+2A〈cωk〉+Hab ,

0 = DaEak−
1

2
Da〈Êak〉+

1

3
Dk〈E〉−3Hkaω

a+ε ab
k Hacσ

c
b+

Θ

3
〈Êk〉−

1

2
(3ωka+σka)〈Ê

a〉

−
2〈Θ̂〉

9
Dk〈Θ̂〉−

〈σ̂ak〉

2
Da〈K̂−

Θ̂

3
〉−

1

2
〈K̂−

Θ̂

3
〉Da〈σ̂ak〉−

〈σ̂c
a〉

2
Da〈σ̂ck〉+

〈Θ̂〉

3
〈K̂b〉σkb

−
〈σ̂b

a〉

2
〈K̂a〉σkb+

2〈σ̂ab〉

3
Dk〈σ̂ab〉−

〈K̂a〉

3
Dk〈K̂a〉+

〈K̂a〉

2
Da〈K̂k〉+

〈K̂k〉

2
Da〈K̂a〉

+
3

2
ε ad
k 〈K̂c〉〈σ̂

c
d〉ωa+〈Θ̂〉ε cd

k 〈K̂c〉ωd+
Θ

3
〈σ̂a

k〉〈K̂a〉−
2Θ

9
〈Θ̂〉〈K̂k〉−〈σ̂kb〉D

a〈σ̂b
a〉−

κ̃4

8

×

[
4 (λ+ρ)

9
Dkρ+

πak

3
Da (ρ+3p)−

(2λ−ρ−3p)

3
Daπak+πc

aD
aπck−

4πab

3
Dkπab+πkbD

aπb
a

−qaD
aqk−qkD

aqa+3ε ad
k qcωaπ

c
d−πb

aq
aσkb+

2 (λ+ρ)

3

(
σkbq

b−
2Θ

3
qk+3ε cd

k qcωd

)

+
2qa

3
Dkqa +

2Θ

3
πa
kqa

]
+
κ̃2

3
Da〈π̃ak〉−

κ̃2

6
Dk〈ρ̃−π̃+p̃〉+

2κ̃2

9
Θ〈q̃k〉−

κ̃2

3
〈q̃a〉 (3ωka+σka) .

3 The difference equations

The evolution equations arising as differences are:

ρ̇+(ρ+p)Θ+Daqa+2qaAa+πabσ
ab =−∆q̃ ,

q̇〈a〉+Dap+Dbπab+
4

3
Θqa+σabq

b−ωabq
b+(ρ+p)Aa+πabA

b =−∆π̃a ,

Copyright line will be provided by the publisher
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0 = ∆Ė−Da∆Êa+
4

3
Θ∆E + σab∆Êab −2Aa∆Êa +κ̃2

[
πabDa〈K̂b〉−〈σ̂ab〉Daqb−qaDb〈σ̂ab〉

+〈K̂a〉Dbπab+
2qa

3
Da〈Θ̂〉−

2〈K̂a〉

3
Daρ−πab〈 ˙̂σ〈ab〉〉−π̇〈ab〉〈σ̂

ab〉−2Aaqb〈σ̂
ab〉+2Aaπ

ab〈K̂b〉

−
2Θ

3
πab〈σ̂

ab〉−(ρ+p)σab〈σ̂
ab〉−〈K̂+

Θ̂

3
〉σabπ

ab−2σcaπ
ab〈σ̂c

b〉+
4Θ

3
qa〈K̂a〉−2σabq

b〈K̂a〉

−
[∆(ρ̃−π̃+p̃)]·

2
−
2

3
Da∆q̃a−

2 [∆(ρ̃+p̃)]

3
Θ+

2κ̃2(λ+ρ)

3
〈q̃〉−

2〈Θ̂〉

3
∆q̃−

4Aa

3
∆q̃a−

2σab

3
∆π̃ab

]
,

0 = ∆
˙̂
E 〈k〉+

4

3
Θ∆Êk −

1

3
Dk∆E−

4

3
Ak∆E −Da∆Êka−∆ÊkaA

a−(ωka−σka)∆Êa+κ̃2

×

[
(ρ+p)Db〈σ̂kb〉+〈K̂+

Θ̂

3
〉Dbπkb−

2 (ρ+p)

3
Dk〈Θ̂〉−

2

3
〈K̂+

Θ̂

3
〉Dkρ−2qaDk〈K̂a〉

−2〈K̂a〉Dkqa+qaDa〈K̂k〉+〈K̂a〉Daqk+
〈K̂k〉

3
Daqa −πabDk〈σ̂ab〉−〈σ̂ab〉Dkπab

+πa
bD

b〈σ̂ka〉+〈σ̂a
b 〉D

bπka+
πa
k

3
Da〈Θ̂〉+

〈σ̂a
k〉

3
Daρ−π̇〈ka〉〈K̂

a〉+qa〈 ˙̂σ〈ka〉〉+qaσck〈σ̂
c
a〉

−σckπ
c
a〈K̂

a〉−
2 (ρ+p)

3
Θ〈K̂k〉+

2Θ

3
〈K̂+

Θ̂

3
〉qk−2qaA〈k〈K̂a〉〉−2A〈kqa〉〈K̂

a〉+σbaπ
b
k〈K̂

a〉

−σbaq
a〈σ̂b

k〉+
2

3
qkσab〈σ̂

ab〉−
2

3
σabπ

ab〈K̂k〉+εcabq
aωb〈σ̂c

k〉−εcabω
bπc

k〈K̂
a〉+ε ab

k qcωa〈σ̂
c
b〉

−ε ab
k ωaπ

c
b〈K̂c〉−

2

3
∆π̃′

〈k〉+
1

6
Dk∆(ρ̃+3π̃−3p̃)+

2κ̃2

9
(2λ−ρ−3p)〈π̃k〉+

2

3
〈K̂−

Θ̂

3
〉∆π̃k

+
qk
3
Da〈K̂a〉−

2〈q̃k〉

3
∆K−

2〈K〉

3
∆q̃k−

2

3
〈2K̂k+Kk〉∆q̃−

2〈q̃〉

3

(
2κ̃2qk+∆Kk

)
+
2〈Âa〉

3
∆π̃ka

+
2〈π̃ka〉

3
∆Âa −

2〈Âk〉

3
∆ (π̃−p̃)−

2〈π̃−p̃〉

3
∆Âk+

5κ̃2

3
πka〈π̃

a〉−
5〈σ̂ka〉

3
∆π̃a

]
,

0 =∆
˙̂
E〈kj〉−D〈k∆Êj〉+

Θ

3
∆Êkj−2A〈k∆Êj〉 +

4σkj

3
∆E−

(
ωa〈k−σa〈k

)
∆Êa

j〉+κ̃2

{
2〈Θ̂〉

3
D〈kqj〉

−〈K̂−
Θ̂

3
〉·πkj−2πa

〈j〈
˙̂σk〉a〉−2〈σ̂a

〈j〉π̇k〉a−
(ρ+3p)

·

3
〈σ̂kj〉−2q〈kDj〉〈K̂−Θ̂〉−

2〈K̂〈k〉

3
Dj〉(ρ−3p)

+πa
〈jDk〉〈K̂a〉−〈σ̂a

〈j〉Dk〉qa−2q〈kD
b〈σ̂j〉b〉+2〈K̂〈k〉D

bπj〉b +〈K̂a〉D〈kπ
a
j〉+

14Θ

3
q〈k〈K̂j〉〉

−〈K̂−
Θ̂

3
〉

[
π̇〈kj〉+

Θ

3
πkj+πa

〈k

(
ωj〉a+σj〉a

)
+2q〈kAj〉

]
−πa

〈jωk〉c〈σ̂
c
a〉+q〈kσj〉b〈K̂

b〉

+
(2λ−ρ−3p)

3

[
〈 ˙̂σ〈kj〉〉+

Θ

3
〈σ̂kj〉+〈σ̂a

〈k〉
(
ωj〉a+σj〉a

)
−2〈K̂〈k〉Aj〉

]
+
2 (ρ+p)

3
〈Θ̂〉σkj

+〈K̂〈k〉σj〉bq
b−

2Θ

3
πa
〈j〈σ̂k〉a〉−

2 (λ+ρ)

3

[
D〈k〈K̂j〉〉−〈K̂+

Θ̂

3
〉σkj

]
− qaD〈k〈σ̂

a
j〉〉−〈σ̂a

〈j〉ωk〉cπ
c
a

+2σjkq
a〈K̂a〉−3q〈kωj〉a〈K̂

a〉−3〈K̂〈k〉ωj〉aq
a−2q〈k〈σ̂j〉a〉A

a+2〈K̂〈k〉πj〉aA
a+2πa〈jAk〉〈K̂

a〉

−2〈σ̂a〈j〉Ak〉q
a−πa

c 〈σ̂
c
〈k〉σj〉a−〈σ̂a

c 〉π
c
〈kσj〉a+

2

3
∆ ˙̃π〈kj〉+

8A〈k

3
∆q̃j〉+

2

3
D〈k∆q̃j〉

−
2〈K̂〈k〉

3
∆π̃j〉−

2κ̃2

3
〈π̃〈k〉qj〉+

2[∆ (ρ̃+p̃)]

3
σjk+

2Θ

9
∆π̃jk −

2

3

(
ωa〈k−σa〈k

)
∆π̃a

j〉

}
.
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The constraint equations arising as differences are:

0 = Da∆Êak−
2

3
Dk∆E −

2Θ

3
∆Êk+(3ωka+σka)∆Êa+κ̃2

[
−
4 (λ+ρ)

9
Dk〈Θ̂〉−

4

9
〈Θ̂〉Dkρ

−πakD
a〈K̂−

Θ̂

3
〉−

〈σ̂ak〉

3
Da (ρ+3p)+

(2λ−ρ−3p)

3
Da〈σ̂ak〉−〈K̂−

Θ̂

3
〉Daπak−πc

aD
a〈σ̂ck〉

−〈σ̂c
a〉D

aπck+
4πab

3
Dk〈σ̂ab〉+

4〈σ̂ab〉

3
Dkπab−πkbD

a〈σ̂b
a〉+3ε ad

k

[
〈K̂c〉ωaπ

c
d − qcωa〈σ̂

c
d〉
]

−qaD
a〈K̂k〉− πb

a〈K̂
a〉σkb−〈K̂a〉D

aqk−qkD
a〈K̂a〉−〈K̂k〉D

aqa−〈σ̂kb〉D
aπb

a

+
2qa

3
Dk〈K̂a〉+

2〈K̂a〉

3
Dkqa+ 〈σ̂b

a〉q
aσkb+〈Θ̂〉

[
4Θ

9
qk−

2

3
σkbq

b−2ε cd
k qcωd

]

−
2 (λ+ρ)

3

[
2Θ

3
〈K̂k〉−σkb〈K̂

b〉−3ε cd
k 〈K̂c〉ωd

]
+

2Θ

3
πa
k〈K̂a〉−

2Θ

3
〈σ̂a

k〉qa

−
2

3
Da∆π̃ak+

1

3
Dk∆(ρ̃−π̃+p̃)−

4Θ

9
∆q̃k+

2

3
(3ωka+σka)∆q̃a

]
,

0 =
κ̃2

3
(λ−2ρ−3p) 〈Θ̂〉−κ̃2 (λ+ρ) 〈K̂〉−2κ̃2qa〈K̂a〉−∆E−

∆Λ̃

2
+
κ̃2

2
∆ (ρ̃+π̃+p̃) ,

0 =
2κ̃2

3
(λ+ρ) 〈K̂a〉−

2κ̃2

3
〈Θ̂〉qa−κ̃2πab〈K̂

b〉+κ̃2qb〈σ̂ab〉+∆Êa+
2κ̃2

3
∆q̃a ,

0 =
κ̃2

6
(2λ−ρ−3p) 〈σ̂ab〉−

κ̃2

2
〈K̂−

Θ̂

3
〉πab−κ̃2q〈a〈K̂b〉〉−κ̃2πc〈a〈σ̂

c
b〉〉+

∆Êab
2

−
κ̃2

3
∆π̃ab ,

0 = ε ab
k Da∆Êb −

8ωk

3
∆E + ωa∆Êak+ε ab

k σc
b∆Êac +κ̃2

[
2

3
ε ab
k 〈K̂b〉Daρ−

2

3
ε ab
k qbDa〈Θ̂〉

+
2 (λ+ρ)

3
ε ab
k Da〈K̂b〉−

2〈Θ̂〉

3
ε ab
k Daqb−εabkq

cDb〈σ̂a
c 〉+εabk〈K̂

c〉Dbπa
c +ε ab

k πc
aDb〈K̂c〉

−ε ab
k 〈σ̂c

a〉Dbqc+
(2λ−ρ−3p)

3

[
〈σ̂c

k〉ωc+ε ab
k 〈σ̂ac〉σ

c
b

]
−〈K̂−

Θ̂

3
〉
[
πc
kωc+ε ab

k πacσ
c
b

]

−

[
4 (λ+ρ)

3
〈K̂+

Θ̂

3
〉+

4 (ρ+p)

3
〈Θ̂〉+2qa〈K̂

a〉−2πab〈σ̂
ab〉

]
ωk−qcωc〈K̂k〉−〈K̂c〉ωcqk

+ε ac
k σabq

b〈K̂c〉+ε ac
k σab〈K̂

b〉qc−πca〈σ̂
c
k〉ω

a−〈σ̂ca〉π
c
kω

a−ε ab
k πda〈σ̂

d
c 〉σ

c
b−ε ab

k 〈σ̂da〉π
d
cσ

c
b

−
2ωa

3
∆π̃ka+

2

3
ε ab
k Da∆q̃b+

4ωk

3
∆ (ρ̃+p̃)−

2

3
ε ab
k σbc∆π̃c

a

]
,

0 = εab〈kD
a∆Êb

j〉−ε ab
〈k σj〉a∆Êb−3ω〈k∆Êj〉+κ̃

2ε ab
〈k

[
πj〉aDb〈K̂−

Θ̂

3
〉+

〈σ̂j〉a〉

3
Db (ρ+3p)

−σj〉bπ
c
a〈K̂c〉+ σj〉b〈σ̂

c
a〉qc −

2 (λ+ρ)

3
σj〉a〈K̂b〉+

2〈Θ̂〉

3
σj〉aqb −

2σj〉a

3
∆q̃b

]

+κ̃2εab〈k

[
(2λ−ρ−3p)

3
Da〈σ̂b

j〉〉−〈K̂−
Θ̂

3
〉Daπb

j〉−Daπj〉c〈σ̂
cb〉−Da〈σ̂j〉c〉π

cb

−πj〉cD
a〈σ̂cb〉 − 〈σ̂j〉c〉D

aπcb − qj〉D
a〈K̂b〉−〈K̂j〉〉D

aqb− qbDa〈K̂j〉〉−〈K̂b〉Daqj〉

−
2

3
Da∆π̃b

j〉

]
+ κ̃2ω〈k

[
3πa

j〉〈K̂a〉−3〈σ̂a
j〉〉qa−2 (λ+ρ) 〈K̂j〉〉+2〈Θ̂〉qj〉 −2∆q̃j〉

]
.
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4 Concluding remarks

Both the average and the difference equations reduce to the corresponding equations given in Subsection
IV.D of Ref [1], by taking into account that in the particularcase of a symmetric embedding for quantities
defined with an odd (even) number ofna, the conditions∆f = 2f, 〈f〉 = 0 (∆f = 0, 〈f〉 = f ) hold. In
particular, the extrinsic curvature componentsK belong to the first group.
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