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September 3, 2018

Abstract

In the extensive literature dealing with the relativistic phenomenon of
Thomas rotation several methods have been developed for calculating the
Thomas rotation angle of a gyroscope along a circular world line. One of
the most appealing concepts, introduced in [18], is to consider a rotating
reference frame co-moving with the gyroscope, and relate the precession
of the gyroscope to the angular velocity of the reference frame. A re-
cent paper [5], however, applies this principle to three different co-moving
rotating reference frames and arrives at three different Thomas rotation
angles. The reason for this apparent paradox is that the principle of [18] is
used for a situation to which it does not apply. In this paper we rigorously
examine the theoretical background and limitations of applicability of the
principle of [18]. Along the way we also establish some general properties
of rotating reference frames, which may be of independent interest.

Keywords Thomas rotation, Thomas precession, rotating reference frames,
gyroscopes.

1 Introduction

The relativistic phenomena of Thomas rotation and Thomas precession have
been treated in relativity theory from various points of view (see e.g. [1], [3],
[6], [13], [15], [16], [17], [18], [25], [27], [28]). (Unfortunately, there seems to be
no standard agreement in the literature as to the use of the terminologies of
rotation and precession; we will adhere to the terminologies used in [13].) We
remark that these notions also provide a possible way to put relativity to the
test in practice: Thomas rotation is one of the relativistic effects currently being
measured in the Gravity Probe B experiment.
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A brief overview of the appearing notions is as follows:
Consider Special Relativity first. As explained in [13] in detail, one must

make a clear distinction between the notions of precession and rotation. On
the one hand, Thomas precession refers to the instantaneous angular velocity,
with respect to a particular inertial frame, of a gyroscope moving along an arbi-
trary world line. At every frame-instant the inertial frame Lorentz boosts the
gyroscopic vector to its own space and sees the vector precess.

Thus, Thomas precession
– makes sense for arbitrary gyroscopes with respect to arbitrary inertial

frames,
– is a continuous phenomenon (i.e. it makes sense at every proper time

instant of the gyroscope),
– is a relative notion, i.e. the same gyroscope may show different instanta-

neous precessions with respect to different inertial frames.
On the other hand, Thomas rotation refers to the spatial rotation experi-

enced by a gyroscope which has returned to its initial local rest frame.
Thus, Thomas rotation
– makes sense only for ‘returning’ gyroscopes (i.e. for proper time instances s

such that the world line r along which the gyroscope moves satisfies ṙ(s) = ṙ(0)),
– is a discrete phenomenon (i.e. it makes sense only for the (usually) discrete

set of proper time instances when the gyroscope happens to be in its initial local
rest frame),

– is an absolute notion, i.e. independent of who observes it (the same
angle of Thomas rotation will be measured by all inertial frames observing the
gyroscope).

In terms of any particular inertial frame one can think of Thomas rotation
as the time-integral of instantaneous Thomas precessions (and while Thomas
precession, as a function of time, will differ from one inertial frame to another,
its integral will always give the same angle: the Thomas rotation).

Consider now General Relativity. Clearly, Thomas precession makes no sense
here, because it requires inertial frames (and Lorentz boosts). On the other
hand, Thomas rotation canmake sense. (Let us note here that in different space-
time models different names are given to the same phenomenon, e.g. Fokker-de
Sitter precession in Schwarzschild space, Schiff precession in Kerr space; we find
it reasonable to use the unified terminology ‘Thomas rotation’ throughout this
paper.) Since, in general, the tangent spaces at r(s) and at r(0) are different,
Thomas rotation can be meaningful only if the tangent spaces in question are
identified somehow, and ṙ(s) = ṙ(0) under this identification. (One also expects
the identification to be ‘natural’ from a physical point of view; mathematically
it is not important. In special relativity this ‘natural’ identification is simply
the identity map, as the tangent spaces are the same.) Such identification is
possible e.g. by the Lie transport corresponding to a Killing vector.

Such a situation is considered in [18] where rotating coordinates are sug-
gested for calculating the Thomas rotation angle on a circular orbit. The prin-
ciple in that paper is that, heuristically, the gyroscope keeps direction in itself,
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therefore if a rotating reference frame co-moving with the gyroscope has instan-
taneous angular velocity Ω, then it will see the gyroscope precess with angular
velocity −Ω. Then, when the gyroscope returns to its initial local rest frame
one can evaluate the Thomas rotation angle from the knowledge of instanta-
neous precessions along the way. Note that this method is conceptually different
from the special relativistic evaluation of the rotation angle from knowledge of
instantaneous Thomas precessions. For a clear distinction:

– Thomas precession involves a gyroscope, an inertial frame, and the base-
point of the gyroscope is moving in the space of the inertial frame (and it makes
sense only in special relativity).

– The method suggested by [18] involves a gyroscope, a co-moving rotating
frame such that the base-point of the gyroscope rests in a space point of the
rotating frame (this can make sense in general relativity, too).

We recognize that the latter is analogous to the famous Foucault experiment:
the gyroscope is the pendulum (the base point of the gyroscope is the fixed point
where the pendulum is hung, the three axes of the gyroscope are: vertical,
horizontal in the plane of swings and perpendicular to the plane of swings),
the rotating reference frame is the Earth; the pendulum keeps its direction (the
direction of its axes) and precesses with respect to the Earth. Therefore we find
it convenient to introduce the terminology Foucault precession to describe this
situation.

Thomas rotation is a strictly relativistic phenomenon, while Foucault preces-
sion is a phenomenon which appears already in the non-relativistic setting. Un-
der what circumstances can we use Foucault precession to evaluate the Thomas
rotation angle? In [18] the authors restrict themselves to circular orbits in axi-
ally symmetric stationary spacetimes, and rotating frames with respect to which
the metric is also stationary. The authors of [5] do not take sufficient care in
using the concept of [18] and arrive at three different Thomas rotation angles
using three different rotating frames in special relativity (we will see later what
goes wrong there). Here we highlight the main points of the concept of [18]:

a; The world line r of the base-point of the gyroscope is given, and for
some proper time instant s there is a ‘natural’ isometric identification given
between the tangent spaces at r(0) and r(s), such that under this identification
ṙ(s) = ṙ(0),

b; There is a reference frame U co-moving with the gyroscope, i.e. r is an
integral curve of U (a space-point in U-space),

c; The Foucault-precession of the gyroscope in U-space makes sense (in
some well-defined mathematical sense),

d; The Foucault-precession of the gyroscope is the negative of the angular
velocity of U,

e; The correspondence of the tangent spaces at r(0) and r(s) established
by the Lie transport corresponding to U is equal to the ‘natural’ identification
previously given.

In [18], in condition a the world line r is circular in an axially symmetric
stationary spacetime (Minkowski, Schwarzschild, Kerr, Gödel), and the ‘natu-
ral’ identification is given by the Lie transport corresponding to the ‘natural’
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coordinatization of the spacetime model. In condition b the rotating frame is
selected so that it also defines a stationary coordinatization, and c, d, e are then
(heuristic) consequences of this choice.

In Sections 3.2 and 3.3 below we will give a mathematically rigorous defini-
tion of Foucault precession, and give necessary and sufficient conditions for c, d
above to hold.

In Section 4 we examine uniformly rotating reference frames in Schwarzschild
and Minkowski spacetimes, and find that the Foucault precession makes sense
for the conventional frame (as in [18]), but not for the ‘Trocheris-Takeno’ and
‘modified Trocheris-Takeno’ frames (as in [5]). In Section 5 we show by ex-
amples that condition e above is not an automatic consequence of conditions
a, b, c, d even in Minkowski space, and therefore it needs to be taken into account
whenever applying the method of [18].

2 Notions and notations

We shall use a coordinate free formulation of relativity (see e.g. [21]), applying
the following notions and notations: A reference frame U is a four-velocity field
in spacetime M . The flow generated by U is denoted by R×M → M, (t, x) 7→
Rt(x). For fixed t, DRt(x) is the derivative of x 7→ Rt(x) at x. For fixed x,
t 7→ Rt(x) is a world line function describing a maximal integral curve of U.

A maximal integral curve of U represents a ‘reference particle’; the set of
reference particles constitutes the physical space of the reference frame; so, a
maximal integral curve is considered to be a space point of U.

Let the world line function r describe a U-space point, i.e. r(s) = Rs(x0) for
some world point x0; considering x0 as fixed, we shall omit it from the following
notations. Then

L(s) := DRs(x0) (1)

is a linear bijection from the tangent space at r(0) onto the tangent space at
r(s) and

ṙ(s) = L(s)ṙ(0). (2)

Eṙ(s) will denote the linear subspace of the tangent space at r(s), orthogonal
to ṙ(s) and

P(s) := 1+ ṙ(s)⊗ ṙ(s) (3)

is the orthogonal projection onto Eṙ(s).

A(s) := P(s)L(s)P(0) = P(s)L(s) (4)

is a linear bijection from Eṙ(0) onto Eṙ(s) (the second equality follows from (2)),

A(s)−1 := P(0)L(s)−1P(s) = P(0)L(s)−1 (5)
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is a linear bijection from Eṙ(s) onto Eṙ(0) (the second equality follows from (2))
and

A(s)−1A(s) = P(0), A(s)A(s)−1 = P(s). (6)

A vector field v along r is Lie transported according to U if

v(s) = L(s)v(0). (7)

A vector field v along r is space like Lie transported according to U if

v(s) = A(s)v(0). (8)

3 Gyroscopes

A gyroscopic vector is a Fermi-Walker transported space like vector field z along
a world line function r (which is called the base-point of the gyroscopic vector).
A gyroscope is a collection of three orthogonal gyroscopic vectors zi (i = 1, 2, 3)
having the same base-point r.

3.1 Thomas rotation

Let us consider a gyroscopic vector z along r. As described in the Introduction,
Thomas rotation at some proper time instant s is meaningful only if

1) the tangent spaces at r(0) and r(s) are identified,
2) ṙ(0) = ṙ(s) according to the identification in question.
Then, taking a gyroscope, the linear map defined by zi(0) 7→ zi(s) (i =

1, 2, 3) is the Thomas rotation on the world line r between its proper time values
0 and s.

Note that condition 2) is important even in special relativity where condition
1) is trivially satisfied.

In the cases examined by [18], condition 1) follows from the stationarity and
condition 2) follows from the axial symmetry.

3.2 Foucault precession

Let U be a reference frame and z a gyroscopic vector along a world line function
r which describes an integral curve of U, i.e. ṙ(s) = U(r(s)). In other words,
the base point of the gyroscope rests in a space point of the reference frame.

The reference frame observes the gyroscopic vector as a time dependent
vector h(s) in the U-space point in question; time, of course, means proper
time of r.

Recall thatU-space is endowed with a smooth structure ([9]), h(s) is a vector
in the tangent space at the U-space point; according to the definition of that
smooth structure, the tangent space in question can be represented by the local
rest frame at r(0), and then h(s) will be represented by h0(s) := A(s)−1z(s).
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Figure 1: Thomas rotation in SR. At two different proper time values s1 and
s2 the 4-velocities ṙ1 = ṙ(s1) and ṙ2 = ṙ(s2) are equal, so Eṙ1 = Eṙ2 , but the
initial and final gyroscopic vectors z1 = z(s1) ∈ Eṙ1 and z2 = z(s2) ∈ Eṙ2 are
different.

Then we infer that

ḣ0 = (A−1)·z+A−1ż = −(A−1Ȧ)h0 (9)

where, of course, the dot on the right hand side denotes ∇ṙ; the second term in
the middle expression is zero because ż is parallel to ṙ.

The Foucault precession, i.e. the angular velocity of a gyroscope with respect
to the reference frame, is meaningful if and only if Ω0(s) := −A−1(s)Ȧ(s) is
an antisymmetric map in Eṙ(0), equivalently, if and only if A(s) is an isometric
map from Eṙ(0) to Eṙ(s) for all s. If so, then it is natural to define the Foucault
precession at s as the antisymmetric map

Ω(s) := A(s)Ω0(s)A
−1(s) = −Ȧ(s)A−1(s). (10)

3.3 Angular velocity of reference frames

According to the usual definition, the angular velocity (which is also often re-
ferred to as vorticity) of a reference frame U is

ΩU := −1

2
(1 +U⊗U)(D ∧U)(1 +U⊗U). (11)

Thus, the angular velocity of the reference frame at r(s) equals

− 1

2
P(s)(D ∧U)(r(s))P(s). (12)

The reference frame is defined to be rigid along r (see [21], p. 56), if
P(s)(DU)(r(s))P(s) is antisymmetric. Then its angular velocity at r(s) is

P(s)(DU)(r(s))P(s) = P(s)L̇(s)P(s). (13)
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Figure 2: Foucault precession. A reference frame U perceives a precession of a
gyroscopic vector z whose base-point rests at the space point r of the reference
frame.

We can now deduce from formulae (10) and (13) that the Foucault precession
is meaningful at a space point of a reference frame U if and only if U is rigid
at that space point, and then the angular velocity of the Foucault precession is
the negative of the angular velocity of the reference frame. Indeed, since the
zero proper time point can be chosen arbitrarily, we have to show only that
Ȧ(0)A−1(0) = P(0)L̇(0)P(0) which follows from (4), (5) and from the facts
that L(0) is the identity and P(0)Ṗ(0)P(0) = 0.

Subsections 3.2 and 3.3 clarify the theoretical background of conditions c, d
in the Introduction. The necessary and sufficient condition for c and d to hold is
that the reference frame co-moving with the gyroscope be rigid in the base-point
of the gyroscope.

4 Rotating reference frames

In this section we examine uniformly rotating reference frames in Minkowski
and Schwarzschild spacetimes. An abstract definition is given in both cases,
but further calculations are only carried out in Minkowski spacetime to make
comparison with [5] possible.

Here we use the notations of the special relativistic spacetime model ex-
pounded in [9], [10] (which is in accordance with [21]). Minkowski spacetime
M is an affine space over the vector space M and the spacetime distances form
an oriented one dimensional vector space I, so the metric tensor is of the form
M×M → I⊗ I, (x,y) 7→ x · y.

The Levi-Civita connection is the usual differentiation, denoted by the sym-
bol D.
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In Minkowski spacetime, in this abstract formalism one can easily introduce
a general notion (a whole family) of uniformly rotating reference frames, and the
usually considered rotating coordinate transformations appear as special cases
of this general form (with appropriate synchronization).

It is remarkable that finding the ‘canonical’ coordinate system describing a
rotating reference frame has been a minor but long-standing problem in special
relativity theory; that is why the ‘Trocheris-Takeno’ ([26], [23]) and the ‘modified
Trocheris-Takeno’ transformations ([4]) were introduced, after theorists were not
satisfied with the conventional rotating coordinates.

In coordinate transformations, however, a reference frame and a synchroniza-
tion are intermingled and this can lead to confusion: e.g. the Trocheris-Takeno
transformation and the modified Trocheris-Takeno transformation concern the
same reference frame with different synchronization.

It is also worth mentioning here that rotating reference frames seem to give
rise to numerous misunderstandings and alleged paradoxes in special relativity
(see e.g. the Ehrenfest paradox [2] with a number of refutations from different
points of view [19, 24, 7, 8], or Selleri’s recent paradox [22] with refutations
in [11], [20].) We feel that all these misunderstandings could be avoided if the
standard language of relativity (i.e. coordinate systems and coordinate trans-
formations) were replaced by a systematic use the abstract notions of reference
frames and synchronizations.

Heuristically a (uniformly) rotating reference frame is characterized by the
property that its space points are rotating around an inertial centre which is
the world line o+ uI, described by a specific world point o, and a four-velocity
u. The rotation around the centre, i.e. in the spacelike hyperplane Eu, is
characterized by the angular velocity of the rotation, an antisymmetric linear
map 0 6= Ω : Eu → Eu

I
which is conveniently extended to the whole M in such

a way that Ωu = 0. Then at an arbitrary point x ∈ M the velocity of the
rotation relative to the centre is proportional to Ω(x− o), so U(x) is the linear
combination of u and Ω(x− o). Thus, we accept that given positive real valued
smooth functions a,b : R+ → R

+ such that

a(x)2 − b(x)2|Ω(x− o)|2 = 1, (14)

a corresponding rotating reference frame is defined as

U(x) = a(x)u+ b(x)Ω(x− o). (15)

The normalization condition (14) ensures that U does indeed map to the set of
four-velocities.

Note the following special cases

1. a(x) = b(x) =
1

√

1− |Ω(x− o)|2
which is the conventional rotating

reference frame ([15], [10]),

2. a(x) = cosh |Ω(x − o)|, b(x) =
sinh |Ω(x− o)|
|Ω(x − o)| (the Trocheris-Takeno

reference frame [26], [23]),
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3. a(x) =
√

1 + |Ω(x − o)|2, b = 1 ([10]),

4. a = const > 1, b(x) =

√
a2 − 1

|Ω(x− o)| .
It is a simple fact that all the U-space points are circular world lines: the

one passing through the world point x is given by the function

s 7→ o+ sa(x)u+ esb(x)Ω(x− o). (16)

Now let us consider Schwarzschild spacetime which can be given by the
previous objects in such a way that the spacetime metric is

g(x) := 1+ h(x)u ⊗ u+
h(x)

1− h(x)
n(x)⊗ n(x) (17)

where

h(x) :=
2m

r(x)
, n(x) :=

(1+ u⊗ u)(x− o)

r(x)
, (18)

r(x) = |(1+ u⊗ u)(x − o)|. (19)

Now, if (1 + h(x))a(x)2 − b(x)2|Ω(x − o)|2 = 1 then (15) defines a rotating
reference frames for world points x satisfying r(x) > 2m. For further elabora-
tion and an interesting application of this formalism and rotating observers in
Schwarzschild spacetime see [14], where the time-rate between satellite clocks
and Earth-based clocks is calculated.

4.1 Foucault precession in rotating reference frames

Now we investigate whether Foucault precession in the space of the rotating
reference frames defined above in Minkowski spacetime is meaningful. In view
of Section 3 this is equivalent to the reference frames being rigid.

We restrict our attention to the case when the coefficients in the linear
combination depend only on |Ω(x − o)|2 (and not on x), i.e. there are positive
real valued smooth functions α, β : R+ → R

+ such that

a(x) = α(|Ω(x− o)|2), b(x) = β(|Ω(x− o)|2). (20)

For the sake of brevity, we introduce the notation

k(x) := |Ω(x− o)|2 (21)

and we shall use the following formulae:

dk(x)

dx
=

d|Ω(x − o)|2
dx

= −2Ω2(x − o), (22)

dα(k(x))

dx
= −2α′(k(x))Ω2(x− o), (23)

dβ(k(x))

dx
= −2β′(k(x))Ω2(x− o), (24)
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where the prime denotes differentiation with respect to the real variable of the
functions. Moreover, we infer from (14) that

2α(k)α′(k)− 2β(k)β′(k)k = β2(k). (25)

Then we find that

DU(x) = −2
(

α′(k(x))u + β′(k(x))Ω(x− o)
)

⊗Ω2(x− o) + β(k(x))Ω, (26)

A simple calculation shows that (1+U(x)⊗U(x))DU(x)(1+U(x)⊗U(x))
is antisymmetric if and only if

2α′ = αβ2 2β′ = β3. (27)

We can solve the second equation for β, and then taking into account (14),
we find that there is a positive constant a such that

α(k(x)) =
1

√

1− a2|Ω(x− o)|2
, β(k(x)) =

a
√

1− a2|Ω(x− o)|2
. (28)

Therefore, we conclude that the Foucault precession is meaningful for the
conventional rotating frame (a = 1), but it is not meaningful for the rotating
reference frames 2, 3 and 4 listed in Section 4. Hence, the principle of [18] can
be applied to the conventional rotating frame (where condition e is also satisfied,
as is easy to check), but not to the ‘Trocheris-Takeno’ or ‘modified Trocheris-
Takeno’ frames.

5 Thomas rotation versus Foucault precession

In this section we show that the angular velocity of a single world line cannot
canonically be defined. This shows that the Foucault precession of a gyroscope
depends on the choice of the co-moving reference frame. Accordingly, the knowl-
edge of instantaneous Foucault precessions can only be used to determine the
Thomas rotation angle if condition e of the Introduction is satisfied. We will
show by examples that this condition is not a consequence of a, b, c, d even in
Minkowski space, and therefore it needs to be taken care of separately whenever
applying the principle of [18].

5.1 A special family of reference frames

Let r be an arbitrary smooth world line function in Minkowski spacetime. For x
in a neighbourhood of the range of r, there is a unique proper time value s(x) of
r such that x− r(s(x)) is orthogonal to ṙ(s(x)); it is determined by the implicit
relation (x − r(s)) · ṙ(s) = 0.

The function x 7→ s(x) satisfies

ds(x)

dx
= − ṙ(s(x))

1 + (x − r(s(x))) · r̈(s(x)) , (29)
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Note that
ds(x)

dx

∣

∣

∣

x=r(s)
= −ṙ(s). (30)

Let s 7→ H(s) be a smooth map such that H(s) : M → M is Lorentz
transformation for which H(s)ṙ(0) = ṙ(s) holds. (H(s) can be for example the
Lorentz boost from ṙ(0) to ṙ(s) or the Fermi-Walker transport along r from 0
to s.) Given such a one-parameter family H(s), and any antisymmetric linear
map Γ : M → M

I
for which Γ · ṙ(0) = 0, the associated family HΓ(s) := H(s)esΓ

is another such family, so we have some freedom when choosing H(s).
Then putting

V(x) := ṙ(s(x)) + Ḣ(s(x))H(s(x))−1
(

x− r(s(x))
)

, (31)

we define the reference frame

U(x) :=
V(x)

|V(x)| (32)

where, of course, |V| =
√
−V ·V. Evidently, ṙ(s) = U(r(s)), so the world line

described by r is the space point of different reference frames given by different
H-s.

Then

DU =
DV

|V| +
V ⊗ (DV)V

|V|3 . (33)

Since V(r(s)) = ṙ(s), |V(r(s)| = 1, DV(r(s)) = −r̈(s)⊗ ṙ(s)+ Ḣ(s)H(s)−1(1+
ṙ(s)⊗ ṙ(s)) and (DV(r(s))V(r(s) = r̈(s), we have that

P(s)(DU)(r(s))P(s) = P(s)Ḣ(s)H(s)−1P(s). (34)

Since Ḣ(s)H(s)−1 is antisymmetric, the right hand side is antisymmetric as
well, thus the reference frame is rigid at r and its angular velocity (see (13)) at
r(s) is

P(s)Ḣ(s)H(s)−1P(s). (35)

If we take HΓ(s) := H(s)esΓ, then the angular velocity of the reference frame
at r(s) is

P(s)Ḣ(s)H(s)−1P(s) +H(s)ΓH(s)−1. (36)

Thus, according to our result in Subsection 3.3, for any choice of H(s), the
Foucault precession in the space point, given by r, of the reference frame (32)
is meaningful.

We call attention to the following fact. According to (36), the same world
line can be a space point of different reference frames with different angular
velocities; the properties of a single world line are in no relation with the angular
velocity of a reference frame having the world line as a space point; the angular
velocity of a single world line cannot be defined.

Note that, in particular,
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– if H(s) is the Lorentz boost from ṙ(0) to ṙ(s), then Ḣ(s)H(s)−1 =
(ṙ(s)+ ṙ(0))∧ r̈(s) and the angular velocity of the refrence frame at r(s) equals
(

ṙ(0) + ṙ(s)(ṙ(s) · ṙ(0))
)

∧ r̈(s),

– ifH(s) is the Fermi-Walker transport along r from 0 to s, thenH(s)−1Ḣ(s)
= ṙ(s) ∧ r̈(s) and the angular velocity of the reference frame at r(s) is zero.

One can be tempted to say that the circular world line (16) has angular
velocity β(x)Ω but in view of the discussion above this is not right: the circular
world line can be the space point of several reference frame having different
angular velocities.

5.2 Thomas rotation versus Foucault precession

If the Foucault precession of a gyroscope with respect to a co-moving reference
frame is meaningful, then the time-integral of the Foucault precession results in
a finite angle. This angle can then be compared to the Thomas rotation angle.
We have seen in the Introduction that in Special Relativity the instantaneous
Thomas precession depends on the inertial frame who observes the gyroscope,
but its time integral always gives the Thomas rotation angle when the gyroscope
returns to its initial local rest frame. One might be tempted to think that the
situation is similar with Foucault precession: although it depends on the choice
of the co-moving frame, the calculated rotation angle should always give the
Thomas rotation. However, this is not true in such generality and some care
must be taken here.

In fact, after an arbitrary time period s, the Foucault precession results

in an angle whose cosine is h0(0)·h0(s)
|h(0)|2 = z(0)·A(s)−1z(s)

|z(0)|2 , h0 being the solution

of the differential equation (9). Thomas rotation, on the other hand, is only
defined at such an sT for which some previously given ‘natural’ identification N

is given between the tangent spaces at r(0) and r(sT ). In that case, the cosine

of Thomas rotation is given by z(0)·N−1z(sT )
|z(0)|2 . Therefore, the necessary and

sufficient condition for the two angles to be the same is that A(sT )
−1z = N−1z

for all space-like vectors z, i.e. A(sT ) = NP(0). This is what we called condition
e in the Introduction. We now show by an easy example that this condition is
not a direct consequence of the other conditions a, b, c, d, even in Minkowski
spacetime where the identification N is taken to be the identity.

Indeed, let us consider the reference frame (32). It is easy to see that the
function s 7→ ρq(s) := r(s) + H(s)q for q ∈ Eṙ(0) satisfies ρ̇q(s) = V(ρq(s)).
Thus, though ρq is not a world line function, its range is a world line, a space
point of U. The proper time value t corresponding to the world line described
by ρq defines a proper time value s(t,q) of r via the differential equation ds

dt
=

1
|ṙ(s)+Ḣ(s)q|

.

As a consequence, we have for the flow generated by U:

Rt(r(0) + q) = r(s(t,q)) +H(s(t,q)q (q ∈ Eṙ(0)). (37)

For getting A(s) (see (1) and (4)), we have to differentiate the flow in the
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plane r(0) + Eṙ(0), i.e. to differentiate the above expression with respect to q

and then to put q = 0. As a result we get

A(s) = H(s)P(0) = P(s)H(s)P(0) = P(s)H(s). (38)

Similarly, we have AΓ(s) = H(s)esΓP(0) for the reference frame constructed
by HΓ(s) := H(s)esΓ. Clearly, AΓ(s) depends on the choice of Γ and need not
equal the identity operator. Therefore, condition e is not a consequence of
a, b, c, d.

6 Conclusion

We conclude that the principle of [18] to calculate the Thomas rotation angle
of a gyroscopic vector is applicable whenever conditions a, b, c, d, e are satisfied.
Conditions c and d are equivalent to the fact that the co-moving reference frame
is rigid at the base point of the gyroscope, while condition e has to be checked
separately. All conditions are satisfied in the cases considered in [18] due to
the symmetries of the spacetime models, the circularity of the world line, and
the choice of the co-moving rotating frame. In [5] the ‘Trocheris-Takeno’ and
the ’modified Trocheris-Takeno’ frames fail to be rigid, and hence lead to an
incorrect Thomas rotation angle. It is also clear from our discussion that the
method of [18] is, in principle, not restricted to stationary spacetimes or reference
frames corresponding to Killing vector fields. For instance, the Thomas rotation
of a gyroscope moving along an elliptic world line in Schwarzschild spacetime
could also be calculated if a rigid co-moving frame with property e is given
(which, however, does not seem easy to define).
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