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Abstract

Coupling constant renormalization is investigated in 2 dimensional σ
models related by non Abelian duality transformations. In this respect
it is shown that in the one loop order of perturbation theory the duals
of a one parameter family of models, interpolating between the SU(2)
principal model and the O(3) sigma model, exhibit the same behaviour
as the original models. For the O(3) model also the two loop equivalence
is investigated, and is found to be broken just like in the already known
example of the principal model.
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1 Introduction

Various target space (‘T’) duality transformations [1] connecting two seemingly
different sigma-models or string-backgrounds are playing an increasingly im-
portant role nowadays. It is assumed that models related by these classical
transformations are alternative descriptions of the same physical system (also
at the quantum level). The duality transfomations were originally formulated
in the σ-model description of the Conformal Field Theory underlying string
theory (for a review see [2]).

Using the σ-model formulation it has been recently shown that both the
Abelian [3] and the non Abelian T-duality [4] transformation rules can be recov-
ered in an elegant way by performing a canonical transformation. This clearly
shows that models related by these transformations are classically equivalent.
By making some formal manipulations in the functional integral without going,
however, into the details of regularization, it is not difficult to argue that mod-
els which are related by duality transformations correspond to the the same
Quantum Field Theory (QFT) [1],[5]. While this may be sufficient for confor-
mal invariant string backgrounds [6] (like the gauged [7] or ungauged WZWN
[8] models) when no perturbative quantum corrections are expected, we feel,
that from a pure 2d field theory point of view, the question of quantum equiva-
lence between sigma models related by duality transformations deserves further
study.

Concentrating mainly on Abelian duality, such a study was initiated in
ref.[9], where the various sigma models were treated as ”ordinary” (i.e. not
necessarily conformally invariant) two dimensional quantum field theories in
the framework of perturbation theory. Working in a field theoretic rather than
string theoretic framework i.e. working without the dilaton on a flat, non
dynamical 2 space, it was shown on a number of examples that the ‘naive’ (tree
level) T-duality transformations in 2d σ-models cannot be exact symmetries of
the quantum theory. The ‘naive’ Abelian duality transformations are correct to
one loop in perturbation theory [9],[10], they break down in general, however, at
the two loop order, and to promote them to full quantum symmetries some non
trivial modifications are needed [11], [12]. These conclusions were reached by
analyzing and comparing various β functions in the original and dual theories.

The aim of this paper is to repeat as much of this program as possible for
sigma models related by non Abelian duality transformations [13], [14],[15],[16].
Non Abelian duality is a special case of the so called Poisson-Lie T duality
[17],[18], which generalizes the concept of T duality for sigma models without
isometries. The motivation for this investigation came from several directions.
First of all quantum equivalence among sigma models related by non Abelian
duality has some problems even in the conformal invariant case, as there are
examples [19] where non Abelian duality is mapping a conformal invariant back-
ground to a non conformal dual. The second, ‘non conformal’ motivation is the
discovery [9],[20] that the relation between the SU(2) principal model and its
non Abelian dual shows the same features as in the case of Abelian duality: in
the one loop order the two models are equivalent while at two loops the dual
is not renormalizable in the usual, field theoretic sense. The investigation of
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this problem is also made urgent by one of the results of [21]. In ref.[21] exact
S matrices were proposed for a particular class of 2d models and in an appro-
priate limit these S matrices yield a non perturbative S matrix, which can be
associated to the non Abelian dual of the SU(2) principal model, and which is
identical to the well known S matrix of the principal model.

Therefore, in this paper, we consider a one parameter family of sigma mod-
els interpolating between the SU(2) principal model and the O(3) sigma model
together with the non Abelian dual of this family, and investigate their renor-
malization. The interest in this one parameter family comes from two sources:
on the one hand it provides a convenient laboratory to compare in a more
general setting the renormalization of sigma models connected by non Abelian
duality, and on the other, by enlarging the parameter space of the principal
model it may provide a sufficient generalization where the two loop renormal-
izability of the dual model is restored. (This phenomenon was recently shown
to happen in some SL(3) sigma models and their Abelian duals [22]). As we
show in detail, for the general member of this family, the renormalization of the
duals in the one loop order leads to the same β functions as in the case of the
original models. However for the only case besides the SU(2) principal model,
when the complexity of the two loop analyzis becomes tractable, namely for
the O(3) model, we find that the dual is not renormalizable in this order.

The paper is organized as follows: in sect.2 we describe in some detail the
two sets of models which are related to each other by non Abelian duality trans-
formation. In sect.3 we discuss some aspects of the canonical transformation
implementing this duality transformation in the classical theory. In sect.4 we
give a short summary of the renormalization procedure used and apply it in
detail to our models. We discuss the results and make our conclusions in sect.5.
The somewhat complicated expressions for the components of the generalized
Ricci tensor, that determine the one loop counterterm, are collected in the
Appendix.

2 The dually related models

We choose the “original” model from the class of ‘deformed principal’ models,
the Lagrangian of which can be written as:

L =
1

2
RabL

a
iL
b
j∂µξ

i∂µξj , (1)

where ξj, j = 1, ...dimG, parametrize the elements, G, of a group, G, and Lai
denote the components of the left invariant Maurer Cartan one form:

Lai =
1

ω
tr(λaG−1 ∂G

∂ξi
). (2)

(λa stand for the generators of the Lie algebra of G: [λa, λb] = fabcλc, normal-
ized according to tr(λaλb) = ωδab. The inverse of Lai is denoted by Lia, and we
frequently use the abbreviation Laµ = Lai∂µξ

i). In Eq. (1) Rab is a constant (i.e.
ξi independent), symmetric Rab = Rba matrix, that describes the deviation of
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the model from the GL × GR invariant principal model, which is obtained if
Rab ∼ δab. In the general case, the presence of Rab breaks the symmetry of
the principal model to GL × HR, where the actual form of the subgroup HR

depends on the actual form of Rab. Rab also appears in the equations of motion
following from Eq. (1):

Rac(∂µL
aµ)−RabL

a
µL

kµf bkc = 0. (3)

Therefore, although even in the general case Laµ form curvature free currents
on account of the definition, Eq. (2),

∂µL
a
ν − ∂νL

a
µ + fabcLbµL

c
ν = 0, (4)

they are no longer conserved. Note, however, that the Noether currents:

Caµ = RcdN
c
aL

d
µ, N c

a =
1

ω
tr(λcG−1λaG), (5)

are conserved as a result of L being invariant under the left G transformations:
G→WG, W ∈ G.

The non Abelian dual of the model in Eq. (1) can be written as [16],[17],[18],
[23],[24]:

Ld = 1

2
∂+χ

a[M−1]ab∂−χ
b, (6)

where χa are coordinates on the Lie algebra of G, ∂±χ
a = ∂τχ

a ± ∂σχ
a, and

the matrix M is given as:

Mab = Rab + fabcχc. (7)

The transformation connecting L and Ld is a special case of the Poisson Lie T
duality [17],[18], when the dual group is Abelian.

The actual pair of dual models where we investigate the question of their
quantum equivalence is obtained from Eqs. (1-7) by choosing G = SU(2) and

Rab =
1

λ
diag(1, 1, 1 + g), (8)

where λ is the coupling constant (which is there even for the principal model)
and g is the deformation parameter. Using the Euler angles (φ,θ,ψ) to para-
metrize the elements of SU(2), G is written as

G = eφτ
3

eθτ
1

eψτ
3

, (9)

(where τa = σa/(2i), with σa being the standard Pauli matrices), and one
readily obtains

L3
µ = ∂µψ + ∂µφ cos θ,

L1
µ = ∂µθ cosψ + ∂µφ sin θ sinψ,

L2
µ = −∂µθ sinψ + ∂µφ sin θ cosψ.

(10)
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Then the Lagrangian of the deformed SU(2) model (1) becomes

L =
1

2λ
{(∂µθ)2 + (∂µφ)

2(1 + g cos2 θ)+

(1 + g)(∂µψ)
2 + 2(1 + g)∂µφ∂

µψ cos θ} .
(11)

Note that for g = −1 the ψ field decouples and Eq. (11) reduces to the La-
grangian of the O(3) sigma model. Thus Eq. (11) describes a one parameter
family of models interpolating between the SU(2) principal model (g = 0) and
the O(3) one. Using the explicit form of Rab in Eq. (3) shows that

(1 + g)∂µL
3µ = 0, ∂µL

1

2
µ ± gL3

µL
2

1
µ = 0; (12)

i.e. (for g 6= −1) L3
µ is conserved. This conservation is the manifestation

of Eq. (11) being invariant under the ψ → ψ + ψ0 translation. Since this
translation acts on G, Eq. (9), on the right, the total symmetry group of the
deformed SU(2) model is SU(2)L × U(1)R.

As only Rab is singular for g = −1, butMab is not, the dual model is readily
defined for all g ≥ −1. Rescaling the χa fields appropriately and introducing
the variables:

χ1 = ρ cosα, χ2 = ρ sinα, χ3 = z, (13)

the Lagrangian of the dual model assumes the form:

Ld = 1

2λD

(

(1 + g + ρ2)(∂µρ)
2 + (1 + g)ρ2(∂µα)

2 + (1 + z2)(∂µz)
2+

2zρ∂µz∂
µρ− 2ǫµν((1 + g)zρ∂µρ∂να+ ρ2∂µα∂νz)

)

,

D = (1 + g)(1 + z2) + ρ2 .

(14)

Note that for g = 0 the substitution ρ = r sin γ, z = r cos γ, really converts
Eq. (14) into the well known non Abelian dual of the SU(2) principal model,
while for g = −1, when (after discarding a total derivative) the α field decouples,
it reduces to a purely metric model:

LdO(3) =
1

2λ

(

(∂µρ)
2 +

1 + z2

ρ2
(∂µz)

2 + 2
z

ρ
∂µz∂

µρ
)

, (15)

which may be called the non Abelian dual of the O(3) sigma model. (This
particular non Abelian dual is a special case of the coset examples discussed in
[25]). The only manifest symmetry of the dual Lagrangian, Eq. (14), is U(1),
corresponding to the α→ α+ α0 translation.

3 The canonical transformation

Before investigating the equivalence of the quantized versions of Eqs. (11) and
(14) we review the canonical transformation that connects these models classi-
cally. In doing so we clarify the relation between the symmetries of the dually
related models and also make a minor observation on the interpretation of the
transformation itself.
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The canonical transformation implementing non Abelian duality in case
of the principal models was described in [4],[26], while for the ‘left invariant
models’ (which Eq. (1) belongs to) it was worked out in [23]. Poisson-Lie T
duality is by definition a canonical transformation and an expression for the
generating functional is given in [18].

We define the canonical momenta of the original and dual models in the
usual way:

pj =
∂L
∂ξ̇j

= RabL
a
jL

b
τ , πa =

∂Ld
∂χ̇a

=
1

2
([M−1]ab∂−χ

b + [M−1]ba∂+χ
b) . (16)

Then the canonical transformation (ξi, pj) → (χa, πb) following from the gener-
ating functional:

F [χa, ξi] =

∮

S1

χaLai∂σξ
i , (17)

can be written as:

πa =
δF

δχa
= Lai∂σξ

i , (18)

pj = − δF

δξj
= Laj∂σχ

a − fabcχaLbiL
c
j∂σξ

i . (19)

(The Maurer Cartan condition, Eq. (4), is used in writing Eq. (19)). Note
– as was pointed out in [23] – that both the generating functional and the
canonical transfomations have the same form as in the case of the principal
model. However, as we show below, in contrast to the principal model, in the
general case, when Rab 6∼ δab, they map two curvature free (but not necessarily
conserved) currents – that are at the starting point of Poisson Lie duality [17] –
into each other. In the original model this current is of course Laµ. In the dual
model, we define the ‘dual current’ by

Ja− = [M−1]ad∂−χ
d, Ja+ = −∂+χd[M−1]da, (20)

after observing that using the simple identity:

∂[M−1]ab

∂χc
= −[M−1]adfdec[M−1]eb, (21)

the equations of motion following from Eq. (6) can be interpreted as the curva-
ture free conditions for Jaµ .

Using the definition of πa, Eq. (16), and Eq. (20) we get πa = −Jaσ , thus the
first of the canonical transformations, Eq.(18), indeed identifies (up to a sign)
the spatial components of Laµ and Jaµ . Multiplying both sides of Eq. (19) by Lic
and exploiting Eq. (18) leads to

Licpi = ∂σχ
c − fabcχaπb . (22)

It follows from the definition of pi, Eq. (16), that the left hand side of this
equation is nothing but RbcL

b
τ . A simple computation, using the expression of

πc in terms of Ja±, as well as the obvious identities

Rab =
1

2
(Mab +M ba); fabcχc =

1

2
(Mab −M ba); (23)
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which follow from the definition, Eq. (7), confirms, that the right hand side of
Eq. (22) can indeed be written as −RacJaτ . Thus the canonical transformation
really connects the curvature free (but in general non conserved) Laµ and Jaµ :

Laσ = −Jaσ , RbcL
b
τ = −RbcJbτ . (24)

Note also that RabJ
b
µ is related in an interesting way to the topological current

T aµ = ǫµν∂
νχa and the ‘would be’ Noether current, V a

±,

V a
+ =

1

2
∂+χ

b[M−1]bcf cdaχd, V a
− =

1

2
f cdaχd[M−1]cb∂−χ

b, (25)

that corresponds to the χa → χa + fabcχbωc transformation:

−RabJ
b
± = 2V a

± + T a± . (26)

Eq. (22) also imply that the special combinations of the original variables
and momenta, qc ≡ Licpi, (which are nothing but RbcL

b
τ ), become local in the

dual model. Using the basic Poisson brackets {ξi(σ), pj(σ′)} = δijδ(σ − σ′)
it is straightforward to show that the bracket among the qa-s in the original
model has the form {qa(σ), qb(σ′)} = fabcqc(σ)δ(σ−σ′). As the transformation
between the original and dual models is canonical, we get the same, if we use
{χa(σ), πb(σ′)} = δabδ(σ − σ′) and identify qc with the quantities on the right
hand side of Eq. (22). However the integrals

∫

dσ(∂σχ
c − fabcχaπb) generate

local, conserved charges in the dual model only for those special values of c, (if
there is any), for which RcbL

b
µ is conserved (see Eq. (3)).

In the deformed SU(2) model only L3
µ is conserved; and since Li3pi = pψ, the

conserved U(1)R charge is
∫

dσpψ. In the dual model, for c = 3, in terms of the
new variables, Eq.(13), the right hand side of Eq. (22) can be written as ∂σz−πα.
Thus (discarding the uninteresting integral of a total derivative) we see that the
‘image’ of the U(1)R charge in the dual model is the conserved ‘α charge’

∫

dσπα.
This explaines the α → α + α0 symmetry of Eq. (14). The charges of the left
Noether currents,

∫

Caτ dσ, of the original model become non local in the dual,
since Caτ can be written as Caτ = N c

a(ξ)L
i
cpi = N c

a(ξ)(∂σχ
c − fdbcχdπb).

It is interesting to understand what happens for g = −1, i.e. to study in
more details the canonical transformation connecting the O(3) sigma model and
its non Abelian dual. The problem with this is that the generating functional,
F [ξi, χa], Eq. (17), is independent of g, yet for g = −1 the ψ field of the O(3)
and the α field of the dual models decouple. In the Hamiltonian formalism,
these decouplings can be handled in general by the procedure described in [25].
In the present case, the canonical transformation connecting these two models
can be described by the following generating functional

F =

∮

dσ {zψ′ + zφ′cosθ + ρθ′cosψ + ρφ′sinθsinψ} , (27)

which is obtained formally from Eq. (17) by setting α = 0. However ψ is not an
independent field now, but is rather a functional of the other fields (and their
derivatives), as determined from

δF

δψ
= 0. (28)
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Thus ψ satisfies
ρφ′sinθcosψ − ρθ′sinψ = z′ (29)

and could be expressed algebraically in terms of the other fields. However we do
not need this explicit expression, as Eq. (28) guarantees that for the canonical
transformation of the other fields, ψ appears as an independent field:

πz =
δF

δz
= ψ′ + φ′cosθ ,

πρ =
δF

δρ
= θ′cosψ + φ′sinθsinψ ,

pφ = −δF
δφ

= (zcosθ)′ + (ρsinθsinψ)′ ,

pθ = −δF
δθ

= zφ′sinθ + (ρcosψ)′ − ρφ′cosθsinψ .

(30)

¿From these equations, using Eq. (29), one readily obtains the derivatives of
the original coordinates:

θ′ = −z
′

ρ
sinψ + πρcosψ ,

sinθφ′ =
z′

ρ
cosψ + πρsinψ ,

(31)

and the original momenta:

pφ = sinθ[cosψ(ρπz − zπρ) + sinψ(ρ′ +
zz′

ρ
)] ,

pθ =[−sinψ(ρπz − zπρ) + cosψ(ρ′ +
zz′

ρ
)] .

(32)

Eqs. (31,32) give the required transformation between the O(3) sigma model
and its non Abelian dual.

Finally we discuss briefly the question of potential quantum corrections to
the canonical transformations. Since the generating functional, Eq. (17), is non
linear in the variables of the original model, one may expect that it receives
quantum corrections [27], when implemented in the functional integral. In quan-
tum theory, using Schrödinger wave functional techniques, a formal equivalence
between the two theories can be established if the energy-momentum eigenfunc-
tionals of the dual theory, ΨE,p[χ

a], and those of the original theory, ΦE,p[ξ
i],

are related to each other by a non linear functional Fourier transformation [27],
[4]:

ΨE,p[χ
a] = N(E, p)

∫ dimG
∏

i=1

DξieiF̃ [ξi,χa]ΦE,p[ξ
i]. (33)

If F̃ [ξi, χa] coincides with the classical generating functional, F [ξi, χa], then
the classical transformation receives no quantum corrections. Let us make the
ansatz that indeed Eq. (33) is valid with the classical generating functional, and
then verify that, as required, an eigenfunction ΦE,p[ξ

i] of the original Hamilto-
nian becomes transformed into an eigenfunction ΨE,p[χ

a] of the dual one. As a
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result of Eq. (22,24), the exponentiated classical generating functional satisfies
the functional differential equations:

Jaσ

[

πb ≡ −i δ
δχb

]

eiF [ξi,χa] = −Laσ[ξi]eiF [ξi,χa],

RbcJ
b
τ

[

χa, πb ≡ −i δ
δχb

]

eiF [ξi,χa] = Ljc[ξ
i]i

δ

δξj
eiF [ξi,χa] ≡ −RbcLbτeiF [ξi,χa] ,

(34)
and as a consequence, ΨE,p and ΦE,p obey e.g.

JaσΨE,p[χ
a] = −N(E, p)

∫ dimG
∏

i=1

DξiLaσeiF [ξi,χa]ΦE,p[ξ
i], (35)

(plus a similar equation where the space components of the currents are replaced
by R ⊗ the corresponding time components). Now, at least for the deformed
SU(2) model, Eq. (11), the Hamiltonian is a simple quadratic expression of the
Laµ-s (which, in turn, are expressed in terms of pj and ξ

i):

H =
1

2λ

∫

dσ
[

3
∑

a=1

((Laτ )
2 + (Laσ)

2) + g((L3
τ )

2 + (L3
σ)

2)
]

. (36)

(The Hamiltonian, corresponding to the dual model, Eq. (14), is obtained by
using Eq. (24)). Therefore, applying twice the argument leading to Eq. (35),
we easily verify that Eq. (33) with F̃ [ξi, χa] = F [ξi, χa] has the property we
wanted to check, just as for the case g = 0 [4]. Note, however, that this
argument is formal in the sense that it does not take into account the effects of
renormalization.

4 Renormalization of the dually related models

4.1 Coupling constant renormalization procedure

To carry out explicitly the renormalization of the original and dual models,
Eq .(11) and (14), we use the general strategy developed in [9]. Since it is
desribed there in quite some detail here we summarize only the main points.
The procedure is based on the well known one and two loop counterterms
[28],[29],[30] for the class of general bosonic σ models, obtained by the back-
ground field method in the dimensional regularization scheme. The countert-
erms of the Lagrangian

L =
1

2λ
(gij∂µξ

i∂µξj + ǫµνbij∂
µξi∂νξj) =

1

λ
L̃, (37)

can be written as

µǫL1 =
α′

2ǫλ
R̂ij(∂µξ

i∂µξj + ǫµν∂
µξi∂νξj) =

1

πǫ
Σ1, (38)

and

µǫL2 =
1

2ǫ
(
α′

2
)2

1

2λ
Y lmk

j R̂iklm(∂µξ
i∂µξj + ǫµν∂

µξi∂νξj) =
λ

8π2ǫ
Σ2, (39)
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where α′ = λ/(2π)

Ylmkj =− 2R̂lmkj + 3R̂[klm]j + 2(H2
klgmj −H2

kmglj) ,

H2
ij =HiklH

kl
j , 2Hijk = ∂ibjk + cyclic ,

(40)

and R̂ij resp. R̂iklm denote the ‘generalized’ (i.e. containing torsion) Ricci resp.
Riemann tensors of the background gij and bij . If the metric, gij , and the torsion
potential, bij, depend also on a parameter, g; gij = gij(ξ, g), bij = bij(ξ, g), then
the counterterms are converted into coupling, parameter and (in general non-
linear) field renormalizations:

λ0 = µǫλ
(

1 +
ζ1(g)λ

πǫ
+
ζ2(g)λ

2

8π2ǫ
+ ...

)

= µǫλZλ(g, λ),

g0 = g +
x1(g)λ

πǫ
+
x2(g)λ

2

8π2ǫ
+ ... = gZg(g, λ),

(41)

ξj0 = ξj +
ξj1(ξ

k, g)λ

πǫ
+
ξj2(ξ

k, g)λ2

8π2ǫ
+ ..., (42)

if the ζi(g), xi(g) and ξ
j
i (ξ

k, g) quantities solve the “conversion equation”:

− ζi(g)L̃ +
∂L̃
∂g
xi(g) +

δL̃
δξk

ξki (ξ, g) + (gauge) = Σi, i = 1, 2. (43)

The appearance of (gauge) in Eqs. (43) implies that the equality of the two sides
is required up to a (perturbative) gauge transformation of the antisymmetric
tensor field bij :

bij → bij + (gauge) = bij +
λ

πǫ
∂[iW

(1)
j] (ξk, g) +

λ2

8π2ǫ
∂[iW

(2)
j] (ξk, g), (44)

which changes L̃, but leaves the torsion invariant. ([ij] = ij−ji) We emphasize
that it is not a priori guaranteed that Eqs. (43) may be solved at all for the
unkown quantities. If Eqs. (43) do not have a solution, then the renormalization
of the model is not possible within the restricted subspace characterized by
the coupling λ and the parameter g, only in the (infinite dimensional) space
of all metrics and torsion potentials. On the other hand, if Eqs. (43) admit a
solution, then the model is renormalizable in the restricted field theoretic sense,

and writing Zλ = 1+ yλ(λ,x)
ǫ

+ ... and Zg = 1+ yg(λ,x)
ǫ

+ ..., the β functions of λ

and g, defined in the standard way, βλ = µ dλ
dµ
, βg = µ dg

dµ
, are readily obtained

[9]:

βλ = λ2
∂yλ
∂λ

, βg = gλ
∂yg
∂λ

. (45)

In ref.[9] it was shown that the deformed SU(2) model, Eq. (11), is renor-
malizable in the ordinary sense both in the one and in two loop order: there is
no wave function renormalization for θ, φ and ψ, while the coupling constant
and the parameter get renormalized as in Eq. (41); the solutions of Eq. (43)
finally lead to

βλ =− λ2

4π
(1− g +

λ

8π
(1− 2g + 5g2)) ,

βg =
λ

2π
g(1 + g)(1 +

λ

4π
(1− g)) .

(46)

10



Note that the g = 0 resp. the g = −1 lines are fixed lines under the renormal-
ization group, and βλ reduces to the β function of the SU(2) principal model,
resp. of the O(3) σ-model on them. In the most interesting (λ ≥ 0, g < 0)
quarter of the (λ,g) plane the renorm trajectories run into λ = 0, g = −1; while
for g > 0 they run to infinity.

4.2 One loop renormalization of the dual models

To use Eqs. (37 -43) in the renormalization of the dual model, Eq. (14), we
index the ρ, α and z fields as ξ1, ξ2 and ξ3. First we work in the one loop order
only. The various components of the generalized Ricci tensor, that determine
the one loop counterterm, Σ1, are collected in the Appendix. Inspecting them
we deduce the following:

• as R̂ij do not reproduce the polynomial form of the metric, gij , and torsion
potential, bij , of the dual model, Eq. (14), to abstract the coupling constant
renormalization we have to assume that the ρ, α and z fields undergo a (possibly
nonlinear) renormalization like in Eq. (42) and also the gauge transformations
may be present. We denote the ξk1 (ξ, g) one loop corrections to ρ, α and z
as F (ρ, z, α, g), αY (ρ, z, α, g) and G(ρ, z, α, g), respectively and also delete the
index 1 from Wi(ρ, z, α, g).

• as R̂ij do not depend on α, (a manifestation, that the background field
method preserves the symmetry translating α), none of the F , Y and G func-
tions may depend on α.

• from the (anti)symmetry properties of R̂ij it follows, that Σ1 contains no
new derivative couplings that are not present in Ld, Eq. (14). In particular -
as R̂12 = −R̂21 and R̂32 = −R̂23 - it contains no ∂µρ∂

µα and ∂µz∂
µα terms.

Therefore Y (ρ, z, g) may depend only on g, Y = Y (g), as the only source of e.g.
∂µρ∂

µα on the left hand side of Eq. (43) is proportional to ∂ρY . Furthermore,
as R̂31 = R̂13 we must have ∂1W3 − ∂3W1 = 0; combining this with the α
independence we put as an Ansatz W1 =W3 = 0, W2 =W (ρ, z, g).

Thus there are three functions of ρ, z and g (namely F , G and W ) and
three fuctions of g (ζ1(g), x1(g) and Y (g)) at our disposal to solve the algebro-
differential system of equations originating from Eq. (43). Introducing the
notation

∂ρF = FR, ∂zF = FZ, ∂ρG = GR, ∂zG = GZ, (47)

∂1W2 − ∂2W1 = ∂ρW =WR, ∂2W3 − ∂3W2 = −∂zW = −WZ, (48)

and comparing the coefficients of (∂µρ)
2, ǫµν∂

µρ∂να, (∂µα)
2, ∂µρ∂

µz,
ǫµν∂

µα∂νz and (∂µz)
2 on the two sides of Eq. (43) one finds indeed:

− ζ1
(

1 + g + ρ2
)

2D
−

(

1 + g + ρ2
) (

2 ρF + x1

(

1 + z2
)

+ 2 (1 + g) zG
)

2D2

+
2 x1 + 4 ρF + 4

(

1 + g + ρ2
)

FR + 4 zρGR

4D
=
R̂11

4
,

(49)
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ζ1zρ (1 + g)

2D
+
zρ (1 + g)

(

2 ρF + x1

(

1 + z2
)

+ 2 (1 + g) zG
)

2D2

− (Gρ+ zF + zρFR + zρY ) (1 + g) + zρx1 − ρ2GR

2D
+
WR

2
=
R̂12

4
,

(50)

− ζ1 (1 + g) ρ2

2D
− (1 + g) ρ2

(

2 ρF + x1

(

1 + z2
)

+ 2 (1 + g) zG
)

2D2

+
2 x1 ρ

2 + 4 (1 + g) ρF + 4 (1 + g) ρ2Y

4D
=
R̂22

4
,

(51)

− ζ1zρ

2D
− zρ

(

2 ρF + x1

(

1 + z2
)

+ 2 (1 + g) zG
)

2D2
+

(

1 + g + ρ2
)

FZ +
(

1 + z2
)

GR +Gρ+ zF + zρFR + zρGZ

2D
=
R̂13

4
,

(52)

ζ1ρ
2

2D
+
ρ2

(

2 ρF + x1

(

1 + z2
)

+ 2 (1 + g) zG
)

2D2

+
zρ (1 + g)FZ − 2 ρF − ρ2Y − ρ2GZ

2D
− WZ

2
=
R̂23

4
,

(53)

− ζ1
(

1 + z2
)

2D
−

(

1 + z2
) (

2 ρF + x1

(

1 + z2
)

+ 2 (1 + g) zG
)

2D2

+
4 zG+ 4

(

1 + z2
)

GZ + 4 zρFZ

4D
=
R̂33

4
,

(54)

(where D = ρ2 + (1 + g)(1 + z2)). Note that this system contains F , FR,
FZ, G, GR and GZ linearly, thus - apart from some pathological cases - these
quantities may be determined from Eqs.(49-54) algebraically. Then we require
that Eq.s (47) hold; i.e. that FR be indeed ∂ρF , etc.. These requirements yield
four equations that should determine ζ1(g), x1(g) and Y (g). Note however,
that these four equations should be satisfied for all values of ρ and z, thus it is
not clear at all that a choice of ζ1, x1 and Y , depending only on g, exists that
guarantees this. This is the point where the gauge transformation described by
Wi plays an essential role, as we must try to choose it in such a way that the
four equations yield a ρ and z independent solution. We emphasize that the
imposition of Eq.s (47) on the algebraic solution of Eq.s (49-54) is the essential
step of our renormalization program, as this step guarantees that the emerging
new couplings can be accounted for by a nonlinear field redefinition.

After some effort the procedure just described yields the following solution:

F =
ρ(1− gz2)

2D
+
g − 1

4
ρ, Y = 0,

G =
z[(1 + g)2 + gρ2]

2D
+
g − 1

4
z, W = −zgρ

2

4D

(55)

ζ1(g) = −1− g

4
, x1(g) =

g(1 + g)

2
. (56)

Therefore, in the one loop order, Ld may be renormalized in the restricted,
field theoretic sense, i.e. it is really possible to convert the counterterm Σ1,
into coupling constant and parameter renormalizations. Furthermore using the
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ζ1 and x1 in Eq.s (41) and (45), reproduces the one loop βλ of the original
model in Eq. (46). Thus as far as one loop coupling constant renormalization is
concerned the equivalence between the non Abelian dual and the original sigma
model is established.

Note that for g = 0 the gauge contribution vanishes in Eq.s (55,56) while
the F and G one loop corrections to ρ and z are the same as the ones obtained
by the ρ = r cos γ, z = r sin γ substitution from the renormalization of the
‘spherically symmetric’ non Abelian dual of the SU(2) principal model [9],[20].

Notice, however, that for g = −1, i.e. for the dual of the O(3) model, the
gauge contribution does not vanish in spite of the decoupling of the α field
in Eq. (14). Therefore it is not entirely clear, that starting with the simpler
(purely metric) form of the dual Lagrangian, Eq. (15), one would end up with
the solution in (55,56): using Ld

O(3) and the g ≡ −1 form of R̂ij in eq. (43)
yields a system consisting of three equations only, instead of the six ones in
(49)-(54), and the gauge contribution is absent as is the antisymmetric tensor
field. To clarify this question and to confirm the results in (55,56) we repeat the
renormalization of the non Abelian dual of the O(3) sigma model using LdO(3),

Eq. (15). Since the emerging formulae become much simpler this way, this also
makes possible to extend the analysis in this particular example to two loops.

4.3 The dual of the O(3) model at two loops

Since the target space of this model is two dimensional, it is possible to find
new variables, x = x(τ, σ), y = y(τ, σ) instead of ρ and z,

ρ = Ψ(x, y), z = Γ(x, y), (57)

such that the target space metric is manifestly conformal to the flat one:

ds2 = dρ2 +
1 + z2

ρ2
dz2 + 2

z

ρ
dρdz = f2(x, y)(dx2 + dy2) . (58)

In terms of these fields, the Lagrangian, LdO(3), assumes the form

L =
1

2λ
f2(x, y)[(∂µx)

2 + (∂µy)
2], (59)

and the (ordinary) Ricci tensor, that determines Σ1 in the absence of torsion,
is readily obtained:

R̃ij = −δij(∂2x + ∂2y) ln f. (60)

Notice, that R̃ij , just like gij is proportional to δij . Therefore there is no ∂µx∂
µy

term in Σ1, and if we denote by X = X(x, y) and Y = Y (x, y) the ξk1 (ξ) one
loop corrections (eq. (42)) to x and y respectively, then the vanishing of ∂µx∂

µy
on the left hand side of Eq. (43), using Eq. (59), requires:

∂yX = −∂xY. (61)

As R̃ij ∼ δij the coefficients of (∂µx)
2 and (∂µy)

2 must be equal on the left
hand side of Eq. (43) too; from this it follows that:

∂xX = ∂yY. (62)
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Eq.s (61) and (62) imply that X and Y are harmonic functions, and are the
real and imaginary parts of a holomorphic function ǫ(x, y) = X + iY . Finally,
writing f = exp(Φ), the only ‘non trivial’ equation, following from Eq. (43) and
Eq. (59) is:

− ζ1
2

+ ∂xX + (X∂xΦ+ Y ∂yΦ) = −1

4
e−2Φ(∂2x + ∂2y)Φ . (63)

Thus the question of one loop renormalizability of LdO(3) can be formulated

whether for the given Φ (see explicitely below) it is possible to choose the ζ1
constant such that (63) admits harmonic solutions X and Y .

To obtain the explicit form of Φ we have to find the mapping Ψ(x, y) and
Γ(x, y), Eq. (57). The second equality in Eq. (58) can be transformed into a
system of differential equations for

1

2
Ψ2(x, y) = K(x, y);

1

2
Γ2(x, y) = H(x, y); (64)

which admits the solution:

H = a0x
2, K = −a0x2 + yǫ

√
2a0, (65)

and leads finally to

f2(x, y) =
1

−x2 + yǫ
√

2/a0
; Φ = −1

2
ln(−x2 + yǫ

√

2/a0) . (66)

(Here a0 > 0 is a constant of integration and the sign, ǫ = ±, is chosen so as to
guarantee the positivity of f2 in some domain. Note that we use this mapping
only locally, in an appropriate domain of (x, y), the questions about the shape
of this domain, its boundary etc. are beyond the scope of this paper). Plugging
this Φ into Eq. (63) leads to

(−ζ1
2

+ ∂xX)(−x2 + yǫ

√

2

a0
) +Xx− ǫ√

2a0
Y = −1

4
(x2 + yǫ

√

2

a0
+

1

a0
) . (67)

This equation admits the solution:

ζ1 = −1

2
; X = −x; Y = −y + 1

2ǫ
√
2a0

. (68)

Note that this ζ1 is the same as the one in Eq. (56) for g = −1. However, using
the definition, ρ = Ψ(x, y) =

√
2K, z = Γ(x, y) =

√
2H, it is easy to show

that the non linear redefinition described by this X and Y corresponds to an F
and G different from the one in Eq. (55), reflecting the absence of torsion and
the gauge transformation. Since only the coupling constant and the parameter
have physical significance we can state that the one loop renormalizability of
the O(3) model’s non Abelian dual and Eq. (56) are confirmed.

The next logical step is to investigate the renormalizability of this model in
the two loop order. (The two loop non renomalizability of the non Abelian dual
of the SU(2) principal model – which is the only other case of the deformed
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sigma models when the complexity of this problem becomes tractable – is dis-
cussed in [9],[20]). Computing Y lmk

j R̃iklm for the metric f2(x, y)[(dx)2 + (dy)2]
one finds it to be proportional to δij , thus Σ2 containes no ∂µx∂

µy term either,
and Eq.s (61 ,62) are also valid for the X̃(x, y), Ỹ (x, y) two loop corrections to
x and y. Using the explicit form of Σ2, the two loop equation following from
Eq. (43) can be written as:

(−ζ2
2
+ ∂xX̃)(−x2+ ya)2 +(−x2+ ya)(xX̃ − a

2
Ỹ ) =

1

8
(a2 +2x2 +2ya)2 , (69)

(where a = ǫ
√

2/a0). Taking into account the polynomial nature of this equa-
tion, (i.e. the fact that the coefficients of X̃ , Ỹ , ∂xX̃ , and also the terms
independent of X̃ and Ỹ are finite, well defined polynomials in x and y), it is
not difficult to see that there is no choice of ζ2 that would make possible to find
a pair of harmonic X̃ and Ỹ solving Eq. (69). Notice e.g. that the absence of
terms containig xl, l > 4 and ym, m > 2 among the X̃, Ỹ independent terms
in Eq. (69) makes the coefficient of all the k > 1 terms vanish in the natural

polynomial Ansatz: ǫ̃(x, y) = X̃ + iỸ =
N
∑

k=0
bkw

k; w = x+ iy. The possibility

of ǫ̃ being linear in x and y is eliminated by realizing that the matching of
the various xlym terms on the two sides of (69) leads to mutually inconsistent

expressions for ζ2. (The case of a rational ǫ̃, ǫ̃ = PN (w)
QM (w) , can be ruled out by a

similar argument). Therefore we conclude that LdO(3) is not renormalizable in
the two loop order in the restricted, field theoretic sense.

5 Discussion and conclusions

In this paper we considered a one parameter family of sigma models interpolat-
ing between the SU(2) principal model and the O(3) sigma model together with
the non Abelian dual of this family, and investigated the renormalization of the
coupling constant and the deformation parameter in the two families of models.
The interest of the O(3) sigma model and its non Abelian dual stems from the
fact that the fields of the former parametrize a coset space while usually non
Abelian duality is formulated for sigma models defined on group manifolds; see
however ref.[25] for Poisson Lie duality in case of cosets.

Classically these two sets of models are related by a canonical transforma-
tion, thus they are equivalent. If this equivalence persisted for the quantized
models then the coupling constant and the parameter of the original and dual
models should be renormalized in the same way - apart from some potential
change in the renormalization scheme.

We found that in the one loop order of perturbation theory this expected
equivalence shows up for the complete family of models. However, for the two
particular models (for g = 0 and g = −1, that describe the SU(2) principal
model and the O(3) sigma model respectively), when the two loop analysis
becomes tractable we found the equivalence broken in this order. We came
to these conclusions by establishing that the system of equations, guarantee-
ing that the coupling and parameter renormalizations can be extracted in the
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ususal, field theoretic sense from the counterterms of the sigma models, have
such a solution for the dual model in the one loop order that leads to the same
β functions as the original model. However, in the two loop order for g = 0
or −1 at least, these equations have no solutions for the duals, thus the duals
are not even renormalizable, hence the equivalence is obviously broken. We
emphasize that the essential point is the non equivalence of the dually related
models at the two loop level and we are using renormalizability only as a tool
to show this.

One may think that the reason behind the two loop discrepancy between
the original and dual theories is the same as in the case of Abelian duality
[11], namely, that the bare and renormalized quantities do not transfrom in
the same way under duality transformations. In this respect the fact that the
dual Lagrangian, Ld, is equivalent to the original one for the complete family of
deformed sigma models gives support to the idea that as far as coupling constant
renormalization is considered non Abelian duality is similar to Abelian duality;
as shown in ref.s [9],[10], [31], for models connected by these transformations, in
the one loop order, (after carrying out the required, usually highly non trivial
field renormalizations in the duals), the coupling constants and the parameters
are renormalized in the same way. If, for non Abelian duality, this indeed
turns out to be true in general, then one can go on and look for the required
modifications of the transformation rules for the renormalized quantities in the
framework outlined in [11].
Acknowledgements L.P. thanks C. Klimcik for useful discussions and a cor-
respondence. J.B. thanks for the Bourse de la Region Centre, No 96 298 027.
This investigation was supported in part by the Hungarian National Science
Fund (OTKA) under T016251 and T019917.

6 Appendix

Here we collect the components of the generalized Ricci tensor of the dual
model, Eq. (14).

R̂11 =− 1

2 (1 + z2 + g + gz2 + ρ2)3

(

−3 + 2 gz2ρ4 + 8 ρ2z2g3

+ 3 g2z4ρ2 + g3z4ρ2 + 3 z4gρ2 − 6 g + 12 gz2 + 6 ρ2z2 + 3 gρ2 + 2 z4g

+ 28 g2z2 + 8 g2z4 − 3 g2ρ2 + 20 g3z2 + 6 g3z4 + 20 gz2ρ2 + 22 g2z2ρ2

− z4 − 4 g2 + 7 ρ4 − 2 g3 + 3 ρ2 + 4 ρ4z2g2 + ρ2z4

+ 2 ρ4z2 − 3 g3ρ2 − 3 g2ρ4 + 4 z2g4 − gρ6 + g4z4 − g4 + ρ6
)

(70)

R̂12 = −R̂21 = −2 ρ (1 + g) z
(

(1 + g)3 + 2 g2ρ2 + gz2ρ2 + 3 gρ2 + gρ4
)

(1 + z2 + g + gz2 + ρ2)3
(71)

R̂22 =− (1 + g)2 ρ2

2 (1 + z2 + g + gz2 + ρ2)3
(−g2 + 4 g2z2 + g2z4 + 4 z4g + 12 gz2

− 2 gρ2 + 4 gz2ρ2 − 3− z4 − 2 ρ2z2 − ρ4)
(72)
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R̂13 =R̂31 = − zρ

2 (1 + z2 + g + gz2 + ρ2)3
(5 g + 8 ρ2 + 8 z2

+ 20 gz2 + 2 ρ2z2 + g2 + 2 gρ2 + 3 z4g + 16 g2z2 + 3 g2z4 + 2 gz2ρ2

+ z4 + ρ4 − g3 − 2 g2ρ2 + 4 g2z2ρ2 + 4 g3z2 + g3z4 − gρ4 + 3)
(73)

R̂23 = −R̂32 =
2 (1 + g) ρ2

(1 + z2 + g + gz2 + ρ2)3

(

g2z2 + z4g + gz2ρ2 + 3 gz2 − 1
)

(74)

R̂33 =− 1

2 (1 + z2 + g + gz2 + ρ2)3
(−3− gz2ρ4 + 4 g2z4ρ2 + 2 z4gρ2

− 9 g + 9 gz2 + 6 ρ2z2 − 10 gρ2 + 21 z4g + 9 g2z2 + 21 g2z4 − 6 g2ρ2

+ 3 g3z2 + 7 g3z4 − 3 gρ4 + 2 g2z2ρ2 + 7 z4 − 9 g2 − ρ4 − 3 g3

+ 3 z2 + 3 z6g + 3 z6g2 + g3z6 + z6 + 2 ρ2z4 + ρ4z2)
(75)

For g = 0 these expressions simplify and become identical to the well known
expressions [9],[20],[32] for the non Abelian dual of the SU(2) principal model.
For g = −1 R̂12, R̂22, and R̂23 vanish identically; this is in accord with the
decoupling of the α field.
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