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Abstract. The article considers the trunnion of a ball mill in the framework of theory of
elasticity, which is subjected to an uneven thermal impact due to the heating of the load.
Equations describing the radial displacement of the point inside the trunnion of a ball mill are
obtained. The equations describing the movement of trunnion points of the ball mill are derived.
The stress-strain state of the trunnion of a ball mill has been determined depending on the
temperature of inner and outer surfaces of the trunnion. The deformations and stresses arising on
the surface of the trunnion are investigated by numerical methods.

1. Introduction

In the framework of theory of elasticity trunnion of a ball mill is considered, which due to heating of
load is subjected to an uneven thermal effect on the volume. As a result, a temperature field arises, which
in turn will entail occurrence of thermal deformations and stresses.

The main cause of the stress-strain state of the trunnion of a ball mill is a temperature field, which is
uniform along the axis of a ball mill, but changes in the radial direction. As a result we assume that the
changes in temperature T in the trunnion of a ball mill take place only in the radial direction [1]:

T=T(), 1)

where r varies in the following limits: R; < r < R, (R; is the inner radius of the trunnion of a ball mill,
and R, is the outer radius of the trunnion of a ball mill).

In case of an axial symmetry a cylindrical coordinate system (r, ¢, z) is introduced according to the
design scheme presented in Figure 1. The trunnion of a ball mill will be considered as a thick-walled
cylindrical tube with a radial temperature change (1).

Neglecting the influence of ends, it can be assumed that the cross-sections that are perpendicular to
the OZ axis are in equal conditions and flat.

Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution
BY of this work must maintain attribution to the author(s) and the title of the work, journal citation and DOI.
Published under licence by IOP Publishing Ltd 1


mailto:kdsm2002@mail.ru

MEACS2018 IOP Publishing
IOP Conf. Series: Materials Science and Engineering 560 (2019) 012009 doi:10.1088/1757-899X/560/1/012009

LN,
LN
X\
2
O\
‘{',9;\.
A2\
2
X

* T
Y &\J(\/ // /

,;/f/f’/./ 225°% S Y,
Vi
/)

Based on the assumptions made, it can be concluded that the radial movements of point U in the
trunnion of a ball mill depend only on one coordinate r, the movement in the azimuth direction is absent,
and the relative elongation in the direction of the axis OZ is constant:

€, = const. 2
In turn, the relative elongations in radial direction:
du
& = Et (3)
in azimuthal direction:
U
E(p = ; (4)

The physical equations describing the stress field in cylindrical coordinates will have the following
form [2]:

0, = 2Ge, + Aoy —nT (), (5)
o, = 2Ge, + Ay — T (1), (6)
0y = 2Ge, + Aoy — 1T (1), (7

where o,, o, 0, — respectively, the diagonal components of the stress tender. For brevity, the following
notation is entered:

Yo =& + & + &y, (8)
n =26a 11_+2Vv, 9
A= 12—szv' (10)

= 2(1+v)’ (11)

where E — elastic modulus; v — Poisson's ratio; a — the linear thermal expansion coefficient.
Substituting (3), (4) into (6) and (7) allows us to obtain the following relations: elasticity modulus;

au
o, =2G i Apy —nT (1), (12)
Op = 26% + Ao — T (r). (13)
Let us suppose that, as in the case of solving the problem of a thick-walled ring [1], the following
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equilibrium condition must be satisfied:
ar—a(p+r%=0. (14)
Thus, the expressions (12)-(14) are the initial ones for obtaining an equation describing the radial

displacement of a point inside the trunnion of a ball mill.

2. Derivation of an equation describing the movement of the trunnion points of a ball mill
To obtain the equation describing the displacement of the point U inside the trunnion of a ball mill under
the action of the stress field (5), (12) and (13), let us find the derivative of (12) along the coordinate r
[3]:
doy _ d?u deo __dr

_ o ar -0t A g
According to (8), taking into account (2), let us calculate:

Aoy _ der | A2

dr ~ dr + dr’ (16)

(15)

Substituting (3) and (4) in (16) gives:

du _d*v , 1dU U

P i (17)
Based on (12) and (13), we can find:

o, — 0, =26 (5 -12) (18)

dr )’
Substitution (15), (17) and (18) in equilibrium conditions (14) leads to the following result:

au U d*u d®Uu  1dU U ar
26 (G =) +26r 5o+ (g g — ) g (19)
In view of (9) and (10), equation (19) takes the form:
d?v  1dau _ U L(dz_u ld_U_E)_ Hvdr 20)
dr2  rdr r%?  1-2v\dr?2 rdr 1?2 1-vdr’
Equation (20) finally can be rewritten in the following form:
dZU_l_ldU U _ 1+vdT 21
drz ' rdr 12 a 1—vdr’ ( )

From a mathematical point of view, relation (21) is the inhomogeneous Euler differential equation.
To find the solution (21), we use the variation method of arbitrary constants. For this, according to the
method chosen, it is first necessary to find a solution to the homogeneous equation U, (7):

2
% L 1d% D _ ), (22)

dar? r dr T2

Equation (22) can be reduced to a homogeneous differential equation of the second order with
constant coefficients using the following replacement:

p=Inr. (23)
Let us calculate:
4Up _ dU dp _dUp 1 _ ,—p Vo
dr  dp dr  dp r_e dp’ (24)
AU _ d (,—p .40\, ,—p — ,-2p % Vo _ ,-2p Vo
dr2 ~ dp (e dp) e =¢ dp? € dp’ (25)
Substituting (24) and (25) into (22) allows us obtaining the following equations [4]:
d?u,
dpz" —Uy=0. (26)
The solution of the differential equation (26) is:
UO = Cle_p + Cze_p, (27)
or taking into account (23) the formula (27) is transformed:
UO = & + Czr. (28)

-
According to the method of variation of arbitrary constants, the desired solution of the

inhomogeneous differential equation (21) has the form:
ur) =224 ¢, -7 (29)

.
Differentiation (29) for r allows obtaining the relation:
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av _ C1(r) dC1(r) 1 LdG ()
ar +C2( )+ r+7" ar " (30)

According to the method of variation of arbltrary constants the last two terms in (30) should be
equated to zero:

a1, .60 (31)
ar r ar
In view of (31), find the derivative of (30):
2
d_ _ _rlz dcy(r) n 2Cr13(r) n dCZ(r) (32)
Substituting (30), (31) and (32) |nto the orlglnal equation (21) Ieads to the following result:
1 . dCl(r) dCZ(T')
. N r_z _ar + dar = 0. (33)
Based on relations (31) and (33), we find:
dci(r) _ _a 14v r2 daT(r) (34)
dar 2 1-v dr ’
2460 _ o 10v. 10, (35)
The integration of differential relatlons (34) and (35) leads to the following relations:
CL) = =55 [ G driGay (36)
C(r) = s T T(r) + Cao, (37)

here C,, and C,, — the arbitrary constants that can be determined using the initial conditions.
We transform the formula (36) by completing the integration in parts:

C1(r) = =5 T 12 T(r) + 52 T2 [ 1T (F)dr + Cao. (38)
Substituting (37) and (38) into (29) allows us obtalnlng the foIIOW|ng expression, which determines
the solution of the equation (21):

Ur) = @ +Cy T+ z 1JrvfrT(r)dr (39)

According to the result of [1], if the constant temperatures Tg, and Tg, are maintained on the inner

and outer surfaces of the thick-walled pipe, then for such steady flow temperature distribution over the
wall thickness the following formula takes place:

ln +TR2 ln

Based on (40), the solution of the equation (21), (39) can be conveniently represented as an integral

with a variable upper limit [5]:
tX 1+v

U(r) ——+C20 r+= f xT (a)dx. (41)
To determine the arbitrary constants C;, and Cyp, it s necessary to use the boundary conditions that
are superimposed on the stress values acting on the internal R, and external R, radii of the mill trunnion:
or(r = Ry) = oy, (42)
or(r=R;) =0, (43)

where g, — the stress value experienced by the internal radius of the mill pin under the load.
The efforts exerted by the faraway loading F in a pipe ball mill 1 cm long, which were defined in [6]

by the graphic-analytical method, are presented in figure 2.
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Figure 2. The calculation scheme for estimating the load force exerted on the inner surface of the
radius R, of the trunnion of a ball mill during cascade operation.

According to the design scheme presented in Figure 2, the volume of the ball-bearing load affects
the inner surface of the trunnion of a ball mill when turning through the angle v, the value of which with
the load factor, according to the reference data [6], is related by:

Y =---0374, (44)

here the angle v is given in degrees.
In the transition to a radial measure, the relation (44) can be brought to the form:
Y = 0.278y — 0.374. (45)
Based on (45), we find the change in the angular size of the ball-bearing load of the trunnion of a
ball mill from the load factor:
Y = 3.594v + 1.344. (46)
The obtained expressions (45) and (46) are valid within1.74 < y < 4.54.
According to (46), the time At, during which the inner surface of the trunnion of the ball mill is
subjected to a load, is:
At =1, (47)
where w — spindle speed.
Taking into account (46), the formula (47) takes the form:

At = 3.594-1,[)+1.344-' (48)
The time of one complete trunnion of a ball mill is euéual to:

T== (49)
Based on (48) and (49) find:

E — 3.5949+1.344 (50)

T 2m
When substituting into (50) the working value of the load factor ¥ = 0.4, we find:
At = 0.44T. (51)

Thus, according to (51), the residence time of the material in the inner part of the ball mill trunnion
with the transverse angular size y under the action of the force of the ball charge is 0.44 from the time
of the complete rotation.

The potential energy of deformation of the inner part of the trunnion of a ball mill under the influence
of ball-bearing loads accumulates over time At/2 (an increasing part of the graph in Fig. 2). And over
time At/2 in the process of unloading, the forces in a reversible form are released, turning into the
thermal energy. Therefore, most of the time at 0.56T, the inner part of the trunnion of a ball mill remains
unloaded.

On the basis of what was said in the relation (42), the value of g, can be taken equal to zero and
therefore:

o.(r=Ry) =0. (52)
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3. Determination of the stress-strain state of the trunnion of a ball mill
To determine the constant values ¢,, C;, and C,,, we must perform the following operations:
— substitute (40) into (41);
— use boundary conditions (43) and (52);
— use the condition of the absence of axial load of a ball mill, which can be written in the following
form [7]:
21 f:lz o,rdr = 0. (53)
Substituting (40) into (41) gives the following result:

T R S 2 R,
U=+ Cppr ) a(1 + v)(2R2Tg, ln( /R1)+

R
+R(Tg, — Tg,) — 2Tg,7° ln( 2/r) —1%(Tg, = Tg,) — 2Tg,7*In (T/Rl). 54)
Substituting the resulting equations into (5), (12), (13), taking into account (8) - (10), allows us
obtaining a system of two equations for unknown quantities C;, and C,,. The solution of this system is:

_ aRr}(+v) [2(RiTr,~R3TR,) _ TRy~ TRy (55)
10 = T41—v) RZ-R{ in(%2/p [
_a (1-3v) R%TRZ—RfTRl _ TRy —Tr,
CZO - 2 (1—1/) [ R%—R% Zln(RZ/Rl) . (56)
From here, the following relationships are obtained:
_ _CQE rz(R%TRz _R%TR1)+R%R§ (TR1 _TRz) TRy ln(RZ/T)+TR2 ln(r/R1)
0, = — ' 2(p2_p2 - R ) (57)
2(1-v) r2(R3-R?) ln( 2/R1)
aE R?R2 5 5 R
Op = — — R {[ 2 (Tg, — Tr,) + R? TRl—RzTRZ]ln( Z/Rl)
(1-v)(RE - RHIn("2/p )
! R
+ (R2—R?) (TR2 In (r/Rl) + T, ln( 2/r)) +
+Tr, — Tr,}, (58)
o« (1—3V)(R%TR2—R%TR1) ZV(TRZ—TR1)+(1+V)(TR1ln(Rz/r)+TR2 ln(T/Rl)) (1+V)R%R%(TR1—TR2) 59
& = 20 RZ-R? + in(%2/,) r2(R5-RY) ]( )
_a [a-3v)(RETR,-R}TR,) (1_V)(TR2_TR1)_(1+V)(TR1]n(Rz/r)+TR2 ln(r/Rl)) (1+v)RZR3(TR,~TR,) 60
€0 =320 RZ-R? B ln(Rz/Rl) B r2(R3-R}) ]( )
(T, TR, )(R3-R2)+2(RETR, ~R3T, ) n(F2/p )| 61)
z 2(R3-r2)In("?/p )

The relations obtained determine the change in the stress-strain state of the pin of a ball mill as the
function of temperature and the change in the radial distance from the axis of symmetry of the pin of the
mill.

To find the deformation of the internal surface of the trunnion of the ball mill, we substitute r = R;:

Tr,(R3—R%)+vTr, (R5+R?)-2vTg,R: = v(TR,-Tgr,)
&(r=Ry) = — |2 L 2 1o, 62
r( 1) 1—v [ R%—R% ln(Rz/Rl) ( )
_ _a |(=3v)(R3TR,—RiTg,)+(1+V)Tg, (RZ—R;) (1-V)(Tr,—Tr,)
1

To find the deformations on the outer side of the trunnion of the ball mill in the formula, we must
putr = R,:

. (64)

e (r=R,)=—C [(1—3v)(R§TR2—R%TRI)—(1+V)(Rf(TR1—TR2)+TR2(R%—Rf)) (1=v)(Tr,~Tr,)
p\' — R2J) = -

2(1-v) RZ-R? ln(Rz/Rl)
Let us find the values of the stresses on the inner surface of the trunnion of the ball mill. To perform this
operation, we set r = R;:
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0,(r = Ry) = 0, (r = Ry) = LR Tn) [RZ TN T )] (65)

When substituting r = R,, we obtain stress values for the outer surface of the trunnion of the ball
mill:

(66)

O'Z(T' = RZ) = O'(p(T' = R1) aE(TRZ TR1)[

RE-R?  2In RZ/R )]

Thus, the obtained expressions (62) — (67) determine the values of the stress-strain state of the inner
and outer surfaces of the trunnion, depending on the temperature inside and outside the trunnion of a
ball mill.

4. The study of the deformation and strain of the trunnion of a ball mill by numerical methods
The study of the character of the behavior of strains and stresses on the basis of (62)—(66) with a change
in the temperature parameters of a pin is carried out by numerical methods. To conduct the research
using numerical methods, it is necessary to set the initial numerical values of the constants and the sizes
of the worn pin.

The Poisson's ratio, the modulus of elasticity and the linear thermal expansion coefficient have the
following values for the pin material - Steel 40:

v = 0.25,E = 200 000 MPa,a = 12.4 grad.”*
Let us consider a mill 3,2x15 m with the following axle dimensions in meters:
R; = 0.575; R, = 0.7.

As part of the math package Maple, equations (2.79)-(2.86) are solved by the varying parameters
within:

Tg, = 20 ...120°C, Tz, = 5...30°C.

The results of the numerical solution of the equations (62)—(66) are presented in the form of graphs
in figure 3-5.

The change in the deformation of the inner surface of the trunnion (r = R1) in the azimuthal and radial
directions with changing temperatures of the outer and inner surface is shown in Figure 3. The analysis
of these dependences shows that the graphs are monotonically increasing in nature with the changing
temperatures: an increase in the temperature of the inner and outer temperature leads to the increase in
the deformation of the inner surface of the trunnion in two directions.

Figure 4 shows the change in the deformation of the outer surface of the axle (r = R2) in the azimuthal
and radial directions when the temperatures of the outer and inner surface change. The graphs are linear.
As the temperature of the inner surface of the pin increases, the deformation of the outer surface in the
azimuthal and radial directions decreases, and as the temperature of the outer surface increases, it
increases as well.
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Figure 3. The change in the deformation of the inner surface of the trunnion with changes in the
temperatures of the outer and inner surface: a) in the azimuthal direction, b) in the radial direction

7;’, °C 2 Trv

. (a) . ® .
Figure 4. The change in the deformation of the outer surface of the trunnion with changes in the

temperatures of the outer and inner surface: (a) in the azimuthal direction, (b) in the radial direction.

The graphs of the stress variation of the inner and outer surface of the trunnion are shown in figure 5.
Negative values on the graph of the stress variation of the inner surface of the trunnion (Figure 5a)
indicate the actual direction of the stresses on the surface back to be accepted. This means that increasing
the temperature of the inner surface of the trunnion affects the outer surface of the trunnion.

Analysis of the dependence of the stress on the outer surface on the change in temperature of the
outer and inner surface shows that as the temperature inside the spigot increases, the stresses on the
outer surface increase. In this case, the stresses on the external surface are inversely related to the
ambient temperature: as the temperature increases, the stress values decrease slightly.
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Figure 5. The change in the tension of the pin surface with changes in temperature: (a) the inner

surface, (b) the outer surface.

5. Conclusions

The trunnion of a ball mill in the framework of the theory of elasticity was considered, which is subjected
to an uneven thermal impact due to the heating of the load. The equations describing the radial
displacement of a point inside the trunnion of a ball mill were obtained. The equations describing the
movement of the trunnion points of the ball mill were derived. The stress-strain state of the trunnion of
a ball mill was determined depending on the temperature of the inner and outer surfaces of the trunnion.
The deformations and stresses arising on the surface of trunnion were investigated by numerical

methods.
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