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Abstract

We derive a relation between leading finite size corrections for a 141 dimensional
quantum field theory on a strip and scattering data, which is very similar in spirit
to the approach pioneered by Liischer for periodic boundary conditions. The consis-
tency of the results is tested both analytically and numerically using thermodynamic
Bethe Ansatz, Destri-de Vega nonlinear integral equation and classical field theory
techniques. We present strong evidence that the relation between the boundary state
and the reflection factor one-particle couplings, noticed earlier by Dorey et al. in the
case of the Lee-Yang model extends to any boundary quantum field theory in 1+1
dimensions.

arXiv:hep-th/0412192v2 12 Jan 2005

1 Introduction

Finite size corrections are important tools in QF'T and their use is mandatory in interpret-
ing numerical data. Nearly two decades ago M. Liischer [I]| gave a general expression for
the leading finite size correction of particle masses and scattering states valid in any QFT
with periodic boundary conditions, in terms of the infinite volume scattering data.
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Liischer’s result was specialized to 141 dimensional field theory [2], using the exact
scattering amplitudes known in integrable field theories. For example, in a theory with a
single particle of mass m and elastic scattering amplitude S (#) the leading correction to
the particle mass in finite volume is the following:

om (L) = —ﬁi (Res_ S (9)) e L
m 2 f=211

o de i —mUL cosh 0 —V/3mL
— /_ %coshO(S (9+?) —1)6 +O<6 ) (1.1)

o

(similar formulae exist for general particle spectra). The first term (which, if present,
dominates over the second) appears whenever the particle occurs as a bound state of itself,
and is proportional to the residue of the S-matrix at the pole, while the second term is
present in general and is of order L=2e ™k,

In integrable 141 dimensional models restricted to a spacetime strip of finite width L
with integrable boundary conditions, some effort has been devoted recently to the deter-
mination of the leading corrections to low lying — mainly ground-state — energy levels as
functions of L in classical field theory |3, 4]. However, these investigations did not look
for a general, model independent form of the asymptotic correction to the infinite volume
ground state energy, which is the goal of the present work to consider. In addition, the
results of the present work will be derived at the quantum level, and it is shown that they
agree to the results in |3, 4] in the classical limit.

In this paper we derive a formula, similar in spirit to Liischer’s result in the case of
periodic boundary conditions, which expresses the finite size correction to the energy of
a state containing no particles (but possibly excited boundary states) in terms of the re-
flection amplitudes on the semi-infinite line. Once again, the leading term depends on
the presence of certain poles in the reflection factors. When such poles are present we
get corrections of the form e™™% (for a particle of mass m) with coefficients that depend
on the residue of the respective pole, otherwise the leading correction is given by a more
complicated integral containing the reflection amplitudes and is of order L='/2e=2™L We
show that these results are consistent with the boundary version of thermodynamic Bethe
Ansatz (TBA). Using the general results we determine the form of leading finite size cor-
rections in boundary sine-Gordon theory, which we check against results from a nonlinear
integral equation (NLIE) in the Dirichlet case, and compare them to the classical field
theory results in |3 H].

2 Cluster expansion and finite size corrections

For simplicity let us consider a theory with only one scalar particle in the bulk. Assume
further that the theory is defined on a strip of width L, with boundary conditions labeled
by « and ( such that the elastic reflection amplitudes of the particle on these boundaries
on the semi-infinite line, R, (¢) and Rz (f) are known. To derive the asymptotic (L — o0)



form of the ground state energy EQ;(L), we consider the partition function of the theory
on a cylinder in two alternative forms:

Zug (R, L) =Tl — (e H10)5)

where H(R) denotes the Hamiltonian of the theory in the crossed channel (on a circle
of circumference R), |a) and |f3) are the appropriate boundary states & la Ghoshal and
Zamolodchikov [5], while H,z(L) is the Hamiltonian on the strip. In the limit R — oo we

obtain
e—REgB(L) -~ <a|e—LH(R)|6>

The right hand side can be expanded for large L in a so-called cluster expansion (the
analogue of which was recently used in [6] for the TBA in the other channel to settle long
standing issues concerning the boundary entropy function). Inserting a complete set of
eigenstates of the Hamiltonian H(R) on the circle we obtain

(ale”HHR) g = Z %e—wn(m

For our purposes, only the first few terms are interesting:

n€Hpulk

<a|e—LH(R)w> _ <a|0><0|5>e_LEO(R)
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<a|9n><9n|ﬁ> —L(Eo(R)+m cosh6y)
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<Oé|9n, 9m> <9n> 9m|5> —L(Eo(R)+m cosh 6,+m cosh 0,)
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+ three particle contributions + ... (2.1)

On

In the limit R — oo the boundary state |3) has the general form [5]

18) = (1 + /OOO %KB (6) AT (—0) AT(6) + .. ) |0) (2.2)

(similarly for |a)) where the dots denote terms containing more particles, AT () creates an
asymptotic particle of rapidity 8 and

Ks(0) = Ry (%T —9)

Normalizing the bulk vacuum energy to 0 and collecting the leading (two-particle) terms
for large L yields

> do _
Zos(R,L) = 1 +mR/ 2—cosh9Ka (0) K (6) e 2mEeoshf
0

Ka(0) = Ko(—0) = R:(Z;T + 9)
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where we replaced the sums by integrals over the density of states
de
E — mR / — cosh 6
> 27

and used real analyticity of the reflection factor

For the energy we obtain
* d 7 —2mUL cosh 6
E.s(L) = —m o cosh 0K, (0) Kz (0) e (2.3)

One can generalize the above argument to the case when there is a multiplet of particle
of mass m. In that case the reflection factor is a matrix

R (0),

where 7 and s denote the multiplet labels. The boundary state takes the form [5]

18) = (HZ/OO %Ka ()" Al (—6) Al (0) +> 10)

where

2

and § denotes the charge conjugate of multiplet member s. The leading finite size correction
takes the form

Ky (0)" = Ry (i 9)

Eus(L) = —m / ;l—ecoshHTr (Ko (0) K5 (9)) e2mbeosh (2.4)
0 Y

Let us turn now again to the case of diagonal scattering. If the theory is integrable
then the boundary state is known exactly

= ([ KA oA 05 ) 0 25)
and summing up the cluster expansion one can derive a TBA equation for the ground state
energy as done by Leclair et al. in [7], which is analyzed in detail in the next section. The
large volume limit of this TBA is exactly given by the formula (23]).

However, if there is a pole in the reflection factor at the imaginary rapidity 6 = im/2
of the form .
95
20 — i
the boundary state has an extra one-particle contribution

Rg(0) ~ (2.6)
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18) = (1 + g AT (0) + /OOO %KB (6) AT (—0) AT(6) + .. ) |0) (2.7)

or in the case of an integrable field theory one has

. °° de
)= (14 gaa @) exp ([ 520 0) 41 (-0)4'0)) ) 28)
(due to the exclusion principle, adding the one-particle term to the exponent makes no
difference). Ghoshal and Zamolodchikov [5] identify gz with gg, but Dorey et al. in [§]
found the relation

~ 9p
98 =% (2.9)

comparing one-point functions calculated from the boundary state using form factor meth-
ods to TCSA results in the case of the Lee-Yang model. As we show below, our results are
fully consistent with this latter suggestion. Namely, using the state () in the expansion
(1) one gets for the leading term the result

Zap (R, L) = 14+ mRgagse™ ™ + ...

and so

Bus (L) = —m%e—m . (2.10)

The existence of this contribution requires that both left and right boundary reflection
matrices have a pole at § = i7/2. It is also important to note that if one-particle terms are
present in the boundary state, the two-particle term of the cluster expansion is divergent
and needs to be regularized.

Hereafter we shall refer to (Z3I2ZTI0) as the boundary Lischer formulae because they
are a natural generalization of Liischer’s original results [I] to the case of quantum field
theory defined on a strip.

3 BTBA in the infrared limit

In order to lend support to relation (29) between the one-particle coupling constant ap-
pearing in the reflection factor and the coefficient of the one-particle term in the boundary
state, we calculate the infrared limit of boundary TBA (BTBA). Although the original
derivation given by Leclair et al. |7] only considers the case when there is no one-particle
term in the boundary state, it can be easily argued that the presence of one-particle terms
makes no difference to the end result, and this is also supported by numerical studies using
comparison with truncated conformal space (TCS) by Dorey et al. in [9].

For simplicity we consider a theory with a single particle of mass m on a strip of length
L. The BTBA equation takes the form

€(0) = 2mL cosh — / %CD (0 —6")log (1 +x (0 e_e(el)> (3.1)
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where

o (0) = —id% log S ()

is the derivative of the phase of the two-particle S-matrix S(), and

X (0) = Ko (0) Kp (0)
using the notations of the previous section. Using crossing-unitarity [5]
Ko (0) =S (20) K, () (3.2)

and unitarity

S(0)S(—0) =1

it is easy to see that x(0) is an even function.
The energy of the ground state is given by

E.s(L) = —m/ Z—e coshflog (1 + x (8) e=®) (3.3)
oo AT

In the case where there is no one-particle coupling, x(6) is regular on the real axis and for
large L
€ (0) =2mLcoshf + O (e7>™F) (3.4)

which gives the following asymptotics for the energy:
< db
E.s(L) = —m/ ym cosh (0) xfe™>"L M0 1 O (e7'™)
oo 4T

in perfect agreement with (23)). The same is true for the case when only one of the
boundaries has a nonzero one-particle coupling. The corresponding K factor has a simple
pole at 8 = 0, but since the other K is regular and y is an even function, x has no
singularity at all. This can be understood by recalling that generally

S(0)=-1
so crossing-unitarity ([B.2) entails
Ka(0) = —Ka(0)

and as a result, K factors must have either a zero or a pole at ¢ = 0. Even if there is
a first order pole in one of the K factors corresponding to a one-particle coupling to the
boundary, the product of the two K factors is still regular.

However, for a theory with nonzero one-particle coupling on both boundaries x has a
second-order pole at # = 0. The logarithmic terms in (B) and (B33) remain integrable and



the BTBA makes perfectly good sense, but to obtain the correct asymptotic expansion one
needs to be careful. For large L, the energy can be written in the form

E.p(L) = —m/ g coshflog (1 + y (0) e >mbeosh?) (3.5)

Now we cannot use log(1 4+ =) ~ x to expand the logarithm as y(6) diverges at 6 = 0. In
fact, using (Z0) this divergence can be computed as

X(Q)Ngigé 995
462

4sinh? 6
We can use the following integral formula [T4]
> a® + x?
/_md$10gm =2m(a —b) ,a,b >0 (3.6)
to evaluate the energy in the following way
> do i 2 1 2] —2mL cosh 0
E.s(L) = —m/ — cosh @ |log (1 + Lg@e—m) + log +x( 2e2
Y 4 sinh” 0 14 29 _o-omL
4sinh? 0
o > 46 1 2 —2mL cosh 6
= —mmffﬁle_"w —m/ 4—cosh9 log X 262 (3.7)
o T 1+ 451151]1296_27'“;

2m

The remaining integral is an expression of order e=?™*_ while the leading term agrees with

(EZIZTN) for gags > 0.

It was already noted in [9] (using a comparison with truncated conformal space method)
that the BTBA equation only gives the correct ground state energy in this case, and for
values of boundary parameters such that g,gs < 0 a suitable analytic continuation must be
applied.! Note also that in the definition of the boundary coupling gs from (ZH) a branch
of the square root function must be chosen. In all known cases (e.g. Lee-Yang in [9)] or
sine-Gordon in the following section) there exists a branch choice such that the boundary
couplings depend analytically on the boundary parameters. In this case a straightforward
analytic continuation from the range of parameters for which g,gs > 0 gives the result

E.5(L) = —m%e_mL +...
in the parameter range where g,gs < 0, which is consistent with (ZET0). Furthermore,
the result (B) also yields a formula for the regularized two-particle contribution. The two-
particle contribution is regularized by the logarithm in (B3), which represents a partial

1Using the notation of paper [9], the regime g,gs > 0 corresponds to the boundary parameter range
—2 < b < 2 (for boundary conditions « = I and 8 = ®(h), with the boundary parameter h related to b),
which is the range in which they found that BTBA compares well with truncated conformal space. For
parameters out of this range the authors needed to resort to analytic continuation in order to match the
numerical data.



re-summation of the higher multi-particle contributions, and the bulk interaction plays
no role at leading order in large volume. We conjecture that the leading asymptotics
calculated from (BI) is valid also for non-integrable theories, since for large L the leading
contribution comes from a very small region around ¢ = 0 and for such small values of the
rapidity the inelastic scattering channels should play no role provided m is the smallest
particle mass in the spectrum.

4 Application to sine-Gordon theory with integrable bound-
ary conditions

Next we apply these results to sine-Gordon theory on a strip with integrable boundary
conditions of Ghoshal-Zamolodchikov type [B]. The model has a complicated spectrum
with non-diagonal bulk and boundary scattering. However, to derive the leading term
E3ZT0) we used only ([Z21) which is valid in general field theories (even non-integrable
ones) in two dimensions, as follows from the derivation of [5]. Integrability is only needed
to derive the exact exponentiated form of the boundary state (ZIIELE). Besides that, the
derivation of Section 2 carries over to the case of non-diagonal boundary scattering in a
straightforward manner, while the effects of bulk scattering appear only in higher correction
terms.
The action of the model is

A= /Oo dt UOL dz Lsa(z,t) — V2 (@(0,1) — VP (@(L, 1)) — a% (4.1)
where the bulk Lagrangian density is given by
Lol t) = % (0,0 (x, 1))* — ”;—22 (1 = cos AD)
and the boundary interaction is described by the potentials
Vi (D(2,1) = M, |1 — Cosg (®(z,1) — D) . 2=0,L (4.2)

(the M, — oo limit corresponds to Dirichlet boundary conditions). The last term (pro-
portional to «) is allowed by integrability, and on the strip — in contrast to the theory on
the half line — it cannot be eliminated from the action by an appropriate “gauge” transfor-
mation [T0]. The spectrum is constituted by the solitons and breathers, and the scattering
theory on the half line is known. The reflection amplitudes on the two boundaries can be
parameterized with the Ghoshal-Zamolodchikov parameters 7, and ¢, (z =0, L).

Using a perturbed conformal field theory description one can write the action of the
quantum theory as

e}

o) 0
Apcrr = A1 + ,u/ dt/ dz : cos BP : +,&0/ dt : cos g (®(0,t) — Do) :

—00
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+ m/“dt-cosg@@w @)

/dt/ dot 8<I>xt))—a/ %

The parameters of this action are related to the boundary parameters n, 9 by the UV-IR
relation [T

~Z . ®Z . z 19
ﬁim o ﬁ2 = ~(=1)"sin An+ sinh 3779
~Z ®Z z 19
[Zrit Ccos 62 = cos )\Z_ cosh 1 (4.3)
where
- 2u 8T
crit — - R A=—-—1 4.4
Herit sin 2 32 (4.4)

8

and the sign factor —(—1)*7 arises from the fact that on the left end (z = 0) of the
strip the role of the soliton and antisoliton are interchanged with respect to the right end
(z = L). In the classical limit /i, can be replaced by M, and p by m?/8? from (]), and
the 1, ¥ parameters must be scaled as [I3]

keeping 7.1, Uq finite. This leaves us with the classical UV-IR relations

M, P, ‘ |
Merie s ﬁ2 = — (=1)*"sinna sinh dg
M, P,
Mcnt 52 — COS 77C1 COSh 19C1 (46)
4dm
Mcrit F

In the regime 3% < 47 the spectrum contains the first breather, which has the reflection
matrix [12]

e, DEF) =Y (5=h) ()
(x+3) B+ (EHE+3) sinh (5 — %)
The breather reflection amplitudes are all independent of the parameter o, which appears

only in the soliton reflection matrices. The reflection factor () does have a pole at
0 = im/2 with the singular term taking the form

(4.7)

1
2
1
2

1+ cos g5 — sin g% n U1
RW(g) ~ 2X tan2 n2 2
i (9) 1 — cos 5 +sm X a 2\ tan 2020 —im
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which gives the following result for the coupling of the first breather to the boundary with
parameters 7 and

1+ cos g5 — sin o n v
) =2 20 tan — tanh — 4.8
g1 (n, V) \/1—COS + sin g5 an 2\ an 2\ (4.8)

(The expression under the square root is always positive as long as A > 1 which is necessary
for the first breather to exist in the spectrum). However, some care must be taken, because
the sign of the coupling g; must be opposite on the two ends of the strip since these are
related by a spatial reflection under which the first breather is odd.

As a result, formula ([2I0) together with (23) predicts that in the regime % < 4w
(A > 1) for generic boundary conditions the leading finite size correction to the ground
state on the strip is given by

Eap (L) = _}mlgl (n2. Y1) (=5 (no,ﬁo))e_mw (4.9)

4
Jr,
i tanh — e~ ™% 4

1—|—cosﬁ—sm2A Mo Yo
= tan t h—t
m - oS 5 —i— sin = 2)\ a 22 an 2\ ox 2\ 2)\

where m; is the mass of the first breather, 1y, Jg and n., ¥ are the boundary parameters
characterizing the boundary at the left and right ends of the strip, respectively. Soliton
corrections are always subleading, since there is no one-particle coupling of solitons to the
boundary and m; < 2M.

It is also interesting to compute the one-particle term contributed by the second
breather, since in the regime where the second breather exists (8% < 87/3 i.e. A\ > 2),
its mass my = 2m;y cos 5y is lower than 2m; and so it dominates over the two-particle
correction from the ﬁrst breather giving the next-to-leading finite size correction. Fur-
thermore, if any of the n, ,¥, (z = 0, L) parameters is zero, then the leading term (EJ)
vanishes, leaving the second breather’s one-particle term as the leading one.

The reflection amplitude for the second breather is of the form [I2]

() Gi+1) G+1) ()

(5+3)° (G +3)

BN E e S e,
(Bt ) (Gt 2) (B v ) (B rita)

from which the boundary coupling can be extracted
s 9
2tan (& — o5) tan (£ + 25) tan (& — 22) tan (5 + 22) (4.11)
tan 4/\\/tan T tan Tt 2/\)

and the one-particle contribution to the finite size corrections becomes

g2 (777 19) =

U v
_ngz(ﬂoa 0) g2 (1L, L)e_mzL

5 5 (4.12)
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(here the sign of the couplings are the same at the two boundaries as the second breather is
even). We remark that in this model there is in fact no sign ambiguity in this coupling once
the signs of bulk three- particle couplings are fixed, because the soliton reflection factors
contain a pole at 0 =425, n=1,2,...,[A] whose residue is proportional to

fi_gn(n,9)

where f?_ is the bulk soliton-antisoliton-breather coupling, while g, (n,?) is the one-
particle coupling of the nth breather to the boundary. As g, (n,9) appears linearly, it
can be unambiguously calculated and the result matches the formulae ([EE8ETT). We note
that in the limit ¥ — oo (Dirichlet boundary conditions) the couplings simplify to

I+ cos 55 — sin 5 n
= 92 ) tan —
g (1, 20) \/1 oS 5y + sin -~ an 2\

2X
2 tan ( ) tan (ﬁ
%

tan &~ oY \/tan s tan(

2)\7

+ 1
A

2
%)

5 Comparison with the Dirichlet NLIE

(4.13)

g2 (n,00) =

In this section we check the boundary Liischer formulae derived previously by comparing
them to the exact ground state energies at large but finite L-s in the sine-Gordon model
with Dirichlet boundary conditions. We determine the exact ground state energies from
the (ground state version of the) NLIE proposed recently in [T5], which generalizes [7] by
allowing the sine-Gordon field to take two different values at the two boundaries of the
strip.

The NLIE is a complex nonlinear integral equation of the form

Z(0) = 2MLsinh0+ P (0| Hy, Hy) — z/ dzG(0 — x —in) log (1 _ eiZ(:c-I—in))
+i/ d:L’G(@ —x+ in) log (1 — eiz(x—in)) (5‘1)

where

P(@|Hy,Hy) = QW/QdI(F(ZL’,HQ)—I—F(ZL’,HL)+G(ZL’)—|—J(ZL’))

(1-A
GO) = /Oo dk ixo Smh( 22 )k>
) o sinh 5k cosh Tk

dk smh( 4)\’\ k) co sh( m(d+A) k)
J0) = / 27r sinh 53k cosh Tk

FO.H) — / dk _psinh(5 (1+5—H)k)

27r QSmh kcosh k:
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M is the soliton mass, and A is the parameter defined in (). The parameters Hy j can
be expressed from the boundary values of the sine-Gordon field ®:

1—%@0 1+%q>L
Ho:f : Hsz

and the equation in the present form is valid only for 0 < Hoy <1+ A%

This equation must be solved for the unknown function Z(#). All the functions in the
equations are analytic in some strip containing the real 6 axis, and n must be chosen to lie
inside that strip. Once Z(#) is obtained (usually by a straightforward iteration procedure),
the ground state energy of the theory can be calculated using

E(L)=-M %m/ ;Z_i sinh(z + in) log (1 — e Z+m) (5.2)

It satisfies
E(L)—=0 as L — oo

which means that the vacuum energy extracted from the NLIE is normalized to zero
vacuum energy density and zero boundary energy in infinite volume. The true vacuum
energy (calculated e.g. in the perturbed conformal field theory framework) has the form

Epcr = &l + €4 + €5 + Exvip

where the bulk energy constant &,y and the boundary energy terms €, s are known exactly
[IT]. The NLIE energy (E32) is normalized the same way as the boundary Liischer formulae,
so they can be compared directly.

In the repulsive regime A < 1 one can calculate the leading large volume asymptotics
by substituting

into (B2) and taking n — 5. The result is
 df - - . _
E = —M/ - cosh§ (K3° (—0) K (0) + K5 (—0) K5 (6)) e ?MEecoshd (5.3)
oo 4

where s 5
K5 (0) = R, (% - e)s . K3 (0) = Rs (%g - 9)5

in terms of the soliton and antisoliton reflection factors found by Ghoshal and Zamolod-
chikov [B]. We made use of the relation |7, I5]

P (0| Hy, Hy) =ilogS;4 (20) —ilog R, (0); —ilog R (0)) + 7

(where S, is the soliton-soliton phase shift) and also of bulk crossing symmetry and
boundary crossing-unitarity to bring the result to the form (B3]). This is in perfect agree-
ment with the result (ZZ)) obtained from the cluster expansion.

12
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Figure 5.1: Comparison of the Dirichlet NLIE with the boundary one-particle contributions

The above procedure does not work in the attractive regime because the analyticity of
Z does not extend far enough to allow taking the limit » — 7. In principle one should be
able to recover the cluster expansion analytically from the NLIE expression (B22) even in
the attractive regime; however, this requires more detailed understanding of the analytic
structure of the NLIE (BJl) than what we have at present, and is out of the scope of the
present paper.

Instead we performed numerical comparison of NLIE results to the boundary Liischer
formulae for several values of the coupling and the boundary parameters. An example is
shown in figure b1l below, where A = 4 and so both the first and the second breathers are
present in the bulk spectrum. Varying the boundary values of the sine-Gordon field we
investigated the cases when one expects the asymptotics be given by the first or second
breathers separately. The results are summarized in figure b1l where log(|E|/M) is plotted
against the dimensionless | = ML with M being the soliton mass. (The sign of the exact
ground state energy always matched the sign of the appropriate asymptotic correction as
calculated from ([9) and ([ET2)).

For simplicity, we parameterize the boundary values ®,, z = 0, L at the two ends of
the strip in the following way )

7T

B

and so 1, = —(—1)*% 7 (14 X)¢.. The points marked by empty boxes, +-s, x-s and dotted
circles are the exact ground state values computed from the NLIE when the boundary values

(I)z = ¢z
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of the sine-Gordon fields on the upper and lower ends of the strip are ¢y = —0.17 ¢, = 0.1,
oo = 0.017 ¢, = 0.1, o9 = 0 ¢, = 0, and ¢y = —0.08 ¢, = 0, respectively. The two
upper continuous lines are the predictions of the first breather’s asymptotic contribution
E3) (with ¥ — oo to describe the Dirichlet case), while the two lower continuous lines are
the predictions coming from the second breather’s asymptotic contribution (EEI2) when at
one end of the strip n;, = 0:

Efo) — iy 92(no, ) g2 (0, oo>e—2m2L _ tan (ﬁ + g_i) tan (ﬁ - g_i) o—2mal

2 2 > tan (%) tan (%+%)

The agreement with the NLIE data strongly supports the formulae derived from the clus-
ter expansion. Although for the graphical comparison it is enough to plot only the second
breather one-particle term, in order to make the agreement with the NLIE numerically
satisfactory the two-particle contribution from the first breather also has to be included.
The detailed numerical comparison is performed in the appendix and an excellent agree-
ment is found. There’s no such problem with the first breather term, however, because it
is possible to go to large enough volume so that it is still numerically measurable and at
the same time dominates over the subleading corrections by several orders of magnitude.

6 Classical limit of scaling functions

Motivated by the success of Mussardo et al. [I6] who showed that in the case of periodic
boundary conditions the (semi)classical limit of Liischer’s finite size correction to the sine-
Gordon soliton mass coincides with the infrared limit (I = mL — oo) of the soliton’s
classical energy in finite volume, we show next that the classical limit(s) of the previous
Liischer type corrections to the ground state energy in the boundary sine-Gordon theory
on the strip coincide with the asymptotic corrections to the classical energies of the various
static (ground state) solutions of the model.

In refs. [3, @] collectively the following static solutions are described in details in terms of
Jacobi elliptic functions:

e The ground state (+) and the solitonic excited solution (-) with the ®(0) = ®, ®(L) =0
Dirichlet-Dirichlet (DD) boundary conditions where in the (+) [(-)] case the sine-Gordon
field ®(x) decreases |increases| monotonically from ®F at = =0 to 0 |[27/8] at © = L;

e the ground state (A) and the first excited state (B) type solutions in the zero topological
charge sector with the

m By,
O<¢po<g, Os@rsm—9o, wor=—""
DD boundary conditions, where, for the case (A) [(B)], ®(x) decreases |increases| from ®F
to some turning point € [%’T — €] then increases [decreases| from these values to ®;
e the ground state (-1) of the n = —1 topological charge sector with the
T BP(L)

0<S00<§, T:SOL—W
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DD boundary conditions, when ®(x) decreases monotonically from positive to negative
values,

e and finally the ground state with mixed boundary conditions (DN): Dirichlet at z = 0
and a one parametric (M) perturbed Neumann type b.c. at . = L

5@(0) = o, g@’(x)\x:L = —mA 'sin(pyr), Al =

M 3?
4m

For all these static solutions the dimensionless width of the strip [ = mL and the
energies of the solutions can be expressed in terms of the integrals

b

I(a,b,C) :/dv\/sin2v+0.

a

l(a,b,C) /
Vsin?v + C

Indeed in the ®P = 0 Dirichlet-Dirichlet case for the (+) solution one obtains

4m
I = l(0’90070)’ E+(900>l) = ﬁ[[(OaSOmC) _Cl/Q]’
while for the (-) solution
4dm
l:l(w0a7ﬂc)a E—(mel) = ?[[(w0a7ﬁc)_0l/2]

results. In the case of general DD boundary conditions, in the n = 0 sector, for the type
(A) (ground state) solution

4 l
[ = Z I(e, p;, —sin?¢), Ea(po, or,1) = ;;[ Z I(e,p;, —sin€) + 3 sin? €]
=0, L =0, L
is obtained, while for the type (B) (excited state) solution
[ = Zlgpz — ¢, —sin?e), Eg(vo, pL l):4—m[z [(QO,'?T—E—Sin2€)—|—£SiII2E]
7 ) ) /82 ' ) Y 2

=0, L =0, L
is found. In the n = —1 sector of the general DD boundaries for the only ground state we
obtain

4m

[ = Z(O> ©0, C)+Z(O> T—=PL, C)a E(_l)(9007 PLs l) = ﬁ[l(oa ©0, C)_I_I(O? T—=PL, C)_CZ/Q]

Finally for the ground state of the DN problem

l= Z(SOLa $0, é)a E(DN) (QOOa Aa l) [ C (SDIM ©o, é) - A_l COS(QOL)]



is found with C' = —(1 — A?)sin? ;. These expressions give the [ dependence of the
energies in a parametric form: in all cases the integration constant(s) C' or € and ¢ are
— at least in principle — determined as functions of | (and the boundary parameters) from
the first equations and using them in the second equations gives the | dependence of the
energy expressions.

The asymptotic form of the energies is obtained in the following way: first in each case
the integrals defining [ are expressed as an appropriate linear combination of complete
and incomplete elliptic integrals. The [ — oo limit corresponds to the limit when the
parameter of these elliptic integrals goes to unity — sometimes this is also correlated with
the amplitude of the incomplete one going to 7/2. Using the relevant asymptotic expansions
of the elliptic integrals we determine the asymptotic C(1) (e(l), ¢r). In the second step the
integrals appearing in the expressions for the energy are determined by realizing that their
derivatives with respect to C' (€, ) can be related to {(a, b, C); viewing this relation as a
differential equation we integrate it (the constant is fixed by the known value of I(a, b, 0)).
In this way the following expressions are obtained at [ — oo:

4
E, (po,1) ~ % <1 — cos @y + 4 tan? % e_2l> ,

B {0, 1) ~ 52 <1 + cospg + 4 cot? % e—2l> :

4m
E4 (o, 0r1,1) ~ F <2 — COS g — COS Y, — 8tan% tan gLe_l> ,
Eg (o, pr,1) ~ ﬁQ <2 + cos g + cos ¢, — 8 cot % cot %e_l) ,
4 —
EY (o, o1, 1) ~ ;; (2 — cos g + cos ¢, + 8tan % tan 7TTSOLe_Z) :
4 - 9001 AL

The constant (I-independent) terms of these energy expressions are the classical energies of
the static solitons/antisolitons forming the asymptotic ground state (for more details see
[3, @]). Note that some of the asymptotic corrections decrease with e~!, while the others
with e=2!. The fact that the asymptotic correction is negative in the n = 0 and positive in
the n = —1 sectors can be understood by realizing that in the former sector the asymptotic
solution is a superposition of a soliton and an antisoliton (whose interaction is attractive)
while in the latter it is a superposition of two solitons (whose interaction is repulsive).
The sign and magnitude of these asymptotic corrections were also verified numerically by
comparing to the exact solution of the classical field equations.

We now proceed to show that these asymptotic corrections are indeed the classical
limits of the appropriate generalized Liischer formulae.

It is very important to realize that the classical limit (LX) is not identical to taking
B — 0, in which almost all interesting quantities diverge (this limit cannot even be taken in

16



the classical formulae for the ground state energies). The general form of the semiclassical
expansion for the ground state energy can be obtained from the Euclidean path integral

as the limit
T/2
E(L) = lim ——log/D(I)eXp ——/ dr Lg(®)

where the Euclidean Lagrangian is

L
Lg(®) = /0 dx <% (8,®)° + % (8,P)° + 7;22 cos BCD)

v My {1 - cosg (®(L,7) — @L)} + My [1 — cos g (®(0,7) — cpo)}

Scaling out the coupling constant and introducing dimensionless variables
=P , T=mx , T=mT
standard semiclassical expansion around the classical solution yields
m M, 32 M 2
M (o (g, MoB Mo
B? m m
where F'is a dimensionless function of its arguments. The first term is just the classical
energy, the large volume asymptotics of which is given in (G.1]) and is proportional to 372
All the quantum corrections are regular as § — 0, and expansion in powers of A corresponds
to expansion in 32. As a result, the classical limit corresponds to isolating the leading 32
term in the expansion around 8 = 0. Thus it is only meaningful to take the large volume
asymptotic first and perform the classical limit by considering only the leading terms for
small 5.

The volume dependence of the finite size correction is determined by the type of the
particle giving the leading contribution: for terms of the form e~ it is the first breather,
while in the case of e=# the second (note that my = 2m; = 2m in the classical limit).

The UV-IR relations (3) imply that the Dirichlet boundary condition is obtained as
the ¥ — oo limit of the general one, while the perturbed Neumann BC as the ¢ = 0

(A1 <1)orn=0 (A" > 1) case. Using the classical UV-IR relation (f8) one finds that
in the Dirichlet case

E(L) = , P, 5%) +0 (h52)) (6.2)

= — = ——/Béo — — 5¢L
Ne1,0 Yo 5 y o MNel,L = PL 5
while for the perturbed Neumann BC
cosna=A" (A1 <1) , coshng = A1 (A1 >1)

results.
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Using the above identifications, the classical limit of the breather one-particle term

(@3) becomes

32
_2am tan _¥o tan ﬂe_l

32 2 2

which indeed agrees with F4.
To interpret Ep that belongs to the first excited boundary state let us recall that the
reflection amplitudes on it can be obtained by the substitution

n—>n=1A+1)—n (6.3)

from the ground state ones [I'7, [[8]. Therefore making this substitution in (Z9) gives the
Liischer type correction to the first excited state energies. Since in the classical limit this
substitution simplifies to g — 7™ — nq, it is clear that Ep does coincide with the classical
limit of (@X). Similar reasoning can be used in the case of E(Y.

For the corrections of order e%, however, things are more complicated. Let us take
the example of F,, the other cases can be treated in the same way. Taking the classical
limit of the second breather one-particle term (EI2) gives

32m
tan? #o e 2

32 2

which is off by a factor of 2. Fortunately this is not the end of the story. As we already
noted above, in the classical limit the masses of the first and second breathers are given by

(6.4)

m=m , Mo =2m

and therefore the first breather two-particle term is exactly of same order as the second
breather one-particle term. Let us examine the general formula for the two-particle con-
tribution for a particle of mass m (Z3))

* o

—2mL6? /2
/(0

< df _
—m/ yp cosh 0K, (0) Kz (0) e 2mlcosh? — _ype=2mb /
oo 4

— o0

where we introduced
£(0) = cosh 0K, (0) Kz () e~ 2mblcosh0=1=0%/2)
Since f(f) is an even function, it expands in even powers of # around 0

f0) = fo+ H67 + ...

and so the two-particle contribution can be written as (for mL — 0)

mo o = (2n — !
- 4\/7rmLe (fo " nz (2mL)" fn) (0

=1
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At first sight this does not appear to be enough to rescue us, since the two-particle correc-

tion is further suppressed by a factor of L='/2. However, it is an interesting and nontrivial

issue whether the asymptotic expansion (E3) can be trusted in the semiclassical domain.
The relevant integral in our case is

[e.e]

> db —2m1 L cos do —2m1 L cos
—ml/_ooacoshelog(lex(Q)e 2ma L he)w—ml/ Ecosh@x(@)e 2m L cosh
(6.6)

—00

where W/ W (T
v (0) = R (% - 9)01-2|> (i + e)L
and for the case of E, the boundary parameters are 1y = ¢ (A+1), n, = 0 and Jy =
Q9L = Q.
Using the known reflection factors, the coefficients f; can be explicitely calculated to
have the following behaviour for small

1

~ 2(n+1) ~
fn A 64(n+1)

which means that in the classical limit the series expansion (G.3) is invalid.

The reason why the coefficients f,, diverge and the integral (6.6]) must be treated very
carefully is that the value of x(#) and all of its derivatives at # = 0 go to infinity in the
classical limit. The dangerous contribution comes from the particular block

5,1
22X

in the reflection factor (L) and can be isolated from x as follows

cosh 6 + cos o5

x (0) = Xo (0)

- T
cosh 6 — cos X

where X is a function with a smooth classical limit at the origin

s ty T 2
COS 77 — SIN 7% Mo ©o 9
0) = L D tan -~ ) ~tan® =+ 0O
xo(0) (cos—;; +sinz 2N a5 +0(%)

while the function

s
cosh 0 + cos o

s

2X

cosh 6 — cos

has the Taylor coefficients
(2n) 2(n+1)
"™ (0) 2\ 1
=(-1)"4 | — 1+0 (=
o Y ( 7r HRAGE
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for large A. As a result, the series () takes the following form for small

256m 0 00 _omr = 128 \"
——— _tan? el (1 on — DI | —
L an” e —I—Z( n—1) it

n=1

which is a power series with coefficients that grow factorially. It is also obvious that it does
not have the right 8 dependence displayed in eqn. (62, and the higher terms show more
and more singular behaviour at g = 0.

In order to get the correct asymptotics, we now evaluate the leading behaviour of the
integral (B0 in the semiclassical regime carefully. First we substitute z = sinh 6 for the
integration variable. For large L, the integrand is concentrated around the origin and
therefore we can evaluate the dominant contribution by keeping only the leading terms
around z = 0:

*d 1+ cos 75 +27/2
—m1/ ﬁ log (1 N ( cos g5 + 1%/ 1) XO(O)e_zmlL)

o 1 —cos g5 +22/2

where a subtraction of —1 in the coefficient of xo(0)e ™% was applied to make the integral
convergent at the plus and minus infinities (this only affects subleading terms — of order 3°
— as the singular behaviour around = ~ 0 is unchanged). Now the integral can be evaluated

using (B0)

.9 T m B . my COS 35 oL
_ - - 0 2m1L _ R 0)—=2 1
my [\/sm ) + cos 2)\X0( )e sm4)\] 5 Xol )Sin4’;e

using that L is very large.
Taking the classical limit of small 5 (i.e. large A\) and keeping only the leading term in

[ we obtain

16m
tan? o _omL

p? 2
which must be added to the second breather one-particle contribution (G4), thereby giving
perfect agreement with the classical formula for E,. The same argument works for E(PN)
while E_ can be obtained from E. by the substitution (B.3]).

7 Conclusions

In this paper we succeeded in deriving the boundary analogue of Liischer’s analytic for-
mulae for finite size corrections (which were originally obtained for periodic boundary
conditions). The consistency of these boundary Liischer formulae was checked against
boundary TBA, NLIE and classical field theoretic results. The matching of all these dif-
ferent approaches provided ample evidence for the correctness of the formulae, and also a
very strong argument for the universality of the relation

-

9o =73 (7.1)
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between the one-particle coupling g, in the reflection factors and the one-particle amplitude
Jo in the corresponding boundary state, which was first proposed for the boundary Lee-
Yang model in [§] on the basis of matching the form factor expansion of one-point function
against truncated conformal space data. Our numerical data based on the Dirichlet NLIE
and the matching with the classical finite size corrections show that this relation is valid in
boundary sine-Gordon theory for very general values of parameters. The argument based
on the boundary TBA shows that it is also valid for any theory with a diagonal bulk
and boundary scattering theory. Based on these results we conjecture that this relation is
indeed universal.

Using the relation ([Z1]), the boundary Liischer formulae proposed in this paper make
it possible to compute the leading finite size corrections based only on data from the
scattering amplitudes, even in non-integrable theories. It is interesting to note a deep
analogy between the boundary Liischer formulae (ZZ32T0) and the particle mass correction
([CT) for the periodic case. In both cases the generic correction can be written in terms
of an integral over the relevant scattering amplitude, and the two integrals share many
other similarities in structure. Besides that, the possible pole terms are also very similar.
Therefore we expect that a quantum field theoretic derivation of our results along the lines
of [T] must exist. Such a derivation would be very interesting because it would permit
generalization to any space-time dimensions (similarly to the case of periodic boundary
condition [I]), while the cluster expansion technique is restricted at the moment to 1 4 1
dimensional field theories, albeit not necessarily integrable ones.

While the exponential dependence of the finite size corrections on the volume and the
particle masses is obvious from general principles of field theory and TBA /NLIE, there are
some highly nontrivial aspects of the results obtained here which we would like to stress.
First of all, the relation (ZI) which was originally a (numerical) observation made in a
particular model (Lee-Yang) in [§], is shown to be universal by several pieces of evidence
(analytic and numeric). Second, we now have a universal analytic form of the exponential
finite size corrections expressed in terms of the infinite volume scattering theory, and also
a regularized form for the two-particle contribution (eqn. (B)) when the naive expression
Z3) is divergent. Third, we have done extensive consistency checks of the results, and in
particular we have shown that they agree with classical field theory, but the classical limit
of finite size corrections must be treated very carefully.

In more practical terms, the boundary Liischer formulae are very useful for extracting
boundary scattering data from finite size effects obtained by any numerical or analytic
method like lattice field theory, truncated conformal space or Bethe Ansatz based ap-
proaches (TBA, NLIE). Alternatively, when the scattering theory is explicitely known
they can be applied to test the validity of numerical methods or conjectured TBA or NLIE
equations. Such applications are presently being actively pursued by the authors.
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¢0 ¢L a “Vmeasured Vexact
A=1T7/2 exact: 0.867767
0.05 | 0.05 0.867774 —0.024529 | —0.024526
0.03 | 0.07 0.867812 —0.020640 | —0.020625
0.07 | 0.07 0.867786 —0.048403 | —0.048389
A=5/2 exact: 1.175570
0.1 0.2 1.176765 —0.197730 | —0.193904
0.05 | 0.15 1.175572 —0.069682 | —0.069681
—0.05 | 0.15 1.175571 0.069681 | 0.069681

Table A.1: Comparing the first breather one-particle term to NLIE. For each value of A,
we quote the exact value of o = m;/M = 2sin g5, which is compared to the exponent
extracted from the NLIE. Yyeasurea is the coefficient extracted from NLIE, while Yegacr is

the one predicted by ((AJ).
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A Numerical comparison to the NLIE

We consider the first breather one-particle contribution first. We normalize the energies
and distances in units of the soliton mass M:

Eas (L) = 2sin —
M 2)\1—cos%+sin%
I = ML

U 3 s
m 1+ cos gy —sin gy Mo

NL _ogin &
tan — tan —e 2% ax! 4

o\ ) (A1)

and the boundary values of the field as

¢, =—0o. N = _(_1)Z/L¢Z7T (1 + )‘)

Numerical data are obtained by fitting the NLIE results to a curve of the form

e
Ilustrative examples are given in table[AT} the agreement was tested for many other values
of the parameters involved, with results similar to those in the table.
The second breather one-particle term proves more tricky. To eliminate the otherwise
dominant first breather one-particle term we choose ¢, = 0. However, the two-particle term
for the first breather gives a non-negligible contribution for all values of the parameters that
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l 10 12 14 16
A=T7/2,¢0=0.1 | 2 By |-4.20321e-10 | -1.17697e-11 | -3.35392¢-13 | -9.67996e-15
By | -1.87457e-09 | -8.21717e-11 | -3.60199¢-12 | -1.57893e-13
> 1 -2.29490e-09 | -9.39414e-11 | -3.93738e-12 | -1.67572¢-13
NLIE | -2.29710e-09 | -9.39742e-11 | -3.93787e-12 | -1.67577e-13
A=19/2,¢9=0.013 | 2 B; |-6.33781e-09 | -3.37019e-10 | -1.84416e-11 | -1.03073e-12
By | -1.31031e-07 | -1.00170e-08 | -7.65776e-10 | -5.85417e-11
> | -1.37369e-07 | -1.03540e-08 | -7.84218e-10 | -5.95724e-11
NLIE | -1.37425e-07 | -1.03550e-08 | -7.84232e-10 | -5.95718e-11
A=19/2,¢9=0.007 | 2 By |-1.53201e-08 | -8.84074e-10 | -5.20261e-11 | -3.10504e-12
By | -5.51243e-08 | -4.21411e-09 | -3.22159e-10 | -2.46282e-11
> | -7.04444e-08 | -5.09819e-09 | -3.74185e-10 | -2.77333e-11
NLIE | -7.04671e-08 | -5.09861e-09 | -3.74193e-10 | -2.77334e-11

Table A.2: NLIE versus second breather one-particle term combined with the first breather
two-particle term

are accessible by iterating the NLIE. Therefore we can only compare the NLIE results to
the sum of the two terms. The first breather two-particle term can be safely calculated from
(Z3)) since the integrand is regular. Table summarizes some of the results obtained this
way. The agreement between the NLIE and the boundary Liischer formula becomes worse
with decreasing volume, which is easy to understand since higher order terms of the cluster
expansion start playing an increasingly important role. Once again, we have performed a
rather extensive numerical check, of which the table contains only a small sample.
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