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The structure of the perturbation series of the spin-1 Bose gas at low temperatures
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The properties of Green’s functions and various correlation functions of density and spin operators
are considered in a homogeneous spin-1 Bose gas in different phases. The dielectric formalism is
worked out and the partial coincidence of the one-particle and collective spectra is pointed out below
the temperature of Bose-Einstein condensation. As an application the formalism is used to give two
approximations for the propagators and the correlation functions and the spectra of excitations
including shifts and widths due to the thermal cloud.

PACS numbers: 03.75.Fi, 67.40.Db, 05.30.Jp

I. INTRODUCTION

The recent realization of BEC in an optical trap has opened a new area of research [1–5]. The theoretical investi-
gation of spinor systems is growing rapidly these days concerning the ground state structure and symmetry braking
[6–9], the various phases in traps [10,11], the different vortex states [12,13], the exploration of collective excitations
[14–17] and a number of other problems [18–27]. Compared to the BEC realized in magnetic traps [28,29], where the
spin degree of freedom of the particle field is frozen, such systems, since the spinor nature of the particles is preserved,
have a wider variety of excitations including spin density waves, transverse spin waves or quadrupolar spin waves.
It is a well established property of scalar Bose-Einstein condensed systems that the one-particle and the density

correlation function spectra coincide. To treat this problem consistently the dielectric formalism has proved to be
particularly useful, which has been worked out first for homogeneous systems [30–35] and recently generalized and
applied to trap systems [36–39]. In this paper this formalism is extended to gases with a spinor Bose-Einstein con-
densate. To make the presentation more transparent only homogeneous systems will be considered. The new feature
is the appearance of correlation functions including spin fluctuations besides the density autocorrelation function and
a variety of new one-particle Green’s functions. Their perturbation series are analysed simultaneously. After suitable
rearrangement of the expansions it has been achieved that certain one-particle Green’s functions and correlation func-
tions have common denominators leading to the coincidence of their spectra, though with different spectral weights.
Examples are the Green’s functions corresponding to a spin transfer zero and the density correlation function, fur-
thermore those Green’s functions and correlation functions of the spin operators, which can be characterized by spin
transfers +1 or −1. Exceptions are found in the polar phase (occurring when the interaction in the spin channel
is repulsive), namely those correlation functions of the spin operators which create zero or ±2 spin transfers do not
possess condensate induced intermixing with the one-particle Green’s functions.The general theory is illustrated in
the Bogoliubov theory (valid at very low temperatures) and in the random phase approximation (RPA). Within the
RPA we do not include exchange processes, that already in the case of the scalar Bose-Einstein condensed systems has
led to involved calculations [39]. Their extension to spinor Bose-Einstein gas will be presented in a separate paper.
As a matter of fact the relative importance of the exchange processes is less in the present case since the direct terms
are enlarged by summations over spin variables.
Though the RPA (as a mean field theory) looses its validity near the phase transition it is enlightening to investigate

it in the transition region. It turns out that, while the transition to the polar phase is continuous when decreasing the
temperature, it becomes weakly first order for ferromagnetic ordering due to the small (for this coupling attractive)
spin dependent part of the interaction. It is worth recalling that in case of the scalar Bose-Einstein condensation the
transition is second order in this RPA-Hartree model, but including exchange contributions makes it to a first order
one and the effect is then not small, see Ref. [39] and references therein.
The paper is organized as follows. In the second section, after giving the specifications of the Hamiltonian and

introducing the canonical transformation to induce the Bose-Einstein condensation, the normal and anomalous one-
particle Green’s functions (matrices in the spin variables) and the different correlation functions of the particle number
density and spin density operators are defined. Section III is the backbone of the paper. It starts with a summary
of symmetry properties of the functions introduced in Section II. Then their general structure is analyzed within
the framework of perturbation expansion. We proceed by classifying the processes according to the spin transfers
involved. Then in the spirit of the dielectric formalism the proper irreducible graphs are separated. The main results
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are the description of condensate induced intermixing of one-particle and collective modes and the specification of
the conditions when it occurs. Sections IV and V are devoted to approximate calculations. In Section V corrections
consisting of damping terms and frequency shifts as well are given in RPA to the Bogoliubov approximation discussed
in Section IV. We present in Section V also results for static properties in RPA. Section VI contains the summary
and further discussion.

II. BASIC EQUATIONS AND DEFINITIONS

A. The effective Hamiltonian of the spin-1 Bose gas

In a gas containing spin-1 particles the wavefunction is a three-component spinor. To be more specific we use the

basis set of F̂z eigenvectors in the spin space, which leads to the wavefunction

ψ(r) =



ψ+(r)
ψ0(r)
ψ−(r)


 . (1)

In this representation the spin operators are

Fx =
1√
2



0 1 0
1 0 1
0 1 0


 , Fy =

1√
2



0 −i 0
i 0 −i
0 i 0


 , Fz =



1 0 0
0 0 0
0 0 −1


 , (2)

and the corresponding raising and lowering operators:

F+ =
√
2



0 1 0
0 0 1
0 0 0


 , F− =

√
2



0 0 0
1 0 0
0 1 0


 . (3)

We consider a system of spin-1 particles in a box with periodic boundary conditions and without an external
potential. The interaction between the particles is an s-wave scattering. Such a rotationally invariant scattering
interaction can be described by a potential

V (r1 − r2) = δ(r1 − r2)[cn + csF1 · F2], (4)

where the constants cn and cs is connected to the s-wave scattering lengths (g0 and g2) in the total hyperfine spin
channel zero and two with cn = (g0 + 2g2)/3 and cs = (g2 − g0)/3 [14].
In the second quantized formalism we introduce annihilation and creation operators ar(k) and a

†
r(k) which destroy

and create one particle states of plane waves with momentum k and spin projection r. These operators are bosonic
in our case, so they satisfy the commutation relations:

[ar(k), a
†
s(k

′)] = δr,sδ(k− k′), (5a)

[ar(k), as(k
′)] = [a†r(k), a

†
s(k

′)] = 0. (5b)

In this formalism the grand canonical Hamiltonian of the system reads as:

H =
∑

k

(ek − µ)a†r(k)ar(k) +
1

2

∑

k1+k2=
=k3+k4

a†r′(k1)a
†
r(k2)V

r′s′

rs as(k3)as′(k4), (6)

where ek = ℏ
2k2/2M stands for the kinetic energy of a particle and µ is the chemical potential of the system and

V r′s′

rs = cnδrsδr′s′ + cs(F)rs(F)r′s′ (7)

according to (4). Here and in the following the convention of summing over repeated indices is applied except when
stated otherwise.
There are two types of systems depending on the sign of cs. If it is less than zero then the spins prefer parallel

alignment which leads to a macroscopic magnetization in the presence of a Bose-Einstein condensate. If cs is greater
than zero then the energetically favorable state is when 〈F〉 = 0. The former case is called ferromagnetic case and
later is called polar case [14].
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B. Description of the symmetry breaking

In the Bose-Einstein condensed phases some field operators have anomalous averages reflecting a broken gauge
symmetry: 〈ar(0)〉 =

√
N0ζr and

〈
a†r(0)

〉
=

√
N0ζ

†
r where N0 is the number of particles in the condensate and ζr is

the normalized spinor of the condensate [14]. For the polar case one can take ζr as (0, 1, 0)T and for the ferromagnetic
case ζr can be taken as (1, 0, 0)T where the superscript T denotes the operation of transposition. The averaging
is made over a symmetry breaking ensemble. To consider this symmetry breaking, one can introduce a new set of
bosonic annihilation and creation operators with a canonical transformation:

br(k) = ar(k)− δk,0
√
N0ζr, (8a)

b†r(k) = a†r(k)− δk,0
√
N0ζ

†
r . (8b)

The relation between the chemical potential and condensate density can be derived from the requirement that 〈br(k)〉 =〈
b†r(k)

〉
= 0 Here and from now on the averages will be made over the grand canonical ensemble with a density matrix

ρ = Z−1eβH where Z = Tr eβH is the grand canonical partition function. Substituting the canonical transformation
into (6) one obtains the Hamiltonian in terms of the new operators:

H =
∑

k

(ek − µ0)b
†
r(k)br(k)− µ

√
N0

[
ζ†rbr(0) + b†r(0)ζr

]
− µN0 +

1

2

∑
b†r′(k1)b

†
r(k2)V

r′s′

rs bs(k3)bs′(k4)

+

√
N0

2

∑
b†r′(k1)b

†
r(k2)V

r′s′

rs bs(k3)ζs′δk4,0 +

√
N0

2

∑
b†r′(k1)b

†
r(k2)V

r′s′

rs ζsδk3,0bs′(k4)

+

√
N0

2

∑
b†r′(k1)ζ

†
rδk2,0V

r′s′

rs bs(k3)bs′(k4) +

√
N0

2

∑
ζ†r′δk1,0b

†
r(k2)V

r′s′

rs bs(k3)bs′(k4)

+
N0

2

∑
b†r′(k1)b

†
r(k2)V

r′s′

rs ζsδk3,0ζs′δk4,0 +
N0

2

∑
b†r′(k1)ζ

†
rδk2,0V

r′s′

rs bs(k3)ζs′δk4,0

+
N0

2

∑
ζ†r′δk1,0b

†
s(k2)V

r′s′

rs bs(k3)ζs′δk4,0 +
N0

2

∑
b†r′(k1)ζ

†
rδk2,0V

r′s′

rs ζsδk3,0bs′(k4)

+
N0

2

∑
ζ†r′δk1,0b

†
r(k2)V

r′s′

rs ζsδk3,0bs′(k4) +
N0

2

∑
ζ†r′δk1,0ζ

†
rδk2,0V

r′s′

rs bs(k3)bs′(k4)

+
N

3/2
0

2
ζ†r′ζ

†
rV

r′s′

rs ζsbs′(0) +
N

3/2
0

2
ζ†r′ζ

†
rV

r′s′

rs bs(0)ζs′ +
N

3/2
0

2
ζ†r′b

†
r(0)V

r′s′

rs ζsζs′

+
N

3/2
0

2
b†r′(0)ζ

†
rV

r′s′

rs ζsζs′ +
N2

0

2
ζ†r′ζ

†
rV

r′s′

rs ζsζs′ +
∑

k

(µ0 − µ)b†r(k)br(k).

(9)

Here we added and subtracted the term
∑

k µ0b
†
r(k)br(k) (µ0 ≤ 0) to avoid the difficulty of being µ positive in the

condensed phases, which would lead to a singularity in the unperturbed propagator.
It should be stressed that with the canonical transformation (8) one defines bare quasiparticle states

∏
i b

†
ri(ki) |0〉.

The time evolution of these quasiparticle states are determined by the Hamiltonian (9) which contains terms with
different number of creation and destruction operators leading to the nonconservation of the total number of quasi-
particles.

C. Green’s functions and correlation functions

First we define the Green’s functions as

Grs
γδ(k, τ) = −

〈
Tτ

[
bγr (k, τ)b

δ†

s (k, 0)
]〉
, (10)

with

bγr (k) =

{
br(k) , γ = 1
b†r(−k) , γ = −1.

(11)

The Greek indices introduced here are for distinguishing between the normal and anomalous Green’s functions.
Automatic summation over repeated Greek indices is understood as for the Roman ones. Here and from now on τ is
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the imaginary time and Tτ is the τ ordering operator [40]. In this symmetry breaking system because of the fact that
the Hamiltonian Eq. (9) contains terms with two creation or two annihilation operators anomalous Green’s functions
arise (with γδ = −1). The expression (10) is the generalization of the well known normal and anomalous Green’s
functions in case of a complex scalar field [40,30]. The propagators (10) are periodic in τ with period βℏ so their
Fourier series can be defined as

Grs
γδ(k, iωn) =

1

βℏ

∫ βℏ

0

dτeiωnτGrs
γδ(k, τ), (12)

where ωn = 2nπ/βℏ is the Bose discrete Matsubara frequency. The spectrum of the one-particle elementary excitations
can be determined as poles of the analytic continuations of the Green’s functions.
The collective excitations in the system can be described with the correlation functions of the following operators:

n(k) =
∑

q

a†r(k+ q)ar(q), (13a)

Fz(k) =
∑

q

a†r(k+ q)(Fz)rsas(q), (13b)

F±(k) =
∑

q

a†r(k+ q)(F±)rsas(q), (13c)

FQ
± (k) =

∑

q

a†r(k+ q)(F 2
±)rsas(q), (13d)

σrs(k) =
∑

q

a†r(k+ q)as(q). (13e)

Here n(k) is the particle density operator Fz(k) is the spin z component density operator, F±(k) is the density
operator of the ±1 spin raising or lowering operator and F±

Q (k) is the density of the ±2 spin raising or lowering

operators and at last σrs(k) is the general density operator from which the other ones can be easily calculated as e.g.
n(k) = σ++(k) + σ00(k) + σ−−(k) or Fz(k) = σ++(k)− σ−−(k). The different collective excitations can be found as
poles of the analytical continuations of the corresponding correlation functions (defined for k 6= 0), given by

Dnn(k, τ) = −
〈
Tτ

[
n(k, τ)n†(k, 0)

]〉
, (14a)

Dzz(k, τ) = −
〈
Tτ

[
Fz(k, τ)F†

z (k, 0)
]〉
, (14b)

Dnz(k, τ) = −
〈
Tτ

[
n(k, τ)F†

z (k, 0)
]〉
, (14c)

D±±(k, τ) = −
〈
Tτ

[
F±(k, τ)F†

±(k, 0)
]〉
, (14d)

DQ
±±(k, τ) = −

〈
Tτ

[
FQ

± (k, τ)FQ†
± (k, 0)

]〉
. (14e)

Note that n†(k) = n(−k), F†
z (k) = Fz(−k), F†

±(k) = F∓(−k) and FQ†
± (k) = FQ

∓ (−k). A general correlation function
can also be defined as

Dsr
r′s′(k, τ) = −

〈
Tτ

[
σrs(k, τ)σs′r′(−k, 0)

]〉
, (14f)

from what the above ones can be calculated as:

Dnn(k, τ) =
∑

r,s

Drr
ss (k, τ), (15a)

Dzz(k, τ) =
∑

r,s

rsDrr
ss (k, τ), (15b)

Dnz(k, τ) =
∑

r,s

sDrr
ss (k, τ), (15c)

D++(k, τ) = 2
[
D0+

+0(k, τ) +D0+
0−(k, τ) +D−0

+0(k, τ) +D−0
0−(k, τ)

]
, (15d)

D−−(k, τ) = 2
[
D0−

−0(k, τ) +D0−
0+(k, τ) +D+0

−0(k, τ) +D+0
0+(k, τ)

]
, (15e)

DQ
++(k, τ) = 4D−+

+−(k, τ), (15f)

DQ
−−(k, τ) = 4D+−

−+(k, τ). (15g)
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All of these correlation functions are also periodic in τ with period βℏ, so their Fourier transforms can be defined
analogously to Eq. (12) and the appearing Matsubara frequencies are also the same as for the Green’s functions.
We will also apply anomalous correlation functions

Asr
aα(k, τ) = −

〈
Tτ

[
σrs(k, τ)b

α†

a (k, 0)
]〉
, (16a)

Aaα
r′s′(k, τ) = −

〈
Tτ

[
bαa (k, τ)σs′r′(−k, 0)

]〉
, (16b)

which have zero value in the symmetric phase (i.e. for a noncondensed system).
Though the one-particle Green’s functions are the autocorrelation functions of the order parameter field operator,

we preserve in the following the term correlation function for the other correlation functions introduced above.

III. GENERAL FORMALISM

In this section the general formalism is worked out. First symmetry properties of the functions defined in the
previous section will be discussed. Next perturbation theory will be presented and then we will turn our attention to
relations valid in all orders of perturbation theory.

A. Symmetry properties

Due to the rotational symmetry in the coordinate space the Green’s functions (10) and all the correlation functions
(14) and (16) depend only on the modulus of the momentum.
For the Green’s functions the following symmetry properties can be derived. Since (in absence of a magnetic filed)

the Green’s functions (10) are real and the cyclic property of trace

Grs
γδ(k, τ) = −

〈
Tτ

[
bγr (k, τ)b

δ†

s (k, 0)
]〉

= −
〈
Tτ

[
bγr (k, τ)b

δ†

s (k, 0)
]†〉

= −
〈
Tτ

[
bδs(k, τ)b

γ†

r (k, 0)
]〉

= Gsr
δγ(k, τ)

(17)

holds. Furthermore the time displacement symmetry of Hamiltonian systems, the bγr (k) = b−γ
r

†
(−k) relation and that

after Tτ the order of the bosonic operators are irrelevant lead to

Grs
γδ(k, τ) = −

〈
Tτ

[
bγr (k, τ)b

δ†

s (k, 0)
]〉

= −
〈
Tτ

[
bδ

†

s (k, 0)bγr (k, τ)
]〉

= −
〈
Tτ

[
bδ

†

s (k,−τ)bγr (k, 0)
]〉

= −
〈
Tτ

[
b−δ
s (−k,−τ)b−γ†

r (−k, 0)
]〉

= Gsr
−δ,−γ(−k,−τ).

(18)

On the basis of the above equalities one finds

Grs
γδ(k, τ) = Grs

γδ(k, τ) = Gsr
δγ(k, τ) = Gsr

−δ,−γ(k,−τ) = Grs
−γ,−δ(k,−τ). (19)

For the generalized density correlation functions of Eq. (14f) the following symmetry relations can be derived:

−Dsr
r′s′(k, τ) =

〈
Tτ

[
σrs(k, τ)σs′r′(−k, 0)

]†〉
=

〈
Tτ

[
σ†
s′r′(−k, 0)σ†

rs(k,−τ)
]〉

=
〈
Tτ

[
σr′s′(k, τ)σsr(−k, 0)

]〉
= −Ds′r′

rs (k, τ)
(20)

and

−Dsr
r′s′(k, τ) =

〈
Tτ

[
σrs(k, τ)σs′r′(−k, 0)

]〉
=

〈
Tτ

[
σs′r′(−k, 0)σrs(k, τ)

]〉

=
〈
Tτ

[
σs′r′(−k,−τ)σrs(k, 0)

]〉
= −Dr′s′

sr (−k,−τ),
(21)

where we further used that σ†
rs(k) = σsr(−k). Combining Eqs. (20) and (21) together one arrives at

Dsr
r′s′(k, τ) = Dsr

r′s′(k, τ) = Ds′r′

rs (k, τ) = Dr′s′

sr (k,−τ) = Drs
s′r′(k,−τ). (22)
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For the anomalous correlation functions the two symmetry properties can be derived in the same way. The first
one cames form the fact that the expectation values here are also real

Asr
aα(k, τ) = −

〈
Tτ

[
σrs(k, τ)b

α†

a (k, 0)
]†〉

= −
〈
Tτ

[
bαa (k, τ)σsr(−k, 0)

]〉
= Aaα

rs (k, τ). (23)

The second one can derived using the invariance of the trace under cyclic permutations and that the order is irrelevant
behind an ordering operator:

Asr
aα(−k,−τ) = −

〈
Tτ

[
σrs(−k,−τ)bα†

a (−k, 0)
]〉

= −
〈
Tτ

[
bα

†

a (−k, τ)σrs(−k, 0)
]〉

= Aa,−α
sr (k, τ). (24)

Combining Eq. (23) and Eq. (24) together results in (also using that the momentum dependence comes from k = |k|)

Asr
aα(k, τ) = Asr

aα(k, τ) = Aaα
rs (k, τ) = Aa,−α

sr (k,−τ) = Ars
a,−α(k,−τ). (25)

B. Perturbation theory

To calculate the averages of the grand canonical ensemble with the Hamiltonian (9) one can use the methods of the
finite temperature many body physics [40].
The Hamiltonian of the non interacting system is the first term in Eq. (9):

H0 =
∑

k

(ek − µ0)b
†
r(k)br(k), (26)

which defines free Green’s functions:

Grs
(0)γδ(k, iωn) =

δrsδγδ
γiωn − ℏ−1(ek − µ0)

, (27)

This will be symbolized as a line or a line with an arrow if the Greek indices are specified as seen in Fig. 1. The full
Green’s functions will be symbolized with double lines as shown in Fig. 2. The terms in the Hamiltonian Eq. (9)
without any filed operator can be disregarded for our purposes. Among the interaction terms there is one containing
four field operators and corresponding to a scattering of two quasi-particles which are noncondensed before and after
the collision as well. There are four interaction terms containing three field operators and six terms containing two
field operators, corresponding to scattering processes involving both condensate and noncondensate atoms. There
are interaction terms containing one field operator describing scattering processes involving three condensate and one
noncondensate atoms. These interaction terms will be graphically represented as shown in Fig. 3. There is one
remaining term with one field operator and the last term with two operators corresponding to vertices with one and
two legs as seen in Fig. 4.
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FIG. 1. The graphical representation of the free propagators
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FIG. 2. The graphical representation of the full propagators
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FIG. 3. The Feynman graphs of a few interaction processes involving zero, one, two and three condensate atoms
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FIG. 4. The Feynamn graphs of the non interaction processes

The Green’s functions can be expanded to perturbation series in the usual way. Rearranging these series one arrives
at the generalized Dyson-Beliaev equations [40,30,41]:

Grs
γδ(k, iωn) = Grs

(0)γδ(k, iωn) + Grr′

(0)γρ(k, iωn)Σ
r′s′

ρσ (k, iωn)Gs′s
σδ (k, iωn), (28)

where Σrs
γδ is the self-energy, the contribution of those graphs which are one-particle irreducible (cannot be split to

two by cutting a single one-particle line) and connect to two external lines with indices (r, γ) and (s, δ). This equation
is graphically represented in Fig. 5. The symmetry properties of the Green’s functions of Eq. (19) stand for the
self-energies as well.
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FIG. 5. The graphical symbolization of the Dyson-Beliaev equations, the hatched squares represent the one-particle irre-
ducible graphs

Similar rearrangements can be carried out for the perturbation series of the generalized density correlation functions
(14f). One can introduce their proper parts (the polarization parts), the contribution of those graphs (the polarization
graphs) which cannot be split by two with cutting a single interaction line, that is they are interaction line irreducible.
Then the equations determining these correlation functions read as:

Dsr
r′s′(k, iωn) = ℏΠsr

r′s′(k, iωn) + Πsr
ab(k, iωn)V

ba
cd D

dc
r′s′(k, iωn). (29)

The Feynman graph corresponding to this equation is shown in Fig. 6, where the generalized density correlation
functions are represented as boxes which can connect to two interaction lines and their proper parts are represented
as grey polygons also able to connect to two interaction lines. The proper parts satisfy the same symmetry properties
as the generalized correlation functions (see Eq. (22)).
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FIG. 6. The graphical representation of Eq. (29). The gray polygon represents the proper graphs

Above the critical temperature (or for a noncondensed system), where 〈ar(k)〉 = 0 for all k, the anomalous
correlation functions (16) are zero. In this case the self-energies, which are irreducible by definition are proper as well
and the polarization parts, which are proper by definition are irreducible as well. In the Bose condensed phase the
appearance of the anomalous averages 〈ar(0)〉 6= 0 leads to the nonzero value of the anomalous correlation functions
and to a situation where the self-energies are no longer proper and the polarization parts are no longer irreducible.
However, they can be separated such as

Σrs
γδ = Σ̃rs

γδ +M rs
γδ , (30a)

Πsr
r′s′ = Π

(r)sr
r′s′ +Π

(s)sr
r′s′ , (30b)

where Σ̃ is the contribution of those self-energy graphs which are proper, while the graphs contributing to M will be
improper, and similarly Π(r) is the contribution of those polarization graphs which are irreducible as well and Π(s) is
the contribution of the reducible polarization graphs. The separations (30a) and (30b) are the starting steps toward
the dielectric formalism. See for the scalar gas Ref. [31,30].
It can be directly seen from the perturbation series of the anomalous correlation functions (16a) can be decomposed

such a way that

Asr
aα(k, iωn) = Λsr

cγ(k, iωn)Gca
γα(k, iωn), (31)

where Gca
γα is the one-particle Green’s function and Λsr

cγ is the anomalous vertex, which is the sum of the irreducible
contributions of those graphs with one incoming interaction and one incoming particle line. These anomalous vertex
functions can be expressed with the use their proper parts and the irreducible and proper parts of the density
correlation functions as seen in Fig. 7.

Λsr
aα(k, iωn) = Λ̃sr

aα(k, iωn) + Π
(r)sr
cd (k, iωn)V

dc
ef Λ

fe
aα(k, iωn). (32)
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FIG. 7. The graphical symbolization of building up of the anomalous vertex from proper parts

C. The determination of the chemical potential and the treatment of the non-interaction self-energy vertex

As pointed out earlier, with the introduction of the new set of creation and destruction operators with Eqs. (8a) and
(8b) one can derive the relation between the condensate density and the chemical potential from the requirement that
〈br(k)〉 =

〈
b†r(k)

〉
= 0. Using perturbation theory for the evaluation of these expressions one can arrive at equations
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which can be symbolized as seen in Fig. 8. One can notice that a similar rearrangement is possible as was made with
the Green’s functions which leads to:

〈
bγr (0, 0)

〉
= Σs

0δ(0, 0)Gsr
δγ(0, 0), (33)

where Σs
0δ is the sum of those irreducible graphs which has only one incoming (outgoing) lines. Using the symmetry

properties of the Green’s functions one can easily derive that the consistency condition is equivalent to

Σs
0γ(0, 0) = 0. (34)
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FIG. 8. The beginning of the perturbation series of the consistency condition

The non interaction self-energy vertex corresponding to the last term in the Hamiltonian of Eq. (9) is to be
calculated in each order of perturbation theory. Since this vertex is proper and diagonal in spin and anomalous
indices it is part of the proper self-energy as illustrated in Fig. 9.
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FIG. 9. The self-energy with the non interaction vertex

D. Rotational symmetry and spin transfer decomposition

Since rotational symmetry along the z axis is not broken the z component of the total angular momentum is
conserved which results for Grs

γδ and Σrs
γδ in γr − δs = (γ − δ)ζ†r (Fz)rsζs or symbolically:

p

G

rs

11

: ;

p

G

rs

�11

: ;

f

G

rs

11

: ;

f

G

rs
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FIG. 10. The spin conservation property of the Green’s functions. Here pG denotes the Green’s functions of the polar case
while fG denotes the Green’s functions of the ferromagnetic case. A black box refers to a non zero element and we used
ζ = (0, 1, 0)T for the polar case and ζ = (1, 0, 0)T for the ferromagnetic case specifying the condensate
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As a consequence of these symmetry relations Eq. (28) can be separated to three equations according to the number
n = [γ(c− r) + δ(c− s)]/2, with c = ζ†r (Fz)rsζs specifying the spin carried by the propagator relative to the spin of
the atom in the condensate. For this reason let us define the following matrices for the polar case

0Gγδ =

[
G00
1,1 G00

1,−1

G00
−1,1 G00

−1,−1

]

γδ

, 0Σγδ =

[
Σ00

1,1 Σ00
1,−1

Σ00
−1,1 Σ00

−1,−1

]

γδ

, (35a)

+Gγδ =

[
G−−
1,1 G−+

1,−1

G+−
−1,1 G++

−1,−1

]

γδ

, +Σγδ =

[
Σ−−

1,1 Σ−+
1,−1

Σ+−
−1,1 Σ++

−1,−1

]

γδ

, (35b)

−Gγδ =

[
G++
1,1 G+−

1,−1

G−+
−1,1 G−−

−1,−1

]

γδ

, −Σγδ =

[
Σ++

1,1 Σ+−
1,−1

Σ−+
−1,1 Σ−−

−1,−1

]

γδ

, (35c)

where the indices in the upper left corner correspond to the number n. For the ferromagnetic one let us define the
following quantities

0Gγδ =

[
G++
1,1 G++

1,−1

G++
−1,1 G++

−1,−1

]

γδ

, 0Σγδ =

[
Σ++

1,1 Σ++
1,−1

Σ++
−1,1 Σ++

−1,−1

]

γδ

, (36a)

+G = G00
1,1,

+Σ = Σ00
1,1, (36b)

−G = G00
−1,−1,

−Σ = Σ00
−1,−1, (36c)

QG = G−−
1,1 ,

QΣ = Σ−−
1,1 , (36d)

−QG = G−−
−1,−1,

−QΣ = Σ−−
−1,−1. (36e)

The indices in the upper left corner correspond to the number n except for the quadrupolar spin transfer n = 2 and
similarly −Q is for n = −2. (Note, that there is no quadrupolar Green’s function for the polar case because the value
of n can not be ±2 here.) The later modes of the ferromagnetic case (+,−, Q,−Q) differ from all the other modes
since for these cases spin conservation forbids the existence of anomalous Green’s functions and self energies. With
these definitions one can explicitly construct the Green’s functions. The propagators corresponding to different spin
transfers will be called different modes in the following. For all three modes of the polar case (n = 0,+,−) and for
the first mode of the ferromagnetic case (n = 0) the Green’s functions are

nGαγ =
δα,γ(αiωn + ℏ

−1ǫk) + αγΣ−γ,−α

(iωn − ℏ−1ǫk − Σ1,1)(iωn + ℏ−1ǫk +Σ−1,−1) + Σ−1,1Σ1,−1
≡

nNα,γ

n∆
(37)

where ǫk = ek − µ0 is introduced. This equation defines the quantities nNαγ and n∆ for the first four modes. For
the last four modes of the ferromagnetic case one can get

±G =
1

±iωn − ℏ−1ǫk − ±Σ
, (38a)

±QG =
1

±iωn − ℏ−1ǫk − ±QΣ
. (38b)

Sometimes it will be practical to cast the formulas into a most concise form. This can be achieved by introducing
the following formal definitions:

+Gγδ =

[
G00
1,1 0
0 0

]

γδ

, +Σγδ =

[
Σ00

1,1 0
0 0

]

γδ

, (39a)

−Gγδ =

[
0 0
0 G00

−1,−1

]

γδ

, −Σγδ =

[
0 0
0 Σ00

−1,−1

]

γδ

, (39b)

with the help of which equation (38a) takes the form of Eq. (37), i.e., the validity of Eq. (37) is extended for
n = 0,+,− for the ferromagnetic phase as well.
The conservation of the z component of the spin for these Dsr

r′s′ correlation functions means that r − s = r′ − s′

which holds for the proper parts as well. And as a consequence Eq. (29) also decouples into three ordinary matrix
equations according to the specific spin transfer. For this reason it is useful to define the following matrices:
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• For 0 spin transfer:

(
0D

)
ab

:= Daa
bb =



D++

++ D++
00 D++

−−
D00

++ D00
00 D00

−−
D−−

++ D−−
00 D−−

−−



ab

, (40a)

(
0Π

)
ab

:= Πaa
bb =



Π++

++ Π++
00 Π++

−−
Π00

++ Π00
00 Π00

−−
Π−−

++ Π−−
00 Π−−

−−



ab

, (40b)

(
0C

)
ab

:= V aa
bb =



cn + cs cn cn − cs
cn cn cn

cn − cs cn cn + cs



ab

, (40c)

where no automatic summation is understood now. From Eq. (29) one obtains

0D = ℏ
0Π+ 0Π 0C 0D. (41)

• For +1 spin transfer:

(
+D

)
ab

:= Da,a+1
b+1,b =

[
D0+

+0 D0+
0−

D−0
+0 D−0

0−

]

ab

, (42a)

(
+Π

)
ab

:= Πa,a+1
b+1,b =

[
Π0+

+0 Π0+
0−

Π−0
+0 Π−0

0−

]

ab

, (42b)

(
+C

)
ab

:= V a,a+1
b+1,b =

[
cs cs
cs cs

]

ab

, (42c)

and the resulting matrix equation is:

+D = ℏ
+Π+ +Π +C +D. (43)

• For −1 spin transfer:

(−D
)
ab

:= Da+1,a
b,b+1 =

[
D+0

0+ D+0
−0

D0−
0+ D0−

−0

]

ab

, (44a)

(−Π
)
ab

:= Πa+1,a
b,b+1 =

[
Π+0

0+ Π+0
−0

Π0−
0+ Π0−

−0

]

ab

, (44b)

(−C
)
ab

:= V a+1,a
b,b+1 =

[
cs cs
cs cs

]

ab

, (44c)

and similarly

−D = ℏ
−Π+ −Π −C −D. (45)

• For the ±2 spin transfer case from the fact that V +−
−+ = V −+

+− = 0 the following results can be obtained

D−+
+− = ℏΠ−+

+− (46)

D+−
−+ = ℏΠ+−

−+. (47)

As a consequence of Eq. (22) 0D, ±D (and their proper parts) are symmetric matrices, furthermore 0D(k, iωn) =
0D(k,−iωn) and

+D(k, iωn) =
−D(k,−iωn). This means that the generalized density correlation functions for zero

spin transfer are completely symmetric under time reversal.
Equation (32) also decouples according to the amount of spin transferred.

0Λα = 0Λ̃α + 0Π
(r) 0C 0Λα, (48a)

±Λα = ±Λ̃α + ±Π
(r) ±C ±Λα, (48b)
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where the introduced Λα vectors are different for the polar and for the ferromagnetic cases since the allowed spin
projection of the incoming (outgoing) one-particle is determined by the rule of spin conservation and the spin projection
of the condensate. It results that for a given spin transfer the spin projection of the incoming (outgoing) particle can
take only one value (others are forbidden by spin conservation). So for the polar case (where c = ζ†r (Fz)rsζs = 0) the
anomalous vertex vectors are

0
pΛα

=




Λ++
0α

Λ00
0α

Λ−−
0α


 , 0

pΛ
α
=




Λ0α
++

Λ0α
00

Λ0α
−−


 , (49a)

+
p Λ1

=

(
Λ0+
−,1

Λ−0
−,1

)
, +

p Λ
1
=

(
Λ−,1
+0

Λ−,1
0−

)
, +

p Λ−1
=

(
Λ0+
+,−1

Λ−0
+,−1

)
, +

p Λ
−1

=

(
Λ+,−1
+0

Λ+,−1
0−

)
, (49b)

−
p Λ1

=

(
Λ+0
+,1

Λ0−
+,1

)
, −

p Λ
1
=

(
Λ+,1
0+

Λ+,1
−0

)
, −

p Λ−1
=

(
Λ+0
−,−1

Λ0−
−,−1

)
, −

p Λ
−1

=

(
Λ−,−1
0+

Λ−,−1
−0

)
. (49c)

For the ferromagnetic case (where c = ζ†r (Fz)rsζs = 1) it is easy to verify that spin conservation forbids any spin
index for +Λ−1 and for −Λ1. These later vectors can be taken as zero.

0
fΛα

=




Λ++
+α

Λ00
+α

Λ−−
+α


 , 0

fΛ
α
=




Λ+α
++

Λ+α
00

Λ+α
−−


 , (50a)

+
f Λ1

=

(
Λ0+
0,1

Λ−0
0,1

)
, +

f Λ
1
=

(
Λ0,1
+0

Λ0,1
0−

)
, +

f Λ−1
= 0, +

f Λ
−1

= 0, (50b)

−
f Λ1

= 0, −
f Λ

1
= 0, −

f Λ−1
=

(
Λ+0
0,−1

Λ0−
0,−1

)
, −

f Λ
−1

=

(
Λ0,−1
0+

Λ0,−1
−0

)
. (50c)

for the ferromagnetic case. The symmetry relations of Eq. (25) hold for the proper and irreducible parts as well,
which is equivalent to:

0Λ
α
(k, iωn) =

0Λ
α
(k, iωn) =

0Λα(k, iωn) =
0Λ−α(k,−iωn) =

0Λ
−α

(k,−iωn), (51a)

+Λ
α
(k, iωn) =

+Λ
α
(k, iωn) =

+Λα(k, iωn) =
−Λ−α(k,−iωn) =

−Λ
−α

(k,−iωn). (51b)

E. Dielectric functions

With the definition of the

εsrcd(k, iωn) = δsdδ
r
c − Πsr

ab(k, iωn)V
ba
cd , (52a)

0ε(k, iωn) =
01− 0Π(k, iωn) · 0C, (52b)

±ε(k, iωn) =
±1− ±Π(k, iωn) · ±C (52c)

dielectric functions Eqs. (29), (41), (43) and (45) can be rewritten as

εsrcd(k, iωn)D
dc
r′s′(k, iωn) = ℏ Πsr

r′s′(k, iωn), (53a)
0ε(k, iωn) · 0D(k, iωn) = ℏ

0Π(k, iωn), (53b)
±ε(k, iωn) · ±D(k, iωn) = ℏ

±Π(k, iωn). (53c)

F. Interaction propagator

With the use of the proper parts of the density correlation functions one can define an interaction propagator:

Wrs
r′s′ = V rs

r′s′ +Wrs
abΠ

ba
cdV

dc
r′s′ , (54)
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which can be symbolized as depicted in Fig. 11. Using the dielectric functions one can get

Wrs
ab ε

ba
r′s′ = V rs

r′s′ , (55a)

This equation also splits to parts according to the spin transfer.

0W 0ε = 0C, (55b)
±W ±ε = ±C, (55c)

W+−
−+ = W−+

+− = 0. (55d)
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FIG. 11. The Feynman graph of the interaction propagator

G. Proper Green’s function and irreducible polarization part

With a simple substitution one can verify that both Eq. (28) and Eq. (55a) have the following partition property.
If one decomposes the self-energy and the proper part of (14f) into two

Σrs
γδ = Σ

(1)rs
γδ +Σ

(2)rs
γδ , (56)

Πsr
r′s′ = Π

(1)sr
r′s′ +Π

(2)sr
r′s′ , (57)

then one can define propagators corresponding e.g. to the first part of these quantities

G(1)rs
γδ = Grs

(0)γδ + Grr′

(0)γσΣ
(1)r′s′

σρ G(1)s′s
ρδ , (58)

W(1)rs
r′s′ = V rs

r′s′ +W(1)rs
ab Π

(1)ba
cd V dc

r′s′ (59)

in such a way that

Grs
γδ = G(1)rs

γδ + G(1)rr′

γσ Σ(2)r′s′

σρ Gs′s
ρδ , (60)

Wrs
r′s′ = W(1)rs

r′s′ +Wrs
abΠ

(2)ba
cd W(1)dc

r′s′ (61)

is fulfilled at the same time. Specially if one decomposes the self-energies by (30a) and the proper graphs by (30b) it
defines the proper Green’s functions

G̃rs
γδ = Grs

(0)γδ + Grr′

(0)γσΣ̃
r′s′

σρ G̃s′s
ρδ (62)

and an effective potential

W rs
r′s′ = V rs

r′s′ +W rs
abΠ

(r)ba
cd V dc

r′s′ (63)

such a way that

Grs
γδ = G̃rs

γδ + G̃rr′

γσM
r′s′

σρ Gs′s
ρδ , (64a)

Wrs
r′s′ =W rs

r′s′ +Wrs
abΠ

(s)ba
cd W dc

r′s′ (64b)
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is fulfilled. The earlier discussed symmetry properties hold for these decomposed parts as well (since these are defined
by a class of graphs) and as consequence, Eqs. (62), (64a) and Eqs. (63), (64b) split to matrix equations in the same
way as Eq. (28) and Eq. (29) did. It is convenient to define the regular part of the dielectric functions with the

ε
(r)sr
cd = δsdδ

r
c −Π

(r)sr
ab V ba

cd (65a)

0ε
(r)

= 01− 0Π
(r) · 0C, (65b)

±ε
(r)

= ±1− ±Π
(r) · ±C (65c)

equations which can be used to express the effective potential as:

0W 0ε
(r)

= 0C, (66a)

±W ±ε
(r)

= ±C, (66b)

W+−
−+ =W−+

+− = 0. (66c)

H. Improper self-energy and singular polarization

With the use of the irreducible and proper anomalous vertex functions and the effective potential one can construct
the improper self energies (as seen in Fig. 12.):

ℏMab
αβ(k, iωn) = Λ̃aα

cd (k, iωn)W
dc
ef (k, iωn)Λ̃

fe
bβ(k, iωn), (67a)

ℏ
0Mαβ = 0Λ̃

α 0W 0Λ̃β = 0Λ̃
α 0C 0ε

(r)−1
0Λ̃β, (67b)

ℏ
±Mαβ = ±Λ̃

α ±W ±Λ̃β = ±Λ̃
α ±C ±ε

(r)−1 ±Λ̃β . (67c)

It is easy to verify that W−+
+− = 0 which means that for the ferromagnetic case the improper self-energy in the ±2

(quadrupolar) spin transfer mode

±QM = 0. (67d)
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FIG. 12. The structure of the perturbation series of the improper self-energy

The singular polarization can be expressed as well with the use of the proper Green’s functions and the proper
anomalous vertices as seen in Fig. 13. and is of the form:

ℏ Π
(s)sr
r′s′ (k, iωn) = Λ̃sr

aα(k, iωn)G̃ab
αβ(k, iωn)Λ̃

bβ
r′s′(k, iωn), (68a)

ℏ
0Π

(s)
= 0G̃αβ

0Λ̃α ◦ 0Λ̃
β
, (68b)

ℏ
±Π

(s)
= ±G̃αβ

±Λ̃α ◦ ±Λ̃
β
, (68c)

where the circle denotes the diadic product operation. For the polar case the singular polarization in the ±2 spin
transfer mode is equal to zero since there is no corresponding proper Green’s function. For the ferromagnetic case
e.g. for the +2 spin transfer mode the singular polarization is:

ℏ fΠ
(s)−+
+− = f Λ̃

−+
−,1 f G̃−−

11 f Λ̃
−,1
+−. (69)
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FIG. 13. The diagrammatic structure of the singular polarization

As for the scalar case [31,30] one can see intermediate states corresponding to collective excitations in the perturba-
tion series of the one-particle propagators and at the same time one can identify one-particle intermediate states in the
perturbation series of the correlation functions of the collective modes. However there is a great difference between the
scalar and the spinor models. The rotational invariance of the interaction potential results in that V −+

+− = V +−
−+ = 0

which leads to the proper nature of the quadrupolar spin density correlation functions. This combined with the fact
that in the polar case there is no anomalous vertex with ±2 spin transfer results in the prohibition of the coupling to
any of the one-particle correlation functions in this phase.

I. Couplings amongst the correlation functions

With the help of the quantities discussed in the previous subsection the properties of the density correlation
functions can be further investigated. For this reason let us introduce the following vectors: ξ

1
= (1, 1, 1)†/

√
3,

ξ
2
= (1, 0,−1)†/

√
2, ξ

3
= (1,−2, 1)†/

√
6 for the zero spin transfer mode and χ

1
= (1, 1)†/

√
2 and χ

2
= (1,−1)†/

√
2

for the ±1 spin transfer mode. It is easy to verify that {ξ
1
, ξ

2
, ξ

3
} and {χ

1
, χ

2
} are orthogonal and normalized

basis sets in the linear vector spaces with dimension three and two, respectively. The density correlation functions
(14a),(14b),(14c) and (14d) can be expressed as follows:

Dnn = 3
(
ξ†
1

0D ξ
1

)
, Dzz = 2

(
ξ†
2

0D ξ
2

)
, Dnz =

√
6
(
ξ†
1

0D ξ
2

)
, (70a)

D++ = 4
(
χ†
1

+D χ
1

)
, D−− = 4

(
χ†
1

−D χ
1

)
. (70b)

Since 0D is a symmetric matrix Dnz = Dzn holds.

Multiplying Eq. (43) with 2χ
1
from both sides and using that +C = 2csχ1

◦ χ
1
one obtains

D++ = ℏΠ++ +
cs
2
Π++D++, (71)

where Π++ = 4χ†
1
+Πχ

1
. A similar equation can be derived to D−−. There are both regular and singular contributions

to these propagators.
One can get a closed system of equations for the zero spin transfer correlation functions of Eq. (14a), Eq. (14b)

and Eq. (14c). To this end first we multiply Eq. (41) with
√
3ξ

1
from both sides. We further use that 0C =

3cnξ1 ◦ ξ1 + 2csξ2 ◦ ξ2. The resulting equations sound as

Dnn = ℏΠnn + cnΠnnDnn + csΠnzDnz, (72a)

where Πnn = 3ξ
1
0Πξ

1
and Πnz =

√
6ξ

1
0Πξ

2
. Multiplying (41) with

√
2ξ

2
from both sides one gets

Dzz = ℏΠzz + cnΠnzDnz + csΠzzDzz, (72b)

with Πzz = 2ξ
2
0Πξ

2
. The third equation can be obtained by multiplying Eq. (41) with

√
3ξ

1
from the left hand side

and with
√
2ξ

2
from the right hand side which leads to

Dnz = ℏΠnz + cnΠnnDnz + csΠnzDzz. (72c)

These coupled equations can be solved for the correlation functions. The polarization part Πnz written out in detail
reads as

Πnz = Π++
++ −Π−−

−− +Π00
++ −Π00

−−. (73)
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It is obviously zero if the system is invariant under spin reflection, i.e., when those matrix elements coincide which
can be get from each other by reverting a + to a − and vice versa. This condition is fulfilled for both cases in the
symmetric phase, moreover for the polar case it even holds throughout the condensed phase. With Πnz = 0 Eqs.
(72a) and (72b) are independent, giving the solutions

Dnn =
ℏΠnn

1− cnΠnn
, (74a)

Dnz = 0, (74b)

Dzz =
ℏΠzz

1− csΠzz
(74c)

and leading to two separate excitation spectra. The singular part of Πzz can be cast with Eq. (68b) to the form

ℏΠ(s)
zz = 2

(
ξ
2
0Λ̃α

)(
0Λ̃

β
ξ
2

)
0G̃αβ , (75)

which is zero if spin reflection symmetry is present, since the anomalous vertex vector 0
pΛ̃α

is orthogonal to ξ
2
in this

case.
In the ferromagnetic phase the spectra of collective excitations corresponding to spin density waves and density waves

with n = 0 are coupled. Above the critical temperature this coupling vanishes and the two modes will be independent.
In the polar phase spin density fluctuations will always be independent of the particle density fluctuations, furthermore

Π
(s)
zz = 0 which means that the spin density correlation function (74c) has only regular contribution.
In the polar phase further analysis leads to results important for the following. First note that, when the system

exhibits the spin reflection symmetry, 0D and 0Π have only 4 independent elements (instead of 6 characteristic to a

symmetric matrix). These independent elements are Π++
++ = Π−−

−−, Π
−−
++ = Π++

−−, Π
00
++ = Π++

00 = Π00
−− = Π−−

00 and
Π00

00. Second, these can be cast into a more practical form with the help of the orthogonal matrix

0O =




√
3
3

√
3
3

√
3
3√

2
2 0 −

√
2
2√

6
6 −

√
6
3

√
6
6


 . (76)

Its rows are built from the vectors {ξ
1
, ξ

2
, ξ

3
}. Performing the transformation leads to

0C
′
:= 0O · 0C · 0OT

=



3cn 0 0
0 2cs 0
0 0 0


 , (77a)

0Π
(x)′

:= 0O · 0Π(x) · 0OT
=




Π(x)
nn

3 0
Π

(x)
13

3
√
2

0
Π(x)

zz

2 0
Π

(x)
13

3
√
2

0
Π

(x)
33

6


 , (77b)

with Π
(x)
13 = 3

√
2ξ

1
0Π

(x)
ξ
3
and Π

(x)
33 = 6ξ

3
0Π

(x)
ξ
3
, where x can be r or s corresponding to the regular or the singular

parts, respectively. Furthermore, according to (75) Π
(s)
zz = 0.

The total polarization matrix therefore becomes

0Π
′
=




Π(r)
nn+Π(s)

nn

3 0
Π

(r)
13 +Π

(s)
13

3
√
2

0
Π(r)

zz

2 0
Π

(r)
13 +Π

(s)
13

3
√
2

0
Π

(r)
33 +Π

(s)
33

6


 . (78)

Using Eqs. (77a) and (78) the dielectric function (52b), after the transformation, can be cast into the form

0ε
′
=




1− cn

(
Π

(r)
nn +Π

(s)
nn

)
0 0

0 1− csΠ
(r)
zz 0

− cn√
2

(
Π

(r)
13 +Π

(s)
13

)
0 1


 . (79)
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We arrive at the important result, that the determinant of the dielectric function, which is invariant under such
transformations, reads as

det 0ε = det 0ε
′
=

[
1− cn

(
Π(r)

nn +Π(s)
nn

)] (
1− csΠ

(r)
zz

)
. (80a)

This determinant factorize into two in agreement with the separation of the density and spin density fluctuations.
Furthermore it shares one factor with its regular counterpart since

det 0ε
(r)

=
(
1− cnΠ

(r)
nn

)(
1− csΠ

(r)
zz

)
, (80b)

which can be obtained by taking the determinant of Eq. (79) after setting all Π(s) = 0.
Another important consequence of the spin reflection symmetry is that the interaction propagator (55b) and its

regular part (66a) has the same structure as the interaction matrix (77a):

0W ′
=



3Cn 0 0
0 2Cs 0
0 0 0


 , 0W

′
=



3C(r)

n 0 0

0 2C(r)
s 0

0 0 0


 , (81a)

with

Cn =
cn

1− cnΠnn
, C(r)

n =
cn

1− cnΠ
(r)
nn

(81b)

Cs =
cs

1− csΠzz
, C(r)

s =
cs

1− csΠ
(r)
zz

. (81c)

Those correlation functions which have singular polarization parts correspond to fluctuations belonging both to the
condensate and to the noncondensate, while those which have no singular proper part only belong to the noncondensate
(they can not couple to any of the one-particle modes). So in the polar phase the spin density fluctuations described by
Dzz (which are independent from the particle density fluctuations described byDnn) belong only to the noncondensate.
The singular polarization parts of the quadrupolar modes are also zero (since there is no corresponding Green’s function
and the anomalous vertices of the ±2 spin transfer are also zero) meaning that these type of fluctuations also belong
only to the noncondensate. The proper parts Πnn, Π++ and Π−− have singular contributions too with intermediate

one-particle states 0G̃αβ ,
+G̃αβ and −G̃αβ , respectively. These modes are coupled to the condensate. In the

ferromagnetic phase Dzz and Dnn are coupled (their cross correlation Dnz do not vanish either), their denominators
are common. All of their proper parts have singular contributions resulting in their coupling to the one-particle

excitations with 0G̃. These fluctuations thus belong both to the condensate and noncondensate. The correlation

functions of the spin waves (both the ±1 and ±2 spin transfer modes) D++, D−−, D
Q
++ and DQ

−− have singular

proper parts connecting them with the propagators +G̃, −G̃, QG̃ and −QG̃, respectively. Note, that there are no
improper self-energies for the quadrupolar spin transfer modes, consequently their proper Green’s functions are the
same as the full propagators of these two modes.

J. Coupling between the Green’s functions and the correlation functions and the spectra of excitations

A) Let us first consider the modes with n = 0,+,−. With the decomposition (30a) of the self-energies and with a
straightforward calculation starting from Eq. (37) one arrives at the expression

nGαγ ≡
nNαγ

n∆
=

nÑαγ + αγ nM−γ,−α

n∆̃− nÑστ
nMτσ − det nM

, (82a)

both for the polar and ferromagnetic phases. Here we introduced the

nÑαγ = δαγ(αiωn + ℏ
−1ǫk) + αγ nΣ̃−γ,−α, (82b)

n∆̃ = (iωn − ℏ
−1ǫk − nΣ̃11)(iωn + ℏ

−1ǫk + nΣ̃−1,−1) +
nΣ̃−1,1

nΣ̃1,−1 (82c)
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quantities, with nG̃αγ = nÑαγ/
n∆̃ and det nM = nM11

nM−1,−1− nM1,−1
nM−1,1. With the help of Eqs. (53b)

and (53c) the density correlation functions with n = 0,+,− can be brought to the form

nD = ℏ

nE nΠ

det nε
, (83a)

by writing

nE = det
(
nε

)
nε−1. (83b)

An important relationship can be shown in the following way. First applying the decomposition nε = nε(r) + nε(s),

with nε(s) = −nΠ(s) nC, to det nε leads to

det nε = det
(
nε(r)

)
det

(
1− nΠ(s) nW

)
. (84)

With the help of Eqs. (68b) and (68c) and a straightforward but rather lengthy algebraic manipulation one can find
that

det
(
1− nΠ(s) nW

)
= det

[
1− ℏ

−1 nG̃αβ
nΛ̃α ◦ nΛ̃

β nW
]
= 1− ℏ

−1 nG̃αβ
nΛ̃α

nW nΛ̃
β

+ ℏ
−1 det

(
nG̃

)
det

(
nΛ̃α

nW nΛ̃
β)
. (85)

Inserting it to Eq. (84) and using Eqs. (67b) and (67c) and that det nG̃ = − n∆̃−1 and comparing the result with
the denominator of the Green’s functions (82a) one can arrive at the basic connection

n∆̃ det nε = n∆det nε(r). (86)

Changing to retarded correlation functions, which is done in the usual way (by analytically continuing in fre-
quency) [40], the elementary excitations of the system are determined by the poles of the corresponding correlation
functions. The spectra of the one-particle excitations (quasiparticles) are given by the poles of the Green’s functions,
or equivalently by the equation

n∆ = 0. (87)

The spectra of collective excitations are determined by the poles of the density correlation functions, or equivalently
by the equation

det nε = 0. (88)

Equation (86) shows that the Green’s functions with spin transfer n = 0,+,− can be arranged to have the same
denominator as the density correlation functions with the same spin transfer. This means that if det nε has a zero (the
corresponding density correlation function, nD, has a pole) than n∆ must have a zero ( nG must have a pole) there
as well in general. The zero spin transfer mode in the polar case is an exception, where both the dielectric function
and its regular part factorize and share some of their zeroes (see Eqs. (80a) and (80b)). In this case the zero of the

left hand side coming from det 0ε satisfies the equation with the zero coming from det 0ε
(r)

of the right hand side,

instead of 0∆. Hence, this zero do not appear amongst the poles of 0G. This further means that density correlation
functions with 0 and ±1 spin transfer has common denominators with the Green’s functions corresponding to the
same spin transfer for both the polar and the ferromagnetic cases, except the Dzz spin density correlation function
in the polar case, which do not couple to any of the Green’s functions.
B) Concerning the quadrupolar spin waves (n = ±2 modes) let us consider first the ferromagnetic phase. Both the

full Green’s function and the correlation function are proper (see Eq. (67d), (46) and (47)) for such spin transfers.
Consequently one can subtitute in Eq. (69) the full Green’s function leading to

DQ
±± = 4

(
Π

(r)∓±
±∓ + ℏ

−1
f Λ̃

∓±
−,±1 fG−−

±1,±1 f Λ̃
−,±1
±∓

)
. (89)

The one-particle excitations then appear also as collective ones.
In the polar case there is no Green’s function with n = ±2, see Sec. III D therefore these type of collective

excitations, do not show up as one-particle elementary excitations.
Thus in the polar case the collective and one-particle excitation spectra do not match fully. There are excitation

modes in this phase, which do not belong to the condensate. In the ferromagnetic case all of the collective excitation
modes are connected to corresponding Green’s functions, meaning that all types of density fluctuations are governed
by condensate dynamics.
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IV. BOGOLIUBOV APPROXIMATION

In this section we discuss the simplest approximation in the framework of the dielectric formalism, namely the
Bogoliubov approximation. This approximation is a very low temperature calculation, it neglects all terms coming from
the non-condensate density. This approximation was studied by other authors as well [14,15] with other techniques.
With the Green’s function method one can give the form of the correlation functions as well not just the frequency of
the modes.
The proper self-energies in the Bogoliubov approximation are

Σ̃rs
αγ = ℏ

−1
[
(µ0 − µ)δrsδαγ +N0ζ

†
r′V

r′s′

rs ζs′δαγ

]
, (90a)

Σ̃r
01 = ℏ

−1
√
N0

[
(−µ)ζr +N0ζ

†
s′ζ

†
sV

s′r′

sr ζr′
]
. (90b)

The corresponding Feynman-graphs can be seen in Fig. 14.
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FIG. 14. The Feynman graphs of the proper self-energies and the tadpole diagrams in the Bogoliubov approximation

The regular polarization is zero in the Bogoliubov approximation and the proper anomalous vertex reads as

Λ̃sr
aα =

√
N0

[
δraδα,−1ζs + δsaδα,1ζ

†
r

]
, (91)

which can be graphically represented as seen in Fig. 15.
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FIG. 15. The proper anomalous vertex of the Bogoliubov approximation

After calculating the proper Green’s functions the improper self-energy and the singular polarization can be con-
structed from Eqs. (67a) and (68a). With their explicit form known the correlation functions can be expressed. These
calculations have to be made separately for the polar and for the ferromagnetic cases.

A. Polar case

In the polar case cs > 0; the condensate spinor in this phase can be chosen to ζr = δr,0. The chemical potential
can be calculated using Eq. (34) which results in µ = N0cn. Since the proper self-energy is zero (except the diagonal
µ0 terms) the proper Green’s functions will be:

G̃rs
αγ(k, iωn) =

δrsδαγ
αiωn − ℏ−1ek

. (92)
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This is similar to the free propagator of Eq. (27) but the µ0 parameter has been canceled out. The anomalous vertex
vectors are:

0
pΛ̃α

=




0√
N0

0


 , +

p Λ̃1
=

(
0√
N0

)
, +

p Λ̃−1
=

( √
N0

0

)
. (93)

With the use of them the singular polarization matrices and the improper self-energies can be expressed using Eqs.
(68) and (67). The singular polarization matrices are

0Π
(s)

=



0 0 0
0 ΠS 0
0 0 0


 , ±Π

(s)
=

[
Π∓ 0
0 Π±

]
, (94)

where Π± = N0/(±iℏωn − ek) and ΠS = Π+ +Π− were introduced. The improper self-energy matrices are:

0M = ℏ
−1

[
N0cn N0cn
N0cn N0cn

]
, ±M = ℏ

−1

[
N0cs N0cs
N0cs N0cs

]
. (95)

Putting all together to Eq. (82a) the Green’s functions will be

0Gαγ =
δαγ(αiωn + ℏ

−1ek) + αγℏ−1N0cn
(iωn)2 − ℏ−2ek(ek + 2N0cn)

, (96a)

±Gαγ =
δαγ(αiωn + ℏ

−1ek) + αγℏ−1N0cs
(iωn)2 − ℏ−2ek(ek + 2N0cs)

. (96b)

By the use of Eqs. (83) the correlation functions (40a), (42a) and (44a) can be cast to a form, after multiplying both

the numerator and the denominator with n∆̃ = (iωn − ℏ
−1ek)(iωn + ℏ

−1ek), where the denominators are common
with the corresponding Green’s functions in agreement with Eq. (86))

0D =
ℏ
−12N0ek

(iωn)2 − ℏ−2ek(ek + 2N0cn)



0 0 0
0 1 0
0 0 0


 , (97a)

±D =
1

(iωn)2 − ℏ−2ek(ek + 2N0cs)

[
∓N0[iωn ∓ ℏ

−1(ek +N0cs)] −csℏ−1N2
0

−csℏ−1N2
0 ±N0[iωn ± ℏ

−1(ek +N0cs)]

]
. (97b)

With the use of Eqs. (70) the particle number and spin density correlation functions can also be calculated. The
result is that Dnn = 2ℏ−1N0ek/[(iωn)

2 − ℏ
−2ek(ek + 2N0cn)] while Dzz = Dnz = 0. For spin waves D++ = D−− =

4ℏ−1N0ek/[(iωn)
2 − ℏ

−2ek(ek + 2N0cs)]. From Eq. (89) and Eq. (68a) DQ
±± = 0 as mentioned before.

B. Ferromagnetic case

In the ferromagnetic case cs < 0. One can choose the condensate spinor as ζr = δr,+. The calculation is analogous

to that made in the previous subsection. The chemical potential (from Eq. (34)) is µ = N0(cn + cs) ≡ N0g. The Σ̃rs
11

proper self-energy has 3 different components in its diagonal (other self-energy components are zero) which results in
the following proper Green’s functions:

G̃++
αγ (k, iωn) =

δαγ
αiωn − ℏ−1ek

, (98a)

G̃00
αγ(k, iωn) =

δαγ
αiωn − ℏ−1(ek −N0cs)

, (98b)

G̃−−
αγ (k, iωn) =

δαγ
αiωn − ℏ−1(ek − 2N0cs)

. (98c)

There are two things to note. The first one is that the µ0 parameter has cancelled out here as well, the second
one is that the remaining self-energies (in the last two proper Green’s functions) are negative since cs < 0 in the
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ferromagnetic case. The anomalous vertex vectors are:

0
f Λ̃α

=




√
N0

0
0


 , +

f Λ̃1
=

( √
N0

0

)
, +

f Λ̃−1
= 0. (99)

The singular polarization matrices are:

0Π
(s)

=



Π

(s)++
++ 0 0
0 0 0
0 0 0


 , +Π

(s)
=

[
Π

(s)0+
+0 0
0 0

]
, −Π

(s)
=

[
Π

(s)+0
0+ 0
0 0

]
, (100a)

with

Π
(s)++
++ = ℏ

−1N0(G̃++
11 + G̃++

−1,−1), (100b)

Π
(s)0+
+0 = ℏ

−1N0G̃00
1,1, (100c)

Π
(s)+0
0+ = ℏ

−1N0G̃00
−1,−1. (100d)

The singular polarization for the ±2 spin transfer reads as:

Π
(s)∓±
±∓ = ℏ

−1N0G̃−−
±1,±1. (100e)

The improper self-energies are:

0M = ℏ
−1

[
N0g N0g
N0g N0g

]
, +M =M00

11 = ℏ
−1N0cs,

QM =M−−
11 = 0, (101)

where g = cn + cs. For the ferromagnetic case the resulting Green’s functions are (for the later ones see Eqs. (38)):

0Gαγ = G++
αγ =

δαγ(αiωn + ℏ
−1ek) + αγℏ−1N0g

(iωn)2 − ℏ−2ek(ek + 2N0g)
, (102a)

+G11 = G00
11 =

1

iωn − ℏ−1ek
, (102b)

QG11 = G−−
11 =

1

iωn − ℏ−1(ek − 2N0cs)
. (102c)

For spin transfers n = 0,+,− the correlation functions (40a), (42a) and (44a) can be evaluated from Eqs. (83)
and with the use of the polarization matrices (100). Both the numerators and denominators are multiplied with the

corresponding n∆̃, leading to

0D =
2ℏ−1N0ek

(iωn)2 − ℏ−2ek(ek + 2N0g)



1 0 0
0 0 0
0 0 0


 , (103a)

+D =
N0

iωn − ℏ−1ek

[
1 0
0 0

]
, (103b)

−D =
N0

−iωn − ℏ−1ek

[
1 0
0 0

]
. (103c)

(103d)

The correlation functions with n = ±2 obtained directly from Eqs. (46) and (47) with polarization functions (100e)
read as

D∓±
±∓ =

N0

±iωn − ℏ−1(ek − 2N0cs)
. (103e)
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The particle number and spin density correlation functions from Eqs. (70) are:

Dnn = Dzz = Dnz =
2ℏ−1N0ek

(iωn)2 − ℏ−2ek(ek + 2N0g)
, (104a)

D++ =
2N0

iωn − ℏ−1ek
, (104b)

D−− =
2N0

−iωn − ℏ−1ek
, (104c)

DQ
±± =

4N0

±iωn − ℏ−1(ek − 2N0cs)
. (104d)

C. Collective excitations in the Bogoliubov approximation

The spectra of collective excitations can be expressed using Eq. (88) (for the 0 and ±1 spin transfer modes) or
equivalently by the zeroes of the denominators of the appropriate retarded correlation functions. For the polar case
this results in

0ω = ℏ
−1

√
ek(ek + 2N0cn) →

k→0

√
N0cn
M

k, (105a)

±ω = ℏ
−1

√
ek(ek + 2N0cs) →

k→0

√
N0cs
M

k. (105b)

There are no other excitation modes for the polar case in this approximation. These modes have linear spectrum and
are Goldstone modes. The 0ω mode belongs to the 0Gαγ Green’s functions and the Dnn (0D) correlation functions,

while the ±ω mode belongs to the ±Gαγ Green’s functions and the D±± (±D) correlation functions.
For the ferromagnetic case the excitational energies are at:

0ω = ℏ
−1

√
ek(ek + 2N0g) →

k→0

√
N0g

M
k, (106a)

±ω = ±ℏ
−1ek, (106b)

±
Qω = ±ℏ

−1(ek − 2N0cs). (106c)

The first (0ω) mode, which is responsible to density (and spin density) fluctuations, belongs to the 0Gαγ Green’s
functions and the connected Dnn, Dzz and Dnz (0D) correlation functions. This is a linear Goldstone mode. The

next (±ω) modes are responsible for ordinary spin waves and belong to the ±G11 = G00
±± Green’s functions and the

D±± (±D) correlation functions. These are also Goldstone modes but with a quadratic dispersion. The last (±Qω)

modes describe quadrupolar spin waves. They belong to the ±
QG11 = G−−

±± Green’s functions and the DQ
±± (D∓±

±∓)
correlation functions. These are non Goldstone modes and they start with a gap. The frequencies found in the
Bogoliubov approximation agree with those of Refs. [14,15] obtained in a different manner.

V. RANDOM PHASE APPROXIMATION

The simplest way to take into account the appearance of the noncondensed atoms, leading to a damping mechanism,
is to add a Hartree term to the Bogoliubov proper self-energies (compare Fig. 14 with Fig. 16) and to choose the
regular polarization graphs as bubbles. Some results of this approximation were published earlier in [41].
Therefore the proper self-energies of the random phase approximation can be graphically represented as seen in

Fig. 16 and their contributions are

Σ̃rs
αγ = ℏ

−1
[
(µ0 − µ)δrsδαγ +N0ζ

†
r′V

r′s′

rs ζs′ +Hs′r′V r′s′

rs

]
, (107a)

Σ̃s
01 = ℏ

−1
√
N0

[
(−µ)ζ†rδrs +N0ζr′ζ

†
rV

r′s′

rs +Hs′r′V r′s′

rs

]
. (107b)
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Here the Hsr notation is introduced for the contribution of the Hartree term:

Hrs = lim
η=0

∫
d3q

(2π)3
1

βℏ

∑

iνn

(
−G̃rs

11(q, iνn)
)
eiνnη. (108)
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FIG. 16. The graphical representation of the proper self-energies and the tadpole graphs in the RPA

The proper self-energies are independent of the wave-numbers and frequencies and diagonal both in the Roman and
Greek indices. The proper Green’s functions are diagonal in the Roman and Greek indices as well. The approximation
is done in a self-consistent way, namely the internal propagators used are proper Green’s functions in the Hartree
approximation.
The regular polarization will be a bubble (with proper Green’s functions) as seen in Fig. 17. Its contribution is:

−ℏΠ
(r)sr
r′s′ (k, iωn) =

∫
d3q

(2π)3
1

βℏ

∑

iνn

G̃r,r′

11 (q, iνn)G̃s′s
11 (k+ q, iωn + iνn). (109)

Since our approximate proper Green’s functions are diagonal in their spin indices (r = r′ and s = s′) the regular
polarization matrices will be diagonal as well, with

0Π
(r)

=



Π

(r)++
++ 0 0

0 Π
(r)00
00 0

0 0 Π
(r)−−
−−


 , +Π

(r)
=

[
Π

(r)0+
+0 0

0 Π
(r)−0
0−

]
. (110)
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r r
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FIG. 17. The Feynamn graph of the regular polarization function in the random phase (Hartree) approximation

The anomalous vertex remains the same as it was in the Bogoliubov approximation, see Fig 15 and Eq. (91). With
the building blocks determined we can now turn our attention to the construction of the correlation functions.

A. Polar case

Using the interaction (7) with cs > 0 and ζr = δr,0 the self-energies (107) in the polar case

Σ̃++
11 = ℏ

−1
[
µ0 +

(
H++ −H−−) cs

]
, (111a)

Σ̃00
11 = ℏ

−1µ0, (111b)

Σ̃−−
11 = ℏ

−1
[
µ0 −

(
H++ −H−−) cs

]
. (111c)

Since in the polar case the system has zero magnetisation the Hartree terms should satisfy H++ = H−− and as a
consequence the proper Green’s functions are the same as they were in the Bogoliubov approximation Eq. (92). The
situation is similar to that in the scalar case, the chemical potential cancels the Hartree terms [31].
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The anomalous vertex vectors are given by Eq. (93), and so the singular polarization matrices will also be the same
as for the Bogoliubov approximation Eq. (94). The regular polarization matrices are as follows:

0Π
(r)

=



Π0 0 0
0 Π0 0
0 0 Π0


 , +Π

(r)
=

[
Π0 0
0 Π0

]
(112)

in accordance with the spin reflection symmetry discussed in Sec. III I. Here the notation Π0 ≡ Π
(r)++
++ = Π

(r)00
00 =

Π
(r)−−
−− is introduced. The interaction propagators are then obtained from Eqs. (66a) and (66b),

0W =



C(r)
n + C(r)

s C(r)
n C(r)

n − C(r)
s

C(r)
n C(r)

n C(r)
n

C(r)
n − C(r)

s C(r)
n C(r)

n − C(r)
s


 , +W =

[
C(r)
s C(r)

s

C(r)
s C(r)

s

]
, (113a)

with

C(r)
n (k, iωn) =

cn
1− 3cnΠ0(k, iωn)

, C(r)
s (k, iωn) =

cs
1− 2csΠ0(k, iωn)

. (113b)

With Eq. (67) the improper self-energies become

0M = ℏ
−1

[
N0C(r)

n N0C(r)
n

N0C(r)
n N0C(r)

n

]
, ±M = ℏ

−1

[
N0C(r)

s N0C(r)
s

N0C(r)
s N0C(r)

s

]
. (114)

These can be used in Eqs. (82) to arrive at the Green’s functions in RPA. After multiplying both the numerator and

denominator with det nε(r) we obtain

0Gαγ =
δαγ(αiωn + ℏ

−1ek)(1 − 3cnΠ0) + αγℏ−1N0cn
[(iωn)2 − ℏ−2e2k](1 − 3cnΠ0)− 2ℏ−2ekN0cn

, (115a)

±Gαγ =
δαγ(αiωn + ℏ

−1ek)(1 − 2csΠ0) + αγℏ−1N0cs
[(iωn)2 − ℏ−2e2k](1 − 2csΠ0)− 2ℏ−2ekN0cs

. (115b)

Calculating the regular dielectric functions from Eqs. (65) and using Eqs. (83) the correlation function matrices
could be explicitly given. But in the polar case one can use Eqs. (74) to calculate directly the relevant correlation
functions in the zero spin transfer, with Πnn = 3cnΠ0 + cnΠS and Πzz = 2csΠ0 leading to

Dnn = ℏ
3Π0[(iωn)

2 − ℏ
−2e2k] + 2ℏ−2N0ek

[(iωn)2 − ℏ−2e2k](1 − 3cnΠ0)− 2ℏ−2ekN0cn
, (116a)

Dzz = ℏ
2Π0

1− 2csΠ0
, (116b)

Dnz = 0. (116c)

With Eq. (71) and with Π±± = 4Π0 + 2ΠS the correlation function of the spin waves will become

D±± = ℏ
4Π0[(iωn)

2 − ℏ
−2e2k] + 2ℏ−2N0ek

[(iωn)2 − ℏ−2e2k](1− 2csΠ0)− 2ℏ−2ekN0cs
. (116d)

The correlation functions of the quadrupolar spin waves come from Eq. (89) with a result of

DQ
±± = ℏ4Π0. (116e)

One can easily verify that the denominators of the appropriate correlation functions match as was shown at the
general formalism.
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B. Ferromagnetic case

In this phase cs < 0 and ζr = δr,+ and with the interaction (7) the self-energies (107) become

Σ̃++
11 = ℏ

−1µ0, (117a)

Σ̃00
11 = ℏ

−1 (µ0 −Mcs) , (117b)

Σ̃−−
11 = ℏ

−1 (µ0 − 2Mcs) , (117c)

where the newly introduced quantity

M = N0 +H++ −H−− (117d)

is the total magnetisation of the system. It describes the number of particles responsible for the magnetic mean-field.
Note that since the Hartree terms are momentum independent the proper self-energies will also be. Therefore the
proper Green’s functions for the ferromagnetic case read as

G̃++
αγ (k, iωn) =

δαγ
αiωn − ℏ−1ek

, (118a)

G̃00
αγ(k, iωn) =

δαγ
αiωn − ℏ−1(ek −Mcs)

, (118b)

G̃−−
αγ (k, iωn) =

δαγ
αiωn − ℏ−1(ek − 2Mcs)

. (118c)

These proper Green’s functions are similar to their Bogoliubov counterparts only the momentum independent mean
field has changed with the appearance of the noncondensed particles with spin projection + and −. The chemical
potential here do not fully cancels the proper self-energies leaving behind the energy shift due to the magnetic mean
field.
The anomalous vertex vectors are given by Eqs. (99). One can express the singular polarization matrices from Eqs.

(68) for n = 0,+,−, and they are of the same form as their Bogoliubov counterparts (100a) with elements (100b),
(100c) and (100d) where the proper Green’s functions (118) are to be used. The singular polarization for the ±2 spin
transfer can also be brought to the form (100e) with (118c) as the proper Green’s function,

Π
(s)∓±
±∓ = ℏ

−1N0G̃−−
±1,±1. (119)

Using Eqs. (65) and Eq. (110) the effective potential W can be constructed. Inserting it to Eqs. (67) the improper
self-energies will read as

0M =
ℏ
−1N0ρ

det 0ε(r)

[
1 1
1 1

]
, +M =

ℏ
−1N0cs

det+ε(r)

[
1 0
0 0

]
, QM =M−−

11 = 0, (120a)

where the following notations are introduced to simplify the equations:

ρ = cn + cs − cncs(4Π
(r)−−
−− +Π

(r)00
00 ), (120b)

det 0ε
(r)

=
(
1− cnΠ

(r)
nn

)(
1− csΠ

(r)
zz

)
− cncsΠ

(r)
nz

2
, (120c)

det+ε
(r)

= 1− cs
2
Π

(r)
++, (120d)

with

Π(r)
nn = Π

(r)++
++ +Π

(r)00
00 +Π

(r)−−
−− , (120e)

Π(r)
zz = Π

(r)++
++ +Π

(r)−−
−− , (120f)

Π(r)
nz = Π

(r)++
++ −Π

(r)−−
−− , (120g)

Π
(r)
++ = 2

(
Π

(r)0+
+0 +Π

(r)+0
0+

)
. (120h)
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From Eqs. (82) and from Eq. (38b) the Green’s functions are

0Gαγ = G++
αγ =

δαγ(αiωn + ℏ
−1ek) det

0ε
(r)

+ αγℏ−1N0ρ

[(iωn)2 − ℏ−2e2
k
] det 0ε(r) − 2ℏ−2ekN0ρ

, (121a)

+G11 = G00
11 =

det+ε
(r)

[iωn − ℏ−1 (ek −Mcs)] det+ε
(r) − ℏ−1N0cs

, (121b)

QG11 = G−−
11 =

1

iωn − ℏ−1(ek − 2Mcs)
. (121c)

Equations (83a) and (89) give the correlation function matrices which combined with Eqs. (70) result in

Dnn = ℏ

(
Π

(r)++
++ +Π

(s)++
++

) [
1− cs

(
Π

(r)00
00 + 4Π

(r)−−
−−

)]
+Π

(r)00
00 +Π

(r)−−
−−

(
1− csΠ

(r)00
00

)

det 0ε
, (122a)

Dzz = ℏ

(
Π

(r)++
++ +Π

(s)++
++

) [
1− cn

(
Π

(r)00
00 + 4Π

(r)−−
−−

)]
+Π

(r)−−
−−

(
1− cnΠ

(r)00
00

)

det 0ε
, (122b)

Dnz = ℏ
Π

(r)++
++ +Π

(s)++
++ −Π

(r)−−
−−

det 0ε
, (122c)

D++ = 2ℏ
Π

(r)0+
+0 +Π

(s)0+
+0 +Π

(r)+0
0+

det+ε
, (122d)

DQ
++ = 4ℏ

(
Π

(r)−+
+− +Π

(s)−+
+−

)
. (122e)

Here

det 0ε = (1− cnΠnn) (1− csΠzz)− cncsΠ
2
nz , (122f)

det+ε = 1− cs
2
Π++, (122g)

where Πnn = Π
(r)
nn + Π

(s)++
++ , Πzz = Π

(r)
zz + Π

(s)++
++ , Πnz = Π

(r)
nz + Π

(s)++
++ and Π++ = Π

(r)
++ + Π

(s)0+
+0 . Equations

(122a), (122b), (122c) and (122d) can be cast to a form having common denominators with the corresponding Green’s

functions by multiplying both their numerators and denominators with the apropriate n∆̃. Only writig down the
resulting denominators:

0∆̃ det 0ε = [(iωn)
2 − ℏ

−2e2k] det
0ε

(r) − 2ℏ−1ekN0ρ (123a)

+∆̃ det+ε = [(iωn)− ℏ
−1(ek −Mcs)] det

+ε
(r) − ℏ

−1N0cs (123b)

For the rest of the paper we will deal with the retarded correlation functions which can be obtained in the usual
way by analytically continuing in frequencies (see e.g. Ref. [40]). First however we will discuss shortly the static
properties.

C. Static properties of the spin-1 Bose gas in the random phase approximation

We will study the equation of state and connect it to the density autocorrelation function through the compressibility
sum rule. The equation of state is investigated by choosing µ,N as conjugated variables. The number of particles N
is given by

N = N0 +Hss, (124)

where Hsr is defined by Eq. (108). In the ordered phase Eqs. (34), (117d) and (124) provide a second relationship

µ = cnN + csM. (125)
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It is convenient to introduce the following quantities: the thermal wavelength λ = ℏ(β/2M)1/2, the critical particle
density of the ideal gas Nc = 3Γ ( 3

2 ) ζ(
3
2 )/[(2π)

2λ3], dimensionless interaction strengths ǫn,s = Ncβ|cn,s|, relative total
magnetisation m = M/Nc, relative particle number x = N/Nc and dimensionless chemical potential u = βµ. Here
Γ(s) is the Gamma function and ζ(s) is the Riemann-zeta function.
Both for the polar and ferromagnetic cases in the symmetric phase (where no condensate is present and the total

magnetisation is zero) the equation of state reads as

x =
1

ζ( 3
2 )
F ( 3

2 , xǫn − u) , (126)

where

F (s, γ) =
1

Γ(s)

∫ ∞

0

ts−1

et+γ − 1
dt (127)

is the Bose-Einstein integral.
In the condensed phase for the polar case the chemical potential is determined by Eq. (34) which leads to

u = ǫnx. (128)

Equations (126) and (128) can be used to give the isotherms u(x) of the polar case. Equation (126) is valid when
x < 1 and Eq. (128) is to be used if x > 1. These isotherms show the character of a continuous phase transition.
In the condensed phase for the ferromagnetic case the chemical potential can be calculated also from Eq. (34)

u = ǫnx− ǫsm(x) = ǫs[κx−m(x)], (129a)

where κ = ǫn/ǫs and m(x) is the relative total magnetisation as a function of the relative total density given by the

m = x− 1

3ζ ( 3
2 )

[F ( 3
2 ,mǫs) + 2F ( 3

2 , 2mǫs)] (129b)

equation. The isotherms are given by Eqs. (126), (129a) and (129b). The solution of Eq. (129b) is unique if x > 1
but at x < 1 a second solution emerges also with nonzero magnetization and both solutions can be continued down to
xv < 1, where they coincide and vanish. This means that the chemical potential has three solutions between x = xv
and x = 1. (One of them with zero magnetization at a given density.) In the applications ǫs ≪ 1, so the Bose-Einstein
integral can be well approximated by F ( 3

2 , α) ≈ ζ( 3
2 )− 2

√
πα leading to

xv = 1− (1 + 2
√
2)2πǫs

9ζ( 3
2 )

2
. (130)

At x = 1 the two solutions are at

m1,2(x = 1) =

{
4(1+2

√
2)2πǫs

9ζ( 3
2 )

2 ,

0.
(131)

These isotherms show the character of a very weak first order phase transition. A similar equation of state with a first
order transition was derived in [39] for scalar condensates but in a different model approximation. In that work the
first order character of the phase transition was caused by the exchange interaction (Fock term) which is known to
lead to such behaviour [42]. The situation is interesting, since for scalar particles the RPA (Hartree approximation)
gave a continuous phase transition as here for the polar case [31,30].
Since the above behaviour of the equation of state is not common a further consistency check is required. The

compressibility sum rule is a candidate, since it relates the static correlation functions to the derivatives of the
equation of state [43,39], namely

(
∂N

∂µ

)

T

= ℏ
−1Dnn(k → 0, ω = 0). (132)

The inverse of the left hand side of Eq. (132) can be easily calculated, since

(
∂µ

∂N

)

T

=
1

βNc
u′(x) =

1

βNc
[κǫs −m′(x)ǫs] . (133)
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The derivative m′(x) can be expressed from Eq. (129b) with the identity ∂αF (s, α) = −F (s− 1, α), leading to

(
∂µ

∂N

)

T

=
cn + cs − cncs

[
Π

(r)00
00 (0, 0) + 4Π

(r)−−
−− (0, 0)

]

1− cs

[
Π

(r)00
00 (0, 0) + 4Π

(r)−−
−− (0, 0)

] , (134)

where we used that Π
(r)00
00 (0, 0) = −βNcF ( 1

2 ,mǫs)/(3ζ(
3
2 )) and Π

(r)−−
−− (0, 0) = −βNcF ( 1

2 , 2mǫs)/(3ζ(
3
2 )). It is

straightforward to verify that the static limit of ℏ/Dnn is just the right hand side of Eq. (134) in agreement with Eq.
(132). The point xv where the two solutions m1 and m2 coincide is the point where the graph of u(x) has a vertical
tangent. The point where the graph of u(x) has a horizontal tangent is at where the density autocorrelation function
has its pole at q = 0 and ω = 0. This happens at

xh = 1− κ2 − 2κ

(κ− 1)2
(1 + 2

√
2)2πǫs

9ζ( 3
2 )

2
. (135)

For x > xh (in the condensed phase) the static correlation functions have no real positive pole in the q variable.

D. Collective excitations in the random phase approximation

The excitation spectra can be obtained in the usual way as the poles of the retarded Green’s functions and correlation
functions. The real parts of the poles correspond to the energies while the imaginary parts correspond to the damping
(the inverse of their lifetimes) of the excitations.
Our further calculations can be done more appropriately in a dimensionless form. For this reason let us further

introduce the following characteristic lengths: ξBn,s = ℏ(4MN0|cn,s|)−1/2 the mean field correlation lengths associated

with the interaction strength cn and cs, and ξ′ = M/(4πℏ2N0β) the length scale of the critical fluctuations. The
calculation will be limited to the intermediate temperature region. This region is defined by the ξBn,s ≫ ξ′, λ conditions.
In this temperature range the kλ ≪ 1 condition can be fulfilled for the physically interesting wave numbers and the
contribution of the bubble diagrams can be taken as perturbation for the frequencies considered.
A dimensionless frequency can be introduced with

Ω =
ℏω

ek
. (136)

The singular polarization functions in the polar case take the following form:

cn,sΠS(k, ω) =

(
λ

ξBn,s

)2
1

(kλ)2
1

Ω2 − 1
. (137a)

While in the ferromagnetic case they read as

|cn,s|Π(s)++
++ (k, ω) =

(
λ

ξBn,s

)2
1

(kλ)2
1

Ω2 − 1
, (137b)

|cs|Π(s)0+
+0 (k, ω) =

γ0
(kλ)2(Ω− 1)− γ̃

, (137c)

|cs|Π(s)−+
+− (k, ω) =

γ0
(kλ)2(Ω− 1)− 2γ̃

, (137d)

with

γ0 = βN0|cs|, (137e)

γ̃ = βM|cs|. (137f)

For kλ≪ 1 and |Ωkλ| ≪ 1 the regular polarization function (the bubble) in the polar case can be approximated as

cn,sΠ0(k, ω) ≈
(λξ′)

(ξBn,s)
2

1

kλ

i

2
ln

Ω− 1

Ω + 1
, (138a)
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while in the ferromagnetic case they read as

cn,sΠ
(r)++
++ (k, ω) ≈ (λξ′)

(ξBn,s)
2

1

kλ

i

2
ln

Ω− 1

Ω + 1
, (138b)

cn,sΠ
(r)00
00 (k, ω) ≈ (λξ′)

(ξBn,s)
2

1

kλ

i

2
ln

Ω− 1 + 2i

√
γ̃

kλ

Ω + 1 + 2i

√
γ̃

kλ

, (138c)

cn,sΠ
(r)−−
−− (k, ω) ≈ (λξ′)

(ξBn,s)
2

1

kλ

i

2
ln

Ω− 1 + 2i

√
2γ̃

kλ

Ω + 1 + 2i

√
2γ̃

kλ

. (138d)

These results can be obtained with the Mittag-Leffler expansion of their spectral functions similarly as for the scalar
case [31]. The approximation of the spin wave polarization functions can be obtained in a similar way, but due to
their different symmetry properties compared with density polarization functions another limit is to be taken in the
spectral function. The calculation is outlined in the appendix. The results are

|cs|
(
Π

(r)0+
+0 +Π

(r)−0
0−

)
=
C− − C+

γ̃
+

[
2C0 + C+ + C−

γ̃2
+

Ω

γ̃2
(C− − C+) +

D− −D+

γ̃3

]
(kλ)2 +O

(
(kλ)4

)
, (139a)

with

C0 =
λξ′

(ξBs )2
2Γ

(
3
2

)
F
(
3
2

∣∣γ̃
)

π
, (139b)

C+ =
λξ′

(ξBs )2
Γ
(
3
2

)
F
(
3
2

∣∣0
)

π
, (139c)

C− =
λξ′

(ξBs )2
Γ
(
3
2

)
F
(
3
2

∣∣2γ̃
)

π
, (139d)

D+ =
λξ′

(ξBs )2
4Γ

(
5
2

)
F
(
5
2

∣∣0
)

3π
, (139e)

D− =
λξ′

(ξBs )2
4Γ

(
5
2

)
F
(
5
2

∣∣2γ̃
)

3π
(139f)

and γ̃ is given by (137f).
In the case of linear dispersion Ω ≫ 1 can be assumed (while still satisfying the |Ωkλ| ≪ 1 condition). For the

ferromagnetic state we further restrict ourselves to
√
γ̃ ≪ |Ωkλ|. We will see that this later condition is equivalent

with cn/|cs| ≫ 1, which is fulfilled in the applications. In this case the regular polarization functions with zero spin
transfer (138) can be further approximated by

|cn,s|Π(r)(k, ω) ≈ − (λξ′)

(ξBn,s)
2

1

kλ

i

Ω
(140)

both for the polar and ferromagnetic states. Since we are interested only in the low momentum behaviour of the
dispersion curve Ω will be searched as a power series of the (kλ) variable.
Polar case, density mode (n = 0): The spectrum of these types of excitations can be determined by the poles of

(116a). The corresponding equation is

1− 3cnΠ0 − cnΠS = 0. (141)

Using Eqs. (137a) and (140) and substituting Ω = a−1(kλ)
−1+O((kλ)0), the resulting equation for the a−1 coefficient

reads as:

a2−1 + 3i
λξ′

(ξBn )2
a−1 −

(
λ

ξBn

)2

= 0. (142)

Solving this quadratic equation (and assuming, that the imaginary part is small) one arrives at

Ω = ± 1

kξBn
− i

3

2

ξ′

k(ξBn )2
. (143)
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Returning to the more familiar variables one obtains

ω = ±
√
N0cn
M

k − i
3cnM

4πℏ3β
k (144)

for the beginning of the dispersion curve.
Polar case, spin density mode (n = 0): The excitation spectrum is obtained as the poles of (116b). The corre-

sponding equation is

1− 2csΠ0 = 0. (145)

With the use of Eq. (140) the resulting equation for Ω reads as:

1 + 2i
ξ′

(ξBs )2
1

Ωk
= 0. (146)

The solution is at

Ω = −i 2ξ′

k(ξBs )2
, (147)

or equivalently at

ω = −i csM
πℏ3β

k (148)

for the beginning of the dispersion curve. Note that such a mode did not appear in the Bogoliubov approximation,
because there Dzz is identically zero.
Polar case, spin wave mode (n = ±1): The poles of the autocorrelation function (116d) determine the spectrum of

these types of excitations. The corresponding equation is

1− 2csΠ0 − csΠS = 0. (149)

Using Eqs. (137a) and (140) and substituting Ω = a−1(kλ)
−1+O((kλ)0), the resulting equation for the a−1 coefficient

in this case reads as

a2−1 + 2i
λξ′

(ξBs )2
a−1 −

(
λ

ξBs

)2

= 0. (150)

Whence

Ω = ± 1

kξBs
− i

ξ′

k(ξBs )2
, (151)

or equivalently

ω = ±
√
N0cs
M

k − i
csM

2πℏ3β
k. (152)

Ferromagnetic case, density, spin density mode (n = 0): The poles of the autocorrelation functions (122a) or (122b)
or (122c) determine the spectrum of these excitations, which is given by the equation

(1− cnΠnn) (1− csΠzz)− cncsΠ
2
nz = 0. (153)

Substituting the approximations (137b) and (140) and Ω = a−1(kλ)
−1 +O((kλ)0), the resulting equation for the a−1

coefficient reads as

αnαsa
3
−1 + iα(3αs − 2αn)a

2
−1 − (αs − αn − 6α2)a−1 + i5α = 0, (154)

with α = ξ′/λ, αn,s = (ξBn,s/λ)
2. In the discussed temperature region αs ≫ αn ≫ α2. The solution of the equation

can be calculated perturbatively, with results:

Ω = ±
√
αs − αn

αnαs

1

kλ
− i

α

2

3α2
s + 2α2

n

αnαs(αs − αn)

1

kλ
(155)
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from which the frequency

ω = ±
√
N0(cn + cs)

M
k − i

M

4πℏ3β

3c2n + 2c2s
cn + cs

k. (156)

We can see now, that the
√
γ̃ ≪ |Ωkλ| condition is equivalent with the 1 ≪ 2cn/|cs| condition, which is well

satisfied.
Ferromagnetic case, spin wave mode with n = ±1: The excitation spectrum of the ferromagnetic spin waves is

obtained from the poles of the autocorrelation function (122d). The equation to be solved is

1− cs
2

[
Π

(r)0+
+0 +Π

(r)−0
0− +Π

(s)0+
+0

]
= 0. (157)

Substituting the approximations Eq. (137c) and Eq. (139a) and that Ω = a0 +O((kλ)2) leads to

1− γ0
γ̃

+
C− − C+

γ̃
+

(kλ)2

γ̃2

[
(1 − a0)γ0 + 2C0 + C+ + C− +

a0
γ̃
(C− − C+) +

D− −D+

γ̃

]
+O

(
(kλ)4

)
= 0 (158)

The equation for O((kλ)0) is an identity, since γ̃ = γ0 + β|cs|(H++ −H−−). The a0 constant can be determined
from O((kλ)2) order terms

a0 =
γ̃(2C0 + C+ + C− + γ0)−D+ +D−

γ̃2
. (159)

The frequency of the spin wave excitation then is a quadratic one

ω =
ℏk2

2M∗ , (160a)

with the effective mass

M∗ =
M

a0
. (160b)

The Bogoliubov solution (106b) can be regained in the T → 0 limit, since C0, C+, C−, D+, D− ∝ T , γ̃ and γ0 tend to
N0(T = 0)|cs|/kBT .
Ferromagnetic case, quadrupolar spin wave mode: Since the autocorrelation function (122e) is proper, so the

spectrum of the quadrupolar spin waves is determined by the poles of the polarization function Π−+
+−. The singular

polarization (119) has its pole at

Ω = 1 +
2γ̃

(kλ)2
. (161)

The regular polarization function Π
(r)−+
+− has a logarithmic singularity in the same place. The corresponding excita-

tional frequency is

ω =
2M|cs|

ℏ
+

ℏk2

2M
. (162)

Some final remark is appropriate about the validity of the calculation of these last two modes. The approxima-
tion (139a) is valid if (kλ)2/γ̃ ≪ 1. This is equivalent with the k ≪

√
4MM|cs|/ℏ condition, meaning that the

approximation for the bubble breaks down near the transition temperature, where the magnetisation vanishes.

VI. CONCLUSIONS

In the high temperature phase density and spin fluctuations do not couple to each other and to the Green’s func-
tions. The latter appear only in the intermediate states in the perturbational expansion for the correlation functions
describing density and spin fluctuations. Correspondingly one can experience independent excitation branches of
one-particle and collective type. As discussed in the present paper in detail collective and one-particle excitations can
hybridize in the Bose-Einstein condensed phase due to the symmetry breaking, which is different in the polar and
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in the ferromagnetic phase resulting in different couplings. In the polar phase, however such hybridization does not
occur for spin modes characterized by spin transfers zero and ±2. The general results have been demonstrated in the
RPA scheme. By treating the regular polarization contributions as perturbations, we obtained damping for a number
of modes determined first in the Bogoliubov approximation [14,15]. In the ferromagnetic phase for the transverse spin
mode, whose energy has been shown to agree with the free particle kinetic energy in the Bogoliubov approximation, it
is found that the eigenfrequency remains proportional to k2 in RPA, but with an effective mass, which approaches the
mass of the atoms in the zero temperature limit. Moreover the gap in the quadrupolar spin mode gets a temperature
dependent correction, namely it is proportional to the magnetization which tends to the condensate density in the
zero temperature limit and then the gap coincides with that of the Bogoliubov approximation. These transverse and
quadrupolar spin modes are found free from damping.
There are thermal excitations for which the bubble graphs can not be treated as perturbations as shown earlier in

the scalar case [31,39]. In the case of a spinor condensate one expects even a multitude of such excitations, already
in RPA. Their investigation will be the subject of a forthcoming paper.
The calculations in this paper has been made for a homogeneous system. In experiments with alkali atoms the gas

sample is confined in an optical trap which can be modelled by a harmonic potential. The inhomogeneous nature
of the trapped system results in that the algebraic equations presented here are to be changed to coupled integral
equations but their main structure remains the same. We note also that experiments can be designed where the local
speed of sound can be measured directly making the results obtained for a homogeneous system also experimentally
relevant.
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APPENDIX A: THE APPROXIMATIONS OF THE CONTRIBUTIONS OF THE BUBBLE GRAPHS

In this appendix we briefly outline the analytical properties of the contribution of the bubble graphs encountered
and outline the approximation (139a). Some of these results are known from earlier works [31].
In the random phase approximation the self-energies of the internal lines are wavenumber and frequency indepen-

dent, therefore the contribution of the bubble graph (109), depicted in Fig. 17 can be cast to the form

Π
(r)sr
r′s′ (k, iωn) = − 1

ℏ

∫
d3q

(2π)3
n0(ǫk+q + ℏΣ̃s′s)− n0(ǫq + ℏΣ̃rr′)

iωn − ℏ−1(ǫk+q − ǫq)−∆Σ̃
, (A1)

with

∆Σ̃ = Σ̃s′s − Σ̃rr′ . (A2)

The nondiagonal elements of Π
(r)sr
r′s′ are zero, as stated below Eq. (109), the same is true for the proper self-energies.

In the appendix the automatic summation over repeated indices do not apply.
Changing to retarded polarization functions with analytically continuing in frequency, the imaginary part plays the

role of the spectral function:

Π(r)sr
rs (k, ω) = − 1

π

∫
ImΠ

(r)sr
rs (k, ω′)

ω − ω′ dω′. (A3)

The imaginary part can be brought to the form

ImΠ(r)sr
rs (k, ω) =

m2

4πℏ4kβ

[∫ y0

∞
dz

2z

ez2+γb − 1
−
∫ y1

∞
dz

2z

ez
2+γf − 1

]
, (A4)
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with

y0 =
kλ

2

(
Ω− 1− ∆γ

(kλ)2

)
, (A5)

y1 =
kλ

2

(
Ω + 1− ∆γ

(kλ)2

)
, (A6)

γf = ℏβΣ̃ss, (A7)

γb = ℏβΣ̃rr, (A8)

∆γ = γf − γb = ℏβ∆Σ̃ (A9)

and Ω defined in Eq. (136). Introducing the function

Rγ(z) =

∫ ∞

−∞

2x

ex2+γ − 1

1

x− z
dx, for Imz > 0, (A10)

which is to be continued to the whole complex plane, the function Π
(r)sr
rs (k, ω) can be represented as

Π(r)sr
rs (k, ω) =

m2

(4π)2ℏ4kβ

[∫ y0

∞
Rγb

(z)dz −
∫ y1

∞
Rγf

(z)dz

]
, for Imω > 0. (A11)

The analytic structure of Rγ(z) is important for the approximations, it can be found in Ref. [31]. If the self-energies
of the forward and backward propagating one-particle lines are equal, i.e. in the polar case and for the n = 0 mode in
the ferromagnetic case, ∆γ = 0 and the expression (A11) reduces that of Ref. [31]. If the conditions above Eq. (138)
are fulfilled, the leading contribution of the Mittag-Leffler representation of Rγ(z), reading as

Rγ(z) = 2
√
πζ( 1

2 )− iπz − 2π√
γ

z

z + i
√
γ
+ 4πi

∞∑

n=1

1

a2n − b2n

[
a2n + γ

z + an
− b2n + γ

z + bn
+ (an − bn)

(
γ

anbn
− 1

)]
, (A12)

with

an = irne
iϕn

2 , bn = irne
−iϕn

2 , (A13)

rn = 4
√
γ2 + 4n2π2, ϕn = arctan

2nπ

γ
, (A14)

can then be used to arrive at the approximating formulas Eqs. (138), see Ref. [31].
If the self-energies of the forward and backward propagating one-particle lines of the bubble graph are different,

the upper limits of the integral (A11) will diverge when k goes to zero, see Eqs. (A5) and (A6). If one is interested
in the long wavelength dynamics the asymptotic series of Rγ(z) can then be used, namely

Rγ(z) ∼ − 2

z2

∑

n

Γ
(
n+ 3

2

)
F
(
n+ 3

2 |γ
)

z2n
, (A15)

where Γ(s) is the Gamma function and F (s|γ) is the Bose-Einstein integral (127) [31]. With the help of Eq. (A11)
and Eq. (A15), the approximation (139a) can be obtained.
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