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ABSTRACT

An analogue of the Schwarz problem for the Moisil — Teodorescu system is considered
in a multiply connected domain D. It is shown that this problem is Fredholm in the
Holder class C (D).
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Let adomain D be bounded by the connected smooth surface T e C™*,0<n <1. Let us
consider the Moisil — Teodorescu system [1] in this domain for a forth-component vector
(uy,v),v=(vy,v,,v,;) writtenin the form

divv=0, rotv+gradu,=0 (1)
It iswell known that these components u; and v; are harmonic functions. An ana ogue of
the Schwarz problem is the following: to find a solutions (u,,v) € C(D)of (1) under
boundary value conditions

u"=1f, vin=g, 2

Where the sign + is point out the boundary value, n=(n,,n,,n;) is the unit external

vector and v'n denotes the inner product.
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If the domain D is homeomorphic to a ball then this problem is investigated in detail by
V.1.Shevchenko [2, 3]. Another approach which is based on an integral representation of
specia type was described in [4, 5]. In particular the following result is valid in this
case. The homogeneous problem (1), (2) has only trivia solutions, but the
nonhomogeneous one is solved if and only if the right- hand side (f;; g) satisfies to one
orthogonality condition.

The case of multiply connected domain has its own characteristics. It is well known [6],
that every connected smooth closed surface is homeomorphic to sphere with m handles.
In particular the domain D is homeomorphic to aball for m = 0 ant it is homeomorphic

toatorusform = 1.
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Theorem 1. Let the surface T'=0D is homeomorphic to sphere with m handles and

belong to the class C*". Then a dimension of the space of solutions of homogeneous

problem (1), (2) is equal to m.

Proof. Let (u,,v) be asolution of homogeneous problem (1), (2). Since the function u, is
harmonic in the domain D, then u, = 0and the second equality (2) becomes rot v = 0.
Hence, in each simply-connected subdomain D, < D the function v can be defined as
gradw, of some function w,, which is harmonic by virtue of the first equality of (2). If
D, is another simply-connected subdomain D with the correspondence representation v
= grad w,, then w, —w, isalocal constant function on the open set D, » D,. On the

whole multiply — connected domain D the harmonic function w such that v = grad w is
multiply — valued function. It follows from the second equality of (2) that
ow"
on

0. (©)

To avoid the multiply connectedness of the domain D let us consider its cuts. By
definition the cut is a simply — connected smooth surface R — D with smooth boundary

oL, such that RNT =0L. Under assumption there exist digoint cuts Ry ..., Rm, such
that the set

D,=D\R, R=R,U..R,,

is a simply connected domain. In this domain the function w is a single-valued and its
boundary values satisfy the relation

W =w)|g=¢;, 1<i<m, 4
with some constants c;. Nevertheless equalities ¢, =...c,, = Oindicate that w is univalent

function. So it is harmonic in the whole domain D, whilein aview of (3) thisis possible

only if w is constant. These arguments prove that the space of solutions of the
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homogeneous problem is finite dimensional space and its dimension doesn’t exceed m.
In fact this dimension is equal to m exactly. Indeed it is suffciently to
prove that the problem (3), (4) with additional condition

ow' _ o
on on .

is always solved in the domainD,, . It is easily to establish with help of the Dirichlet

=0, ()

integral. Let Wl’z(f)R)denoteaspace of al functions j such that for every Lipschitzian
subdomain D, c D, the restriction j |, belongs to the Sobolev space W**(D,).

Obviously there exist one-sided boundary values j * € L*(R) for elements of this space.
It is proved by usua way [7] that the minimum of the integral

DG )=J,lgradj [ dx
in the class | er’z(f)p) , satisfying (4) gives a generalized solution of the problem

(3)—(5). Infact this solution is classic that compl ete the proof.

Let us consider a question on Fredholm property of the problem (1), (2). Thisquestion is
solved with the help of an integral operator | which acts for two-vector-valued functions
i =( 1] ,)eC() by theformula

Uy (x )-—er ((9)dy. xeD,

_.[r A W 1(y) 2Ys (6)

———] ,(y)d,y -

= J
x| 2p
where d,y is the square element and brackets imply the vector product. Note that the first

equality of thisformulaisthe potential of double layer of the Laplace operator.

Lemma 1. The function (u,,v) =1j isasolution of (1), under assumption "' e C*" the

operator | is bounded C™(I") - C™(D),0< m<n , and the following boundary value
formula

Ir(y Y, (1)g

Yo I

u, (yo) _J 1(yo Al oYy Yo el’,
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y-y
_jr °

[Y—Yo.n(Y)].
2 Ty =yl I— ()d,

v (yo) =j 2(y0)n(y0 ly - |

5 2(Y)d,y -

holds where the integrals of the right-hand side of the second equality are singular in the
sense of the limits of theintegralsover I'\{|y-vy, |>e} ase —>0.
Proof. The system (1) can be written in the form

0 X, X, X

0 Xy
M (—ju(x) =0, M(x)=
OX

X, X3 0 =X,
Xz =X, X O

0 —X; X,

: (7)

for the forth component vector u(x) = (us, V1, Vo, V3). It is known that the matrix-valued
function M"(x)/|x|*; where T is the symbol of matrix transformation is the
fundamental solution of this system. So for every forth- component vector
y = ...y ,) € C(I') the generalized Cauchy type integral [8]

19)00=5 [ l(yy_xx)ln(y)wn(y)y Wdy, xel, @

defines a solution of (7). Here n(y) is the external unit normal to I" at the point y. It is
known [8] that if y satisfies the Holder condition and I" belongs to Lyapunov type then

there exists the boundary value

U (Yo)=_lim u(x), yoer,

—Yo.XeD

and the following analogue Plemelj — Sokhotskyii formula

ey (Y )00 =5 ) WM[n(y)wy)dzy ©

is vaid. As it is shown in [5] under assumption I'e C*",0<n <1 the operator 1° is

bounded C™(I') - C™(D),0<m<n .
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Putting y =(,j.,n), we can see that M@y =( ,.j;n) and
MTX)M(ny =((xn) ,.j X —j 4[x,n]). Substituting these expressions into (8), (9), we

complete the proof.

Denote by S the operator of the boundary value problem (1), (2). By lemma 1 the

composition of this operator with | gives the formula

(Slj )1:j 1+K1]j 1 (Slj )2 =j 2+K21j 1+K22j 29

where K;; are the correspondent integral operatorson I' with weak singularities. Asitis

proved in [9], these operators are compact in the space C™(I"), 0< m<n . Since by the
known Riesz theorem [10] the operator 1 + K is Fredholm one and its index is equal to
zero. In particular the image im (1 + K) = im (SI) of this operator in the space C™(I")
has a finite ko-dimension. Since S oim(Sl) the image of the operator S has the same

property. Together with theorem 1 it follows that the problem (1), (2) is Fredholmian.
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