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Abstract
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1 Introduction

The AdS/CFEFT correspondence [I] states the equivalence of type IIB super-
strings on AdSsx.S® with the maximally supersymmetric N' = 4 gauge theory
in four dimensions. Local operators in gauge theory correspond to states in
superstring theory. In the planar limit, N, — oo, multitrace operators fac-
torize essentially into independent single trace factors which correspond, on
the string side, to noninteracting strings. In this limit, one identifies the
spectrum of a type IIB superstring in AdSs x S° with the anomalous di-
mensions of single trace operators in the maximally supersymmetric N' = 4
four-dimensional SU(N,) gauge theory.

This identification should hold for any value of the 't Hooft coupling con-
stant A = ¢g%,,N.. In the strong coupling limit, and for operators with suffi-
ciently large charges, the corresponding strings may become classical /semi-
classical and then the problem becomes tractable by conventional methods.
In contrast, once the coupling is no longer large and/or we consider generic
short operators the answer requires us to consider the worldsheet QFT of
the superstring on the quantum level. In particular, if we would like to make
contact with conventional perturbative gauge theory calculations and explic-
itly test the correspondence or follow some specific operator all the way from
weak to strong coupling we would have to quantize exactly the worldsheet
QFT of the superstring which is a highly nonlinear theory.

Fortunately, the worldsheet QFT of the superstring in the AdSs x S°
background is integrable, which was first shown on the classical level in [2],
and assuming that integrability also holds on the quantum level (for which
there are now many indications), one may use the theory of two-dimensional
integrable quantum field theories to eventually quantize the theory in a quite
explicit way for any value of A. The AdS/CFT correspondence thus allows
us to use tools and methods which exist only for two-dimensional quantum
field theories to study the four-dimensional N' = 4 gauge theory.

The theory of two-dimensional integrable quantum field theories is well-
developed by now. The general strategy to determine their finite volume
spectrum goes as follows: First one considers the model in infinite volume.
The Hilbert space of asymptotic states is built up from noninteracting mul-
tiparticle states which transform covariantly under the global symmetry al-
gebra. Time evolution is formulated in terms of the scattering matrix that
connects the initial and final multiparticle states [3]. Once integrability is
assumed, there is no particle creation, and moreover any multiparticle scat-



tering process is shown to factorize into pairwise two particle scatterings. So
the whole scattering information is contained in the 2 — 2 particle S-matrix.
The requirements of unitarity, crossing symmetry, invariance under the global
symmetry and the Yang-Baxter equation usually determines the scattering
matrix uniquely up to CDD type ambiguities [4]. These are fixed through
an analysis of the singularities of the scattering matrix all of which must
have a physical origin. Thus the appearing poles have to correspond either
to bound-states or to Coleman-Thun diagrams (anomalous thresholds). In
this bootstrap solution we consider the bound-states and the original parti-
cles on equal footing and determine the scattering matrix of the bound-states
from the scatterings on their individual constituents [5]. Then the singularity
structure of the bound-state scattering matrix is analyzed and new bound-
states are searched for. The so-called bootstrap program is completed if all
singularities of all the scattering matrices are explained and then the theory
is completely solved in infinite volume.

In the context of applications to the AdS/CFT correspondence, the infi-
nite volume solution is not enough since one wants to describe closed strings
and therefore consider the integrable quantum field theory on a cylinder of a
given circumference related to a U(1)g charge of the given state. In contrast
to conventional relativistic theories, all (integer H) sizes of the cylinder are
in fact relevant for the complete spectrum of the theory.

The finite volume solution of the model can be achieved by systematically
taking into account the finite size effects due to the scatterings of particles.
The leading finite size effect of a multiparticle state comes from the quanti-
zation of momenta. It is described by Bethe-Yang equations and takes into
account the scattering matrix in determining the allowed momenta [7]. Tt
incorporates all polynomial corrections in the inverse of the volume. In ad-
dition, there are exponentially small (Liischer) corrections as well and their
leading contributions come from the polarization of the sea of virtual parti-
cles [§]. For small volumes, these effects become dominant and one needs to
perform a resummation of the virtual corrections, which sometimes can be
carried out in the form of nonlinear integral equations.

Indeed, the exact description of the finite volume ground state energy
can be obtained from the Thermodynamic Bethe Ansatz (TBA) [9]. This
is based on the fact that the contribution of the ground state energy domi-

5See also [6] where it was shown that the meromorphicity of Y-system leads to the
quantization of the temperature of the mirror model.



nates the Euclidean partition function for large Euclidean time, and that the
same partition function can be calculated by exchanging the role of space
and time. One is left with the determination of the partition function at
finite temperature, but in the large volume limit where finite size effects are
under control. This method provides typically coupled integral equations for
pseudo energies which determine the ground state energy exactly. In some
circumstances a careful analytical continuation (in the volume say) can pro-
vide integral equations for excited states as well [10]. The procedure is a
numerical one and the resulting equations are only conjectural which have
to be further tested (but in all known cases they have passed all checks).

The analogous bootstrap solution of the AdS5 x S° worldsheet QFT of
the light-cone quantized Green-Schwartz superstring is currently almost com-
pleted. Historically, the developments which led to it concentrated on the
Bethe Ansatz part mostly on the gauge theory side [11, 12| 13| [14) 15] as
well as for classical string solutions in AdSs x S° [16, [I7]. Later this was
reformulated in the (spin-chain) S-matrix language in [I8], [19], culminating
in a proposal for the all loop Asymptotic Bethe Ansatz [19] the derivation
of the (spin-chain) S-matrix from global symmetry properties [20]. In fact,
this derivation could be transformed in a verbatim way into a starting point
for the bootstrap solution of the worldsheet QFT. This was necessary since
the worldsheet QF'T perspective was crucial in order to tackle a new ‘topo-
logical’ class of Feynman graphs — ‘wrapping diagrams’ — which went beyond
the Bethe Ansatz in the spin chain guisd.

Let us therefore recall the basic steps of the bootstrap solution of the
light-cone quantized Green-Schwartz string in AdSs x S°. It is classically
integrable for any value of the light-cone momentum, P, identified with the
U(1)g charge J, which serves as the volume of the two-dimensional theory. A
notable new feature of this theory is that it is not relativistic invariant. In the
decompactification limit J — oo the massive excitation transform under the
global symmetry algebra: the centrally extended su.(2|2)?. This symmetry
[20], together with unitarity and crossing symmetry [22] completely fixes the
scattering matrixi including the dressing factor [24], 25] modulo CDD ambi-
guities [26]. The analysis of the pole structure revealed an infinite tower of
bound-states [27] whose scattering matrices have been calculated as well [28§].
Double poles corresponding to anomalous thresholds were identified in [29]

6Note however the attempt to use the Hubbard model formalism for this purpose [21].
"Taking into account some important subtleties [23].



and the related Coleman-Thun diagrams were found. As the physical region
of the AdS S-matrix is not known the complete analysis of its singularity
structure is rigorously not completed yet.

In order to find the spectrum one has to pass to finite volume and consider
the theory on a cylinder. The corrections to the Asymptotic Bethe Ansatz
can be identified with wrapping corrections [30], and the leading Liischer cor-
rections for single [31] and multiparticle states [32] have been derived for this
(nonrelativistic) theory. In this case the space-time interchange necessary for
formulating TBA leads to quite a different theory [33] with a distinct set of
bound-states. By now TBA equations are also developed by various groups
[34], 35], [36], under various analyticity assumptions, in particular about the
analytically continued dressing phase. There are conjectures also for excited
states TBA equations [35] but they have not been tested yet beyond the
leading perturbative order of wrapping corrections.

The formalism of the leading multiparticle Liischer corrections have been
quantitatively tested in the case of the 4-loop anomalous dimension of the
Konishi operator where the leading order wrapping diagrams have been cal-
culated perturbatively [37, [38]. The corresponding leading order Liischer
calculation found an excellent agreement [39]. Subsequently wrapping inter-
actions computed from Liischer corrections were found to be crucial for the
agreement of some structural properties of twist two operators [39] with LO
and NLO BFKL expectations [40].

The aim of the present paper is to elaborate the Liischer correction to
next to leading order and by this to calculate the anomalous dimension of the
Konishi operator at five loops. Besides this explicit knowledge, which can
serve as a testing ground for excited state TBA equations, we further test
several issues of the formalism as well as a sizeable part of the BES/BHL
dressing phase since the calculation requires the knowledge of the analyt-
ically continued dressing phase in the Liischer kinematics. It relies on the
conjectured finite size energy correction of multiparticle states, which at sub-
leading order contains corrections originating from the modification of ABA.
Although there is no perturbative gauge theory computation so far, the in-
ternal consistency of our calculation provides enough confirmation to believe
in its correctness. In addition we consider the five loop subleading wrapping
correction for a single impurity operator in the S deformed theory, which
may be within reach of a direct perturbative verification.

The paper is organized as follows: In section 2 we summarize the main
features of the 5-loop Konishi computation emphasizing the new phenom-



ena which appear w.r.t. the previous 4-loop case, and the possible internal
consistency checks of the computation. In section 3 we rederive in a simple
example the formalism of multiparticle Liischer correction. We focus on a
theory where the S-matrix does not depend on the difference of the rapidities
and derive TBA equation for the ground state. Excited state energy levels
are obtained by analytical continuation and, by analyzing their large volume
asymptotics, multiparticle Liischer corrections are extracted. As they con-
tain the analytically continued scattering matrix, in Section 4 we determine
the analytical continuation of the dressing phase by two different methods.
Section 5 is devoted to the main computation of the anomalous dimension
of the Konishi operator. It starts with the calculation of the ABA. Then
we turn to the computation of the Liischer correction. It has two sources:
one comes from the modification of the ABA, the other corresponds to the
virtual particles circulating around the cylinder. Both terms include an in-
tegration over the momentum of the mirror particles and a summation over
their spectrum. Integration is carried out by residues, where, in comparison
to the 4-loop case, we have to take into account an infinite tower of poles
coming from the polygamma function part of the integrand. The resulting
expression is composed of rational and polygamma functions which have to
be summed over the bound-states. The technique developed for the summa-
tion is explained in Section 6. Finally we give our conclusions in Section 7.
The paper is followed by two Appendices. In the first we calculate the 5-loop
anomalous dimension of a single impurity operator, which acquires nontrivial
wrapping corrections in the [ deformed theory. In the second Appendix we
explain how to sum up terms containing polygamma functions.

2 Main features of the 5-loop Konishi com-
putation

The Konishi operator tr ®? is the simplest operator not protected by super-
symmetry which, thanks to its short size has proved to be a testing ground
for the AdS/CFT correspondence. In most computations it is more conve-
nient to use a different representative of the same supermultiplet which lies
in the s1(2) sector

tr (DZDZ) —tr (ZD*Z) (1)



Figure 1. F-term of the Liischer correction corresponds to virtual particles
propagating around the worldsheet and scattering with the Konishi two-
particle state, a and b denote internal states of the virtual particle while ¢ is
its ‘mirror’ momentum.

Its anomalous dimension following from ABA is given byﬁ

Eapa = 4+ 12¢° —48¢" +336¢° — (2820 + 288¢(3))g® (2)
+(26508 4 4320¢ (3) + 2880¢(5))g™ + . ..

However already at four loops there appears a contribution of wrapping
graphs. The four loop wrapping contribution was computed directly in per-
turbative gauge theory [37] using supergraph techniques and reconfirmed
together with the nonwrapping part using component Feynman graphs in
[38]. In [39] the same result was computed from the string sigma model in
AdS5 x S® and came from a Liischer type F-term graph (see fig. 1) where a
‘virtual” particle was circulating in a loop.

In the Liischer corrections the virtual particle is strictly speaking on-shell,
however its kinematics are from the space-time interchanged theory (so-called
mirror theory). One can estimate its contribution to the magnitude of the

8See section [B.1] for a quick derivation.



expression for the wrapping correction which is [30]

6_2J arcsinh @ 4Jg2J (3)
i+

For the Konishi J = 2, so this gives a factor of g*. Together with the so-
called string frame phase factors [23] which promote the string length (light
cone size of the worldsheet cylinder) to the ‘spin chain length’ these give
another factor of g*. Together the two factors give indeed ¢®, making this
contribution to appear at 4-loop. We expect therefore that the correction
coming from two virtual particles should appear at least at order g'? (or if
the string frame phase factors will also appear systematically this might be
even as late as g'%). Therefore it is expected that the 5-loop wrapping part of
the Konishi anomalous dimension will also appear from the leading Liischer
correction. What makes this computation interesting, and what is the main
motivation for our study, is the fact that two new features which were absent
in the 4-loop case make their appearance here.

Firstly, the dressing factor of the S-matrix between the mirror particle
and the physical particles being the constituents of the Konishi state behaves
like exp(ig® phase), where the phase involves contribution from an infinite set
of BES coefficients. This is in stark contrast to the behaviour of the dressing
phase between physical particles where it behaves like exp(ig® phase’), and
at higher orders the higher BES coefficients enter only one by one. We will
explicitly compute the dressing phase between mirror and physical particles
in section [l

Secondly, the virtual particle will also modify ABA quantization condi-
tion. The reason that this effect appears only at 5-loop order is that the
momenta of the constituent particles get shifted from the ABA value papa
by a term of order ¢®%:

P =paa+ 9°0upana (4)

and hence their contribution to the energy coming from the dispersion rela-
tion would appear only starting from order g'°

E(p) = \/1 + 16¢2 sinQ%9 = \/1 + 16g2 sin? %+4sinpABA5prBAgm+, .

(5)
The appearance of these two new effects is the main motivation for our
calculation.



Of course the utility of this computation as a testing ground of the above
two phenomena depends on the ability of having a cross-check. For the
Konishi operator, a direct perturbative 5-loop computation seems to be be-
yond reach, however there are some very stringent internal crosschecks of the
eventual final formula.

Firstly, from the structure of perturbative gauge theory integrals we ex-
pect the final answer to have a rather simple transcendentality structure —
a linear combination of zeta functions (and possibly their products). Yet
generically the subexpressions which appear when performing the computa-
tion from the string theory side are much more complicated like polygamma
functions evaluated at irrational complex arguments. A nontrivial cross check
will be the cancellation of these terms between the various parts of the com-
putation, in particular between the contribution of the dressing phase, the
modification of Asymptotic Bethe Ansatz and the direct F-term integral.

Secondly, purely from the integrable quantum field theory point of view
we do not expect to have a contribution of so-called p-terms due to the
fact that at weak coupling bound-states are much heavier than fundamen-
tal particles. Typically p-terms arise from certain ‘dynamical” poles of the
F-term integrand. A consequence of the vanishing of p-term contribution
would be a cancellation of the residues of those terms when summed over
all bound-states. This again necessitates a subtle cancellation between the
residues coming from the dressing phase, ABA modification and the F-term
integrand. Therefore we may use these two consistency checks as a test both
of our formalism and of a huge part of the BES dressing phase. Another
motivation is the ongoing search and proposals for the nonlinear integral
equations/functional equations which would exactly describe the spectrum
for any size of the cylinder. The current computation could then be used as
a test of these proposals especially as the modification of ABA quantization
appears in a nontrivial way and the dressing phase expression in this regime
is quite complicated.

We will also consider a single impurity state with momentum p = 7 which
can be considered as an analytical continuation of the twist-two operators
considered at 4-loop in [32]. It should also coincide with a physical state in
the B-deformed theory at = 1/2. Such states have been considered pertur-
batively in [41] and it may be possible to have a direct 5-loop perturbative
computation in this case. Here the modification of ABA quantization is ab-
sent, however there is a contribution from the infinite set of coefficients of
the BES dressing phase. Therefore a direct perturbative computation would



be very interesting even for the single impurity case.

3 Multiparticle Liischer formulas and ABA
modification

In this section we will review the formalism of multiparticle Liischer correc-
tions introduced in [39]. In order to avoid ambiguities associated with the
fact that the S-matrix for the AdSs x S° superstring is a nontrivial function
of both momenta and does not depend just on the difference of rapidities as is
the case for relativistic integrable quantum field theories, we will consider the
construction of the Thermodynamic Bethe Ansatz for a theory with diagonal
scattering but with an S-matrix without the difference property. Then we
will consider the construction of excited state TBA by analytical continua-
tion along the lines of [10]. We will then extract the appropriate formulas for
multiparticle Liischer corrections by a large volume expansion recovering the
expressions proposed in [39]. However we hope that the present derivation
will make their origin clearer. We would like also to keep throughout the
computation the conventions for the S-matrix predominantly used for the
AdSs x S5 case which are different from the ones used usually for relativistic
integrable QFT’s.

3.1 TBA for diagonal scattering

The starting point for the derivation of the Thermodynamic Bethe Ansatz
is the consideration of the mirror theory with space and time interchanged.
We denote the momenta of the mirror theory by p to make a clear distinction
compared to the momenta of the original sigma model what we denote by p.
In comparing with the results of [30] we note that p was denoted there by
Pia. We consider a theory with one species of particles scattering with the
S-matrix S(ﬁl,ﬁ2>.
In this theory the ABA takes the fornf

et =TT Sy pn) (6)

As is standard in TBA we are interested in the thermodynamic limit R — oo
of the free energy, where the physical size L is identified with the inverse

9We use conventions used in AdS/CFT literature.
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temperature. We will parametrize the momenta by z (which may be identified
with the coordinate on the rapidity torus). In the thermodynamic limit, the
roots become very dense and can be substituted by continuous densities of
roots p(z) and densities of holes pp,(z) (unoccupied roots cf. [9]).

Taking the logarithm of (@), and the derivative w.r.t. z we obtain a
relation between p(z) and pp(2):

2r(p(z) + pu(2)) = il (2) = <0 10g (=), )+ p = R (z) — 6% (1)

In order to get a second equation necessary for solving for both densities, we
have to minimize the free energy which is given by

—RLf=—-LH+ S = —L/ E(2)p(2)dz + S|p, pr] (8)
where E is the mirror energy, while the entropy is

Slp.onl = [ d= (o + pi)loglo + ) = plogo — pulogpn} ()

It is convenient to introduce the pseudoenergy e(z) which is related to the
densities of roots through

—€

p e

= 10
p+pn 14+e© (10)
and exremizing the free energy after taking into account the relation
1
6p + 0pn = —=¢*dp (11)
27
coming from ABA, we obtain the final form of the TBA equation
; dw —e(w)
e(z) = LE(z) + o ¢(w,z)log (1 +e ) (12)

We can now evaluate the thermal free energy of the mirror theory which gives
the physical ground state energy of the original theory at zero temperature
but at finite size.

dz

E=Lf=— / %ﬁ(z) log (1 +e~=) (13)

11



3.2 TBA for excited states by analytical continuation

Initially, the Thermodynamic Bethe Ansatz could give information only on
the exact ground state energy, and it was not known how to extract similar
information for excited states in finite volume. In [I0], a version of the Ther-
modynamic Bethe Ansatz for excited states was constructed by making an
analytical continuation of the ground state equations. The idea was that in
deforming contours of integration in the TBA equations, zeroes of 1 4+ e=5*)
would generate poles in the integrand which could then be rewritten as ad-
ditional source terms of the equations. Here we will perform an analogous
heuristic procedure, fixing the sign of the pole contribution (which depends
on the orientation of the contour w.r.t. the singularities) in order to re-
produce ABA results at large volume. Once this is fixed, we will be able
to unambiguously define leading corrections. Note that we assume here that
there are no p-terms so the calculation is analogous to the Sinh-Gordon model
in the relativistic case and so we will assume that each physical particle is
represented just by a single pole.

We will need the relation between the mirror energies and momenta (E, p)
and the physical ones (E,p). These are defined by

E=ip p=iE (14)

which is fixed by taking the mirror integral to be for z = ¥ — ws /2 with x

real, and consequently identifying 2~ /2% with e=®. An opposite choice is

also possible.
Let us first consider the energy formula (I3]) integrated by parts:

E= / ;Z—Zﬁ(z)ﬁz log (1+e~<®)) (15)
T

Suppose that 1 + e~51.2) = (0. Then the orientation has to be such that the
0, log (1 + e‘e(z)) contributes —1 by residues. We thus obtain

E =E(z)+ E(z) — / ;l—jrﬁ'(z) log (1 + () (16)

By the same mechanism an analogous contribution will arise from the TBA
equation ([I2l), with the sign already fixed by the above considerations. We
get

(z) = LE+log S(z1, 2)+log S(z, z)+/ ;l—:;; (0w log S(w, 2)) log (1 + e~=*))
(17)

12



The multiparticle Liischer formulas will follow, for this theory, by performing
large volume (large L) expansion.

3.3 DMultiparticle Liischer formulas

Firstly in order to compute the energy keeping the first exponential correc-
tions, we may neglect the integral term of (I7]) when inserting £(z) into (I8).
We thus get

E = B(z)+ B(z) / & ot o 2)15% :
= E(z)+ E(z) - / %e‘LES(Z, 21)8(z, 2) (18)

We recognize at once the F-term integral (with ¢ = p).

In order to complete the formula we need to self consistently fix the
positions of the poles z; and z;. We will do it in two steps. First we neglect
the integral term of (7)) and impose for the rest e(z;) = im + (27n)i. We get

im =e(z1) = iLpy + im + log (29, 21) (19)
where we supposed that S(z,z) = —1. This gives at once ABA equation
with our conventions .

et = S(p1,p2) (20)

However it turns out that we have to be more precise in the determination
of the position of the roots and we have to include the integral term. In order
to define the quantization conditions we thus have to use

e(z) = iLp(z) +1logS(z1,2) + log S(z2,2) +

dw 9,S(w,2) 15
—_— Y 21
+/27r7j S(w.2) e S(w, z1)S(w, z3) (21)
The quantization conditions &(z;) = im takes the form
. dw ~
0 = 10g{e’LplS(z2,zl)];+/%(8wS(w,zl))S(w,zg)e_LE(w) (22)
BY: ~ ~~ ~
N3
, dw ~
0 = log{e™™5(z1, )} + / T S, 21) (DS (w0, 22))e O (23)
BY; pe -



Since the integrals are exponentially small we may solve these equations in
terms of corrections to ABA giving

0BY; 0BY;

15p1—|— 15p2—|—<1>1 = 0 (24)
Opy Opo
0BY, 0BY,

op1 + opy + P, = 0 25
O, P s P2 2 ( )

The final formula for the energy thus takes the form
d -
E = Blpy)+ E(pa) + B (n)6p1 + E'(pe)dpa— [ 5252, 2)S(2,2) (26)

For the case of the AdSs x S° string sigma model we just have to replace the
product of the S-matrices by an appropriate supertrace. Thus the integrand
becomes essentially the transfer matrix. However the part coming from the
modification of ABA quantization does not have a-priori such a direct rela-
tion to the transfer matrix. Hence in the following we will evaluate it directly
from its definition using the S-matrices and their derivatives.

4 The dressing phase in the Liischer kinemat-
ics

As we explained in section 2 one of the main sources of corrections which
appears at five loops is the contribution of the dressing phase. In this section
we present two calculations for its leading order part in the Liischer kine-
matics. By this we mean a kinematics which is relevant in calculating the
finite size correction, that is when the first argument is in the mirror region
|z1] < 1 while the second is in the physical one |z5| > 1.

The dressing phase when both arguments are in the physical region,
(|x1i2| > 1) can be written in the following form

Foxd)

O(x1, 12) = X(xl y Lo ) — X(‘Tfaxz_) - X(fl ) ) + X(fl Ty ) (27)

where

CTS 1 1
R D M e = I

r=2 s>r xl 1'2

14



The coefficients ¢, ;(¢g) have a convergent weak coupling expansion [25]

¢rs(g) = 2 cos (g(s —r — 1)) (r—1)(s —1) /OOO dtjr_l(f(ge?ij;@gt)

(29)

As was shown in [29] the dressing phase has also an alternative double integral
representation, which is suitable for analytical continuations:

dw1 1

T1,To) =1 —
X( b 2) C1 27TZ"LU1—ZL’1

I(wy, z9) (30)

where

Io(wr, ) = % dw, 1 T Aiglw +w’ —w—w,")) 31)
’ o 2miwe — 1z  D(1 —ig(wy +wit —wy —wyt))

and the integrations go over the unit circles. In the next subsections we
focus on the weakly coupled regime, review the dressing phase for physical
particles in this regime and calculate the analytical continuation for both
representations in the Liischer kinematics.

4.1 BES dressing phase for physical particles

In the g — 0 limit we can expand the Bessel function as

ngn t2 2
n!

To(2gt) = o) (32)

Cn+1
and perform the integration in (29). This provides the leading order be-
haviour of ¢, 4(g):

2cos(G(s —r—1)) rts_2

eal0) = g ¢ s =K Es -4 (33)

2

—(r )+ s = DI +s) + ]

In calculating the Liischer correction we have to analyze the dressing phase
(27) for the case when the parameters 1, x5 in the g — 0 limit behave as

L qtiQ
1 29

+0(g) xfz—(qu@ﬁ@(g‘”’) ;

X

2u+1
) = +0(g%)

15



Let us start with the case when both parameters are in the physical
kinematics z12 = a129~" + O(g). Then the leading order behaviour comes
from the term ¢y 3(g) and is given by

ap — az

X(z1, 22) = —(29°¢(3) + 209°¢(5)) RS 0(g") (35)

The next coefficients c25(g) and ¢34(g) only enter at g'° order. For physical
particles, the dressing phase starts at order ¢% and this is what we have to
use in the calculation of the ABA.

Let us now describe the regime where one of the particles is in the Liischer
(‘mirror’) kinematic which is relevant for the five loop wrapping computation.

4.2 BES dressing phase in the Liischer kinematics

Suppose now that the first argument is in the mirror kinematics x; = a; g+
O(g?) while we keep the second in the physical one x5 = axg~' + O(g). Since
cr.s(g) scales as ¢"7*72 while 217 25™* as ¢°~" the leading order contribution

comes from the r = 2 part of the first sum:

NI DI ) B e T (36)

= (s —1) a5 oy

Clearly this is in stark contrast to the case of the ABA as in this Liischer
kinematics infinite number of coefficients contribute. Using the leading order
term of the explicit weak coupling expansion of ¢, s determined in (33) we
obtain

Konm) = 3 2eos 3 (s - Bai () + Ol

2

= L(Si(~iar) + Si(iar)) + O(g*)

)
where Si(n) = Y}_, + is the harmonic number which has an analytical
continuation in terms of the digamma function ¢ (z) = dloig(x)

2

X(z1, 1) = 5—2(27]3 F (1 —dar) + (1 +iar)) + O(gh)
o (2yp (i) + (i) + O(g") (37)
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where vg is the Euler constant. Thus for sufficiently small a; the original
BES dressing phase provided a convergent expansion for the leading order
g — 0 behaviour in the Liischer kinematics. The resulting expression then
can be analytically continued for any a;. Let us check that this is the right
analytical continuation by calculating the weak coupling expansion of the
analytically continued dressing phase from the DHM integral representation.

4.3 BES dressing phase in the Liischer kinematics from
the DHM integral formula

The proper analytical continuation of the dressing phase (B0) into the Liischer
kinematics, compatible with crossing symmetry, was determined in [42]:

dw1 1
o, 2wy — Ty

X(I‘l, 1’2) =1 ]2(’(1]1, IL’Q) — i[g(l’l, 213'2) (38)

As in the previous subsection we are interested in the weak coupling ex-
pansion of y in the Liischer kinematics so we take 71 = a;'g + O(g?) and
T9 = ag ' + O(g). Observe that since |x5] > 1 the contour never encircles
xo. Let us focus on the second term. We change the integration variable to
Uy = gwo and write

duy 1 o P(1+ig(x +a1") —duy —ig°uy "))
c, 2miuy —ay - D(1—ig(zy + 27") + ius +igPuy "))

(39)

12($17$2) =

Since the integration for uy goes over a shrinking circle of radius g — 0 we
pick up the contributions of the poles at us = 0 only (not at ay). From the
expansion of the I' function in g?u, ' one can observe that higher order poles
contribute at higher orders in g?. Thus when we focus on the leading order
behaviour we are allowed to keep the first order pole:

2

Iy(xy,m9) =i (g—) [V(1+ig(zy +a7") + (1 —ig(z + 271))] + O(g")

a2
(40)
Taking into account that 21 = a;'g+O(g®), the leading order part turns out

to be
2

a2
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In addition to this term we also have a term of the form

dw1 1
I =i —2
1($1’ x2) ¢ C1 27TZ w1, — T

I(wy, x9) (42)

Since 7; = a;'g + O(g?), it lies inside the integration contour. We need
a convergent small coupling expansion. For this we change the integration
variable to u; = w;¢g~! and close the contour around oco. The leading oder
result comes only from the pole at co and reads as:

2

hana) = (£) 226+ 06" (13)

In order to determine the leading order behaviour of x we have to combine
I; and I. The result provides the leading order asymptotics of the dressing
phase in the Liischer kinematics

2

onaa) = (L) o+ 0001 +ian) 401 —ia)] + 0Y) (4
2
which is consistent with what we obtained from the BES dressing phase.
This is the main result of this section. We will need to take into account
this expression when we calculate the five loop anomalous dimension of the
Konishi operator in the next section.

5 The Konishi computation

In this section, which is the main part of the paper we describe and evaluate
the various ingredients which together contribute to the 5-loop wrapping cor-
rection. For completeness we first describe the evaluation of the Asymptotic
Bethe Ansatz (ABA) contribution to the anomalous dimension and then pro-
ceed to compute the various parts of the wrapping correction, summarizing
the previous 4-loop result in the process.

5.1 Asymptotic Bethe Ansatz for the Konishi operator

In this subsection we calculate the scaling dimension of the Konishi operator
from the ABA. In principle the complete scaling dimension has the form

A(g) = Aapalg) + Au(g) (45)
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where the first term contains the result of the ABA, while the second the
wrapping contributions. In doing the calculation we choose the representative
for the Konishi operator in the sly sector. ABA amounts to calculate in this
case the energy of the two particle state in volume L = 2 with momentum p
and —p which satisfy the equation

e = S(p, ~p) = 5" (p, ~p) XD (46
where S*(2)(p, —p) is the scattering matrix in the sly sector which reads as

_l’_

RN [P S
(-p) ! = = (47)

581(2)(xi(p), :ci(—P)) = i : i_(_p> 1—- ﬁ

and z*(p) = é(cot(g) +4)(1+ E(p)). We can solve this equation perturba-

tively. We take the Ansatz p = . p®¥Wg% and systematically expand both
the scalar and the dressing part in increasing orders of g. The first two orders
can be determined without the dressing phase. These solutions then can be
put into formula (B3] to determine the leading contributions of the dressing
phase. Finally we find the solution for p at the required order

p = 2 v 23 20vE 4 (@) ()

+§(671 +960(¢(3) +¢(5)))g" + O(g")

This momentum then determines the ABA part of the scaling dimension as

Aapa(g) = 2E(p) =4+ 12¢* — 48¢" + 336¢° — (2820 + 288((3))g"
+(26508 + 4320¢(3) + 2880¢(5))g™ + O(g"?)

The wrapping part of the anomalous dimension starts as
Au(9) = A" + ALY ¢" + 0(g") (49)
In [39] the 4-loop part has been evaluated to give
AB®) = 324 4 864¢(3) — 1440¢(5) (50)

and the aim of the rest of this paper is to calculate the wrapping part at
5-loop order ALY, Our final result is

AU — 11340 + 2592¢(3) — 5184¢(3)? — 11520¢(5) + 30240¢(7)  (51)

w
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5.2 The general structure of the wrapping correction

There are two sources of the Liischer correction for the Konishi operator
which have to be taken into account when we calculate the 5-loop anomalous
dimension (recall formula (26)).

Modification of Asymptotic Bethe Ansatz quantization

First of all the leading contribution which comes from the modification of
ABA is of order ¢'°. This has the form

ALPA = E'(p1)opy + E'(p2)dps (52)
where p; = —py = p is the solution (48] of the ABA, while 0p; are the shifts
due to the virtual corrections. For the 5-loop result it will be enough to take
p = 27/3 in this formula.

The shifts dp; for the Konishi operator can be found from relations (24
and (28) which in our case take the form

5] 7
—0py — =0 P, = 0
9 D1 5 P2 + P
7 593

—=0 —0 d, = 0
5 p1+ 5 D2 + Do

where & = ®&; = —®, and @ for the Konishi operator is as follows

"o XQ:/—Z;Z_g(j_;) zb:(_l)Fb [(aqSQ—l(%Uz’))SQ—l(CLUii)]ZSK‘BB)

> [ St

Solving the equations for dp; and dpy we found that

{
op1 = —0pz = §<I)

This means that the momenta of the Konishi constituents are shifted in
opposite directions by the same factor. It leads to the vanishing of the total
momentum after ABA modification as it should be.
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When plugged into the dispersion relation it gives us the energy shift (52I)
due to the Asymptotic Bethe Ansatz modification as

4
AABA — 54
w 73 (54)

We will evaluate ® explicitly later in the section.

The F-term integral

The second contribution to the 5-loop result comes from the expansion of
formula [39]

= [*dg (2\" b(11
= _le/_ooﬁ (z_+) ;( ) [SQ I(QuUZ)SQ 1(q, uis)] Eug (55)

up to subleading terms. We parametrize the virtual particle using the mirror
momentum ¢ as in [39] (see also (68)), while for the physical particles we
use rapidities as in [32]. Hence uw; = —u;; = w are the rapidities of the two
particles forming the Konishi state. They are related to the momentum p as

1 9/ D
u(p) = §cot(2)\/1+16g sin (2) (56)
The rapidity variable for the Konishi state is therefore given as

1 4
u=1uy+ug*+...= +—=g* +. (57)

23 V3

To simplify our further considerations we rewrite (53]) in the form

A - —Z / Z0) Sola. @, )0, Q, w)Sn(e, @) (58)

o q
= —Z/_OO%YQ(Q,U
Q=1

where we split the contribution coming from the S-matrix into three parts:
the scalar, the dressing and the matrix part. Each of those parts involves a
product over contributions of the two particles forming the Konishi state.
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It is convenient to perform the weak coupling expansion of this formula
in two steps. First we keep u as a variable of order 1 and expand all other
sources of g dependence. Then we take into account the fact that wu itself is
g dependent and compute the g dependent terms due to (57).

All ingredients in formula (58] can be expanded into a series in g2, keeping
u fixed, as

z 2
(Z—+) = ¢"TV(q, Q)+ ¢*T9(q, Q) + ...
Solq, Qu) = S(q,Q,u) + ¢°SP (¢, Q,u) + ...
Se(q,Q,u) = 14+ ¢*°SP(q,Q,u) + ...
Sa(q, Q,u) = ¢°S2(q, Q,u)* + g*S$ (¢, Q,u) + . ..

Now we will factor out the leading piece

Y (g, 0)0° = S§”(q,Q,1)SE (4, Q, u)* TV (g, Q, u)g® (59)

and rewrite the first subleading term as a sum of contributions coming from
the matrix part, scalar part, the exponential term and the dressing factor:

S (0.Q.w) | 557(0,Q0)
S(@.Q.u) S (g, Q. u)
TO)(q,Q)

+W + 5572)(617@7“)]

In the following we will calculate all these contributions one by one.
Since chlo)(q, u) is already at order ¢'°, we may safely set here u = 2—\1/3

10 8
Y& u) = Y9 (w2

Ye" (g.uw)g" =Yg (0)g" + 0 (4) (60)
where chlo’o)(q) = chlo)(q, Up)-
As mentioned earlier we also have to take into account that the rapidity

u is g dependent by itself. Clearly the only part that will contribute at order
g'0 is the expansion of (59J)

Y (g, w)g® = Y (@)g* + Y (q)g" + ... (61)
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with Yg’o)(q) = Yés)(q,uo). To summarize, the wrapping correction at 4-
and 5-loop respectively take the form

AP = =3 [ e (62)
Q=17

A0 S > dq 4 (10,0) (8,2)

G0 = =) o ﬁ‘bQ(Q)ﬂLYQ (@) +Y5"(9) (63)
Q=177

The leading contribution and 4-loop wrapping

The leading expansion of integrand Yy (g, u) is known to be proportional to
g% and was found in [39] as

Y& (g, w)g® = SPa.Q.w)SE (0,Q,0)* TV (q,Q,u)g®
B 163849°%Q*(—1 + ¢* + Q* — 4u?)? y
(P Q)M (g +i(Q +1))? — 4u?)((g +i(Q — 1)) — 4u?)
1

((¢ —i(@ = 1)) = 4u?)((q — i(Q + 1))* — 4u?)

When expanded further using the fact that the rapidity variable w is
g*-dependent (57) it can be rewritten as

X

Yo (a,0) = Y5 (9) + ¢V () (64)

where Y®%(q) is the only contribution which is relevant for the 4-loop

calculations. -
AP ==Y [ ¥t (65)
Q=170

The integrand is a rational function and hence the integral can be carried
out by residues. The poles are of two kinds. Firstly there is a fourth order
pole at ¢ = 1) which we call ‘kinematical’ pole since it comes just from the
exponential terms. The remaining poles come from the S-matrix and are
‘dynamical’ i.e. s and t channel poles. They would be associated to possible
p-terms. Since, as argued in [39], pu-terms should not be present at weak
coupling, we expect that the residues of the dynamical poles should sum up
to zero after summation over all (). We can indeed verify that this is the case.
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Hence the 4-loop wrapping correction to the Konishi anomalous dimensions
can be obtained just by summing the residue of the kinematical pole only:

AD = —2mi ) res, Y3 (q) = 324+ 864¢(3) — 1440¢(5)  (66)
q=t
Q=

We expect that the same cancellation of ‘dynamical’ poles will also hold at
5-loop. Indeed this will be a nontrivial internal consistency check of our
calculation.

5.3 The 5-loop integrand

The full integrand which will be relevant for 5-loop calculations consists of the
subleading contribution of Yg)(q,u) (namely chg’z)(q)), the leading contri-

bution of Yéw)(q, u) (namely YQ(;O’O) (¢) which comes from the matrix, scalar,
exponential part and from the dressing phase) and the leading contribution
®y(q) coming from the ABA modification. We will now evaluate one by one
the individual contributions.

Matrix part

The subleading matrix part of integrand SE(S‘ ) (q,Q, u) for the Konishi operator
can be evaluated using the formulas (78)-(82) from [39]. When normalized

with respect to leading term Séaz )(q, Q,u) it stands as

S& (g, Q,u) 16¢(1 — iq — Q — 4u?) 16
SD(q,Q.u) (@ +iQ)((q—i(Q—1))? —4u?)(1 +4u?) (1 +4u?)?
16(¢> + Q* — 1) 4(=5 +5¢* +4Q + 5Q° — 4u?)
(4 Q) (> + Q% — 1 — 4u?)) (> +@*)(1 + 4u?)

Scalar part

The scalar part of the integrand can be evaluated using the S-matrices of the
scattering of the s1(2) bound-state constituents (21, 2), ..., (25, 25) with
the fundamental magnon (z—,x%):

Q
So(z*, %) = [[ S (=, «*) (67)
=1
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with )
SSl(z)(Zi,SL’ ) _ 2T —atl- 2tz

=F0———
z T 11— —=

In order to calculate (G7) we use for z; the value 2~ and for 2/, the value

2T where
+ Q 1692 q .
’ 49( @7 )( Q Z) (%)
+

whereas z;” we take from

D Y S B 1 a\
k k

The intermediate 2, are determined from the pole condition 2, = z,j_l. In
principle we could choose different signs in front of the square roots. This
amounts to choosing a different representative for the constituents of the
Q bound-state. It was shown however in [42] that all of the different con-
stituents lead to the same S-matrix after analytical continuation. Our choice
is technically the simplest one and leads to the expansion of the bound-state
parameters up to the second order as

+:2ik+q—iQ+ 29 2¢ N 2g

k 2g q—iQ 2ik+q—iQ q+iQ

The result for the leading order scalar part of the integrand is then
((¢ —i(Q@ —1))* — 4u®)(1 + 4u?)?

((¢ =@ +1))* —4u?)((¢ +i(Q + i))2 — 4u?)

Mg+ iQ =17 —1u2)

while the subleading one can be split into two parts: a rational part

(69)

z

(¢, Q, u)

Seo(@.Q.u) 32 Lo

SO(q,Q,u)  (lg+Q)(1+4u?)  (1+4u?)?

L8 ( 2q(¢—u(@—-1))  2q(¢+i(Q—1)) .
C+Q@\g—i(@-1)) =4 (g+i(Q - 1) — 4w

2@ —d@+1) 2(q+i(Q+1) 2(q® + Q* + 2@))
(q—i(Q+1)2—4u2 (¢g+i1(Q +1))% — 4u? 1+ 42
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and one which contains polygamma functions

S9N a.Qu) 16
S, Quu)  1+4u?

(6(G(-ia- @) ~v(5(-ig+Q)) (1)

Exponential part

The leading and subleading term of the exponent which appears in Yy is

found to be
(i)ng“ {1_ L}
) (P4 Q)2 TP+

where 2t and z~ is taken from (GS]).

Dressing part

The dressing part can be found from formula (37) as

(s

500, Q) =~ (1 + 30 (5

T a2 ’YE+§ —iq—Q))+ ¢( (zq+Q))) (71)

ABA modification

To make our notation more compact we rewrite the leading order Asymptotic
Bethe Ansatz modification formula into the form

o =3 [Ty WABA(¢,Q.u)  (72)
> [ 5w Z/

In order to find ABA(q, @, u) it is enough to use formulas (78)-(82) from
[39]. Following (53) we have to take the derivative of S-matrix elements with
respect to ¢ and then calculate the supertrace. The final result we obtained
is

2q 1 1
ABA = -
(@ Q) =~ Y o a0 i =0t

+—i—q+i@—|—2u+z’—q—l—z’Q+2u 1 —q%— Q2+ 4u?
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The contribution Yé8’2)(q)

As mentioned in the previous section ch&z)(q) comes from the 4-loop inte-
grand expressed in terms of u, when we take into account the g? shifts of the
rapidities of the constituents of the Konishi due to ABA. In order to find it
we have to plug u = ﬁ + %92 into chg)(q) and expand it to the second

order in g?. The result is

4718592Q%(16 + 9¢* — 12Q% + 9Q* + 6¢>(—10 + 3Q?))
C (9¢* +6¢2(2 - 6Q +3Q2) + (4 — 6Q + 3Q2)?)?
(—4+3¢% +3Q%)(—16 — 9¢* — 12Q% + 27Q* + 6¢*(—2 + 3Q?))
(9¢* 4+ 6¢%(2 + 6Q + 3Q2) + (4 + 6Q + 3Q%)?)*(¢*> + @*)*

Y5"(a) =

5.4 Integration

Before we proceed, it is fruitful to observe that we can symmetrize the inte-
grand with respect to ¢ without changing the result of integration

V5™ (0) = 5 (Vola) + Yo(~0)) (73)

When we calculated the integrals we symmetrized some parts of the integrand
leaving the rest not symmetrized depending on which form is easier to handle
and gives simpler result.

Apart from the polygamma functions which appear in the dressing and
scalar part, the remaining part of the integrand is a rational function. It
can be then integrated over the real line by taking residues at the position
of poles lying above the real line. All such poles can be classified into two
groups: poles coming from the S-matrix parts of the integrand (’dynamical’
poles), four of which lie above the real line:

1

+— )
V3

and a pole coming from the exponential part which is exactly ¢ = iQ.
It turns out that when we symmetrize the whole integrand the contri-

bution coming from dynamical poles vanishes when summed over () as in
the 4-loop casd'd. Tt can be explained by the fact that at weak coupling we

q=1(Q=+1) (74)

107t can be checked both numerically and completely algebraically using the methods of
the subsequent section.
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expect the u-term contributions to be absent. We want to stress that this is
a far from trivial consistency check of our formulas.

Beside the residues of the rational function poles we have to handle the
additional poles coming from the polygamma functions which appear in the
dressing and scalar part. In order to simplify our considerations, it is conve-
nient to symmetrize the S((]i)(q, @), u) part. It turns out that in that case the
polygamma functions will vanish leaving us only with rational function

2Q)
¢+ Q?
So the only remaining polygamma functions come from the dressing part.
The positions of polygamma function poles are known to be at negative
integers. In our case it means that $(—ig — Q) = —n or 3(ig+ Q) = —n
where n > 0. Solving with respect to ¢ we obtain the positions of integrand
poles coming from polygamma function as

(65 (~ia - @) ~v(5(-ig + Q)" =

g=1i(Q—-2n) n>0 or ¢g=i(Q+2n) n>0 (75)

We want to close the contour of integration over the real line meaning we have
to take into account only those residues which have nonnegative imaginary
part.

In the proceeding sections we will calculate all the residues. We have
chosen to symmetrize only two parts of integrand: the scalar integrand part
which contains polygamma functions and the part coming from the ABA
modification. The rest is left in a nonsymmetrized form.

Residues of rational functions

For the rational part of the integrand the result after taking the residues
(regardless if we take ¢ = i@ or ’dynamical’ poles) can be rewritten as a sum
of terms with minimal denominators which are of the form

a
— 76
o (76)
which will give zeta functions when summed up or
b
_aQ+b (77)
1+£3Q +3Q?

which will produce polygamma functions.
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For the dressing part the residue at ¢ = i@) gives exactly

3456(—2 + 12Q2 — 45Q" + 27Q%)¢(3)
QP =3 +9Q7)

while the residues at the dynamical poles are some rational functions of @)
with complicated coefficients containing 1(3(3 + iv/3)) and ¥ (1(3 — iv/3)).

(78)

Residues of polygamma functions

To calculate the contribution coming from the polygamma functions appear-
ing in the dressing part of the integrand we want to find all the poles of the
form ([75) which have nonnegative imaginary part. It is easy to notice that
such poles are of the form qg, = i(Q + 2n) where n is (possibly negative)
integer obeying ) + 2n > 0. The residues at the positions gqg . is found to
be

—864Q?(1 + 3n? + 3nQ)?sign(n)
nt(1 = 3n2 4 9n*)(n + Q)*((1 + 3n% + 6nQ + 3Q%)% — (3n + 3Q)?)

The remaining task is to sum the above formula over n and ). We have to be
careful during the summation process because there exist one pole which lies
on the real line for every even (). In that case we have to take only half of the
residue with the minus sign due to how we have chosen the orientation of our
integration contour. Additionally, we have to remember that the residues at
q = 1) were taken into account before. Keeping it in mind we calculated the
sum over () and obtained

1728(3n2 — 1) (=1 + 3n% + 3n® — In* + 9n° + (n® — 3n° + )Y@ (1 +n))
nb(1 — 3n? 4+ 9n*)?

which have to be summed over n from 1 to co. It can be done using methods
from the next section.

6 Summation over bound-states

There are two types of sums over bound-states appearing in our calculations
after the residues are taken. Firstly, there are sums of the form (Z6)) or (77
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which can be easily summed using Mathematica. The first ones give us (-
functions while the second ones contain polygamma functions of the form
$(§(3+1iv3)) and ¥(5(3 —iv3)).

On the other hand during the 5-loop Konishi calculation more difficult
sums emerge

£ = fj R@Q)¢™(@Q)  m=>0, (79)
Q=1

where R(z) is a rational function of  and %™ (z) is the mth polygamma
function given by the definition
d™ 1(x)

M (z) = gm0 Mzl (80)

with ¢(z) = ¢©(z) being the digamma function ¢(z) = dl%;(x). The
evaluation of the sum (79) goes as follows: R(Q) is decomposed as a sum of
two terms R(Q) = Ro(Q) + R1(Q), where Ry(Q) contains the sum of pure
power terms of the partial fraction decomposition of R(Q) (i.e. Ro(Q) =
g + 5% + ), while R;(Q) contains the rest. In this case the sum (9] is
decomposed into two parts as well:

B = xim 4 sm), (81)

where

=3 RQUM(Q)  m>0,  a=0,1. (82)
Q=1

Using a series representation for the polygamma functions, ng) can be ex-
pressed in terms of the values at infinity of nested harmonic sums, which
can be expressed in terms of multivariate zeta functions (Zagier-Euler sums)
[43]. These sums can be reexpressed in terms of ordinary Euler sums. The
relations between the former and the latter can be found using EZ-Face -
an online calculator for Euler sums [44]. At the end of the process Z(()m) is
expressed in terms of zeta functions taken at integer values.

The calculation of ng) requires a different method: representing R (z) as
the Laplace transform of its inverse Laplace transform, and using appropriate
integral representation for the polygamma functions, ng) can be transformed
into a double integral form, in which the summation can be easily performed
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and the remaining double integral expression can be calculated exactly with
the help of Mathematica. For details see Appendix B.

Using the methods presented above all the sums can be evaluated. The
striking observation is that all ‘nasty’” polygamma functions disappear leaving
us only with the (-functions. The final result is

ALY — 11340 + 2592¢(3) — 5184(¢(3)? — 11520¢(5) + 30240¢(7)  (83)

w

As for the 4-loop case the result is a sum of (-functions of odd degrees with
integer coefficients and correct transcendentality degree. The new feature of
the result is that products of (-functions start to appear which have been
absent in the 4-loop case.

To summarize the anomalous dimension of the Konishi operator up to
5-loops is

A = 44 12¢% —48¢* + 336¢° + 96(—26 + 6¢(3) — 15¢(5))g®  (84)
—96(—158 — 72¢(3) + 54¢(3)% + 90¢(5) — 315¢(7))g"°

7 Conclusions

Anomalous dimensions of operators in N'= 4 SYM correspond to energies of
string states in AdSs x S°. The leading perturbative orders are given by the
Asymptotic Bethe Ansatz, while at a certain loop order, there appear new
contributions coming from a topologically distinct class of Feynman diagrams
— so-called ‘wrapping interactions’. On the string theory side these corre-
spond to virtual particles propagating around the string worldsheet cylinder.
The leading corrections arise from multiparticle generalizations of the classi-
cal Liischer terms. Further corrections are due to many virtual particles and
all these should in principle be resummed by a TBA system.

The most convenient testing ground for these issues is the shortest non-
protected operator in N' = 4 SYM — the Konishi operator, as well as single
impurity operators in the S-deformed theory.

In a previous paper [39], the leading four loop part of the wrapping cor-
rection has been found. It came from a two-particle Liischer term and gave

A®)

w,Konishi

= 324 + 864 ((3) — 1440 ((5) (85)
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The aim of the present paper was to compute the five loop wrapping con-
tribution. Although it still arises just from the two-particle Liischer term,
it is very interesting as it involves two new ingredients. Firstly, there is a
nontrivial modification of the Asymptotic Bethe Ansatz quantization due to
the sea of virtual particles. This term is quite interesting as it does not seem
to be simply related to the transfer matrix appearing in a direct expansion of
the proposed TBA systems. Secondly, the BES/BHL dressing factor cannot
be neglected any more, and moreover, due to the specific kinematics of the
Liischer term, an infinite set of coefficients of the dressing phase starts to
contribute at once. The result obtained in the present paper is

AL i = —1134042592 ((3) — 5184 (3)% — 11520 ¢(5) 4 30240 ¢ (7) (86)

w,Konishi

This computation is subject to two nontrivial cross-checks. Firstly, the par-
tial results (coming from the dressing phase, modification of the ABA and
the remaining part of the S-matrix) have a very complicated transcendental-
ity structure involving polygamma functions. All these cancel out leaving the
final result as a simple combination of odd { functions. Secondly, the residues
of the ‘dynamical’ poles (associated with u-terms) should cancel out between
the various terms when summed over the types of bound-states. Both of these
cross-checks are satisfied in our case and involve a rather intricate conspiracy
between the various terms.

In Appendix A, we have computed the five loop wrapping correction to a
single impurity in the g-deformed theor. In this case the four loop result
was (M =1 in [32], see also [45] [46])

A(S)

w,single

=496 ((3) — 640¢(5) (87)
while the five loop wrapping contribution computed in Appendix A is

AU — 1536 ((3)2 — 4096 ¢(3) — 5120 ¢(5) 4 13440 ((7) (88)

w,single

The ABA modification does not appear here, however the infinite set of BES
coefficients contribute just as in the case of the Konishi operator.

It would be very interesting to verify these results perturbatively. Espe-
cially the single impurity operator may be within reach. This might help

' This computation relies on an additional assumption on performing analytical contin-
uation from even to odd spins in [32]. The four loop result has been verified by a direct
perturbative computation in [41].
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in understanding the precise relation between the structure of direct per-
turbative computations and the string theory computations based on the
S-matrices and Liischer formulas.

Another application of these results would be to test the excited state
TBA systems recently proposed for AdS/CFT. It would be very interesting
to see the appearance of the rather intricate modification of the Asymp-
totic Bethe Ansatz and the specific analytical continuation of the dressing
phase from these formulations, especially as both of these ingredients are very
strongly constrained by the transcendentality structure and the cancellation
of dynamical poles between themselves and the rest of the integrand. The
four loop result is sensitive to the TBA source terms and has been rederived
in [35]. The five loop result depends on the structure of the convolution
terms and thus is a more sensitive test of excited state TBA systems. In
particular the procedure of section 3 to obtain the Liischer corrections could
be applied e.g. to the TBA system in the second paper of [35]. However
this is technically quite involved. The five loop wrapping correction for the
Konishi operator seems therefore to be an interesting and robust test for the
excited TBA systems.
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A Lischer correction for a one particle state

In this Appendix we calculate the subleading wrapping correction to the en-
ergy of a one particle state. Such a state must have vanishing momentum
in the N/ = 4 super-Yang-Mills theory thus its energy is protected. In the
[ deformed theory, however, at § = % a one particle state with vanishing
rapidity v = 0 (p = m) is allowed and acquires nontrivial finite size correc-
tions. The condition for its vanishing rapidity is protected at all orders both
in the ABA and in the wrapping corrections. So in this case we will not
have a contribution coming from the modification of the ABA quantization.
However there will be a nontrivial direct wrapping correction to the energy,
which will include, starting from five loops, a contribution from the BES
dressing phase. Thus the single impurity operator provides a testing ground
for that part of the Liischer correction.

The leading order wrapping correction can be written as

Z / L (~1)" 5 g, 0)e " Z / (59)

Here 581 represents the scattering matrix of the mirror () particle with the
fundamental v = 0 physical particle. We can further decompose the scatter-
ing part as the scalar part (Sp), the dressing part (S,) and the matrix part
(Sm):

Set(q,0) = So(q, Q)Sx(q, Q) Sm(q. Q) (90)

We expand each quantity to subleading order in g2 as

So(0, Q) = SP(q,Q) + ¢°S% (4, Q) +
S,(4,Q) = 1+¢*SP(q,Q) +
S8(0,Q) = ¢*S9(0,Q) + 'S8 (¢, Q) +

When we calculated the leading wrapping correction to twist two operators
for odd particle number [32], we observed that in order to be compatible with
gauge theory calculations and to provide the proper analytical continuation
from even cases to odd ones we had to omit the contribution of the fermions.
We accept this convention now too, but call the attention for the need of a
derivation of this proposal based on first principles. Under this assumption
the leading order correction of the matrix part is
16Q(¢> + Q* — 1)

(2) _
S8 Q) =~ @t D) (51)
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while the subleading one is

S5(@.Q) _ e —it(Q=3) —iQ -1’ +a(@+1)
59(q, Q) (> +@Q*)(q—i(Q—1))

The leading and subleading correction of the exponential part is given by
LN VRS
(¢* + Q%) (¢* +Q2)
In calculating the scalar part we have to use the parameterization of the

bound-state as we did for the Konishi operator. The result for the leading
order scalar part reads as

e = ¢"TW(q,Q) + ¢°T(q, Q) = } )

q—i(Q—1)
(¢+i(Q—1))(g—i(Q+1))(qg+i(Q+1))

while the subleading contains a rational part

o0, Q) _ g 10(=1+2ig)g” — 16(2 + q(i + 6¢))Q
59(q, Q) (1+4¢%)(¢* + Q?)
16gi(-1+2¢°+Q) 2¢(3 +2Q)

(1 +4¢?)(¢* + (-1+Q)?)  (1+4¢)(¢* + (1+Q)?))

and a polygamma part:

So0(4: Q) » L
m = 8v(5lig+ @) = 8v(5(~ia + Q) (95)

The dressing part reads as

50 (0,Q) = -

(94)

50(0.:Q) = =8 |26 + V(2 lig + Q) +wl3lig + Q)| (96)

2
The full integrand can be written as
Yolg) =Yg (@) + 45" (@) + ... (97)

The leading order part is given by

Y& = 5P4,Q)58 (4, )*TD (g, Q)
4096Q%(—1 + ¢* + Q?)?
(2 + Q)4 (g* + (=1 4+ Q%)2 + 2¢2(1 + Q?))

35




It has a kinematical pole at i) and two dynamical poles at i(Q) £ 1) on
the upper half plane. If we take the residue of the integrand only at the
kinematical pole and sum over () we obtain the leading wrapping correction

A = 128(4¢(3) — 5¢(5)) (98)

We note that the contributions of the dynamical poles summed over () cancel
out, so this is indeed the full leading order result, which has been verified by
a direct perturbative calculation on the gauge theory side in [41].

In calculating the 5-loop subleading correction we can write

(2) 4) 6
(10), \ _ v®) So(¢,Q) | Sw'(q,Q) 5@ 1O (q,Q)
R I TR I A ([PX )

We analyze separately the contributions of the rational part and the polygamma
part. We can observe that the rational part of the scalar contribution to-
gether with the matrix contribution and the exponential part gives a sym-
metric function in ¢:

Sorar(0.Q) | 555 (0.Q) 196, Q)
S$7(0,Q)  S§e.Q) TW(@Q)
8" (7T+2Q) + (3+2Q)(-1+ Q*)* +2¢°(5+2Q)(1 + Q?))
P+ 1+ Q)P+ PP+ (1+Q)?)

Taking the residue at the kinematical pole and summing over () gives

12178 (7272 — 307" + 27° — 1296¢(3) — 1080¢(5) + 2835¢(7))  (99)

The contributions of the dynamical poles do not cancel when summed over
Q@ (as we did not analyze yet the full expression) and give

2
— ?(—1%2 + 74) (100)
The polygamma part is a bit more complicated as it has les not only at

the kinematical and dynamical locations but additionally at!q ¢ = i(Q 4 2n),

12T contrast to the Konishi case we have not symmetrized the polygamma part of scalar
integral. This choice leads to a slightly different configuration of the poles.

36



n > 0. The contribution of its residues are

[Séi’@,@

Res YY) (q)
¢ S (4, Q)

q=i(Q+2n)

+ 8P (q, Q)] =

o0

_Z 256Q%(1 + 4n(n + Q))?
ntH(—1+4n?)(n+ Q) (-1 +4(n+ Q)?))

This can be summed over n resulting in polygamma functions. We combine
this result with the contribution of the remaining poles obtained by taking
S5 (a.Q)
55 (a.Q)
poles. The final expression can be summed over () by the methods of Ap-
pendix B. The result is simply

+ Sc(rz)(q, Q)| at the kinematical and dynamical

residues of YCS8) (q)

(124 ) 4 54(4 — 3C()C(3) (101)

When we combine this result with the result of the rational part we can
observe that the even ( part cancels out and we arrive at the subleading
wrapping correction

AU — _198(12¢(3)2 + 32¢(3) + 40¢(5) — 105¢(7)) (102)

w

We checked that the dynamical residue contributions of the full integrand
cancel when summed over () as in the Konishi case providing another con-
vincing support for our considerations.

B Summation of terms containing polygamma
functions
Here we present a method which enables one to calculate sums containing

polygamma functions. A typical sum emerging during the 5-loop Konishi
computation is of the form:

2 = SO RQUQ) m0, (103)
Q=1
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where R(x) is a rational function of 2 and ¢(™(z) is the mth polygamma
function given by the definition

_dm ()

dxz™

™ () , m > 1, (104)

with ¢ (z) = ¥ () being the digamma function (z) = dl%f(x). The
evaluation of sum ([I03]) goes as follows: R(Q) is decomposed as a sum of two
terms R(Q) = Ry(Q)+ R1(Q), where Ry(Q) contains the sum of pure inverse
power terms of the partial fraction decomposition of R(Q) (i.e. Ro(Q) =
g + g% +-..), while Ri(Q) contains the rest. In this case the sum (I03) is
decomposed into 2 parts as well:

nm = nim 4 i) (105)

where

S =" RJ(Q¢™(Q)  m=>0,  a=0,1 (106)
Q=1

Using a series representation for the polygamma functions the sum E(()m) can
be evaluated directly applying the method sketched in section 6. So, hereafter
we concentrate on the calculation of the sums ng). They are evaluated
by transforming them into integral expressions calculable with the help of
Mathematica. The transformation is as follows: the polygamma functions

are represented by their appropriate integral representations

o0

W (a) = (-1 [

0

tm e—:ct

1—et’

m> 1, (107)

o) = 0O (z) = 7dt (e%t - e__j_t) | (108)

and the function R;(z) is represented as the Laplace transform of its inverse

Laplace transform
o

Ri(z) = / dt e LRT(t), (109)

0
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where LR (t) stands for the inverse Laplace transform of R;(x) given by
the formula ,
N+100

LR () = — ds e Ry (s), (110)

2m
n—1i00
with 7 being an arbitrary positive constant chosen so that the contour of
integration lies to the right of all singularities in R;(s). Due to the structural
difference between integral representations (I07) and (I08) one has to make a
distinction between the cases m > 1 and m = 0 and consider them separately.
m > 1 case:

Using integral representations (I07) and ([09), =™ takes the form

i t/m e—Qt,

dte @ LR! mtl /dt' T
/ 1—e?
0

which after evaluating the simple geometric sum in () becomes

"
WE

1

D
Il

m—+1 !
/dt £R1 - /dt 1 _ 6_t/ 6t+t/ 1)
0 0
Then using the identity
i Linsi(e”) = C(1+m)
a D+ 1) 2 111
/ (1-— e_t' (ettt —1) (m +1) et — 1 > (1

0

where Li, () is the nth polylogarithm function, the integral with respect to
t' can be evaluated and finally a single integral remains

Ji Linsi(e™t) — (1
ym /dt£R1 Pm + 1) meil t) f( o )
6 —

0
During the Konishi computation m took the values of 1,2 and 3 and in all
cases emerging during the calculations, the integrals (IT2)) could be evaluated
by Mathematica.
m =0 case
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Representing Ry (x) as the Laplace transform of its inverse Laplace transform,
and using integral representation (08) for 1(¥)(x) the sum takes the form:

) o [e.e] _t/ _Qt/
= = Z/dte‘QtﬁRl‘l(t) /dt/ <et, - _t,>
Q=17 0 ‘

Again evaluating the simple geometric sum in ), this can be recast as

?Z“‘R”“ﬂfﬁ/Q%;il>a—wtvéwﬂ—n)

Now exploiting the integral formula

i - 1 Ve +log(l —e™)
i [ —S — - 11
[ (7o~ mem ) e (1
0

with vz being the Euler’s constant, the integral with respect to ¢’ can be
evaluated and one ends up with an expression containing a single integral

50 = / dt LRy (t) (114)

During Konishi computations this formula made it possible to evaluate sums
containing ¢ (z) functions.

Finally, we just note that in the case of m = 0 the sum 250) can also be
evaluated by the application of formula (IT4).

40



References

1]

[10]

J. M. Maldacena, “The large N limit of superconformal field theories
and supergravity,” Adv. Theor. Math. Phys. 2 (1998) 231 [Int. J. Theor.
Phys. 38 (1999) 1113], [hep-th/9711200];

S. S. Gubser, I. R. Klebanov and A. M. Polyakov, “Gauge theory cor-
relators from non-critical string theory,” Phys. Lett. B 428 (1998) 105,
[hep-th /9802109];

E. Witten, “Anti-de Sitter space and holography,” Adv. Theor. Math.
Phys. 2 (1998) 253, |hep-th/9802150].

I. Bena, J. Polchinski and R. Roiban, “Hidden symmetries of the AdS(5)
x S**5 superstring,” Phys. Rev. D 69 (2004) 046002, [hep-th/0305116].

C. Itzykson and J. B. Zuber, “Quantum Field Theory,” New York, Usa:
Megraw-hill (1980) 705 P.(International Series In Pure and Applied
Physics)

A. B. Zamolodchikov and A. B. Zamolodchikov, “Factorized S-matrices
in two dimensions as the exact solutions of certain relativistic quantum
field models,” Annals Phys. 120, 253 (1979).

P. Dorey, “Exact S matrices,” arXiv:hep-th/9810026.
S. Frolov and R. Suzuki, larXiv:0906.0499 [hep-th].

M. Luscher, “Volume Dependence of the Energy Spectrum in Massive
Quantum Field Theories. 2. Scattering States,” Commun. Math. Phys.
105, 153 (1986).

M. Luscher, “Volume Dependence Of The Energy Spectrum In Massive
Quantum Field Theories. 1. Stable Particle States,” Commun. Math.
Phys. 104, 177 (1986).

A. B. Zamolodchikov, “Thermodynamic bethe ansatz in relativistic
models. Scaling three state Potts and Lee-Yang models,” Nucl. Phys.
B 342, 695 (1990).

P. Dorey and R. Tateo, “Excited states by analytic continuation of TBA
equations,” Nucl. Phys. B 482, 639 (1996) [arXiv:hep-th/9607167].

41


http://arxiv.org/abs/hep-th/9711200
http://arxiv.org/abs/hep-th/9802109
http://arxiv.org/abs/hep-th/9802150
http://arxiv.org/abs/hep-th/0305116
http://arxiv.org/abs/hep-th/9810026
http://arxiv.org/abs/0906.0499
http://arxiv.org/abs/hep-th/9607167

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

J. A. Minahan and K. Zarembo, “The Bethe-ansatz for N = 4 super
Yang-Mills,” JHEP 0303, 013 (2003), [hep-th/0212208].

N. Beisert, C. Kristjansen and M. Staudacher, “The dilatation operator
of N = 4 super Yang-Mills theory,” Nucl. Phys. B 664 (2003) 131,
[hep-th/0303060].

N. Beisert and M. Staudacher, “The N = 4 SYM integrable super spin
chain,” Nucl. Phys. B 670 (2003) 439, |hep-th/0307042)].

N. Beisert, V. Dippel and M. Staudacher, “A novel long range spin
chain and planar N = 4 super Yang-Mills,” JHEP 0407, 075 (2004)
[hep-th/0405001].

N. Beisert, V. A. Kazakov, K. Sakai and K. Zarembo, “Complete spec-
trum of long operators in N = 4 SYM at one loop,” JHEP 0507, 030
(2005) [arXiv:hep-th/0503200].

V. A. Kazakov, A. Marshakov, J. A. Minahan and K. Zarembo, “Clas-
sical / quantum integrability in AdS/CFT,” JHEP 0405, 024 (2004)
larXiv:hep-th/0402207].

G. Arutyunov, S. Frolov and M. Staudacher, “Bethe ansatz for quantum
strings,” JHEP 0410, 016 (2004) [arXiv:hep-th/0406256].

M. Staudacher, “The factorized S-matrix of CFT/AdS,” JHEP 0505,
054 (2005) [hep-th/0412188].

N. Beisert and M. Staudacher, “Long-range PSU(2,2|4) Bethe ansaetze
for gauge theory and strings,” Nucl. Phys. B 727, 1 (2005)
[hep-th /0504190].

N. Beisert, “The su(2—2) dynamic S-matrix,” Adv. Theor. Math. Phys.
12, 945 (2008) [arXiv:hep-th/0511082].

A. Rej, D. Serban and M. Staudacher, “Planar N = 4 gauge theory and
the Hubbard model,” JHEP 0603, 018 (2006) |arXiv:hep-th/0512077].

R. A. Janik, “The AdS(5) x S**5 superstring worldsheet S-
matrix and crossing symmetry,” Phys. Rev. D 73, 086006 (2006)
larXiv:hep-th /0603038].

42


http://arxiv.org/abs/hep-th/0212208
http://arxiv.org/abs/hep-th/0303060
http://arxiv.org/abs/hep-th/0307042
http://arxiv.org/abs/hep-th/0405001
http://arxiv.org/abs/hep-th/0503200
http://arxiv.org/abs/hep-th/0402207
http://arxiv.org/abs/hep-th/0406256
http://arxiv.org/abs/hep-th/0412188
http://arxiv.org/abs/hep-th/0504190
http://arxiv.org/abs/hep-th/0511082
http://arxiv.org/abs/hep-th/0512077
http://arxiv.org/abs/hep-th/0603038

23] G. Arutyunov, S. Frolov and M. Zamaklar, “The Zamolodchikov-
Faddeev algebra for AdS(5) x S**5 superstring,” JHEP 0704, 002 (2007)
larXiv:hep-th /0612229)].

[24] N. Beisert, R. Hernandez and E. Lopez, “A crossing-symmetric phase for
AdS(5) x S**5 strings,” JHEP 0611, 070 (2006) |arXiv:hep-th/0609044].

[25] N. Beisert, B. Eden and M. Staudacher, “Transcendentality and cross-
ing,” J. Stat. Mech. 0701, P021 (2007) |arXiv:hep-th/0610251].

[26] D. Volin, “Minimal solution of the AdS/CFT crossing equation,”
arXiv:0904.4929 [hep-th].

[27] N. Dorey and K. Okamura, “Singularities of the Magnon Boundstate S-
Matrix,” JHEP 0803, 037 (2008) [arXiv:0712.4068 [hep-th]]. H. Y. Chen,

N. Dorey and K. Okamura, “On the scattering of magnon boundstates,”
JHEP 0611 (2006) 035 [arXiv:hep-th/0608047].

28] G. Arutyunov and S. Frolov, “The S-matrix of String Bound States,”
Nucl. Phys. B 804 (2008) 90 [arXiv:0803.4323 [hep-th]].

[29] N. Dorey, D. M. Hofman and J. M. Maldacena, “On the singu-
larities of the magnon S-matrix,” Phys. Rev. D 76, 025011 (2007)
larXiv:hep-th /0703104].

[30] J. Ambjorn, R. A. Janik and C. Kristjansen, “Wrapping interactions
and a new source of corrections to the spin-chain / string duality,” Nucl.
Phys. B 736, 288 (2006) |arXiv:hep-th/0510171].

[31] R. A. Janik and T. Lukowski, “Wrapping interactions at strong coupling
— the giant magnon,” Phys. Rev. D 76, 126008 (2007) [arXiv:0708.2208
[hep-th].

[32] Z. Bajnok, R. A. Janik and T. Lukowski, “Four loop twist two, BFKL,
wrapping and strings,” Nucl. Phys. B 816 (2009) 376 [arXiv:0811.4448
[hep-th]].

[33] G. Arutyunov and S. Frolov, “On String S-matrix, Bound States and
TBA,” JHEP 0712, 024 (2007) [arXiv:0710.1568 [hep-th]].

[34] D. Bombardelli, D. Fioravanti and R. Tateo, “Thermodynamic Bethe
Ansatz for planar AdS/CFT: a proposal,” larXiv:0902.3930/ [hep-th].

43


http://arxiv.org/abs/hep-th/0612229
http://arxiv.org/abs/hep-th/0609044
http://arxiv.org/abs/hep-th/0610251
http://arxiv.org/abs/0904.4929
http://arxiv.org/abs/0712.4068
http://arxiv.org/abs/hep-th/0608047
http://arxiv.org/abs/0803.4323
http://arxiv.org/abs/hep-th/0703104
http://arxiv.org/abs/hep-th/0510171
http://arxiv.org/abs/0708.2208
http://arxiv.org/abs/0811.4448
http://arxiv.org/abs/0710.1568
http://arxiv.org/abs/0902.3930

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

N. Gromov, V. Kazakov and P. Vieira, “Integrability for the Full Spec-
trum of Planar AdS/CFT,” larXiv:0901.3753 [hep-th];

N. Gromov, V. Kazakov, A. Kozak and P. Vieira, “Integrability for the
Full Spectrum of Planar AdS/CFT II,” larXiv:0902.4458 [hep-th].

G. Arutyunov and S. Frolov, “String hypothesis for the AdSsxS® mir-
ror,” JHEP 0903, 152 (2009) [arXiv:0901.1417 [hep-th]];

G. Arutyunov and S. Frolov, “Thermodynamic Bethe Ansatz for the
AdSsxS® Mirror Model,” JHEP 0905 (2009) 068 [arXiv:0903.0141! [hep-
th]]?

F. Fiamberti, A. Santambrogio, C. Sieg and D. Zanon, “Wrapping at
four loops in N=4 SYM,” larXiv:0712.3522 [hep-th].

V. N. Velizhanin, “The Four-Loop Konishi in N=4 SYM,” [arXiv:hep-
th/0808.3832]

Z. Bajnok and R. A. Janik, “Four-loop perturbative Konishi from strings
and finite size effects for multiparticle states,” Nucl. Phys. B 807 (2009)
625 [arXiv:0807.0399 [hep-th]].

A. V. Kotikov, L. N. Lipatov, A. Rej, M. Staudacher and
V. N. Velizhanin, “Dressing and Wrapping,” J. Stat. Mech. 0710 (2007)
P10003 [arXiv:0704.3586) [hep-th]].

F. Fiamberti, A. Santambrogio, C. Sieg and D. Zanon, “Finite-size ef-
fects in the superconformal beta-deformed N=4 SYM,” JHEP 0808
(2008) 057 [arXiv:0806.2103| [hep-th]];

F. Fiamberti, A. Santambrogio, C. Sieg and D. Zanon, “Single impurity
operators at critical wrapping order in the beta-deformed N=4 SYM,”
arXiv:0811.4594/ [hep-th].

G. Arutyunov and S. Frolov, “The Dressing Factor and Crossing Equa-
tions,” larXiv:0904.4575/ [hep-th].

A.V. Kotikov, V.N. Velizhanin, Analytic continuation of the Mellin mo-
ments of deep inelastic structure functions, arXiv:hep-ph/0501274

See http://oldweb.cecm.sfu.ca/projects/EZFace/

44


http://arxiv.org/abs/0901.3753
http://arxiv.org/abs/0902.4458
http://arxiv.org/abs/0901.1417
http://arxiv.org/abs/0903.0141
http://arxiv.org/abs/0712.3522
http://arxiv.org/abs/0807.0399
http://arxiv.org/abs/0704.3586
http://arxiv.org/abs/0806.2103
http://arxiv.org/abs/0811.4594
http://arxiv.org/abs/0904.4575
http://arxiv.org/abs/hep-ph/0501274
http://oldweb.cecm.sfu.ca/projects/EZFace/

[45] J. Gunnesson, “Wrapping in maximally supersymmetric and marginally
deformed N=4 Yang-Mills,” larXiv:0902.1427 [hep-th].

[46] M. Beccaria and G. F. De Angelis, “On the wrapping correction to single
magnon energy in twisted N=4 SYM,” larXiv:0903.0778 [hep-th].

45


http://arxiv.org/abs/0902.1427
http://arxiv.org/abs/0903.0778

	Introduction
	Main features of the 5-loop Konishi computation
	Multiparticle Lüscher formulas and ABA modification
	TBA for diagonal scattering
	TBA for excited states by analytical continuation
	Multiparticle Lüscher formulas

	The dressing phase in the Lüscher kinematics
	BES dressing phase for physical particles
	BES dressing phase in the Lüscher kinematics
	BES dressing phase in the Lüscher kinematics from the DHM integral formula

	The Konishi computation
	Asymptotic Bethe Ansatz for the Konishi operator
	The general structure of the wrapping correction
	The 5-loop integrand
	Integration

	Summation over bound-states
	Conclusions
	Lüscher correction for a one particle state 
	Summation of terms containing polygamma functions

