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Abstra
t

We derive a relation between leading �nite size 
orre
tions for a 1+1 dimensional

quantum �eld theory on a strip and s
attering data, whi
h is very similar in spirit

to the approa
h pioneered by Lüs
her for periodi
 boundary 
onditions. The 
onsis-

ten
y of the results is tested both analyti
ally and numeri
ally using thermodynami


Bethe Ansatz, Destri-de Vega nonlinear integral equation and 
lassi
al �eld theory

te
hniques. We present strong eviden
e that the relation between the boundary state

and the re�e
tion fa
tor one-parti
le 
ouplings, noti
ed earlier by Dorey et al. in the


ase of the Lee-Yang model extends to any boundary quantum �eld theory in 1+1

dimensions.

1 Introdu
tion

Finite size 
orre
tions are important tools in QFT and their use is mandatory in interpret-

ing numeri
al data. Nearly two de
ades ago M. Lüs
her [1℄ gave a general expression for

the leading �nite size 
orre
tion of parti
le masses and s
attering states valid in any QFT

with periodi
 boundary 
onditions, in terms of the in�nite volume s
attering data.
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Lüs
her's result was spe
ialized to 1+1 dimensional �eld theory [2℄, using the exa
t

s
attering amplitudes known in integrable �eld theories. For example, in a theory with a

single parti
le of mass m and elasti
 s
attering amplitude S (θ) the leading 
orre
tion to

the parti
le mass in �nite volume is the following:

δm

m
(L) = −

√
3

2
i

(

Res
θ= 2πi

3

S (θ)

)

e−
√

3

2
mL

−
∫ ∞

−∞

dθ

2π
cosh θ

(

S

(

θ +
iπ

2

)

− 1

)

e−mL cosh θ +O
(

e−
√
3mL
)

(1.1)

(similar formulae exist for general parti
le spe
tra). The �rst term (whi
h, if present,

dominates over the se
ond) appears whenever the parti
le o

urs as a bound state of itself,

and is proportional to the residue of the S-matrix at the pole, while the se
ond term is

present in general and is of order L−1/2e−mL
.

In integrable 1+1 dimensional models restri
ted to a spa
etime strip of �nite width L
with integrable boundary 
onditions, some e�ort has been devoted re
ently to the deter-

mination of the leading 
orre
tions to low lying � mainly ground-state � energy levels as

fun
tions of L in 
lassi
al �eld theory [3, 4℄. However, these investigations did not look

for a general, model independent form of the asymptoti
 
orre
tion to the in�nite volume

ground state energy, whi
h is the goal of the present work to 
onsider. In addition, the

results of the present work will be derived at the quantum level, and it is shown that they

agree to the results in [3, 4℄ in the 
lassi
al limit.

In this paper we derive a formula, similar in spirit to Lüs
her's result in the 
ase of

periodi
 boundary 
onditions, whi
h expresses the �nite size 
orre
tion to the energy of

a state 
ontaining no parti
les (but possibly ex
ited boundary states) in terms of the re-

�e
tion amplitudes on the semi-in�nite line. On
e again, the leading term depends on

the presen
e of 
ertain poles in the re�e
tion fa
tors. When su
h poles are present we

get 
orre
tions of the form e−mL
(for a parti
le of mass m) with 
oe�
ients that depend

on the residue of the respe
tive pole, otherwise the leading 
orre
tion is given by a more


ompli
ated integral 
ontaining the re�e
tion amplitudes and is of order L−1/2e−2mL
. We

show that these results are 
onsistent with the boundary version of thermodynami
 Bethe

Ansatz (TBA). Using the general results we determine the form of leading �nite size 
or-

re
tions in boundary sine-Gordon theory, whi
h we 
he
k against results from a nonlinear

integral equation (NLIE) in the Diri
hlet 
ase, and 
ompare them to the 
lassi
al �eld

theory results in [3, 4℄.

2 Cluster expansion and �nite size 
orre
tions

For simpli
ity let us 
onsider a theory with only one s
alar parti
le in the bulk. Assume

further that the theory is de�ned on a strip of width L, with boundary 
onditions labeled

by α and β su
h that the elasti
 re�e
tion amplitudes of the parti
le on these boundaries

on the semi-in�nite line, Rα (θ) and Rβ (θ) are known. To derive the asymptoti
 (L → ∞)
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form of the ground state energy E0
αβ(L), we 
onsider the partition fun
tion of the theory

on a 
ylinder in two alternative forms:

Zαβ (R,L) = Tr e−RHαβ(L) = 〈α|e−LH(R)|β〉

where H(R) denotes the Hamiltonian of the theory in the 
rossed 
hannel (on a 
ir
le

of 
ir
umferen
e R), |α〉 and |β〉 are the appropriate boundary states á la Ghoshal and

Zamolod
hikov [5℄, while Hαβ(L) is the Hamiltonian on the strip. In the limit R → ∞ we

obtain

e−RE0

αβ
(L) ∼ 〈α|e−LH(R)|β〉

The right hand side 
an be expanded for large L in a so-
alled 
luster expansion (the

analogue of whi
h was re
ently used in [6℄ for the TBA in the other 
hannel to settle long

standing issues 
on
erning the boundary entropy fun
tion). Inserting a 
omplete set of

eigenstates of the Hamiltonian H(R) on the 
ir
le we obtain

〈α|e−LH(R)|β〉 =
∑

n∈Hbulk

〈α|n〉〈n|β〉
〈n|n〉 e−LEn(R)

For our purposes, only the �rst few terms are interesting:

〈α|e−LH(R)|β〉 =
〈α|0〉〈0|β〉

〈0|0〉 e−LE0(R)

+
∑

θn

〈α|θn〉〈θn|β〉
〈θn|θn〉

e−L(E0(R)+m cosh θn)

+
∑

θn,θm

〈α|θn, θm〉〈θn, θm|β〉
〈θn, θm|θn, θm〉

e−L(E0(R)+m cosh θn+m cosh θm)

+ three particle contributions + . . . (2.1)

In the limit R → ∞ the boundary state |β〉 has the general form [5℄

|β〉 =
(

1 +

∫ ∞

0

dθ

2π
Kβ (θ)A

† (−θ)A† (θ) + . . .

)

|0〉 (2.2)

(similarly for |α〉) where the dots denote terms 
ontaining more parti
les, A† (θ) 
reates an
asymptoti
 parti
le of rapidity θ and

Kβ (θ) = Rβ

(

iπ

2
− θ

)

.

Normalizing the bulk va
uum energy to 0 and 
olle
ting the leading (two-parti
le) terms

for large L yields

Zαβ(R,L) = 1 +mR

∫ ∞

0

dθ

2π
cosh θK̄α (θ)Kβ (θ) e

−2mL cosh θ + . . .

K̄α (θ) = Kα (−θ) = Rα

(

iπ

2
+ θ

)
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where we repla
ed the sums by integrals over the density of states

∑

θn

→ mR

∫

dθ

2π
cosh θ

and used real analyti
ity of the re�e
tion fa
tor

R(θ)∗ = R(−θ∗)

For the energy we obtain

Eαβ(L) = −m

∫ ∞

0

dθ

2π
cosh θK̄α (θ)Kβ (θ) e

−2mL cosh θ
(2.3)

One 
an generalize the above argument to the 
ase when there is a multiplet of parti
le

of mass m. In that 
ase the re�e
tion fa
tor is a matrix

Rβ (θ)
r
s

where r and s denote the multiplet labels. The boundary state takes the form [5℄

|β〉 =
(

1 +
∑

r, s

∫ ∞

0

dθ

2π
Kβ (θ)

rsA†
r (−θ)A†

s (θ) + . . .

)

|0〉

where

Kβ (θ)
rs̄ = Rβ

(

i
π

2
− θ
)r

s

and s̄ denotes the 
harge 
onjugate of multiplet member s. The leading �nite size 
orre
tion
takes the form

Eαβ(L) = −m

∫ ∞

0

dθ

2π
cosh θTr

(

K̄α (θ)Kβ (θ)
)

e−2mL cosh θ
(2.4)

Let us turn now again to the 
ase of diagonal s
attering. If the theory is integrable

then the boundary state is known exa
tly

|β〉 = exp

(
∫ ∞

0

Kβ (θ)A
† (−θ)A† (θ)

dθ

2π

)

|0〉 (2.5)

and summing up the 
luster expansion one 
an derive a TBA equation for the ground state

energy as done by Le
lair et al. in [7℄, whi
h is analyzed in detail in the next se
tion. The

large volume limit of this TBA is exa
tly given by the formula (2.3).

However, if there is a pole in the re�e
tion fa
tor at the imaginary rapidity θ = iπ/2
of the form

Rβ (θ) ∼
ig2β

2θ − iπ
(2.6)

the boundary state has an extra one-parti
le 
ontribution

4



|β〉 =
(

1 + g̃βA
† (0) +

∫ ∞

0

dθ

2π
Kβ (θ)A

† (−θ)A† (θ) + . . .

)

|0〉 (2.7)

or in the 
ase of an integrable �eld theory one has

|β〉 =
(

1 + g̃βA
† (0)

)

exp

(
∫ ∞

0

dθ

2π
Kβ (θ)A

† (−θ)A† (θ)

)

|0〉 (2.8)

(due to the ex
lusion prin
iple, adding the one-parti
le term to the exponent makes no

di�eren
e). Ghoshal and Zamolod
hikov [5℄ identify g̃β with gβ, but Dorey et al. in [8℄

found the relation

g̃β =
gβ
2

(2.9)


omparing one-point fun
tions 
al
ulated from the boundary state using form fa
tor meth-

ods to TCSA results in the 
ase of the Lee-Yang model. As we show below, our results are

fully 
onsistent with this latter suggestion. Namely, using the state (2.7) in the expansion

(2.1) one gets for the leading term the result

Zαβ (R,L) = 1 +mRg̃αg̃βe
−mL + . . .

and so

Eαβ (L) = −m
gαgβ
4

e−mL + . . . (2.10)

The existen
e of this 
ontribution requires that both left and right boundary re�e
tion

matri
es have a pole at θ = iπ/2. It is also important to note that if one-parti
le terms are

present in the boundary state, the two-parti
le term of the 
luster expansion is divergent

and needs to be regularized.

Hereafter we shall refer to (2.3,2.10) as the boundary Lüs
her formulae be
ause they

are a natural generalization of Lüs
her's original results [1℄ to the 
ase of quantum �eld

theory de�ned on a strip.

3 BTBA in the infrared limit

In order to lend support to relation (2.9) between the one-parti
le 
oupling 
onstant ap-

pearing in the re�e
tion fa
tor and the 
oe�
ient of the one-parti
le term in the boundary

state, we 
al
ulate the infrared limit of boundary TBA (BTBA). Although the original

derivation given by Le
lair et al. [7℄ only 
onsiders the 
ase when there is no one-parti
le

term in the boundary state, it 
an be easily argued that the presen
e of one-parti
le terms

makes no di�eren
e to the end result, and this is also supported by numeri
al studies using


omparison with trun
ated 
onformal spa
e (TCS) by Dorey et al. in [9℄.

For simpli
ity we 
onsider a theory with a single parti
le of mass m on a strip of length

L. The BTBA equation takes the form

ǫ (θ) = 2mL cosh θ −
∫ ∞

−∞

dθ′

2π
Φ (θ − θ′) log

(

1 + χ (θ′) e−ǫ(θ′)
)

(3.1)
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where

Φ (θ) = −i
d

dθ
log S (θ)

is the derivative of the phase of the two-parti
le S-matrix S(θ), and

χ (θ) = K̄α (θ)Kβ (θ)

using the notations of the previous se
tion. Using 
rossing-unitarity [5℄

Kα (θ) = S (2θ) K̄α (θ) (3.2)

and unitarity

S(θ)S(−θ) = 1

it is easy to see that χ(θ) is an even fun
tion.

The energy of the ground state is given by

Eαβ(L) = −m

∫ ∞

−∞

dθ

4π
cosh θ log

(

1 + χ (θ) e−ǫ(θ)
)

(3.3)

In the 
ase where there is no one-parti
le 
oupling, χ(θ) is regular on the real axis and for

large L
ǫ (θ) = 2mL cosh θ +O

(

e−2mL
)

(3.4)

whi
h gives the following asymptoti
s for the energy:

Eαβ(L) = −m

∫ ∞

−∞

dθ

4π
cosh (θ)χθe−2mL cosh θ +O

(

e−4mL
)

in perfe
t agreement with (2.3). The same is true for the 
ase when only one of the

boundaries has a nonzero one-parti
le 
oupling. The 
orresponding K fa
tor has a simple

pole at θ = 0, but sin
e the other K is regular and χ is an even fun
tion, χ has no

singularity at all. This 
an be understood by re
alling that generally

S(0) = −1

so 
rossing-unitarity (3.2) entails

Kα(0) = −Kα(0)

and as a result, K fa
tors must have either a zero or a pole at θ = 0. Even if there is

a �rst order pole in one of the K fa
tors 
orresponding to a one-parti
le 
oupling to the

boundary, the produ
t of the two K fa
tors is still regular.

However, for a theory with nonzero one-parti
le 
oupling on both boundaries χ has a

se
ond-order pole at θ = 0. The logarithmi
 terms in (3.1) and (3.3) remain integrable and

6



the BTBA makes perfe
tly good sense, but to obtain the 
orre
t asymptoti
 expansion one

needs to be 
areful. For large L, the energy 
an be written in the form

Eαβ(L) = −m

∫ ∞

−∞

dθ

4π
cosh θ log

(

1 + χ (θ) e−2mL cosh θ
)

(3.5)

Now we 
annot use log(1 + x) ∼ x to expand the logarithm as χ(θ) diverges at θ = 0. In
fa
t, using (2.6) this divergen
e 
an be 
omputed as

χ (θ) ∼
g2αg

2
β

4θ2
∼

g2αg
2
β

4 sinh2 θ

We 
an use the following integral formula [14℄

∫ ∞

−∞
dx log

a2 + x2

b2 + x2
= 2π(a− b) , a, b ≥ 0 (3.6)

to evaluate the energy in the following way

Eαβ(L) = −m

∫ ∞

−∞

dθ

4π
cosh θ



log

(

1 +
g2αg

2
β

4 sinh2 θ
e−2mL

)

+ log





1 + χ (θ) e−2mL cosh θ

1 +
g2αg

2

β

4 sinh2 θ
e−2mL









= −m
|gαgβ|
4

e−mL −m

∫ ∞

−∞

dθ

4π
cosh θ



log





1 + χ (θ) e−2mL cosh θ

1 +
g2αg

2

β

4 sinh2 θ
e−2mL









(3.7)

The remaining integral is an expression of order e−2mL
, while the leading term agrees with

(2.9,2.10) for gαgβ > 0.
It was already noted in [9℄ (using a 
omparison with trun
ated 
onformal spa
e method)

that the BTBA equation only gives the 
orre
t ground state energy in this 
ase, and for

values of boundary parameters su
h that gαgβ < 0 a suitable analyti
 
ontinuation must be
applied.

1

Note also that in the de�nition of the boundary 
oupling gβ from (2.6) a bran
h

of the square root fun
tion must be 
hosen. In all known 
ases (e.g. Lee-Yang in [9℄ or

sine-Gordon in the following se
tion) there exists a bran
h 
hoi
e su
h that the boundary


ouplings depend analyti
ally on the boundary parameters. In this 
ase a straightforward

analyti
 
ontinuation from the range of parameters for whi
h gαgβ > 0 gives the result

Eαβ(L) = −m
gαgβ
4

e−mL + . . .

in the parameter range where gαgβ < 0, whi
h is 
onsistent with (2.9,2.10). Furthermore,

the result (3.7) also yields a formula for the regularized two-parti
le 
ontribution. The two-

parti
le 
ontribution is regularized by the logarithm in (3.5), whi
h represents a partial

1

Using the notation of paper [9℄, the regime gαgβ > 0 
orresponds to the boundary parameter range

−2 < b < 2 (for boundary 
onditions α = I and β = Φ(h), with the boundary parameter h related to b),

whi
h is the range in whi
h they found that BTBA 
ompares well with trun
ated 
onformal spa
e. For

parameters out of this range the authors needed to resort to analyti
 
ontinuation in order to mat
h the

numeri
al data.
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re-summation of the higher multi-parti
le 
ontributions, and the bulk intera
tion plays

no role at leading order in large volume. We 
onje
ture that the leading asymptoti
s


al
ulated from (3.7) is valid also for non-integrable theories, sin
e for large L the leading


ontribution 
omes from a very small region around θ = 0 and for su
h small values of the

rapidity the inelasti
 s
attering 
hannels should play no role provided m is the smallest

parti
le mass in the spe
trum.

4 Appli
ation to sine-Gordon theory with integrable bound-

ary 
onditions

Next we apply these results to sine-Gordon theory on a strip with integrable boundary


onditions of Ghoshal-Zamolod
hikov type [5℄. The model has a 
ompli
ated spe
trum

with non-diagonal bulk and boundary s
attering. However, to derive the leading term

(2.3,2.10) we used only (2.2,2.7) whi
h is valid in general �eld theories (even non-integrable

ones) in two dimensions, as follows from the derivation of [5℄. Integrability is only needed

to derive the exa
t exponentiated form of the boundary state (2.5,2.8). Besides that, the

derivation of Se
tion 2 
arries over to the 
ase of non-diagonal boundary s
attering in a

straightforward manner, while the e�e
ts of bulk s
attering appear only in higher 
orre
tion

terms.

The a
tion of the model is

A =

∫ ∞

−∞
dt

[
∫ L

0

dx LSG(x, t)− V
(0)
B (Φ(0, t))− V

(L)
B (Φ(L, t))− α

∂Φ(L, t)

∂t

]

(4.1)

where the bulk Lagrangian density is given by

LSG(x, t) =
1

2
(∂µΦ(x, t))

2 − m2

β2
(1− cos βΦ)

and the boundary intera
tion is des
ribed by the potentials

V
(z)
B (Φ(z, t)) = Mz

[

1− cos
β

2
(Φ(z, t) − Φz)

]

, z = 0, L (4.2)

(the Mz → ∞ limit 
orresponds to Diri
hlet boundary 
onditions). The last term (pro-

portional to α) is allowed by integrability, and on the strip � in 
ontrast to the theory on

the half line � it 
annot be eliminated from the a
tion by an appropriate �gauge� transfor-

mation [10℄. The spe
trum is 
onstituted by the solitons and breathers, and the s
attering

theory on the half line is known. The re�e
tion amplitudes on the two boundaries 
an be

parameterized with the Ghoshal-Zamolod
hikov parameters ηz and ϑz (z = 0, L).
Using a perturbed 
onformal �eld theory des
ription one 
an write the a
tion of the

quantum theory as

ApCFT = Ac=1 + µ

∫ ∞

−∞
dt

∫ 0

−∞
dx : cos βΦ : +µ̃0

∫ ∞

−∞
dt : cos

β

2
(Φ(0, t)− Φ0) :

8



+ µ̃L

∫ ∞

−∞
dt : cos

β

2
(Φ(L, t)− ΦL) :

Ac=1 =

∫ ∞

−∞
dt

∫ 0

−∞
dx

1

2
(∂µΦ(x, t))

2 − α

∫ ∞

−∞
dt
∂Φ(L, t)

∂t

The parameters of this a
tion are related to the boundary parameters η, ϑ by the UV-IR

relation [11℄

µ̃z

µ̃crit
sin

βΦz

2
= −(−1)z/L sin

ηz
λ+ 1

sinh
ϑz

λ + 1
µ̃z

µ̃crit
cos

βΦz

2
= cos

ηz
λ+ 1

cosh
ϑz

λ+ 1
(4.3)

where

µ̃crit =

√

2µ

sin β2

8

, λ =
8π

β2
− 1 (4.4)

and the sign fa
tor −(−1)z/L arises from the fa
t that on the left end (z = 0) of the

strip the role of the soliton and antisoliton are inter
hanged with respe
t to the right end

(z = L). In the 
lassi
al limit µ̃z 
an be repla
ed by Mz and µ by m2/β2
from (4.1), and

the η, ϑ parameters must be s
aled as [13℄

η = ηcl (1 + λ) , ϑ = ϑcl (1 + λ) (4.5)

keeping ηcl, ϑcl �nite. This leaves us with the 
lassi
al UV-IR relations

Mz

Mcrit
sin

βΦz

2
= − (−1)z/L sin ηcl sinhϑcl

Mz

Mcrit
cos

βΦz

2
= cos ηcl coshϑcl (4.6)

Mcrit =
4m

β2

In the regime β2 < 4π the spe
trum 
ontains the �rst breather, whi
h has the re�e
tion

matrix [12℄

R
(1)
|〉 (θ)z =

(

1
2

) (

1
2λ

+ 1
)

(

1
2λ

+ 3
2

)

(

ηz
πλ

− 1
2

) (

iϑz

πλ
− 1

2

)

(

ηz
πλ

+ 1
2

) (

iϑz

πλ
+ 1

2

) , (x) =
sinh

(

θ
2
+ iπx

2

)

sinh
(

θ
2
− iπx

2

) . (4.7)

The breather re�e
tion amplitudes are all independent of the parameter α, whi
h appears

only in the soliton re�e
tion matri
es. The re�e
tion fa
tor (4.7) does have a pole at

θ = iπ/2 with the singular term taking the form

R
(1)
|〉 (θ) ∼ 4i

1 + cos π
2λ

− sin π
2λ

1− cos π
2λ

+ sin π
2λ

tan2 η

2λ
tanh2 ϑ

2λ

1

2θ − iπ

9



whi
h gives the following result for the 
oupling of the �rst breather to the boundary with

parameters η and ϑ

g1 (η, ϑ) = 2

√

1 + cos π
2λ

− sin π
2λ

1− cos π
2λ

+ sin π
2λ

tan
η

2λ
tanh

ϑ

2λ
(4.8)

(The expression under the square root is always positive as long as λ > 1 whi
h is ne
essary

for the �rst breather to exist in the spe
trum). However, some 
are must be taken, be
ause

the sign of the 
oupling g1 must be opposite on the two ends of the strip sin
e these are

related by a spatial re�e
tion under whi
h the �rst breather is odd.

As a result, formula (2.10) together with (2.9) predi
ts that in the regime β2 < 4π
(λ > 1) for generi
 boundary 
onditions the leading �nite size 
orre
tion to the ground

state on the strip is given by

Eαβ (L) = −1

4
m1g1 (ηL, ϑL) (−g1 (η0, ϑ0)) e

−m1L
(4.9)

= m1

1 + cos π
2λ

− sin π
2λ

1− cos π
2λ

+ sin π
2λ

tan
η0
2λ

tanh
ϑ0

2λ
tan

ηL
2λ

tanh
ϑL

2λ
e−m1L + . . .

where m1 is the mass of the �rst breather, η0, ϑ0 and ηL, ϑL are the boundary parameters


hara
terizing the boundary at the left and right ends of the strip, respe
tively. Soliton


orre
tions are always subleading, sin
e there is no one-parti
le 
oupling of solitons to the

boundary and m1 < 2M .

It is also interesting to 
ompute the one-parti
le term 
ontributed by the se
ond

breather, sin
e in the regime where the se
ond breather exists (β2 < 8π/3 i.e. λ > 2),
its mass m2 = 2m1 cos

π
2λ

is lower than 2m1 and so it dominates over the two-parti
le


orre
tion from the �rst breather, giving the next-to-leading �nite size 
orre
tion. Fur-

thermore, if any of the ηz , ϑz (z = 0, L) parameters is zero, then the leading term (4.9)

vanishes, leaving the se
ond breather's one-parti
le term as the leading one.

The re�e
tion amplitude for the se
ond breather is of the form [12℄

R
(2)
|〉 (θ) =

(

1
2

) (

1
2λ

+ 1
) (

1
λ
+ 1
) (

1
2λ

)

(

1
2λ

+ 3
2

)2 ( 1
λ
+ 3

2

)

×
(

ηz
πλ

− 1
2
− 1

2λ

) (

iϑz

πλ
− 1

2
− 1

2λ

)

(

ηz
πλ

+ 1
2
− 1

2λ

) (

iϑz

πλ
+ 1

2
− 1

2λ

)

(

ηz
πλ

− 1
2
+ 1

2λ

) (

iϑz

πλ
− 1

2
+ 1

2λ

)

(

ηz
πλ

+ 1
2
+ 1

2λ

) (

iϑz

πλ
+ 1

2
+ 1

2λ

)
(4.10)

from whi
h the boundary 
oupling 
an be extra
ted

g2 (η, ϑ) =
2 tan

(

π
4λ

− η
2λ

)

tan
(

π
4λ

+ η
2λ

)

tan
(

π
4λ

− iϑ
2λ

)

tan
(

π
4λ

+ iϑ
2λ

)

tan π
4λ

√

tan π
2λ

tan
(

π
4
+ π

2λ

)

(4.11)

and the one-parti
le 
ontribution to the �nite size 
orre
tions be
omes

−m2
g2 (η0, ϑ0)

2

g2 (ηL, ϑL)

2
e−m2L

(4.12)
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(here the sign of the 
ouplings are the same at the two boundaries as the se
ond breather is

even). We remark that in this model there is in fa
t no sign ambiguity in this 
oupling on
e

the signs of bulk three-parti
le 
ouplings are �xed, be
ause the soliton re�e
tion fa
tors


ontain a pole at θ = inπ
2λ
, n = 1, 2, . . . , [λ] whose residue is proportional to

fn
+−gn (η, ϑ)

where fn
+− is the bulk soliton-antisoliton-breather 
oupling, while gn (η, ϑ) is the one-

parti
le 
oupling of the nth breather to the boundary. As gn (η, ϑ) appears linearly, it


an be unambiguously 
al
ulated and the result mat
hes the formulae (4.8,4.11). We note

that in the limit ϑ → ∞ (Diri
hlet boundary 
onditions) the 
ouplings simplify to

g1 (η,∞) = 2

√

1 + cos π
2λ

− sin π
2λ

1− cos π
2λ

+ sin π
2λ

tan
η

2λ

g2 (η,∞) =
2 tan

(

π
4λ

− η
2λ

)

tan
(

π
4λ

+ η
2λ

)

tan π
4λ

√

tan π
2λ

tan
(

π
4
+ π

2λ

)

(4.13)

5 Comparison with the Diri
hlet NLIE

In this se
tion we 
he
k the boundary Lüs
her formulae derived previously by 
omparing

them to the exa
t ground state energies at large but �nite L-s in the sine-Gordon model

with Diri
hlet boundary 
onditions. We determine the exa
t ground state energies from

the (ground state version of the) NLIE proposed re
ently in [15℄, whi
h generalizes [7℄ by

allowing the sine-Gordon �eld to take two di�erent values at the two boundaries of the

strip.

The NLIE is a 
omplex nonlinear integral equation of the form

Z (θ) = 2ML sinh θ + P (θ |H0, HL)− i

∫ ∞

−∞
dxG(θ − x− iη) log

(

1− eiZ(x+iη)
)

+i

∫ ∞

−∞
dxG(θ − x+ iη) log

(

1− eiZ(x−iη)
)

(5.1)

where

P (θ |H0, HL) = 2π

∫ θ

0

dx (F (x,H0) + F (x,HL) +G(x) + J(x))

G(θ) =

∫ ∞

−∞

dk

2π
eikθ

sinh
(

π(1−λ)
2λ

k
)

sinh π
2λ
k cosh π

2
k

J(θ) =

∫ ∞

−∞

dk

2π
eikθ

sinh
(

π(1−λ)
4λ

k
)

cosh
(

π(1+λ)
4λ

k
)

sinh π
2λ
k cosh π

2
k

F (θ,H) =

∫ ∞

−∞

dk

2π
eikθ

sinh(π
2

(

1 + 1
λ
−H

)

k)

2 sinh π
2λ
k cosh π

2
k

11



M is the soliton mass, and λ is the parameter de�ned in (4.4). The parameters H0,L 
an

be expressed from the boundary values of the sine-Gordon �eld Φ:

H0 =
1− 8

β
Φ0

λ
, HL =

1 + 8
β
ΦL

λ

and the equation in the present form is valid only for 0 < H0,L < 1 + λ−1
.

This equation must be solved for the unknown fun
tion Z(θ). All the fun
tions in the

equations are analyti
 in some strip 
ontaining the real θ axis, and η must be 
hosen to lie

inside that strip. On
e Z(θ) is obtained (usually by a straightforward iteration pro
edure),

the ground state energy of the theory 
an be 
al
ulated using

E(L) = −M ℑm
∫ ∞

−∞

dx

2π
sinh(x+ iη) log

(

1− eiZ(x+iη)
)

(5.2)

It satis�es

E(L) → 0 as L → ∞
whi
h means that the va
uum energy extra
ted from the NLIE is normalized to zero

va
uum energy density and zero boundary energy in in�nite volume. The true va
uum

energy (
al
ulated e.g. in the perturbed 
onformal �eld theory framework) has the form

EPCT = EbulkL+ ǫα + ǫβ + ENLIE

where the bulk energy 
onstant Ebulk and the boundary energy terms ǫα,β are known exa
tly

[11℄. The NLIE energy (5.2) is normalized the same way as the boundary Lüs
her formulae,

so they 
an be 
ompared dire
tly.

In the repulsive regime λ < 1 one 
an 
al
ulate the leading large volume asymptoti
s

by substituting

Z (θ) = 2ML sinh θ + P (θ |H0, HL)

into (5.2) and taking η → π
2
. The result is

E = −M

∫ ∞

−∞

dθ

4π
cosh θ

(

Kss̄
α (−θ)K s̄s

β (θ) +K s̄s
α (−θ)Kss̄

β (θ)
)

e−2ML cosh θ
(5.3)

where

Kss̄
β (θ) = Rα

(

i
π

2
− θ
)s

s
, K s̄s

β (θ) = Rβ

(

i
π

2
− θ
)s̄

s̄

in terms of the soliton and antisoliton re�e
tion fa
tors found by Ghoshal and Zamolod-


hikov [5℄. We made use of the relation [7, 15℄

P (θ |H0, HL) = i logS++ (2θ)− i logRα (θ)
s
s − i logRβ (θ)

s
s + π

(where S++ is the soliton-soliton phase shift) and also of bulk 
rossing symmetry and

boundary 
rossing-unitarity to bring the result to the form (5.3). This is in perfe
t agree-

ment with the result (2.4) obtained from the 
luster expansion.

12
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Figure 5.1: Comparison of the Diri
hlet NLIE with the boundary one-parti
le 
ontributions

The above pro
edure does not work in the attra
tive regime be
ause the analyti
ity of

Z does not extend far enough to allow taking the limit η → π
2
. In prin
iple one should be

able to re
over the 
luster expansion analyti
ally from the NLIE expression (5.2) even in

the attra
tive regime; however, this requires more detailed understanding of the analyti


stru
ture of the NLIE (5.1) than what we have at present, and is out of the s
ope of the

present paper.

Instead we performed numeri
al 
omparison of NLIE results to the boundary Lüs
her

formulae for several values of the 
oupling and the boundary parameters. An example is

shown in �gure 5.1 below, where λ = 4 and so both the �rst and the se
ond breathers are

present in the bulk spe
trum. Varying the boundary values of the sine-Gordon �eld we

investigated the 
ases when one expe
ts the asymptoti
s be given by the �rst or se
ond

breathers separately. The results are summarized in �gure 5.1, where log(|E|/M) is plotted
against the dimensionless l = ML with M being the soliton mass. (The sign of the exa
t

ground state energy always mat
hed the sign of the appropriate asymptoti
 
orre
tion as


al
ulated from (4.9) and (4.12)).

For simpli
ity, we parameterize the boundary values Φz, z = 0, L at the two ends of

the strip in the following way

Φz =
2π

β
φz

and so ηz = −(−1)z/Lπ(1+λ)φz. The points marked by empty boxes, +-s, ×-s and dotted


ir
les are the exa
t ground state values 
omputed from the NLIE when the boundary values

13



of the sine-Gordon �elds on the upper and lower ends of the strip are φ0 = −0.17 φL = 0.1,
φ0 = 0.017 φL = 0.1, φ0 = 0 φL = 0, and φ0 = −0.08 φL = 0, respe
tively. The two

upper 
ontinuous lines are the predi
tions of the �rst breather's asymptoti
 
ontribution

(4.9) (with ϑ → ∞ to des
ribe the Diri
hlet 
ase), while the two lower 
ontinuous lines are

the predi
tions 
oming from the se
ond breather's asymptoti
 
ontribution (4.12) when at

one end of the strip ηL = 0:

E
(2)
α0 = −m2

g2(η0,∞)

2

g2 (0,∞)

2
e−2m2L = −m2

tan
(

π
4λ

+ η0
2λ

)

tan
(

π
4λ

− η0
2λ

)

tan
(

π
2λ

)

tan
(

π
4
+ π

2λ

) e−2m2L.

The agreement with the NLIE data strongly supports the formulae derived from the 
lus-

ter expansion. Although for the graphi
al 
omparison it is enough to plot only the se
ond

breather one-parti
le term, in order to make the agreement with the NLIE numeri
ally

satisfa
tory the two-parti
le 
ontribution from the �rst breather also has to be in
luded.

The detailed numeri
al 
omparison is performed in the appendix and an ex
ellent agree-

ment is found. There's no su
h problem with the �rst breather term, however, be
ause it

is possible to go to large enough volume so that it is still numeri
ally measurable and at

the same time dominates over the subleading 
orre
tions by several orders of magnitude.

6 Classi
al limit of s
aling fun
tions

Motivated by the su

ess of Mussardo et al. [16℄ who showed that in the 
ase of periodi


boundary 
onditions the (semi)
lassi
al limit of Lüs
her's �nite size 
orre
tion to the sine-

Gordon soliton mass 
oin
ides with the infrared limit (l = mL → ∞) of the soliton's


lassi
al energy in �nite volume, we show next that the 
lassi
al limit(s) of the previous

Lüs
her type 
orre
tions to the ground state energy in the boundary sine-Gordon theory

on the strip 
oin
ide with the asymptoti
 
orre
tions to the 
lassi
al energies of the various

stati
 (ground state) solutions of the model.

In refs. [3, 4℄ 
olle
tively the following stati
 solutions are des
ribed in details in terms of

Ja
obi ellipti
 fun
tions:

• The ground state (+) and the solitoni
 ex
ited solution (-) with the Φ(0) = ΦD
0 , Φ(L) = 0

Diri
hlet-Diri
hlet (DD) boundary 
onditions where in the (+) [(-)℄ 
ase the sine-Gordon

�eld Φ(x) de
reases [in
reases℄ monotoni
ally from ΦD
0 at x = 0 to 0 [2π/β℄ at x = L;

• the ground state (A) and the �rst ex
ited state (B) type solutions in the zero topologi
al


harge se
tor with the

0 < ϕ0 <
π

2
, 0 ≤ ϕL ≤ π − ϕ0, ϕ0,L =

βΦD
0,L

2
,

DD boundary 
onditions, where, for the 
ase (A) [(B)℄, Φ(x) de
reases [in
reases℄ from ΦD
0

to some turning point ǫ [2π
β
− ǫ̃℄ then in
reases [de
reases℄ from these values to ΦD

L ;

• the ground state (-1) of the n = −1 topologi
al 
harge se
tor with the

0 < ϕ0 <
π

2
,

βΦ(L)

2
= ϕL − π

14



DD boundary 
onditions, when Φ(x) de
reases monotoni
ally from positive to negative

values,

• and �nally the ground state with mixed boundary 
onditions (DN): Diri
hlet at x = 0
and a one parametri
 (ML) perturbed Neumann type b.
. at x = L

β

2
Φ(0) = ϕ0,

β

2
Φ′(x)|x=L = −mA−1 sin(ϕL), A−1 =

MLβ
2

4m
.

For all these stati
 solutions the dimensionless width of the strip l = mL and the

energies of the solutions 
an be expressed in terms of the integrals

l(a, b, C) =

b
∫

a

dv√
sin2 v + C

, I(a, b, C) =

b
∫

a

dv
√

sin2 v + C.

Indeed in the ΦD
L = 0 Diri
hlet-Diri
hlet 
ase for the (+) solution one obtains

l = l(0, ϕ0, C), E+(ϕ0, l) =
4m

β2
[I(0, ϕ0, C)− Cl/2],

while for the (-) solution

l = l(ϕ0, π, C), E−(ϕ0, l) =
4m

β2
[I(ϕ0, π, C)− Cl/2]

results. In the 
ase of general DD boundary 
onditions, in the n = 0 se
tor, for the type

(A) (ground state) solution

l =
∑

i=0, L

l(ǫ, ϕi,− sin2 ǫ), EA(ϕ0, ϕL, l) =
4m

β2
[
∑

i=0, L

I(ǫ, ϕi,− sin2 ǫ) +
l

2
sin2 ǫ]

is obtained, while for the type (B) (ex
ited state) solution

l =
∑

i=0, L

l(ϕi, π − ǫ,− sin2 ǫ), EB(ϕ0, ϕL, l) =
4m

β2
[
∑

i=0, L

I(ϕi, π − ǫ,− sin2 ǫ) +
l

2
sin2 ǫ]

is found. In the n = −1 se
tor of the general DD boundaries for the only ground state we

obtain

l = l(0, ϕ0, C)+l(0, π−ϕL, C), E(−1)(ϕ0, ϕL, l) =
4m

β2
[I(0, ϕ0, C)+I(0, π−ϕL, C)−Cl/2].

Finally for the ground state of the DN problem

l = l(ϕL, ϕ0, C̃), E(DN)(ϕ0,A, l) =
4m

β2
[−C̃

l

2
+ I(ϕL, ϕ0, C̃)−A−1 cos(ϕL)]
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is found with C̃ = −(1 − A−2) sin2 ϕL. These expressions give the l dependen
e of the

energies in a parametri
 form: in all 
ases the integration 
onstant(s) C or ǫ and ϕL are

� at least in prin
iple � determined as fun
tions of l (and the boundary parameters) from

the �rst equations and using them in the se
ond equations gives the l dependen
e of the

energy expressions.

The asymptoti
 form of the energies is obtained in the following way: �rst in ea
h 
ase

the integrals de�ning l are expressed as an appropriate linear 
ombination of 
omplete

and in
omplete ellipti
 integrals. The l → ∞ limit 
orresponds to the limit when the

parameter of these ellipti
 integrals goes to unity � sometimes this is also 
orrelated with

the amplitude of the in
omplete one going to π/2. Using the relevant asymptoti
 expansions

of the ellipti
 integrals we determine the asymptoti
 C(l) (ǫ(l), ϕL). In the se
ond step the

integrals appearing in the expressions for the energy are determined by realizing that their

derivatives with respe
t to C (ǫ, ϕL) 
an be related to l(a, b, C); viewing this relation as a

di�erential equation we integrate it (the 
onstant is �xed by the known value of I(a, b, 0)).
In this way the following expressions are obtained at l → ∞:

E+ (ϕ0, l) ∼
4m

β2

(

1− cosϕ0 + 4 tan2 ϕ0

2
e−2l

)

,

E− (ϕ0, l) ∼
4m

β2

(

1 + cosϕ0 + 4 cot2
ϕ0

2
e−2l

)

,

EA (ϕ0, ϕL, l) ∼
4m

β2

(

2− cosϕ0 − cosϕL − 8 tan
ϕ0

2
tan

ϕL

2
e−l
)

,

EB (ϕ0, ϕL, l) ∼
4m

β2

(

2 + cosϕ0 + cosϕL − 8 cot
ϕ0

2
cot

ϕL

2
e−l
)

,

E(−1) (ϕ0, ϕL, l) ∼
4m

β2

(

2− cosϕ0 + cosϕL + 8 tan
ϕ0

2
tan

π − ϕL

2
e−l

)

,

E(DN)(ϕ0,A, l) ∼ 4m

β2

(

1− cosϕ0 −A−1 − 4 tan2
ϕ0

2

1−A−1

1 +A−1
e−2l

)

. (6.1)

The 
onstant (l-independent) terms of these energy expressions are the 
lassi
al energies of

the stati
 solitons/antisolitons forming the asymptoti
 ground state (for more details see

[3, 4℄). Note that some of the asymptoti
 
orre
tions de
rease with e−l
, while the others

with e−2l
. The fa
t that the asymptoti
 
orre
tion is negative in the n = 0 and positive in

the n = −1 se
tors 
an be understood by realizing that in the former se
tor the asymptoti


solution is a superposition of a soliton and an antisoliton (whose intera
tion is attra
tive)

while in the latter it is a superposition of two solitons (whose intera
tion is repulsive).

The sign and magnitude of these asymptoti
 
orre
tions were also veri�ed numeri
ally by


omparing to the exa
t solution of the 
lassi
al �eld equations.

We now pro
eed to show that these asymptoti
 
orre
tions are indeed the 
lassi
al

limits of the appropriate generalized Lüs
her formulae.

It is very important to realize that the 
lassi
al limit (4.5) is not identi
al to taking

β → 0, in whi
h almost all interesting quantities diverge (this limit 
annot even be taken in
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the 
lassi
al formulae for the ground state energies). The general form of the semi
lassi
al

expansion for the ground state energy 
an be obtained from the Eu
lidean path integral

as the limit

E(L) = lim
T→∞

− 1

~T
log

∫

DΦexp

{

−1

~

∫ T/2

−T/2

dτ LE(Φ)

}

where the Eu
lidean Lagrangian is

LE (Φ) =

∫ L

0

dx

(

1

2
(∂τΦ)

2 +
1

2
(∂xΦ)

2 +
m2

β2
cos βΦ

)

+ ML

[

1− cos
β

2
(Φ(L, τ)− ΦL)

]

+M0

[

1− cos
β

2
(Φ(0, τ)− Φ0)

]

S
aling out the 
oupling 
onstant and introdu
ing dimensionless variables

Φ = βΦ̄ , x̄ = mx , τ̄ = mτ

standard semi
lassi
al expansion around the 
lassi
al solution yields

E(L) =
m

β2

(

F

(

mL,
M0β

2

m
,
MLβ

2

m
, βΦ0, βΦL

)

+O
(

~β2
)

)

(6.2)

where F is a dimensionless fun
tion of its arguments. The �rst term is just the 
lassi
al

energy, the large volume asymptoti
s of whi
h is given in (6.1) and is proportional to β−2
.

All the quantum 
orre
tions are regular as β → 0, and expansion in powers of ~ 
orresponds
to expansion in β2

. As a result, the 
lassi
al limit 
orresponds to isolating the leading β−2

term in the expansion around β = 0. Thus it is only meaningful to take the large volume

asymptoti
 �rst and perform the 
lassi
al limit by 
onsidering only the leading terms for

small β.
The volume dependen
e of the �nite size 
orre
tion is determined by the type of the

parti
le giving the leading 
ontribution: for terms of the form e−l
it is the �rst breather,

while in the 
ase of e−2l
the se
ond (note that m2 = 2m1 = 2m in the 
lassi
al limit).

The UV-IR relations (4.3) imply that the Diri
hlet boundary 
ondition is obtained as

the ϑ → ∞ limit of the general one, while the perturbed Neumann BC as the ϑ = 0
(A−1 < 1) or η = 0 (A−1 > 1) 
ase. Using the 
lassi
al UV-IR relation (4.6) one �nds that

in the Diri
hlet 
ase

ηcl,0 = −ϕ0 = −βΦ0

2
, ηcl,L = ϕL =

βΦL

2

while for the perturbed Neumann BC

cos ηcl = A−1 (A−1 < 1) , cosh ηcl = A−1 (A−1 > 1)

results.
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Using the above identi�
ations, the 
lassi
al limit of the breather one-parti
le term

(4.9) be
omes

−32m

β2
tan

ϕ0

2
tan

ϕL

2
e−l

whi
h indeed agrees with EA.

To interpret EB that belongs to the �rst ex
ited boundary state let us re
all that the

re�e
tion amplitudes on it 
an be obtained by the substitution

η → η̄ = π (λ+ 1)− η (6.3)

from the ground state ones [17, 18℄. Therefore making this substitution in (4.9) gives the

Lüs
her type 
orre
tion to the �rst ex
ited state energies. Sin
e in the 
lassi
al limit this

substitution simpli�es to ηcl → π− ηcl, it is 
lear that EB does 
oin
ide with the 
lassi
al

limit of (4.9). Similar reasoning 
an be used in the 
ase of E(−1)
.

For the 
orre
tions of order e−2l
, however, things are more 
ompli
ated. Let us take

the example of E+, the other 
ases 
an be treated in the same way. Taking the 
lassi
al

limit of the se
ond breather one-parti
le term (4.12) gives

32m

β2
tan2 ϕ0

2
e−2l

(6.4)

whi
h is o� by a fa
tor of 2. Fortunately this is not the end of the story. As we already

noted above, in the 
lassi
al limit the masses of the �rst and se
ond breathers are given by

m1 = m , m2 = 2m

and therefore the �rst breather two-parti
le term is exa
tly of same order as the se
ond

breather one-parti
le term. Let us examine the general formula for the two-parti
le 
on-

tribution for a parti
le of mass m (2.3)

−m

∫ ∞

−∞

dθ

4π
cosh θK̄α (θ)Kβ (θ) e

−2mL cosh θ = −me−2mL

∫ ∞

− ∞

dθ

4π
f(θ)e−2mLθ2/2

where we introdu
ed

f(θ) = cosh θK̄α (θ)Kβ (θ) e
−2mL(cosh θ−1−θ2/2)

Sin
e f(θ) is an even fun
tion, it expands in even powers of θ around 0

f(θ) = f0 + f1θ
2 + . . .

and so the two-parti
le 
ontribution 
an be written as (for mL → 0)

− m

4
√
πmL

e−2mL

(

f0 +

∞
∑

n=1

(2n− 1)!!

(2mL)n
fn

)

(6.5)
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At �rst sight this does not appear to be enough to res
ue us, sin
e the two-parti
le 
orre
-

tion is further suppressed by a fa
tor of L−1/2
. However, it is an interesting and nontrivial

issue whether the asymptoti
 expansion (6.5) 
an be trusted in the semi
lassi
al domain.

The relevant integral in our 
ase is

−m1

∫ ∞

−∞

dθ

4π
cosh θ log

(

1 + χ (θ) e−2m1L cosh θ
)

∼ −m1

∫ ∞

−∞

dθ

4π
cosh θχ (θ) e−2m1L cosh θ

(6.6)

where

χ (θ) = R
(1)
|〉

(

i
π

2
− θ
)

0
R

(1)
|〉

(

i
π

2
+ θ
)

L

and for the 
ase of E+ the boundary parameters are η0 = ϕ0 (λ+ 1), ηL = 0 and ϑ0 =
ϑL = ∞.

Using the known re�e
tion fa
tors, the 
oe�
ients fi 
an be expli
itely 
al
ulated to

have the following behaviour for small β

fn ∼ λ2(n+1) ∼ 1

β4(n+1)

whi
h means that in the 
lassi
al limit the series expansion (6.5) is invalid.

The reason why the 
oe�
ients fn diverge and the integral (6.6) must be treated very


arefully is that the value of χ(θ) and all of its derivatives at θ = 0 go to in�nity in the


lassi
al limit. The dangerous 
ontribution 
omes from the parti
ular blo
k

(

3

2
+

1

2λ

)

in the re�e
tion fa
tor (4.7) and 
an be isolated from χ as follows

χ (θ) =
cosh θ + cos π

2λ

cosh θ − cos π
2λ

χ0 (θ)

where χ0 is a fun
tion with a smooth 
lassi
al limit at the origin

χ0(0) =

(

cos π
4λ

− sin π
4λ

cos π
4λ

+ sin π
4λ

tan
η0
2λ

)2

∼ tan2 ϕ0

2
+O

(

β2
)

while the fun
tion

g(θ) =
cosh θ + cos π

2λ

cosh θ − cos π
2λ

has the Taylor 
oe�
ients

g(2n)(0)

(2n)!
= (−1)n4

(

2λ

π

)2(n+1)(

1 + O

(

1

λ2

))
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for large λ. As a result, the series (6.5) takes the following form for small β

− 256m√
πmLβ4

tan2 ϕ0

2
e−2mL

(

1 +
∞
∑

n=1

(2n− 1)!!

(

− 128

mLβ4

)n
)

whi
h is a power series with 
oe�
ients that grow fa
torially. It is also obvious that it does

not have the right β dependen
e displayed in eqn. (6.2), and the higher terms show more

and more singular behaviour at β = 0.
In order to get the 
orre
t asymptoti
s, we now evaluate the leading behaviour of the

integral (6.6) in the semi
lassi
al regime 
arefully. First we substitute x = sinh θ for the

integration variable. For large L, the integrand is 
on
entrated around the origin and

therefore we 
an evaluate the dominant 
ontribution by keeping only the leading terms

around x = 0:

−m1

∫ ∞

−∞

dx

4π
log

(

1 +

(

1 + cos π
2λ

+ x2/2

1− cos π
2λ

+ x2/2
− 1

)

χ0(0)e
−2m1L

)

where a subtra
tion of −1 in the 
oe�
ient of χ0(0)e
−2m1L

was applied to make the integral


onvergent at the plus and minus in�nities (this only a�e
ts subleading terms � of order β0

� as the singular behaviour around x ∼ 0 is un
hanged). Now the integral 
an be evaluated

using (3.6)

−m1

[
√

sin2 π

4λ
+ cos

π

2λ
χ0(0)e−2m1L − sin

π

4λ

]

∼ −m1

2
χ0(0)

cos π
2λ

sin π
4λ

e−2m1L

using that L is very large.

Taking the 
lassi
al limit of small β (i.e. large λ) and keeping only the leading term in

β we obtain

−16m

β2
tan2 ϕ0

2
e−2mL

whi
h must be added to the se
ond breather one-parti
le 
ontribution (6.4), thereby giving

perfe
t agreement with the 
lassi
al formula for E+. The same argument works for E(DN)
,

while E− 
an be obtained from E+ by the substitution (6.3).

7 Con
lusions

In this paper we su

eeded in deriving the boundary analogue of Lüs
her's analyti
 for-

mulae for �nite size 
orre
tions (whi
h were originally obtained for periodi
 boundary


onditions). The 
onsisten
y of these boundary Lüs
her formulae was 
he
ked against

boundary TBA, NLIE and 
lassi
al �eld theoreti
 results. The mat
hing of all these dif-

ferent approa
hes provided ample eviden
e for the 
orre
tness of the formulae, and also a

very strong argument for the universality of the relation

g̃α =
gα
2

(7.1)
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between the one-parti
le 
oupling gα in the re�e
tion fa
tors and the one-parti
le amplitude

g̃α in the 
orresponding boundary state, whi
h was �rst proposed for the boundary Lee-

Yang model in [8℄ on the basis of mat
hing the form fa
tor expansion of one-point fun
tion

against trun
ated 
onformal spa
e data. Our numeri
al data based on the Diri
hlet NLIE

and the mat
hing with the 
lassi
al �nite size 
orre
tions show that this relation is valid in

boundary sine-Gordon theory for very general values of parameters. The argument based

on the boundary TBA shows that it is also valid for any theory with a diagonal bulk

and boundary s
attering theory. Based on these results we 
onje
ture that this relation is

indeed universal.

Using the relation (7.1), the boundary Lüs
her formulae proposed in this paper make

it possible to 
ompute the leading �nite size 
orre
tions based only on data from the

s
attering amplitudes, even in non-integrable theories. It is interesting to note a deep

analogy between the boundary Lüs
her formulae (2.3,2.10) and the parti
le mass 
orre
tion

(1.1) for the periodi
 
ase. In both 
ases the generi
 
orre
tion 
an be written in terms

of an integral over the relevant s
attering amplitude, and the two integrals share many

other similarities in stru
ture. Besides that, the possible pole terms are also very similar.

Therefore we expe
t that a quantum �eld theoreti
 derivation of our results along the lines

of [1℄ must exist. Su
h a derivation would be very interesting be
ause it would permit

generalization to any spa
e-time dimensions (similarly to the 
ase of periodi
 boundary


ondition [1℄), while the 
luster expansion te
hnique is restri
ted at the moment to 1 + 1
dimensional �eld theories, albeit not ne
essarily integrable ones.

While the exponential dependen
e of the �nite size 
orre
tions on the volume and the

parti
le masses is obvious from general prin
iples of �eld theory and TBA/NLIE, there are

some highly nontrivial aspe
ts of the results obtained here whi
h we would like to stress.

First of all, the relation (7.1) whi
h was originally a (numeri
al) observation made in a

parti
ular model (Lee-Yang) in [8℄, is shown to be universal by several pie
es of eviden
e

(analyti
 and numeri
). Se
ond, we now have a universal analyti
 form of the exponential

�nite size 
orre
tions expressed in terms of the in�nite volume s
attering theory, and also

a regularized form for the two-parti
le 
ontribution (eqn. (3.7)) when the naive expression

(2.3) is divergent. Third, we have done extensive 
onsisten
y 
he
ks of the results, and in

parti
ular we have shown that they agree with 
lassi
al �eld theory, but the 
lassi
al limit

of �nite size 
orre
tions must be treated very 
arefully.

In more pra
ti
al terms, the boundary Lüs
her formulae are very useful for extra
ting

boundary s
attering data from �nite size e�e
ts obtained by any numeri
al or analyti


method like latti
e �eld theory, trun
ated 
onformal spa
e or Bethe Ansatz based ap-

proa
hes (TBA, NLIE). Alternatively, when the s
attering theory is expli
itely known

they 
an be applied to test the validity of numeri
al methods or 
onje
tured TBA or NLIE

equations. Su
h appli
ations are presently being a
tively pursued by the authors.
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φ0 φL α γmeasured γexact
λ = 7/2 exa
t: 0.867767

0.05 0.05 0.867774 −0.024529 −0.024526
0.03 0.07 0.867812 −0.020640 −0.020625
0.07 0.07 0.867786 −0.048403 −0.048389

λ = 5/2 exa
t: 1.175570
0.1 0.2 1.176765 −0.197730 −0.193904
0.05 0.15 1.175572 −0.069682 −0.069681
−0.05 0.15 1.175571 0.069681 0.069681

Table A.1: Comparing the �rst breather one-parti
le term to NLIE. For ea
h value of λ,
we quote the exa
t value of α = m1/M = 2 sin π

2λ
, whi
h is 
ompared to the exponent

extra
ted from the NLIE. γmeasured is the 
oe�
ient extra
ted from NLIE, while γexact is
the one predi
ted by (A.1).
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A Numeri
al 
omparison to the NLIE

We 
onsider the �rst breather one-parti
le 
ontribution �rst. We normalize the energies

and distan
es in units of the soliton mass M :

Eαβ (L)

M
= 2 sin

π

2λ

1 + cos π
2λ

− sin π
2λ

1− cos π
2λ

+ sin π
2λ

tan
η0
2λ

tan
ηL
2λ

e−2 sin π
2λ

l + . . . (A.1)

l = ML

and the boundary values of the �eld as

Φz =
2π

β
φz , ηz = −(−1)z/Lφzπ (1 + λ)

Numeri
al data are obtained by �tting the NLIE results to a 
urve of the form

γe−αl

Illustrative examples are given in table A.1; the agreement was tested for many other values

of the parameters involved, with results similar to those in the table.

The se
ond breather one-parti
le term proves more tri
ky. To eliminate the otherwise

dominant �rst breather one-parti
le term we 
hoose φL = 0. However, the two-parti
le term
for the �rst breather gives a non-negligible 
ontribution for all values of the parameters that
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l 10 12 14 16
λ = 7/2, φ0 = 0.1 2 B1 -4.20321e-10 -1.17697e-11 -3.35392e-13 -9.67996e-15

B2 -1.87457e-09 -8.21717e-11 -3.60199e-12 -1.57893e-13

∑

-2.29490e-09 -9.39414e-11 -3.93738e-12 -1.67572e-13

NLIE -2.29710e-09 -9.39742e-11 -3.93787e-12 -1.67577e-13

λ = 9/2, φ0 = 0.013 2 B1 -6.33781e-09 -3.37019e-10 -1.84416e-11 -1.03073e-12

B2 -1.31031e-07 -1.00170e-08 -7.65776e-10 -5.85417e-11

∑

-1.37369e-07 -1.03540e-08 -7.84218e-10 -5.95724e-11

NLIE -1.37425e-07 -1.03550e-08 -7.84232e-10 -5.95718e-11

λ = 9/2, φ0 = 0.007 2 B1 -1.53201e-08 -8.84074e-10 -5.20261e-11 -3.10504e-12

B2 -5.51243e-08 -4.21411e-09 -3.22159e-10 -2.46282e-11

∑

-7.04444e-08 -5.09819e-09 -3.74185e-10 -2.77333e-11

NLIE -7.04671e-08 -5.09861e-09 -3.74193e-10 -2.77334e-11

Table A.2: NLIE versus se
ond breather one-parti
le term 
ombined with the �rst breather

two-parti
le term

are a

essible by iterating the NLIE. Therefore we 
an only 
ompare the NLIE results to

the sum of the two terms. The �rst breather two-parti
le term 
an be safely 
al
ulated from

(2.3) sin
e the integrand is regular. Table A.2 summarizes some of the results obtained this

way. The agreement between the NLIE and the boundary Lüs
her formula be
omes worse

with de
reasing volume, whi
h is easy to understand sin
e higher order terms of the 
luster

expansion start playing an in
reasingly important role. On
e again, we have performed a

rather extensive numeri
al 
he
k, of whi
h the table 
ontains only a small sample.
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