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Abstract

Suppose that f belongs to a suitably defined complete metric
space C* of Holder a-functions defined on [0, 1]. We are interested in
whether one can find large (in the sense of Hausdorff, or lower/upper
Minkowski dimension) sets A C [0, 1] such that f|4 is monotone, or
convex/concave. Some of our results are about generic functions in
C® like the following one: we prove that for a generic f € C{[0,1],
0 < o < 2 for any A C [0,1] such that f|4 is convex, or concave we
have dimpg A < dimy; A < max{0,« — 1}. On the other hand we also
have some results about all functions belonging to a certain space. For
example the previous result is complemented by the following one: for
1 < a<2forany f € CY0,1| there is always a set A C [0, 1] such
that dimg A = o — 1 and f|4 is convex, or concave on A.
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1 Introduction

In [10] and [II] J-P. Kahane and Y. Katznelson showed that for every real-
valued f € C]0,1] there are closed sets A C [0,1] such that dimg A > 1/2
and f is of bounded variation on A. (We denote by dimg A, dimy; A, and
dim,; A the Hausdorff, the upper and lower Minkowski (box) dimension of
the set A, respectively.) This theorem was rediscovered independently in a
more general setting by A. Mathé in [12] when only Lebesgue measurability is
assumed about f. Several further variants of restrictions of bounded variation
were considered in [2], [6] and [10], these include optimality of the bound
dimg A > 1/2, restrictions of generic continuous functions and functions
with values in R%.

In [T10] Holder restrictions were also considered for example it was proved
that for 0 < o < 1 for a continuous f there exists a closed set A such that
dimg A=1—«and f € C*(A). In both cases it was illustrated by examples
that the dimension bounds on A are best possible. In [I1I] Kahane and
Katznelson showed that for a typical/generic (in the sense of Baire category)
f € C0,1] for any 0 < a < 1if f|4 is in C*(A) then dim; A < 1 — a.
This result for Hausdorff dimension was obtained by M. Elekes in [6]. In [2]
the following generic/typical result was proved (see the definition of C[0, 1]
in Section ). Suppose that 0 < § < 1. For a generic f € Cf 0,1] if
fla € C*(A) for some < a <1 then dimy A <1— a.

Kahane and Katznelson in [10] also discussed Holder restrictions of Holder
functions, for example they showed that there exist functions f € C?[0,1]
such that if f|4 € C%(A) then dimg A < t—g They also asked whether
this result was best possible. It turned out that this result was not the best
possible and a sharp upper bound was provided by O. Angel, R. Balka, A.
Mathé and Y. Peres in [2].

In [9) P. Humke and M. Laczkovich proved that if ¢ is a porosity pre-
measure then a typical/generic continuous function on [0, 1] intersects every
monotone function in a bilaterally strongly (-porous set. This implies that
if the restriction of a generic continuous function is monotone on a set A
then dimg A = 0. Kahane and Katznelson also considered in [10] monotone
restrictions of continuous functions and showed that there exists f € C[0, 1]
such that if f|4 is monotone then dimy A = 0. It is a natural question
whether such a non-empty compact set A exists at all for any f € C[0,1].
This question was asked and answered a long time ago. F. Filipczak proved
in [8] that for any f € C[0, 1] there exists a perfect, non-empty set A C [0, 1]



such that f|4 is monotone. This question of Real Analysis has a graph the-
oretical interpretation: Color the complete graph with vertices z,y € [0, 1].
fW)—f(=z)

An edge x — y is red if = >0 otherwise it is blue. Ramsey’s theorem

implies that there exists an infinite A C [0,1] such that all edges between
points of A are of the same color. In the language of Analysis this means
that f|4 is monotone.

We remark that S. Todorcevi¢ has some abstract results which offer a
criterion for the existence of homogeneously colored perfect sets in colorings
of analytic spaces see [14].

One can ask similar questions about convexity, or n-convexity. Recall
that the first divided difference is f[z, 23] = J@2)=/@) the second divided

To—x1
difference is f[x1, xo, x3] = W and if the (n—1)" divided difference

is given then the n' is

f[l'l, . xn] _ f[x% e SCnSi __f:[fll, ey xn—l] .

For f € C[0,1], color the hypergraph (z1,...,7,41) € [0,1]""! by red if
flz1, ..oy xpny1] > 0, by blue otherwise. Again Ramsey Theory implies that
there exists a homogenously colored infinite subgraph, that is, there exists an
infinite A C [0, 1] such that f|4 is n-convex, or n-concave. S. Agronski, A. M.
Bruckner, M. Laczkovich, and D. Preiss asked in [I] the following question:

Suppose f € C[0,1] and n € N. Does there exist A C [0, 1], non-empty,
perfect such that f|a is n-convex, or n-concave?

Filipczak’s theorem is the n = 1 case. Concerning the n = 2 case, the
case of ordinary convexity, in [3] Buczolich proved the following;:

For every f € C[0,1] at least one of the following is true:

(i) There exists an interval I C [0,1] such that f|; is conver.

(ii) There ezists an interval I C [0,1] such that f|; is concave.

(i1i) There exist Ay, As C [0, 1] non-empty perfect such that f|a, is strictly
convez and f|a, is strictly concave.

It is interesting that this result does not hold for higher convexity. A.
Olevskii in [13] proved that there exists a Lipschitz f : [0, 1] — R such that
f is neither 3-convex, nor 3-concave on any non-empty perfect set.

Given the combinatorial/Ramsey theory background P. Erdds asked from
the author the following question:

Suppose that f : [0,1] — R is not convex on any r element set 3 < r < w.
What can be said about f?



It was answered in [4].

The main goal of the current paper is to obtain results about convex re-
strictions of functions belonging to different Holder classes. Since the deriva-
tives of convex functions are monotone, these results are going hand in hand
with results about monotone restrictions and in Section [3 we discuss such
results. In Theorem 2] we show that for a generic/typical f € C{[0, 1], when
0<a<lifAc|0,1] and f|4 is monotone then dim,; A < . It is rather
easy to see, and it is at least implicitely well-known, what is stated in The-
orem Bt for any 0 < o < 1if f € C?[0, 1] then there exists A C [0, 1] such
that f|4 is monotone and dimy A > «. According to a result from [2] (stated
as Theorem [ in this paper) if 0 < o < 1 and B(t) is a fractional Brownian
motion of Hurst index a then almost surely B|4 is not monotone increasing
for any A with dimy A > max{1 — a,a}. A fractional Brownian motion of
Hurst index « almost surely belongs to C*~[0, 1], but not to C*[0,1]. In [2]
for a dense set of @s in [1/2, 1] examples of self similar functions f € C%[0, 1]
were also provided for which f|4 is not monotone for any A with dimy A > a.
I learned from R. Balka about an unpublished argument of A. Mathé, which
implies that for any function f : [0, 1] — R one can always find a set A such
that f|4 is monotone and dimy A > 1/2.

In Section M we turn to convex restrictions. In Theorem [6] we see that for
a typical f € C{[0,1], 0 < a < 2 there is always a set A C [0, 1] such that
fla is convex and dimy A = 1. in Theorem [7l we ”integrate” the result of
Theorem Bl to show that for 1 < a < 2 for any f € C|0, 1] there is always
a set A C [0, 1] such that dimyg A = a — 1 and f|4 is convex, or concave on
A. In the Theorem [§] and Lemma [0 we see that the results about generic
functions and monotone restrictions can be “integrated” to obtain results
about generic functions and convex restrictions. In Theorem [I0] we prove
that for a generic f € C[0,1], 0 < o < 2 for any A C [0, 1] such that f|4 is
convex, or concave we have dimy; A < max{0,« — 1}.

We mention in the end of the paper a result (Theorem [I]) according to
which there are functions in f € C{[0,1], 1 < a < 2 such that f| is not
convex, nor concave for any A C [0, 1] with dimy A > a—1. For3/2 < a < 2
by integrating Fractional Brownian motions of Hurst index @ — 1 one can
obtain functions f € C*~[0, 1] with the property that f|4 is not convex, nor
concave for any A C [0,1] with dimy; A > a— 1. By using from [2] the earlier
mentioned dense set of as in [1/2, 1] taking integrals of the corresponding self-
similar functions one can obtain a dense set in 3/2 < a < 2 and functions
f € C°0,1] with the property that f|4 is not convex, nor concave for any
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A C [0,1] with dimy A > o — 1. For 1 < a < 3/2 it cannot obtained by
”integrating” a theorem about monotone restrictions. Theorem [I1]is proved
for 1 <a<2in [3].

The authors thanks R. Balka and the referee for several suggestions which
improved the paper.

2 Notation and preliminary results

For a > 0if f: [0,1] — R is |a]-times differentiable (by definition f(©) = f)
we put

[fleD (@) — fleD(y)]
|z —ylle)

Ea(f):sup{ cx#y, x,yG[O,I]}. (1)

By C°[0,1], or C0, 1] we denote the class of continuous functions on [0, 1].

If 0 <a<1then fisin C*[0,1], if L,(f) < 0.

For a = n € {1,2,...} the function f is in C"[0, 1] if () is continuous on
[0, 1].

If 1 < a < 2then fis in C°[0, 1] if f is differentiable, and f € C*~1[0, 1],
that is L, (f) < oo.

We denote by C*[0, 1] the set of those functions which are in C?[0, 1]
for all g < a.

The class of Lipschitz functions, the functions for which

[f(x) = fy)]

|z — y|

£071(f):sup{ cx #y, x,yE[O,l]}<+oo
is denoted by C®'0,1]. While C*'[0,1] denotes the class of those f €
C10, 1], for which f' € C*'[0,1].

If f € C0,1] = C°[0,1] then [|f]lo = sup,cq|f(2)]. For @ =n € N
radius r, centered at f € C*|0, 1], are denoted by Ba.(f,r).

Some special subspaces. For 0 < o, a € N f is in C?[0,1] if £,(f) < 1,
that is | f(leD)(2) — fleD(y)| < |z — y|® for all z,y € [0,1]. It is clear that
C2[0,1] is a closed, separable and complete subspace of C'*J[0,1] when we
use the subspace metric ||f — g|||o) for f,g € C7[0,1]. When working in
these spaces we will keep the notation B,(f,r) for the open balls in these
subspaces.



Suppose A C R". The system {U;} is a é-cover of A if diam(U;) < ¢ for
all j, and A C U,;U;.

The a-dimensional Hausdorff measure (see its definition for example in
[7]) is denoted by H®. Recall that the Hausdorff dimension of A C R™ is
given by

dimyg A = inf{a: H*(A) =0} =
inf{a : 3C, > 0, V6 > 0, I{U,} a d-cover of A s.t. Z(diam(Uj))O‘ < Cyu}.
J

Given an integer k > 2 and a set A C [0, 1] we put

Nir(d) = #{iez: An [Jk;zlﬂ 0}

Most often we use the k = 2, or k = 10 cases, Nig¢(A), or No(A).

The upper and lower Minkowski (or box) dimension of A is defined as

— , log Nj.¢(A , .. dog N (A
dimy A = hrlgsoljp ggloikg’lé) and dimy; A = llﬁégf gﬁloikglli)' (2)

It is well-known that for any k& we obtain the same value and dimpg A <
dimy; A < dimy A.
Recall Proposition 2.2 of [7]:

Proposition 1. Let FF C R™ and f : ' — R™ be a mapping such that
|fl@) = f)l <clz—yl*  (z,yerF)
for constants ¢ > 0 and o > 0. Then for each s

HF(F) < ¢&/*“H(F).

3 Results about monotone restrictions

Theorem 2. Suppose 0 < o < 1. There exists a dense G5 set G C C{|0, 1],
(G C C[0,1] when a = 0) such that if f € G, A C [0,1] and f|a is monotone
then dimy A < dimy; A < a.



Proof. We prove the existence of a dense Gy set G C C70, 1], such that if
feg,Ac|0,1] and f|4 is monotone increasing then dimy; A < . A similar
theorem is valid for monotone decreasing functions and the intersection of
two dense Gy sets is still dense G and this yields the theorem.

One can easily see that C functions f satisfying £, (f) < 1 are dense in
C¢10,1] when 0 < o < 1.

One can select a set {f,}7°, of C'"° functions which is dense in C{|0, 1],
(in C0, 1] when a = 0). We choose

=, > n, =, € Nsuch that (3)
|f1(z)] < Z, holds for any z € [0, 1]. (4)
We also suppose that
1
Lo(fn) <land — <1 - Lu(fn), (5)

(for = 0 we do not need this assumption). We put

log anJ ‘ (6)

My = 25,(2, + 10)(m + n) and M., = LMm,na s

We choose M, such that if m > M, then by also recalling (3)) we have
M, , < My, — 10 for any n. (7)

Next we suppose that m > M,.
Next we define a function ¢,,, periodic by 27m~_ It is sufficient to
define this function on [0, 2 Mmn]. Set

me,n(o) = me,n(Q_M;”’") =0 and (8)

/ -1
gpm’n(Q_Mm,n _ 2_Mm,n) — ?2_Mm,na (9)

—

—n

and we suppose that ¢,,, is linear on the intervals [0, 27 Mmn — 27Mman] and
[2_M7,n,n — 2_Mm,n’ 2_M;n,n].

This way for any z € (0, 2 M — 2~ Mmn) 4 j. 2 Mmn j € Z

_2_Mm,n0f _2_Mmy7la . 2M;n,n
Po(x) = . < — < 10
Spmm( ) En(2_M7”’" _ 2_Mm7n> =, ( )
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log Mm, n
_2_Mm,na+Mm,na+ Tog 2 -1

= = —(2, +10)(m +n) < —(Z, + 10).

—

—n

Otherwise we always have

1
| ()] < :—Q_M"“"O‘ - 2Mmn wherever it exists. (11)

We put frnn(r) = fu(2) + Pmn(2).
Next we show that the functions f,,, are in C{[0,1] when 0 < o < 1.

Using (8), (@) and (I for any z,y € [0, 1]

1 o—Mpna oM, r_a
_ __2 m,n® 2 m,n |l
|Pmn (@) = Pmn(y)l < max =n | vl < (12)

|z — yl|« T 0<fa—y/|<2~Mmn |z — |

;Q_Mm’na—i-Mm,n_(l_a)va” = ’_‘i < 1 - Ea(f”)

— —
—n —n

This implies that

|fm,n(x) B fm,n(y)| < |fn($) B fn(y)|

|z — y|e T Jz -yl

+(1-La(fn)) <1 (13)

When « = 0 then it is clear that f,,, € C[0,1].
By (B) and (@)

[ fmn (@) = fo(@)] = l@mn(2)] < :iz—Mm’na < % Vo e0,1].  (14)

—n

Hence, the density of f, in C¢[0,1] (in C[0,1] when a = 0) implies that of
fmn. Put

S = 27 M=t G = U Bo(finns Omn) and G = 000y Gy (15)

The G,,’s are dense and open in C70,1], (in C[0,1] when a = 0) and G
is dense Gj.

Suppose f € G and A C [0,1] is such that f|4 is monotone increasing.

Then for each m there exists n(m) such that f € Bo(fimnm)s Imnim))-

Suppose that for a j there exist p; < po, p1, p2 € [0, 2 Minn(m) —27Mm.n(m) |4
j -2 Mmnm with

pa — p1 > 27 Mmntn) and f(ps) > f(p1)- (16)
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Then by (I5)
fm,n(m) (p2) > fm,n(m) (pl) - 25m,n(m) = fm,n(m) (pl) - 2_Mm’n(m)‘ (17)
On the other hand, by (@), (I0) and (I6)

fm,n(m) (p2) S fm,n(m) (p1> — 10 . 2_1‘4'rn,n(m)7

this contradicts (I7). Hence A can intersect at most two intervals of the form
[(j/ — 1) - 27 Mmnem) | j" . 27 Mmnem] in an interval [0,27 Mmntm — 27 Mmawm] 4
. — M’
,] . 2 m,n(m) i / ,

Therefore, AN |0, 2_Mm’”(m)] +7- 2~ Minntm) for any j € Z can be covered
by no more than three intervals of the form [(j/ — 1) - 27 mnom) 4. 2= Mmnm)],
Thus, by ()

M’ M lOg(M'm,n(m))
N27Mm n(m) (A) S 3 : 2 mn(m) S 3 N 2 m,n(m)a+T
Hence,
log No,a,, oy (A)
lim inf Mmn(m) <a,
m—00 Mm,n(m) IOg 2
and this implies dim,; A < «. 0

Theorem 3. Suppose 0 < o < 1. If f € C*[0,1] then there exists A C [0, 1]
such that f|4 is monotone and dimyg A > «.

Proof. Suppose 0 < o < 1. If f is constant then we are done. If there exist
a < b such that f(a) < f(b) then we can consider the function g : [a,b] — R
such that
g(x) =max{f(t):t € [a,z]}.

Then g(x) is monotone increasing and C*. Let A = {x : g(x) = f(x)}.
The set A is closed and ¢ is constant on the intervals contiguous to A and
g(A) = [f(a), f(b)]. If we had dimg A < « then by Proposition [l we would
obtain dimy g(A) < 1, a contradiction. If & = 1 then f' € C|0,1] and is
either identically zero or there is an interval where it is of constant sign. [

The next theorem is from [2, Corollary 1.4 and Proposition 1.5]

Theorem 4. Let 0 < « < 1 and let {B(t) : t € [0,1]} be a fractional
Brownian motion of Hurst indexr «. Then almost surely for any A with
dimy A > max{l — a,a}, B4 is not monotone increasing. If R = {t €
0,1] : B(t) = max,cpo4 B(s)} the set of record times of B then almost surely



The functions B(t) in the above theorem belong to C*~[0,1] \ C*[0, 1].
Since max{l — a, a} > 1/2 one might wonder whether for v < 1/2 one can
obtain better estimates on the upper Minkowski dimesion of sets where C'*
functions are monotone. This is not the case, since an unpublished result of
A. Méthé shows that for any function f : [0,1] — R one can always find a

set A such that f|4 is monotone and dimy; A > 1/2.

4 Results about convex restrictions
Lemma 5. Suppose that a < b, £ > & > 0, fo : a,b] = R,
J(@)=¢& > & >0 for all x € [a, ]
and f € Bo(fo,d0). Let
Ey denote the convex hull of {(x,y) : © € [a,b], y > f(x)}

and put
g(x) =min{y : (z,y) € E¢} for x € [a,b].
Set
A=A{z€lab]: f(z) =g(2)}.

Suppose 11,19 € A satisfy x1 < xy and (x1,22) VA =0. Then

[0,
To— 11 < 4 5—2

Proof. Since (1,x2) N A = () we have

e _g(xl)(

x — 1) for any x € (x1, z2).
To — X1

9(x) = g(z1) +

(19)

(20)

(21)

(22)

(23)

Denote by Ey,_s, the convex hull of {(z,y) : z € [a,b], v > fo(z) — do}.
Since fo — dp is convex fo(z) — & = min{y : (z,y) € Ep_s}. It is
also clear that Ey C Ey,_s, and g(z) > fo(x) — & holds on [a,b]. Since

fo(x) + 0o > f(x) > g(x) we also have g(z) < fo(x) + do.
Put x5 = #1322, Using (1)

£(25) = fo(w2) = fo(w1) &o

To — I 2

10

and fo(21) = fo(ws)+ fo(ws)(x1—23) + 5 (21— 3)°,



Substituting the value of f)(z3) in the last equation and rearranging we
obtain

fo(xa) — folw1) fo(w1) + fo(za)

Jola1)+ g (x5 —21) = folws) = 5 — folxs) = (24)
g(.ﬁ(]g — 1’1)2.
By (23] we have
glay) = 2L 9T, (25)

Using that |fo — g| < dp we deduce from (24]) and (23] that

)+ T " x) + T
do > | fo(ws) — g(xs)| = otz 2 bl 2 (w5 —)* = w >
"
%(ZES - 113'1)2 — Jp.
Hence,
To — T 46
2 2 . =T3 — I < —”0
0
which implies (22)). -

Theorem 6. Suppose 0 < o < 2. There exists a dense G5 set G in C{|0, 1]
such that for any f € G there exists a closed set A C [0,1] on which f|a is
convez and dimy A = 1. (When a =0, or 1 then we can use C*|0, 1] instead

of C¢[0,1].)

Proof. The strategy of our proof is the following. We obtain dense open
sets of functions G, defined in ([28). In the definition of these open sets
balls centered at functions f, and of radius d,,, are used. These functions
frn will have piecewise linear, locally non-constant first derivatives and there
will be a point z,, € (0, 1) such that f”(z,) is positive. This means that on
suitably small subintervals, first on [ay, b1], later on [a4 ., ba ] Lemma [B] will
be applicable and the choice of d,,, can be made in ([B0) in a way that by
Lemma [l if we take f € My Ba(fumm), Omnem)) and define auxiliary functions
by taking boundaries of convex hulls, as in (I9) an (20) we can obtain sets
A with very small gaps (see (82]) and (54])) on which f is convex and this
will yield our estimate about the upper Minkowski dimension. There is an
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additional technical difficulty arising from the fact that we need to make sure
that the small intervals [ay ,, bs,,] are selected in a way that the boundary
of the convex hull defined by the restriction of f onto [a4m, bsm] Will be on
the boundary of the convex hull defined by the restriction of f onto [aq, b;]
see the remark after (B3)).

Next we turn to details of the proof. Suppose 0 < a < 2 is fixed. (When
a =0, or 1 then we use C*[0, 1] instead of C{|0, 1] in the next proof and we
do not need to make any assumptions about L,.)

Given any € > 0 and f € C{[0, 1] one can find f € C*[0, 1] such that T
is piecewise linear, L,(f) < 1 and f € B.(f,¢). Select zo € (0,1) and &y > 0
such that f is linear on [0 — 00, o + do] C (0,1) and hence ?H(azo) exists.

Denote by . the function which equals ¢ if x & [xg — ¢,z9 + ] and
2" (z0)| if z € [wo — ¢, mo + ¢]. Set Po(z) = Iy fot @e(u)dudt. Then @/ is
piecewise linear. Moreover,

. _ . ! . . .
T [[Bello = lim [|@lo = lim £a(®.) = 0. (26)

Hence one can choose a sufficiently small ¢ > 0 such that f = f+ o,
has piecewise linear derivative, there is no interval on which f’ is constant,
f"(xg) > 0 and f € B,(f,¢e).

By the above remarks one can select a set {f, : n =1,...} which is dense
in C¢[0, 1] and consists of C1[0, 1] functions such that f! is piecewise linear,
there is no interval on which f/ is constant and for any n

there exists T,, € (0,1) such that f,(z,) > 0. (27)

For a given m € N first we define dense open sets G,,, in C{[0, 1].
Suppose that m is fixed. We want to select d,,, > 0 and define

gm = UBa(fn> 5m,n) and g = ﬂ gm (28)

m=1

Then, clearly the sets G,, are dense and open, and G is dense Gj.
Since f] is piecewise linear and there is no interval on which it is constant
we can select 0 < &, < 1 < Z,, such that

&n < |f7(2)] < En (29)

at any « € [0,1] where f/ is locally linear. We can also suppose that any
maximal interval on which f; is linear is of length at least d,, < 1/n.

12



We need to select 0,,, > 0 for any m,n € N. First we suppose that

gn - d;
Omn < n
T m - 1002
Later we also need to assume (39) and (B3]).
Assume f € G. Then there exists a sequence n(m) such that f €
Bo( fa(m), Omn(m)). By property ([27) there exists an interval [aq,b;] C [0, 1]
such that by — ay > d,,1) and

(30)

67/,{(1)déff1{[(1) (l’) > gn(l) for any r € (al, bl) (31)

We define Ey, g and A as in (19), (20) and (2I)) in Lemma [{ using [ay, b1 ]
instead of [a,b]. Then g is convex on [ay,by] and f|4 = g|a is also convex.
We need to show that dimy A = 1.

Since the points (aq, f(a1)) and (b, f(b1)) are extremal points of E; we
have a;,b; € A. Next we apply Lemma B with a = a1, b = by, & = &),
6/ = f;f(l), fo= fn(1)> 0 = 51,n(1) and [ = f.

We infer that if a; < 2y < 29 < by and (21, 22) N A = () then by (22)) and

B

51,n(1) < 4dn(1) < by —&1. (32>
&y 100 = 25

We denote by Ef,, the convex hull of {(x,y) : € [a1,b1], ¥ > fam)(®)}
and ¢, (z) = min{y : (x,y) € Efn} for x € [a1,b1] and A, = {z € [a1,b] :
fn(m) (I) = gm(I)}'

Since f € Bo(fa(m)s Ommn(m)) We have

To— 11 < 4

Eﬁm -+ (0, 5m7n(m)) C Ef C Ef,m — (O, 5m,n(m)) (33)
and hence

gm(I) - 5m,n(m) < g(£) < gm(x) + 5m,n(m) for x € [0,1, bl] (34)

Since fé(m) is piecewise linear, one can easily see that g,, € C'[ay,b;] and
at points z € A, we have f () = g, (z) while g, is locally linear at
any = € (a1,b1) \ An. Indeed, g, is convex and at = € A,, the one-
sided derivatives g;, _(z) and g, , (z) should both coincide with f) ().
Hence at accumulation points of A,, the restriction of g/, onto A,, is contin-
uous. If (aun,, Br) is an interval contiguous to A,, then ¢/ () = ¢/ (o) =

13



fomy(@m) = g5,(Bm) = f7,my(Br) should hold for any = € (un, Bm). This
easily implies that g,, € C*[ay, b1]. The above argument also shows that if ¢/
is non-constant on an interval then A,, should have points in this interval.

One can deduce from (29) that

0<g,(y) — g (x) <Eppmy - (y — ) for any z,y € [a,b1], z <y. (35)

For any m and n we select a sufficiently small A,,,, > 0 satisfying (&I,
(@3) and (BI)), after the A,,,,’s are fixed we can select 0,,,. Suppose z,z +

Am,n(m) S [alu bl] By (M)

g(x + Amm(fﬂ)) —g(r)  gm(r+ Am,n(m)) — gm () < 25m,n(m)

Am,n(m) Am,n(m) Am,n(m)

(36)

Am,n(m)

Since > ¢!, (z) and

gm(x + Am,n(m)) - gm(x)

Am,n(m)
we have by (B6)
—_ 25m,n m
9(&) < (&) + Bty Znim) + T (37)
and similarly
—_ 26m,n m
942 2 9-(@) > 61,(@) = At Zatm) = o0 (38)
If we assume that
O < A7, (39)
then ([B7) and (B8) imply that
195(2) = g (2)] < 28m00m) (Engm) + 1) (40)

for any xr € [a1 + Amm(m), by — Amm(m)].
Set ay = al—l-blz_—;l and by = b; — 1712_—5‘“ By B2), AN (az,by) # (. We can
suppose that

dn(l) < by —ay

41
25 — 25 (41)

A pay <

14



we use (40) to obtain that
|9 (a2) — g1 (a2)| < 2A1na) - (Epq) + 1) and (42)

|95 (b2) — g1 (D2)| < 281001 - (Enr) +1).

Since by BI), /) (xz) = &4y > 0 for x € (as, b1) the function f,() is convex
on (ai,by), hence f,)(x) = g1(z) for all x € [a1,b;] and

dn
9i(b2) = g3 (a2) + &1y (ba — a2) = g3 (a2) + 1y =5 (43)
Therefore, by (42])
/ / " d”(l) -
g-(b2) — g (az) > & 5 A0 1y (Enq) + 1), (44)
We can suppose that for any m and n
é‘//dn
App < —2—. 45
™S T16(2, + 1) (45)
Thus (A3) and (4] imply that
&niydn
g (b2) — g () > 222 (46)
Suppose
8
n(1)%n(1)
Then [ag, by] can be divided into no more than [-——] < —2— many intervals

dn(m) dn(m)
on which f;(m) is linear, hence there is an [as ,,, b3 ] C [az, bs] on which f;(m)

is linear and using (4€]) and (47])

&1y dn(r)  nm) - n(m)
4 2 m

g (bsm) — g’ (azm) > (48)
Put

aq,m = min{A N [asm, bsm|} and by, = max{A N [asm, bsm]}- (49)
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Since ¢ is linear on [ag , @4,,) and on [by ,, bsm| when as, # a4 m, Or bs , #
by, we have

9 (asm) = ¢’ (asm) and ¢!, (bam) = 9" (b3m). (50)
We can also suppose that
d
App < ——r—. 51
’ 8m(=, + 1) (51)
By (@0), @8), (50) and (5I)
dn m
Gon(bam) = G (@1m) > = (52)

2m
This implies that g/, is non-constant on [a4 ., bs.m]. Hence, as we observed
previously, Am, N [aam,bam] # 0. If we let oy, = min{[agm, bam] N Ay} and
Bam = max{[asm, bsm) N Ay} then

9;,1(04,m) = 9;,1(@4,771) = frﬁ(m)(%,m) < 9;71(54,m) = 9;1(54,771) = f;z(m)(ﬁﬁl,m)'

Therefore, using piecewise linearity of f;(m) on [agm, bs | we have

fx(m)déff;{(m) (Jf) > 0 for all z € (CLg’m, bg’m).

Using (B5]) we infer
nm)
2mEn(m)

b47m — Q4.m > (53)

Observe that from a4y, bs,m € A it follows that if Ey,, denotes the convex
hull of {(z,y) : € [agm,bam|, vy > f(x)} then with ¢ defined after (3I)) we
have g(z) = min{y : (z,y) € Ey,,} for € [agm,bsm]. Now we can apply
Lemma B with @ = a4m, b = bam, &0 = &um), & = Z(m), fo = fa@m), 0o =
Omn(m) and f = f, to infer that if as,, < 1 < 29 < by and (z1,29)NA =10
then

e 5mn m
$2—1’1<@md:f4 il )
En(m)

Observe that by (30), ©,, — 0 as m — oco. We can suppose that ,,, is
chosen so small that

(54)

mEn 1 n . 1 __4mEnp
102dn < 1 ¢ , that is d,,, < 1_610 Vi n- (55)

5m7n
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Select 4, such that
1071 <@, <107, (56)

Since ©,, — 0 we also have ¢,,, — oo as m — 0.

By (B4)), the set A intersects any [(j — 1) - 1075, j - 107%] grid interval
which is in [a4m, bsm). The number of these intervals is larger than ((by,, —
Aym)/1076m) — 3.

Hence if ¢, > 2 then by (53)), (55) and (56) we obtain that A intersects
in (@4 m,bam] at least

d 1
bam— s .10% —3 > _ Yn(m) .10 —3 > 10ém 3>_ - 10tm1
( 4 4, ) 2ms_un(m) lrn Tl + 1

many intervals of the form [(j — 1) - 107", j - 10~%"]. Hence
log(e +110€m_1)

. log Mo, (A) _ .
1 o T 0m VT 5 =1
D T Tog10 = P T g 10

This implies that dimy A = 1.
]

Theorem 7. Suppose 1 < a < 2. If f € C*[0,1] then there is a closed set
A C [0,1] such that dimy A = o — 1 and f|a is convex, or concave on A.

Proof. If a = 2 then f € C?[0,1] and there is an interval A C [0, 1] such that
f" is not changing its sign.

Next suppose that 1 < a < 2. Denote by Ef the convex hull of the graph
of f, that is, the convex hull of {(x, f(z)) : z € [0,1]}. Set

o1.7(x) =max{y : (z,y) € Ef} and ¢o s(z) = min{y : (z,y) € Ef}.

If ¢1, and @9 ; both coincide with the line segment connecting (0, f(0)) an
(1, (1)) then f also coincides with them and hence it is linear and A = |

Suppose ¢, ¢ is not a line segment connecting (0, f(0)) and (1, f
(the other case with ¢; s is similar). Set A = {x : ¢y ¢(x) = f(x)}. Then
AN (0,1) # (. Obviously, 9 s is convex.

One can also easily see that it is C*. Indeed, since f is differentiable
f'(z) = ¢ () holds for x € A. If (c,d) is an interval contiguous to A then
(1) = 4 (0) = ¢ (d) = F/(¢) = /(d) holds for any z € (c, d).

Suppose y € A.

01]
(1)),

17



If x € A then

054 (2) = 3 s ()| = 1 (2) = F' ()] < Lalf)lz —y[*"
If x ¢ A, but minA < r < max A then we select ¢,d € A such that
x € (¢,d) and (¢,d) N A = (). Then
|05, ¢ (x) = b s (W) = 1 (c) = f' )] = | f(d) = f(y)| <

Lo(f)min{le —y|*7 |d —y|*7"} < La(f)lz —y|*

The cases min A > x, or x > max A are similar and are left to the reader.

Moreover, ¢y f is linear on the intervals contiguous to A. Then ¢y ; is a
C°~! function which is monotone increasing and is constant on the intervals
contiguous to A and

0, £ ([0,1]) = 0 £(A) = [, £(0), 5 ¢(1)]
and by Theorem [3] we obtain that dimg A > o — 1. O

Theorem 8. Suppose 0 < a < 1 and G, is a dense Gy set in C{[0,1],
(when o = 0 then in this theorem and in its proof we use C°[0, 1] instead of

C2[0,1]). Then there exists a dense Gs set Gyyo in C17%[0,1], (in C*0,1]
when « = 0) such that for any f € Gi1a we have f' € G,.

Proof. Suppose G, = Ny°_1Gym where G, ,, is dense and open in C{[0,1].
Set

g1+a7m = {C +/ @(t)dt . C E R, QO - ga,m}-
0
Then Gy q.m is dense and open in C17*[0,1]. Set Gi1a = NmGitam- O
The next lemma is a variant of Proposition 3 of [5].

Lemma 9. If f € C'[0,1] and f|4 is convex (or concave) then there is a set
B such that f'|p is monotone and

Proof. By turning to its closure we can assume that A is closed and without
limiting generality we suppose that f| is convex.

Denote by Z4 the shortest closed interval containing A. One can extend
the definition of f|4 onto Z4 to obtain a convex function h defined on Z4
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which is continuous and affine on intervals contiguous to A and f|4 = hla.
At two-sided accumulation points a of A we have h'(a) = f'(a) = g(a). At
one-sided accumulation points a of A we have h!_(a) = f'(a) = g(a) where
b (a) = I (a), or b\ (a) = K (a) for right, or left accumulation points of
A, respectively. Since Hausdorff dimension is not changed if we remove a
countable set one could simply denote by B the accumulation points of A
and observe that by convexity of h on Z4 we have f’ monotone increasing on
B and dimy B = dimy A.

The Minkowski dimension is more sensitive to alterations on countable
sets. Suppose a is an isolated point of A. If a is not an endpoint of Z, then
select ¢ € A and b € A such that b < a < ¢ and (b,c) N A = {a}. By the
Mean Value Theorem there is a_ € (b,a) and a, € (a,c) such that

fla) = f(b) _ h(a) — h(b)

flla) = a—b = P , and

flay) = fle) = fla) _ hle) — hla)

c—a cC—a

If a is the left-endpoint of Z4 then we define only a, if a is the right-endpoint
of Z4 then we define only a_.

Denote by B the set which contains all accumulation points of A and the
points a, and a_ for isolated points of A. Then the convexity of h on Z4
and the above equalities imply that f’ is monotone increasing on B. The
1/2¢ grid intervals taken into consideration in N3 ¢(B) cover all accumulation
points of A and the points a, and a_ corresponding to isolated points of A.
Hence Ny 4(A) < 3N, ,(B). This implies that the part of (57) concerning the
Minkowski dimension holds as well. Since B differs from A in a countable set
for this set B the statement about the Hausdorff dimension holds as well. [

Theorem 10. Suppose 0 < o < 2. There exists a dense G5 set G in C{|0, 1]
(in C[0,1] when o = 0) such that for any f € G and A C [0,1] if f|a is
convez, or concave then

dimg A < dimy; A < max{0,a — 1}. (58)

Proof. For 1 < a < 2 apply Theorems 2, B and Lemma

Suppose 0 < «a < 1. Our argument will be a variant of the proof of
Theorem [2I We prove the existence of a G5 set G in C¢[0, 1] such that for
any f € G and A C [0,1] such that f|4 is convex we have dimy; A = 0.

19



The concave case is similar (or take —1 times G), and the intersection of two
dense G sets is again dense GG5. This implies the claim of the theorem for
the case 0 < a < 1. The case o = 0, like in the case of Theorem [3 needs a
little adjustment, since we work in C[0, 1] in this case.

We select a set {f,}>2, of C* functions which is dense in C{0, 1], (in
C'[0,1] when a = 0) and choose =, satisfying (3], ), (@) and

|1 < =, for any z € [0, 1]. (59)
(Assumption () is not needed when o = 0.)
We put
log( M.,
My = 22, (2, +10)(m 4+ n) and M, ,, = L%J. (60)

We define again a function ¢,, ,, periodic by 2~Mm.n . We suppose that ()
holds and this time we have
-1

(m+n)=,’ (61)

(pm,n(2_M:n’n - 2_Mm’n) =

We suppose again that ¢y, ,, is linear on [0, 27 Mmn —2=Mmn] and on [27Mmn —
2~ Mmn 2=Mmn] Hence for z € (0,2 Mmn — 2= Mmn) 5. 9"Mun jc7
~1 oM.,

- < = < —(=Z,+10). (62
En(m+n) (27 Mmn — 2-Mmn) " Z, (m+n) ( ). (62)

Orn(T) =
Set N
Fon(@) = fulz) + / () (63)

(When a = 0 then it is clear that f,,,, € C[0,1].) Next for 0 < o < 1 we
show that f,,, € C¢[0,1] N C0,1]. Indeed, also using (B

‘fm,n(x) - fm,n(y)| < ‘fn(x) - fn(y)| + ‘ fxy @m,n(t>dt| <

|z — ylo - |z — ylo -

(@) = o] + Gy |2 — v _ Lalf)lz —yl* + (1 = La(fu)lz —yl

< <1
|z — gyl |z —yl
From (59) and (62)) it follows that
fn () < =10 (64)
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for z € (0,2 Mmn — 27 Mmn) 4 j. 2" Munn =0, .., 27 Mmn — 1,
Put

5m,n - 2_2Mm'n> gm - U Ba(fm,na 5m,n) and g - ﬂ gm- (65)

n=1 m=1

Then one can easily see that G, is dense in C{[0,1] (in C[0,1] when
a=0) and G is Gjs.

Suppose f € G and A C [0, 1] is such that f|4 is convex. Then for any m
there exists n(m) such that

f € Ba(fm,n(m)a 6m,n(m)) (66)

Suppose that for a j we have p; < ps < ps, p1,p2,p3 € AN (0, 2 Mmnm) —
2—Mm,n(7n)> +,] . 2_M1l’n,n(m)’

py — p1 > 27 Mmnem - and pg — py > 27 Mmnm) (67)

Denote by L(x) the tangent line of f, () at the point (pa, fmnmm)(P2)). By
(64)) and (BH) we have

Frnm)(P1) < L(p1) =10 - (p2 — p1)? < (68)

L(py) — 10 - 272Mmntm) = L(py) — 10 - G (om) -

Similarly,

Fnnm) (P3) < L(ps) = 10+ Gy nom) - (69)
Denote by L(z) the line parallel to L(z), but passing through (ps, f(p2)).
Since | f(p2) — finnm) (P2)| < Omn(m) We have |L(z) — L(x)| < Gpn(m) for any
x. Since |fonm) (i) — f(Pi)| < Ommm) for i = 1,3, we infer from (G8) and

([69) that B B
f(p1) < L(p1) and f(ps) < L(ps). (70)

Thus f is concave on {pi,ps2,ps}. Hence, for any j one can cover A N
([0,2_Mm’n(7n> — 27 Mmnm] 4 4 . 2_Mm7”<’n>), by less than 6 intervals of the
form [(j' — 1) - 2~ Mmnem | 5/ . 2= Mmawm), This implies that AN [0,27 Mmeen] 4

B 9 Mintm can be covered by less than 7 intervals of the form [(j' — 1) -

2 Mmnim 5. 2= Mmnim)] . Therefore, by (60)
N27Mm,n(7n) (A) <7- QMJ”’"("L) <7 Mm,n(m). (71)
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Which implies that

1Og N27Mm,n(m) (A)

i inf _
e My n(m) log 2

and hence dim,; A = 0. O

Theorem M and Lemma [ imply that for 2 < o < 1if f(¢) = fot B(x)dz,

where B is a fractional Brownian motion of Hurst index o then almost surely
for any A with dimy; A > a — 1 the restriction f|4 is not convex and f €

co-[0, 1].

The case 1 < a < % is more interesting. The following theorem is true:

Theorem 11. Let 1 < a < 2. There exists f € C7[0,1] such that for any
A C [0,1] with dimy A > a — 1, f|a neither convex, nor concave.

The proof of this theorem is quite technical and for the cases 1 < o < 2

is the subject of another paper [5].

References

1]

S. Agronsky, A. M. Bruckner, M. Laczkovich and D. Preiss, Convezity
conditions and intersections with smooth functions, Trans. Amer. Math.
Soc., 289 (1985), 659-677.

O. Angel, R. Balka, A. Mathé and Y. Peres, Restrictions of Hdlder
continuous functions, Preprint: http://arxiv.org/abs/1504.04789.

Z. Buczolich, Sets of convexity of continuous functions, Acta Math. Hun-
gar. 52 (1988), no. 3-4, 291-303.

Z. Buczolich, Ramsey type theorems for real functions, Mathematika 36
(1989), no. 1, 131-141.

Z. Buczolich, Upper Minkowski dimension estimates for con-
ver restrictions, to appear in Acta Math. Hungar., Preprint:
https://arxiv.org/abs/1608.00858.

M. Elekes, Hausdorff measures of different dimensions are isomorphic
under the Continuum Hypothesis, Real Anal. Exchange 30 (2004) no. 2,
605-616.

22


http://arxiv.org/abs/1504.04789

[7] K. J. Falconer, Fractal Geometry, John Wiley & Sons, (1990).

[8] F. Filipczak, Sur les fonctions continues relativement monotones, Fund.
Math., 58 (1966).

9] P. Humke, M. Laczkovich, Typical continuous functions are virtually
nonmonotone, Proc. Amer. Math. Soc. 94 (1985), no. 2, 244-248.

[10] J-P. Kahane, Y. Katznelson, Restrictions of continuous functions, Israel
J. Math. 174 (2009), 269-284.

[11] J-P. Kahane, Y. Katznelson, Sur un théoréme de Paul Malliavin. J.
Funct. Anal. 255 (2008), no. 9, 2533-2544.

[12] A. Mathé, Measurable functions are of bounded variation on a set of
Hausdorff dimension %, Bull. London Math. Soc., 45 (2013), 580-594.

29

[13] A. Olevskii, Ulam-Zahorski problem on free interpolation by smooth
functions, Trans. Amer. Math. Soc. 342 (1994), no. 2, 713-727.

[14] Todorchevich, S. and Farah, 1., Some applications of the method of forc-
ing. Yenisei Series in Pure and Applied Mathematics. Yenisei, Moscow;
Lycée, Troitsk, 1995.

23



	1 Introduction
	2 Notation and preliminary results
	3 Results about monotone restrictions
	4 Results about convex restrictions

