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Abstract

We study the singularity (multifractal) spectrum of the convex
hull of the typical/generic continuous functions defined on [0, 1]¢. We
denote by EZ the set of points at which ¢ : [0,1]? — R has a point-
wise Holder exponent equal to h. Let Hy be the convex hull of the
graph of f, the concave function on the top of Hy is denoted by
b1.5(x) = max{y : (x,y) € Hy} and ¢ap(x) = min{y : (x,y) € Hy}
denotes the convex function on the bottom of Hy. We show that there
is a dense Gs subset G C C0,1]¢ such that for f € G the following
properties are satisfied. For 7 = 1,2 the functions ¢; ; and f coincide
only on a set of zero Hausdorff dimension, the functions ¢; y are con-
tinuously differentiable on (0, 1), E%i ; equals the boundary of [0, 1]%,

dimpBj  =d-1,dimy EJ> =dand E} =0ifh € (0,+00)\{1}.
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Figure 1: f, ¢1 5 and ¢o ; in 1D

1 Introduction

We started with J. Nagy our study of multifractal properties of typical /generic
functions in [2] where multifractal properties of generic monotone functions
on [0, 1] were treated. The higher dimensional version of this question was
considered in [4] where with S. Seuret we investigated the Holder spectrum
of functions monotone in several variables. In [3] we also showed that typical
Borel measures on [0, 1]¢ satisfy a multifractal formalism. Multifractal prop-
erties of typical convex continuous functions defined on [0, 1]¢ are discussed
in [5].

In [I] the convex hull of typical continuous functions f € C]0,1] is con-
sidered by A. M. Bruckner and J. Haussermann. In this case the boundary
of this convex hull decomposes into two functions (in our notation) ¢; ; and
¢9,5 see Figure[ll The upper one, ¢,  is concave the lower one ¢, s is convex.
It is shown that for the typical f these functions are continuously differen-
tiable on (0, 1) and at the endpoints they have infinite derivatives. The aim
of our paper is to describe the multifractal spectrum of these functions in
the multidimensional setting. That is, generic/typical continuous functions
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f in C[0,1]? are considered in the sense of Baire category. The topology on
C[0,1]% is the supremum metric. We also prove the multidimensional version
of the above mentioned results of A. M. Bruckner and J. Haussermann.

The convex hull of the graph of f € C[0,1]¢ is denoted by Hy, that is,
H; = convex hull of {(x, f(x)) : x € [0,1]%}.

We are interested in two functions: ¢ (x) = max{y : (x,y) € Hs} is
the function on the top of Hy, and ¢y ¢(x) = min{y : (x,y) € Hy} is the
function on the bottom of Hy. On Figure [l these functions are illustrated in
dimension one.

The points where f and ¢; ; coincide are denoted by E; = {x : ¢; s(x) =

f(X)}, L= 1>2
The Holder exponent and singularity spectrum for a locally bounded func-
tion is defined as follows.

Definition 1. Let f € L>([0,1]¢). For h > 0 and x € [0, 1]¢, the function
f belongs to C! if there are a polynomial P of degree less than [h] and a
constant C' such that, for x" close to x,

[f(x) = P(x' —x)| < Clx' —x|". (1)
The pointwise Holder exponent of f at x is hy(x) =sup{h >0: f € CI}.
Definition 2. The singularity spectrum of f is defined by
d¢(h) = dimy E}}, where E}; = {x: hy(x) = h}.

Here dimy denotes the Hausdorff dimension, and dim () = —oo by con-
vention.
We will also use the sets

EVS = {x:hy(x) <h} DEP and BV = {x: hp(x) <h}.  (2)
The faces of [0, 1]¢ are
FOJ' = {(ZL’l, v Tj—1, 0, Tjg1yeeny xd) € [Oa l]d}

and
Fl,j = {(Z’l, ey Lj—1, 1,1’j+1, ...,l’d) S [0, ].]d}

The main result of our paper is the following theorem:
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Theorem 3. There exists a dense Gs set G C C|[0,1]¢ such that for every
fegqgfori=1,2

e ¢ s is continuously differentiable on (0,1)%;

e ifx € 9([0,1]%) then
h¢z‘,f (X) =0 (3)
hence dy, ,(0) =d —1 and E}, N (0,1)? = 0;

o dy (1) =d—1;
° dd’i,f (+OO) = d,'
e dy, (h) = —ooc, that is, E} = 0 for h € (0,+00) \ {1};

[ fOTj = 1,...,d ZfX c F(]’j then

0;.+¢1,p(x) = (1) (+00) (4)

if x € Fy; then '
0;-01,5(x) = (=1)"(+00); ()

o dimy E; ; = 0.

2 Notation and preliminary results

The open ball with center x and of radius r > 0 is denoted by B(x,r). We
use similar notation for open neighborhoods of subsets, for example if A C R?
then B(A,r) = {x € R?: dist(x, A) < r}.

For subsets A C R? we denote the diameter of the set A by |A| while A
denotes is boundary.

The j'th basis vector in R? is denoted by e; = (0, ..., 0, %, 0,...,0).

J

In our proofs we use a standard fixed countable dense set {f,}7°, in
C[0,1]%. We assume that the functions f, are in C*[0,1]¢. (Taking an
arbitrary countable dense set {fn} in C[0,1]? by using a mollifier function it
is easy to obtain such a dense set of C'*° functions.)



Definition 4. We say that f : [0,1]¢ — R is piecewise linear if there is a
partition Z;, j = 1,...,n¢ of [0,1]% into simplices such that for each j the set
{(x, f(x)) : x € Z;} is the subset of a hyperplane in R%*!.

We say that f is independent piecewise linear if it is piecewise linear and if
V' denotes the collection of the vertices of the simplices Z;, 7 = 1,...,n¢ for
a suitable partition then

o from xy,....x, € V, x; # x;, i # j, the points (x;, f(x;)), 7 =1,....k
are on the same d-dimensional hyperplane in R4 it follows that k <
d+1,

e from xi,...,x; € VN (0,1)% x; # x;, i # j, the points x;, j = 1,...,k
are on the same (d — 1)-dimensional hyperplane in R? it follows that
kE<d.

The second assumption in the above defintion is void in the one dimen-
sional case since the zero dimensional hyperplanes are just points.

Lemma 5. Suppose f € C[0,1]%. For any x¢ € [0,1]¢ there exist x; € E1 4,
i1=1,....,d+1 and p; > 0, Zf:llp, =1, such that xy = Zf:ll pix; and

d+1 d+1

¢1,f(X0) = Zpi¢1,f(xi) = Zpif(xi)'

Remark 6. We remark that in the above lemma some p;’s can equal zero,
or some X;’s coincide.

Proof. By Carathéodory’s theorem (see for example [6]) from (xo, ¢1 ¢(%0)) €
H; it follows that one can find (not necessarily different) x; € [0, 1]¢, p; > 0,

1= 1,,d+ 1, Zg:llpz = 1 such that Zfillplxl = X, Zfillplf(xl) =
¢1,7(x0). If for an ¢ we had f(x;) < ¢1,7(xi) then letting

d+1

Yy = ( Z pz'f(Xz')> + pir 1,y (Xir)

i=1, i

we would obtain (x¢,y’) € H contradicting that ¢ f(x0) = max{y : (xo,y) €
H;}. O



Lemma 7. There exists a dense Gs set Goq C C[0,1]? such that for every
[ € Goa and for every xo € Fy 4

D+ ¢1,7(X0) = +00, 0y 4 P25 (X0) = —00 and (6)
hg, f(x0) =0 fori=1,2. (7)

Proof. Without limiting generality we prove the statement for ¢; ;.
Suppose Xg = (Zo.1, ..., Z0,d-1,0) € Fpq. By Lemma [{ there exist x; € E; f C
[0,1]%, and p; > 0,4 = 1,...,d + 1, such that Zf:llpl =1,

dt1 dt1 dt1
Zpixi = Xo and Zpi.f(xi) = Zpi¢1,f(xi) = ¢1,1(Xo). (8)
i=1 i=1 i=1
This and x( € Fp 4 imply
X; €F07d, 1=1,...,d+ 1. (9)
Put M, = ||/ |lsc > |0af(x)| for all x € [0,1]¢. We also let

1

fom(X) = fa(x) + ﬁ(dis‘c(x, Foqa))Y/™ and 6,,, = . (10)

It is clear that G, = U, B(fnm,0nm) is dense and open in C[0,1]¢ and

o, ddif N>*_, Gy, is dense G5. Suppose f € Gy 4. Then there exists a sequence

N, m = 1, ... such that f € B(fn,,m,On,,.m). Since x; € Fy 4 by ([I0) we have

Therefore, using (8]

d+1

1 f Xo <szfnm X ) nm,m-

On the other hand, since ¢; s is concave

d+1

b1,5(x0 + teq) <sz¢1 F(xi + ted)) >



d+1 d+1

szf(xz + ted) > (Zpifnm,m(xi + ted)> - 5nm,m >
(using (@) and (I0))

d+1

_(;pfm<x+ed> o .
Taking difference
$1.5(Xo + t€a) — ¢1,5(x0) = (11)
d+1 1
. . — ) — T 4lm
(Pt 102) = (000)) = Dot et 2
(by the Mean value Theorem and the choice of M,,)
1 1/m
> £/ — 28, . — Myt
Ny, + M

Choosing t,,, = 2~("m+™ by (I0) we obtain

1
" + M

Onpm =1

Hence,

lim sup ¢1,5(X0 + tmeq) — ¢1,5(%0)

a
m—00 tm

= 400 for any a > 0.

This implies ().
Taking o = 1 and using concavity of ¢y f we also obtain Jy ¢ r(x0) =
+o00. This implies (). O

Lemma 8. There ezists a dense open set G; C C[0,1]¢ such that for every
f € Gy the functions ¢1 5 and ¢of are both continuously differentiable on
(0,1)%.

Remark 9. This also implies that kg, (x) > 1 for any x € (0,1)%, that is,
E;j N(0,1)*=0 for f € G, and i = 1,2.



Proof. Again we start with f,, € C°°[0,1]¢, n = 1, ... a countable dense set in
C[0,1]%. This time we select

M,, > 1 such that |8]2-fn| <M, j=1,...4d.

We also put

Onim = (m -an)2' (12)

We put G; = Ny, Uy, B(fn, 6m) and select f € G;. Then we can choose ny,
such that f € B(fn,,, 0npm)-

Suppose x € (0,1)?. We need to verify that 9;¢; ;(x) exists and continu-
ous for any j=1,...,dand 7 = 1, 2.

Since the other cases are similar we can suppose that ¢ =1, j = 1.

Since ¢ ¢(x + tey) is a concave function in ¢ it is sufficient to verify that
its derivative exists at t = 0 for any choice of x € (0,1)% This will imply that
0141, r(x+tey) is monotone decreasing in ¢, without any jump discontinuities,
hence for a fixed x it is continuous as a function of one variable. In the end
of this proof we will provide a standard argument showing that from the
concavity and continuity of ¢ ; one can deduce that d;¢; s is continuous on
(0,1)4.

From now on x € (0, 1)¢ is fixed.

By Carathéodory’s theorem we can select x; € Ey 5, p; > 0,0 =1,...,d+1
such that Zfill pi =1, Zf:ll pix; = x and

d+1 d+1

d1,p(x) = Zpi¢1,f(xi) = Zpif(xi).

Suppose
1

m-M,,

By the one dimensional Taylor’s formula one can find ¢,,, ; + such that
|Cnm it < hum and

Fin (13)

2 .
fnm (Xi + hmel) — fnm (Xz) :tﬁlfnm (Xz)hm + a1 fnm (Xz ‘2|" Cnmm:l:el)hgn Z (14>
M,
fnm (XZ) + alfnm (Xi)hm - 2nm hgn



This implies
d+1

Grr(x £ hmer) > ) iy p(xi £ hmey) > (15)
i=1
d+1 d+1

sz X; + h e1 <sz.fnm X + hmel)) - 5nm,m 2
=1
(using (I4)))

d+1 d+1
M,

> (Zpifnm(xi)> + (Zpiﬁlfnm(xi))hm — %hfn — Oy > ®
i=1 i=1

U‘SIHg |.f - fnm <
continue by

Sy F(Xi) = 61 5(x;) and S i f (%) = b1,5(x) we can

d+1

© 2 01,10) ~ S (D000 i (50 ) — I~ B

i=1
By (I2) and (I3]) we obtain that

d+1

¢1,5(X) — @14(x — hper) M,
bl < m
st toe) (85 )« (Yoo 2,
and similarly
b1 (X + hmer) — ¢ e M,
Lf m€1 Lr(x .
> _
» > (00 n()) = (5= +2)
and hence,
¢1,7(X) — ¢1, (X — hiner) B G1,7(X + hiner) — é1,5(x) <
I P, -
M,,+4\y 1 _ 5
(My, + 4 = (=) - — < =

Since ¢y 7 is concave this implies that 0;¢; f(x) exists.
Next we verify that 0;¢; s is continuous on (0,1)4. We have seen that
01¢1,7(x + tey) is a monotone decreasing continuous function in ¢ for a fixed
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x € (0,1)% We need to show that d,¢; ; is continuous as a function of several
variables at any x € (0,1)%. This is quite standard. Suppose x € (0,1)¢ and
g > 0 are fixed. Choose tg > 0 such that

19
X + 2t0e1 - (O, 1)d, |01¢17f(X + 2t0e1) — 01¢17f(x)| < 5

The function ¢; ; is continuous as the “top part” of the convex hull Hy
of the continuous function f. By uniform continuity of ¢, ¢ choose d; > 0
such that

/ E:t . / /
[61,4(W) = 61,(W)] < =7 if [|w — W'[| < &y and w,w' € (0, 1), (16)

Now suppose that
z = (21,...,24) Is a vector with z; = 0 and ||z|| < 6;. (17)

Then by (I6)

¢17f(X +z+ Qtoel) — ¢17f(X +z+ toel)

- - (18)

¢17f(x -+ 215091) — (r/)l,f(X—F toel) < E

to 2
By the Mean Value Theorem there exist ¢x and ¢, in (o, 2¢) such that

¢17f(X +z+ Qtoel) — ¢17f(X +z + toel)

n = 81¢17f(x—|—z—|—cze1) (19)
0

and
¢1,f(X + 2tpe;) — ¢17f(x + toer)

to

By monotonicity of 01¢1,; we have

= 01¢1,5(X + cxe1).

\81¢17f(x + cxel) — 81¢17f(X)| < \81¢1,f(x+ 2t0€1) — 81¢17f(X)| < % (20)

From (I8]), (I9) and (20)) it follows that

|0101.7(X) — 011, (X + 2 + c,€1)| < € where t) < ¢,. (21)
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A similar argument can show that there is ¢, € (to, 2tg) such that

¢1,5(x+ 2z —toer) — ¢ p(x + 2z — 2tpe;)
to

= o1 (x+2z—cher)

and
|0101,(X) — D191, (x + 2 — cle1)| < & where t5 < ¢. (22)

By monotonicity of 01¢1 s(x + z + tey) this implies that for —t, <t <t
we have
|81¢17f(X +z+ tel) — 81¢17f(X)| <eE.

Since this holds for any z satisfying (7)) we obtain that 0;¢;  is continuous
on (0, 1)<. O

Lemma 10. There exists a dense Gs set Gy in C[0,1] such that for every
f€Gan
dimp (E15) = 0, dimg(E3, N(0,1)) =d -1, (23)

El 00,1 =0 for 1 < h < +oo, and dimu(ES>) = d.

Proof. We choose again a countable dense set f,, € C[0,1]¢. The functions

fn are uniformly continuous and for ﬁ we choose 7, , > 0 such that

6(n+

1

——if [[x — ¥ < oy X, ¥ € [0,1]% 24
Sty =¥l < xy €007 (24)

|fu(x) = fuly)] <
We partition [0, 1]? into non-overlapping simplices Z;, j = 1, ..., {,.m such that
the diameter of each simplex is less than 7, ,,. We assume that V' (n,m) is the
set of vertices of these simplices. We can also assume that these vertices are
sufficiently independent, that is, from xy, ..., x5 € V(n,m) N (0,1)%, x; # x;,
© # 7, the points x;, j = 1, ..., k are on the same d—1-dimensional hyperplane
in R? it follows that k¥ < d. This means that the second assumption in
Definition @ is satisfied.

We denote by f,, vnm the function which is defined on V(n,m) and
for any x € V(n,m), E,V(n,m) (x) = fu(x). On Figure 2 we illustrate the
procedure of selecting f,, . On the left half of this figure there is f,, with the
little circles on its graph. We suppose that on [0, 1]' we used the “simplices”,
which are equally spaced line segments of length 0.2. The function fn,\/(n,m)
is defined on these points and its graph is represented by the little circles on
the graph of f,.
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Figure 2: The functions fy, fuvmm)s fom and é1y,

Now we perturb ﬁl,v(n,m) a bit in order to obtain an “independent” func-
tion f y such that

n,V(n,m

1

16(n + m) (25)

| fovmm = favmml <
and if xg,...,x; € V(n,m), x; # x; if i # j, and (xj,fn,v(n,m)(xj)), j =
1,...,k are on the same hyperplane in R*! then k < d+ 1. This implies that
the first assumption of Definition [ is satisfied for 7n,V(n,m)'
If x € [0,1]"\V (n,m) and x is in the simplex Z;, j € {1, ..., (.} With ver-
tices zj1, ..., Zjar1 € V(n,m) we define f,, v (nm)(x) so that (X, fuvmm (X))
is on the hyperplane determined by the points

(2515 Frvrm) (23.0))s -+ (Zdits Fovnm) (Z5.d41))-

Therefore, f, v (nm) is an independent piecewise linear function (recall Defi-
nition [ and see the illustration on the left half of Figure [2)).

By (24) and (23]

v oy (%) — fu(3)] < ——

4(n+m) (26)
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Now we want to perturb the functions f,, v (n,m) a little further. Let x(x) =
max{1 — ||x|[,0} and for a v > 0 put

Ly (n,m) (%) = Xo,17¢(%) Z K(X/7).

veV(n,m)

Then lim, 04 D'vnm), (X) = Xv(nm) (X).
We denote by v(n,m) the minimum distance among points of V' (n,m)
and will select a sufficiently small ,, ,, > 0 later. We put

1
n,m — Jn,V(nm —Ivim .
f, f,V( s )+4(n+m) V(n,m),yn,m
On both halves of Figure[2lone can see mfv(n,mmn’m which is the function

with the equally spaced small peaks at the points which are multiples of 0.2.
On the right half of Figure 2 one can see f,, ,, which is obtained from f,, v (n,m)
(pictured on the left half of Figure 2)) after we added the small peaks.
We suppose that
v(n,m)
100

and if &(n,m) denotes the maximum of the norms of the gradients of the
hyperplanes in the definition of f,, v(n,m) then

Vnm < (27)

S > 100 - &(n, m). (28)

This way if we take the convex hull of f, ,, then

By fom = X fam(X) = 01,5, (%)}

will be a subset of V(n,m). See the right half of Figure 2l We remark that
the resolution of our drawings does not make it possible to take into all the
above assumptions and hence they are distorted, but we hope that they can
help to understand our procedure.

Our next aim is to select a sufficiently small 4, , > 0. It is clear that
given r,, , > 0 if J,,,, is sufficiently small then f can coincide with ¢, ; only
close to some points in V(n,m), that is for any f € B(fum,0nm) and any
x € E, ; there is wy € V(n, m) such that

[|Wx — || < Tnm- (29)
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Figure 3: On the left: f, ,, and f, on the right: S, and ®4  when d = 2

On the left half of Figure [3 one can see f, ,, and f. We also graphed the
functions ¢y, . and ¢; ; which will be very close to each other. The latter
function is not exactly piecewise linear but a close approximation to such a
function, namely to ¢y y, .. In the one dimensional case, like on Figure 3] the
nonlinear parts (not pictured) are very cloes to some elements of V(n,m).
The higher dimensional case is a bit more complicated and we discuss it
below.
We will select a sufficiently small r,, ,,, > 0 later. At this point we suppose
that
v(n,m)
T = 000
This implies that for any x € Ej s there is a unique wx € V(n,m). That
is, f will “almost” look like a piecewise linear function. This implies that if

fe B(fn,ma 5n,m) then

(30)

Ey ¢ can be covered by the set Uwev (nm) B(W, Tnm)- (31)
We can suppose that 7, ,, is chosen so small, that
#(V(n,m)) -y < 1/m. (32)
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This estimate will imply that dimg E; ; = 0 for the typical f € C[0,1]%, that
is for f € Ga 1.

By the choice of 7, if we consider ¢y, . then it is an independent
piecewise linear function. There is a system of non-overlapping simplices

8¢ = {Sk k= 1, ...,S¢}

such that (x, ¢14,,.(x)) for any x € [0,1]¢ is on a hyperplane determined by
a simplex S; containing x. On the left half of Figure [3 the one dimensional
case is illustrated and these simplices are simply the line segments [0, 0.4],
[0.4,0.6] and [0.6, 1]. The endpoints 0.4 and 0.6 are points where this func-
tion ”breaks” and these points are on two non-parallel lines ("hyperplanes”).
These breakpoints/folding regions will be used to find those points where
the Holder exponent is 1. On the right half of Figure [3 the two dimensional
case d = 2 is illustrated. This time we have simplices (triangles) in [0, 1]%
bounded by solid lines on which ¢y, .. is linear. On the right half of Figure
Blonly the domain of ¢, y, ,, is shown. The system of the simplices (triangles)
bounded with dashed lines will be simplices corresponding to ¢; s. Later we
will explain this in more detail.

By the independence property of f,, v (n,m) the hyperplanes determined by
the simplices S are different for different S.

We denote by V;, the set of the vertices of the simplices Sk, k =1, ..., 54.
Clearly, V; C V(n,m). The union of the faces of these simplices will be
denoted by ®5 = U;? 0(Sk). If xo € 9(Sk) N O(Sw) with k # k' then
{(x,01,4,..(x)) : x € Si} and {(X,¢1,4,.,.(X)) : x € S} are on different
hyperplanes and hence the graph of ¢, s, , “breaks” at xq. This implies that
we can choose Ty ,,,, such that for any x4 € ®, N (0,1)? and for any hyper-
p}llane Ly passing through (x4, ¢1f,,.(Xg)) one can choose a point x, such
that

1
n,m < d t ! 7(1) < T 33
T < dist(x), 05) € —— (33
and ) .
| Loc(X) = 1, g ()| > [ = XI5 > 7y T, (34)

where we used that (B3)) implies ||x, — Xg[| > 71 nm. See Figure Hl

It is also clear that if f is a good approximation of f, ,,, then one can see
similar “breaking” properties on ¢; y. This time there are no “folding edges”
like in the case of f,,, on ®, M (0,1)? but there are regions around ®, where
we can see similar phenomena.
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1
X! [ X5

Figure 4: The breaking point at (x4, ¢1,7,,.(Xs))

Using that f, ,, and ¢y, . are both independent piecewise linear func-
tions one can see that

Atnn(0) = sup{|o1,, .. (X) b1y (x)| : x € [0,1]%, f € B(fum,0)} =0 (35)

as 0 — 0+ . Apart from (B0) and (32)) we also assume that r,, > 0 is
chosen so small that

Tinm
o < —— 36
n, 100 (36)

and (using that dimy @, =d — 1)
B(®4,71,m) can be covered by balls B; such that (37)

1
n-—+m

Z\B\d”i«— (38)

Recall that we started to make assumptions about 0y, ,,, in the paragraph
containing (29). The smaller r,,,, we need to use the smaller 6, ,,. Next we

|B;| <

and
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suppose that using (35]) we chose a d,,,, such that in addition to our other
assumptions we have
Al,n,m((sn,m> < — 1+%’ (39>
Now we want to use the folding property in (33 and (34) for functions
f which approximate f, ,,. This time the “folding edges” are not any more
(d — 1)-dimensional surfaces, but some neighborhoods of them. By (B7) and
([B]) we will be able to bound the dimension of these regions.
Suppose S € Sy with k € {1,...,s,} with vertices zg1, ..., Zk 41+1. Since
Jnm and ¢y, ,. are both independent piecewise linear functions there is

dp k. > 0 such that if f € B(f,m,0s%) then one can choose vertices zy  f,
j=1,..,d+ 1 such that

||Zk,j — Zk,j,fH < Tnm and Zkj.f € E17f7 j = 1, ...,d—|— 1, (40)

moreover if Sy ; denotes the simplex determined by {zy;r:j=1,....d + 1}
then {(x, f(x)) : x € Si s} is on the surface of H; inside a hyperplane
determined by {(zx f, f(zx; ) : k = 1,...,d + 1}, that is, {(x, ¢1 (x)) :
X € Sy,r}is a “face” of ¢y ; approximating {(x, ¢1f,,.(x)) : x € S }. On the
right half of Figure 3l we have the two dimensional illustration. The simplices
(triangles) Sy € S, are bounded by solid lines. The simplices (triangles) Sy, s
are bounded by dashed lines.

We can suppose that 6, , < min{dsx : k = 1,..., 54} and by using inde-
pendent piecewise linearity of f, ,, and ¢y j, ., we obtain that the hyperplanes
containing {(x, ¢1 ¢(x)) : x € S ¢} are different for different k’s.

Hence the simplices Sy ; are non-overlapping.

Put

D = (0, 1)\ UpZ,int (S p).- (41)

These sets 4 ; will replace the folding edges ®,N(0, 1)¢. On Figure[ this
is the region which is not covered by the interiors of the simplices (triangles)
bounded by dashed lines.

From ||zy j — 21 j f|| < 7p,m in [@D) it follows that any point x in Sy which
is of distance no less than 7, ,, from 9(S) is covered by S ;.

Thus @4 s C B(®y, 7n,m) and hence by (37) and (38)

4 ; can be covered by balls B; such that (42)
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1 1 1
d Bid_1+m<—.
o Yl

|B;| <
n -+ m

Using all the above restrictions we can select d,,,,, > 0.

Set 9271 = ﬂfnf’:l U?LOZI B(fn,mv 5n,m)

It is clear that Gy, is a dense G set in C[0,1]%.

Suppose f € Go;. Then there exists a sequence n,, such that f ¢
B(fnmms Onnm). For each m we can define the ”folding region” as in ({4IJ).
Since these regions depend on m we denote them by ®4¢,,. Set &; =
N2 @y fm- Ifx € (0,1)%\®; then there exists an m such that x € int(Sy, )
with a simplex S rm and {(x, ¢1,s(x)) : X € Sk .} is the subset of a hyper-
plane in R**!. This implies that ¢; ; is locally linear in a neighborhood of x
and hg, (x) = +00.

Using (42)) one can easily see that dimy(®;) < d— 1. On the other hand,
from ([@2)) it also follows that if S C (0,1)? is a simplex such that its vertices
are zi, ..., zq4+1 € E y then there exists mg such that for m > mg, S & Py 1.
Since S is a “face” of ¢y ; if x € J(5) then x cannot belong to the interior
of any other “face” of ¢ ;. Hence 0(S) C ®;. Since dimy 9(S) =d — 1 we
obtain that dimgy(®;) = d — 1. If x € &y then (B3) and (34) imply that
hf(X) S 1.

The property dimy £y f = 0 follows from (B1)) and (32).

]

Proof of Theorem[3. For j =1, ...,d a version of Lemma [7] can provide dense
Gs sets Gy ; C C[0,1]? such that () and (7) hold with d replaced by j. If we
use the faces F} ; instead of Fj; in analogous versions of Lemma [7] we can
obtain dense Gy sets G; ; C C[0,1]%

Taking Gy = m;lzlgo,j N Gy ; for any f € Gy we have ([3), @) and (B
satisfied.

By Lemma R there exists a dense open set G; C C[0, 1]¢ such that for any
f € Gy the functions ¢1 s and ¢q ; are continuously differentiable on (0, 1)<.

There is nothing special about ¢; s in Lemma [[0l A similar lemma can
provide a dense Gj set Go o such that for any f € G5 we have (23) for E, ¢

and ¢ ;.
If we take G = GoNG1 NGa1MNGa o then taking into consideration Remark
as well any f € G satisfies the conclusions of Theorem [l O
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