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ON HANKEL OPERATORS ON HARDY AND BERGMAN
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A Jean Poly, en témoignage de notre amitié

ABSTRACT. In this partly expository paper we analyze the (small) Hankel opera-
tor hy on Hardy and Bergman spaces on a class of smoothly bounded domains of
finite type in C™ which includes the strictly pseudoconvex domains and the convex
domains.

We completely characterize the Hankel operators h; that are bounded, compact,
and belong to the Schatten ideal S, for 0 < p < oo, for this class of domains,
generalizing the results of [BPS2]* where such results have been obtained when (2 is
a convex domain of finite type. We describe the main ideas of the proofs which are
basically the same as in [BPS2], and present some extensions and generalizations.

In order to characterize the bounded Hankel operators, we prove factorization
theorems for functions in H'(£2) and A'(f) respectively, results that are of inde-
pendent interest.

1. INTRODUCTION

Let € be a smoothly bounded in C". Let 0 < p < oo and let LP(2) denote the
Lebesgue space with respect to the volume form. The Bergman space AP() is the
closed subspace of LP(Q2) consisting of the holomorphic functions.

For 0 < p < oo we denote the Lebesgue spaces on 0f2 with respect to the induced
surface measure do by LP(052). We let H?(2) denote the Hardy space of holomorphic
functions on 2, with norm given by

= s [ 1) dofw),

0<e<eo

where do. denotes the surface measure on the manifold {0(w) = €}, and d(w) =
dist (w, 0€2). To any f € HP(£2) corresponds a unique boundary function in LP(9),
that we still denote by f, obtained as normal almost everywhere limit, [St]. Thus,
we may identify H?({) with a closed subspace of LP(052).
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We denote by B and S the Bergman and Szego kernel, respectively, and by Pg
and Pg the Bergman and Szego projection, respectively:

Psf(z) ::/QBQ(z,w)f(w)dV(w)
Pe(z) = [ Sa(=Q)g(0)do).

for f € L*(Q) and g € L*(09).
Let b € H*(Q) (b € A*Q)). The small Hankel operator h;, on the Hardy space
H?(Q) (Bergman space A?(2)), with symbol b, is defined for g € H*(Q) (f € A*(Q))

ho(g) = Ps(b7) (hbcf) - PB<b7>).

We wish to describe the regularity properties of h, in terms of the ones of the
symbol b. More precisely, we will characterize the bounded, compact, and in the
Schatten ideals (see Section 5) Hankel operators on Hardy and Bergman spaces,
when () is in a class of pseudoconvex domains of finite type that now we introduce.

Definition 1.1. We say that 2 is an H-domain if it is a smoothly bounded pseu-
doconvex domain of finite type and if, moreover, for each { € 0f) there exist a
neighborhood V; and a biholomorphic map ®, defined on V¢ such that ®.(©2 N V;)
is geometrically convex.

We recall that a point ( € 02 is said to be of finite type if the (normalized) order
of contact with 02 of complex varieties at ¢ is finite. By the result in [BoSt] and our
assumption it suffices to consider the order of contact of 92 at ¢ with 1-dimensional
complex manifolds, see [BoSt] and references therein. The domain €2 is said to be
of finite type if every point on 012 is of finite type. We denote by M the maximum
of the types of points on 0f2.

Notice that the class of H-domains contains both the convex domains of finite
type and the strictly pseudoconvex domains.

The aim of this paper is two-fold. On one hand we wish to describe the results in
[BPS2], presenting the main ideas and providing some details not explicitly included
in that paper. In [BPS2] we concentrated our effort on the case of a convex domain
of finite type €2. Thus here, on the other hand, we present some extensions and
generalization of those results, in particular in the context of H-domains.

2. BASIC FACTS AND NOTATION

We begin by describing the geometry of an H-domain 2. This is done locally,
using a partition of unity. Moreover, in a neighborhood of a point { € 0f2, using
local coordinates and the assumption, we may in fact assume that €2 is geometrically
convex. Thus, we do not lose generality if we assume that it is globally convex.
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Then, there exist an 5 > 0 and a defining function p for {2 such that for —gg <
€ < go the sets Q. := {z € C" : p(z) < e} are all convex. Moreover, denote by
U = U,, the tubular neighborhood of 99 given by {z € C" : —gy < p(2) < &9}. By
taking o > 0 sufficiently small, we may assume that on U the normal projection m
of U onto 0f) is uniquely defined.

Let z € U and let v be a unit vector in C". We denote by 7(z,v,r) the distance
from z to the surface {z' : o(2') = o(2) + r} along the complex line determined by
v. One of the basic relations among the quantities defined above is the following.
There exists a constant C' depending only on the geometry of the domain such that
given z € U, any unit vector v € C" and r < ry and n < 1 we have

(1) C_lnl/zT(z,v,r) < 7(z,u,mr) < C’nl/M“T(z,v,r).

We next define the r-extremal orthonormal basis {v™, ... v™} at z. The first
vector is given by the direction transversal direction to the level sets of p, pointing
outward. In the complex directions orthogonal to v we choose v® in such a
way that 7(z, 0(2), r) is maximum. We repeat the same procedure to determine the
remaining elements of the basis. We set

7i(z, 1) = 7(z, o) ).
The polydisc Q(z,r) is now given as
Qz,r) =Aw : |wg| < m(z,7), k=1,...,n}.
Here (wy,...,w,) are the coordinates determined by r-extremal orthonormal basis
{vM ... 0™} at 2. Notice that these coordinates (wy,...,w,) = (wi",... w>")

depend on z and on 7.
The quasi-distance is defined by setting

(2) dy(z,w) = inf{r: w € Q(z,r)}.

Notice that by the above properties the sets Q(z,r) are in fact equivalent to the
balls in the quasi-distance d,. We also consider balls on the boundary 02 defined
in terms of d,. For ( € 9 and r > 0 we set

B(¢,r) ={z € 0Q:dy(z,() <r}.
These balls are equivalent to the sets Q(¢,r) N oS.
Moreover, we define the function d on Q x Q by setting
(3) d(z,w) = 6(2) + d(w) + dy(m(2), 7(w)) ,

where 7 is the normal projection of a point z onto the boundary.
We now set

T(z,7) = H 7;i(2, 7).

Notice that, by construction, 7 (z,r) ~ r.
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When (2 is strictly pseudoconvex, we can simply set 7;(z,7) = 72 when j =
2,...,n, and consequently 7(z,7) = riE

Let Vol (F) denote the Lebesgue measure of a set £, while o denotes the induced
surface measure. Then

Vol (Q(w, 7)) =~ r*r(w,r)?, o(B(w,r)) ~rr(w,r)*

As we said before, all these definitions are local, and may be given in the context
of H-domains.

We now consider the behaviour of the Szegd and Bergman kernels. this is well
known, and it described in terms of a pseudo-distance d on Q x €, both for strictly
pseudoconvex domains [F] and for convex domains of finite type [Mc], [McS1],
[McS2]. We now recall the fundamental estimates which describe this behaviour.
There exist constants C., ., > 0 such that for all (z,w) € Q x Q with d(z,w) # 0

(4) 1073, Bo (2, w)| < C,y (2, w) ™M Vol (Q(z, d(z,w))) ™,
[McS1], and
(5) 1073, So(2,w)| < Cypd(z,w) Mo (B(r(2), d(z,w))) "

[McS2]. In particular,
Ba(w,w)™" ~ Vol (Q(w, d(w))).

We point out that the above estimates do not reflect the full strength of the results
in [McS2], since in (4) and (5) we do not distinguish between derivatives in different
directions.

At this point we remark that the argument which has been used by Fefferman to
extend estimates from strictly convex domains to strictly pseudo-convex domains
may be used to extend the above estimates from convex domains of finite type to
H-domains. Following [F] we prove this general, in fact well known, result.

Proposition 2.1. Let D, W be smoothly bounded domains in C", D of finite type
and W C D. Let ¢ € 0D and assume that there exist €1,e9 > 0 such that Q((,e1) N
0D = Q((,e1) NOW and that dist (Q(C,sl),(?W \ 8D) > g9. Then, there exists
F € C(C™ x C™) such that

Bp(z,w) = Bw(z,w) + F(z,w) on Q(Ce1/2) x Q(C,e1/2).

Proof. The proof is the same as the one of Lemma 1 in [F]. It suffices to recall that
the 0-Neumann problem is hypoelliptic up to the boundary, due to the subelliptic
estimates [Cal. However, we provide the details for sake of completeness.

First of all, we remark that instead of the polydiscs @) in the pseudo-distance, we
could have used the classical Euclidean balls as well.

We wish to prove that

BD(Z’ ’LU) - BW(Z7w) €C™ (Q(Ca 51/2) X Q(C,El/Q))
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Let w € Q(C,e1/2). If |z —w| > £1/2 then both Bp and By are smooth functions.
So, we restrict to the case |z —w| < &1/2, in which case also dist (z, 0OW \ 0D) > e,.
Now we set

Uw(2) = By (z,w)xw(z) — Bp(z,w) zeD.
We claim that u,,, which is in L?(D), is orthogonal to A?(D). In fact, for h € A*(D),

(h, uy) = /W h(z)Bw(w, z)dV (z) — /Dh(z)BD(w,z)dV(z)
= h(w) — h(w) = 0.

Moreover, v,, = u,, has support in W\ dD. Therefore, u,, is the canonical solution
to the J-equation with data having support contained in W \ dD.

By the pseudo-local property of the solution of the above equation, it follows that
U, 18 smooth as a function of z away from OW \ 0D, say for z € Q((,e1/2). Since
Uy, depends smoothly on w € Q((,e1/2) the conclusion follows. O

Corollary 2.2. Let Q) be an H-domain. Then the Szeqo and Bergman kernels Sq
and Bq satisfy the estimates (4) and (5) respectively.

Proof. Let ¢ € 09). By definition, there exists a neighborhood V; of ¢ in C" and a
biholomorphic map @, defined on V; such that ®.(V; N Q) = W, is geometrically
convex. By possibly shrinking Vi, we may assume that ®. is biholomorphic in a
neighborhood of V;. Then ®.(V; N dNQ) is a hypersurface of finite type and it is easy
to see that there exists a smoothly bounded convex domain of finite type D such
that W, € D and 0D N oW, = ®(V: N ON).

By Proposition 2.1 and the transformation rule for the Bergman kernel, for some

g0 >0, on Q((,e0) X Q((,e0) we have
Bo(z,w) = By,na(z,w) + Fi(z,w)
= J(2) B, (P¢(2), ¢ (w)) T (w) + F1(z,w)
= J(2)[Bp (®c(2), ®c(w)) + F(®c(2), Bc(w))] I (w) + Fi(z,w),

where J denotes the determinant Jacobian of the mapping .

Since the estimates (4) hold for the kernel Bp and F, F} are C*, the result for
the Bergman kernel follows.

The result for the Szegd kernel now follows as well. By the estimates for the
Bergman kernel, arguing as in [McS2] Propositions 3.1, 3.3-3.5 we obtain the esti-
mates (5). O

Remark 2.3. Having the estimates (4) and (5) at our disposal on any H-domain,
we can deduce mapping and duality theorems for the operators and function spaces
under consideration. The results in [KL3] immediately apply since they were proved
under the solely assumption on sizes of the kernels. The domains for which such
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theorems hold are called strongly admissible and satisfying a homogeneity condition,
see [KL3], Definition 3.1, and the theorems that follow.

The next result is key in our analysis.

Theorem 2.4. Let Q) be a smoothly bounded pseudoconvexr H-domain of finite type
in C". Then there exist a neighborhood U of the boundary 02 and a function H €
C>(C™ x U) such that the following conditions hold:

(1) H(-,w) is holomorphic on § for all ( € U;

(17) there exists a constant ¢; > 1 such that
1
—d(z,w) < |H(z,w)| < c1d(z,w).
&1

Proof. For Q) a strictly pseudoconvex domain this is Henkin’s classical result [H]. For
Q) a convex domain of finite type is due to Diederich and Forngess [DF]. In this case
the support function H may be taken such that RH(z,w) > 0 for (z,w) € Q x U.

When €2 is an H-domain of finite type one can use the by now standard argu-
ment originated in [H] to construct a globally defined support function H patching
together the support functions defined a finite covering of the neighborhood of the
boundary U. O

The following lemma gives estimates for certain integrals that frequently occur.
For a real number § we set f* = /2 if § > 0 and p* = 3/Mg if § < 0. Notice that
if Q is strictly pseudoconvex * = /2 for all real f.

Lemma 2.5. Let Q2 be an H-domain and let a,b, o, 5 € R satisfy the following
conditions:

a+(n—1)b0"+1>0, and at+a+2—(n—1)(—=(b+p+2)" <O0.

Then there exists a constant ¢ > 0 such that
/Qd(z,w)o‘T(z,d(z,w))ﬁé(z)“T(z,5(2’))de(2) < ed(w) 27 (w, 6 (w)) o2
Ifa+1—(n—1)(—=(8+2))" <0, then there exists a constant ¢ > 0 such that
| e d(z ) dote) < 8 ) w.5(w).

Proof. This result is in fact standard. See [PhS], [McS1] and [BPS2] for proofs.
Again, since the results depend on local estimates, the extension of the proof in
[BPS2] to H-domains is trivial. O

3. FACTORIZATION OF HARDY AND BERGMAN SPACES

Our first results are the factorization of the spaces H'(Q) and A'(Q) when  is
an H-domain.
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Theorem 3.1. Let Q) be an H-domain. Let p > 1 and let p' be its conjugate expo-
nent. Then there exists a constant ¢ > 0 such that every function f € H'(Q) may

be written as .
i=1
with -
Z | Fill o || Gill ot <l f || e -
i=1

Proof. This theorem was first proved (when the dimension n > 1) in the case of the
unit ball in [CRW]. It was later extended to the case of a strictly pseudoconvex
domain in [KL2]. Their proofs, which contain difficult technicalities, rely on the
explicit expression of the Szegd kernel, or on Fefferman’s asymptotic expansion.

Our proof instead relies on the existence of a support function H as in Theorem
2.4, and it turns out to be simpler even in the already known cases.

We present our proof in the case of a strictly pseudoconvex domain, situation in
which the role played by the support function is already clear, while technicalities
are simpler. We refer to [BPS2] for the general case. In general, we need to deal
with atoms satisfying extra moment conditions (see definition below), since the
relation between the Szego kernel and the support function is not explicit. It is
straightforward to extend the proof from convex domains to H-domains.

Let then Q be a strictly pseudoconvex domain. In [KL2] it is proved that H*(£2)
admits an atomic decomposition. We say that a function a defined on 0 is an atom
if its support is contained in a ball B = B((,r) and the following two conditions are
satisfied:

(i) la(z)| < o(B)™;

(11) / a(z)do(z) = 0.
o9
We say that A is a holomorphic atom if A = Sq(a) for some atom a. It is important
to remark that there exists a constant ¢ > 0 such that for all holomorphic atoms A
we have ||A||m < ¢, see [KL2] Theorem 2.6.
The atomic decomposition for H'(2) implies that there exists a constant ¢ > 0
such that for each f € H'(Q2) there exist holomorphic atoms A; and constants \;
such that

F=Y XA, and  |fllm <ed [Nl
j=1 j

In order to prove the factorization theorem it suffices to factor each atom, that

is, given any holomorphic atom A, to show that there exist holomorphic functions
F and G such that A = FG and

(6) [E N |Gl < €

for a constant ¢ > 0 independent of A.
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Let A = Pg(a), where suppa C B(w®,r). We set ©© = w® — ru, o), where
v, is the outward unit vector at the point w® on 9. Let H (z,w) be the support
function on 2 as in Theorem 2.4. We write

F(z) = A(2) (H(z, ﬁ)(o)))a, and G(z) = (H(Z, w“’)))‘“,

where o > 0 is to be determined later.
Hence, we only need to prove (6). We have

IGll < [ 1H(00)] vdotz)

r 2, w) Pdo(z
< [ e+ i) ot
< cr’o‘pa(B(w(o),r)),

by Lemma 2.5, for & > n/p, where the constant ¢ is of course independent of A.
In order to estimate ||F'|| v, let C > 1 be fixed. There exists a constant ¢ > 0

such that
1

|A(2)] < c(r/d(z,w(o)))ﬁa(B(w(o),d(z,w(o)))) :
when d(z,w®) > Cr and 0 < 8 < 1/2, see [KL2] or [BPS2] Lemma 4.7. Then,

/ F (=) do(z)
9O\ B(w(0) ,Cr)

< c/ |A(2)|P' (r + d(2, w(o)))aplda(z)
9O\ B(w(®,Cr)
< o / d(z, @) @A (B d(z,w®))) " do(z)
O\ B(w(® ,Cr)

Scrﬁp// d(z, w @)= dg(2)
0

< e o(B(w®,r))' 7,

by Lemma 2.5, provided that p’'(a« — 3 —n)+n < 0, i.e. a <n/p+ . Notice that in
the estimate above we have used the assumption that 2 is a strictly pseudoconvex
domain.

Next,

/B(w<0>,Cr) |F(2)[” do(z) < / |A(2)[ (r + d(z7w(0)))ap/d0'(z)

B(w(®,Cr)
< ere? / |A(2)|P do(2)
B(w®),Cr)

/ /
< e Al
/

< cr”‘p'a(B(w(O),'r))l’p )
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Hence, if a has been chosen such that n/p < a <n/p+ 3,
1EN o |Gl < ero(B)~YPr=a(B)Y? < e,
where B = B(w®),r), as we wished to proved. O
As a corollary we obtain the factorization theorem for the Bergman space A'(().

Corollary 3.2. Let © be an H-domain. Let p > 1 and let p' be its conjugate
exponent. Then there exists a constant ¢ > 0 such that every function f € AY(Q)
may be written as

i=1

with

(o]
S IENarliCillar < el flas -

=1

Proof. Let Q be the domain in C"*! defined by

Q= {(Z7Zn+1) eC"xC: Q(Z) + ‘2n+1‘2 < O}

Notice that € is smooth, bounded and pseudoconvex. Moreover, it is also an H-
domain, as it is easy to check directly. Thus, Theorem 3.1 holds on Q2. By [KLR]
Proposition 2.3 (see also [L]) we know that for 0 < p < oo,

AP(Q) ={g:g(z) = f(z,0) for some f € H’(Q)}.

By Theorem 3.1 we have that

where F; € AP(Q2) and G; € AY(Q), by [KLR] Proposition 2.3 again. By part (b
in the same proposition we also have the required norm estimate, i.e. ||F}|lar) =~
|1Fj] s @) and analogously for G; and G;. This proves the corollary. O

We remark that it is also possible to prove the factorization of A(Q) directly,
using the atomic decomposition and factorizing each atom, in the same fashion as
in the Hardy case. This method would have the advantage of being more explicit.
Here we prefer to follow the previous more direct route for sake of brevity.
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4. BOUNDEDNESS AND COMPACTNESS OF HANKEL OPERATORS

We now show how boundedness and compactness of Hankel operators follow from
the factorization theorems.

We consider, in greater generality, the Hankel operator h;, defined on H?(2) for
p > 1, and on AP(Q2) for the same range of p. The characterization of bounded and
compact Hankel operators will not differ from the case p = 2.

In order to describe our results we need to introduce some more function spaces.

Let
1

gl = sup —— / 19(w) — gieo| do(w),
e o(B(¢¢€)) B(C,e) (@)

where gp(c ) is the average of g over the ball B((,¢).

The space BMO is the space of functions modulo constants such that the above
semi-norm is finite. Moreover, VMO is defined as the subspace of BMO which is
the closure of the continuous functions in the BMO topology. We define BMOA and
VMOA as the spaces of holomorphic functions in H'(£2) such that their boundary
values, that we keep denoting by f, are in BMO and VMO respectively. It is well
known that BMOA and VMOA are closed subspaces of BMO and VMO, respectively.

Theorem 4.1. Let Q) be an H-domain, and let 1 < p < oo. Then the Hankel
operator on the Hardy space
hy : HP(Q)) — HP(Q)

s bounded if and only if b € BMOA, with equivalence of norms. Moreover hy is
compact if and only if b € VMOA.

The Bloch space B is the space of holomorphic functions f in €2 such that
/15 = 816185(»2) (f () + [V f(2)]) < oo

It is well known that a holomorphic function f is in B if and only if there exists
a positive integer k and a constant Cj, such that, for z € Q, one has |07 f(z)| <
Crd(2)7F, for all v with |y| < k. The little Bloch space By is the subspace of B
closure of the holomorphic functions continuous up the boundary. Equivalently,
f € Bisin By if and only if lims.)—,0 0(2)|V f(2)| = 0.
In the case of Bergman spaces we have the following result.
Theorem 4.2. Let €2 be an H-domain, and let 1 < p < oo. Then the Hankel
operator on the Bergman space
hy + AP(Q) — AP(Q)
1s bounded if and only if b € B, with equivalence of norms. Moreover hy is compact

if and only if b € By.

Proof of Theorems 4.1 and 4.2. We prove the theorem only in the Hardy space case,
since the two proofs follow the same lines.
We begin by proving the necessity of the condition for boundedness.
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By [KL3] we know that BMOA is the dual space of H'(€2), with equality of norms.
Having the factorization of H'(Q) at our disposal, the proof is now the same as the
one of Theorems VII and VIIT in [CRW]. We indicate the argument for sake of
completeness.

In order to prove that h, bounded implies that b € BMOA it suffices to show that
b is in the dual space of H'. Let g € H', and write g = >~ F;G; with F; € H?(Q)
and G; € H”(Q), according to Theorem 3.1. Then,

(b, 9)| < Z (b, EG)| = Z (R (F5), G

<D M E el Gill g < €Y Nl |Gl e
i=1

i=1
< cllglla -

Hence, ||b||sro < c||hs]].
Conversely, if b € BMOA, then b is the dual space of H!(Q), and

(R (9), 1) = [0, 9.} < cllgflli ) < cllgllmr @l f | -

This shows that hy is bounded on HP?(Q2) and completes the proof in the bounded
case.

We point out that the arguments given in [BPS2] for the factorization and the
characterization of bounded Hankel operators are organized in a different way. We
do not rely on the atomic decomposition of H!(€2). Such a decomposition is known,
at least in the classical cases, to be equivalent to the duality between H'(£2) and
BMOA, and this duality holds when  is a convex domain of finite type [KL3].
In [BPS2] we elected to follow a direct route, following [CRW], proving in fact
the factorization theorem and the characterization of bounded Hankel operators
essentially at the same time. The atomic decomposition for Hardy spaces H(§2) on
convex domains of finite type, 0 < p < 1, is proved in [GP].

In order to prove the statement about compactness, we rely again on duality
theorems. Since some of these results seem not to appear explicitely in the literature,
we present them here.

Theorem 4.3. Let Q be an H-domain. Then Pg : L*(092) — BMOA is bounded.
Moreover, the following conditions are equivalent:
(1) b € BMOA;
(13) b= Ps(¢) for some ¢ € L>®(0N2).
Furthermore, the following conditions are equivalent:
(1ii) b= Ps(¢) for some ¢ € C(0R);
(iv) b € VMOA;

(v) 6(2)2HVb(2)[2dV (2) is a vanishing Carleson measure.
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Finally, H*(Q) = (VMOA)*, with equivalence of norms.

Proof. The proof of the equivalence of (z) and (ii) appears in [KL1] and [KL3], for
Q) a strictly pseudoconvex domain, and a convex domain of finite type, respectively.
These papers also contain the proof of the boundedness of Pg on the given spaces.
The results in [KL3] are valid also in the case of H-domains, see Remark 2.3.

We now show that (zii) implies (iv), Let ¢ € C(092) and € > 0 be given. Let
¥ € C=(0N2) be such that ||¢p — || ~@0) < €. It is easy to see that Pg(¢)) € VMOA.
By the boundedness of Pg it follows that ||Ps(¢) — Ps(¢)||sumoa < ce. Since VMOA
is a closed subspace, Ps(¢) € VMOA.

The proof that (iv) is equivalent to (v) is slightly more technical, and appears in
Propositions 4.6, 4.7 in [BPS2].

It remains to show that (iv) implies (7i7), and duality. We shall prove both in the
same time.

We first remark that H'(2) is embedded into (VMOA)*. Indeed, since BMOA =
(H 1 (Q)) *, with equivalence of norms, each element f of H! gives rise to a continuous
linear functional Ly on VMOA, with ||Ly|| < c[| f|| m1(q)-

Next we set

E = {b=Ps(¢) : ¢ € C(0)}.

It is a Banach space when endowed with the norm

bl 2 = nf{[|¢]lc - b= Ps(¢),¢ € C(0Q)}.

Moreover, by (iii), F is continuously embeds into VMOA, with dense image, since
holomorphic functions which are C* up to the boundary are dense.

We want to show that E coincides with VMOA. Tt suffices to prove that they have
same dual. We actually prove also the statement about the duality, by showing that
the dual of F is contained in H'(Q).

Let L € E*. Then,

L:¢eC09) — L(Ps(9))
is a continuous linear map. Hence, there exists a regular Borel measure p on 0f2
such that i(c;ﬁ) =/ a0 @dp. Notice that Psp = p in the sense of distributions, that
is

<,LL, PS¢> = <:u7 ¢>
for ¢ € C=(99). Using the fact that PZ = Ps, we now show that such a measure is
absolutely continuous, and its density is a function in H'(12).

We can approach p weakly by a sequence of functions f,, € C*°(02). Moreover, we
can assume that Psf, = f,, replacing if necessary f, by Psf,. Thus, the functions
fn are boundary values of holomorphic functions F,,. For each z € Q, F,(2) can be
written as an integral on the boundary, using either the Euclidean harmonic Poisson
kernel Pq(z,-), or the Szegd kernel. At the limit we can write

Pa(z, w)dp(w) = Sa(z, w)du(w).
o9 09
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The right hand side is clearly a holomorphic function in €2, while the left hand side
satisfies a uniform L' estimate on 0f., and has p as a boundary value. We conclude
from these two facts that u coincides with a H*' function, which we wanted to prove.

We remark that from the proof it follows that one has equivalence of norms in
(77i): There exists a constant ¢ such that every function b € VMOA may be written
as Ps(¢) for some ¢ € C(092) such that ||¢]|L=aq) < c||b]|Bmoa- O

End of the proof of Theorems 4.1 and 4.2. 1f b € VMOA then by Theorem 4.3 above
b = Ps(¢) for some ¢ € C(092). If Y € C> and v, tend to ¢ in C(0N2), then hy,
tend to hy, where b, = Ps(¢y,) € C*(09).

Now, hy, is of trace class, since by integration by parts (see [BPS1] Lemma 6.5)

— [ Sale.w)D" bu(w)d” (w)aV (w),
Q
for some differential operator D™*! of order m + 1 with smooth coefficients so that
Il < [ Saw,w)| D™ () 5" (w)aV () < .
Q

for m sufficiently large. (Recall that the Hankel operator with symbol z — S(-, w)
is of rank one, and norm Sq(w, w).)

On the other hand, assume that h; is compact. Then, in order to prove that
b € VMOA, it suffices to show that

} am(2)dV (2)| = 0,

for any sequence of atoms a,, with support in B((™,r,,) with r,, — 0. From now
on, we shall restrict to strictly pseudoconvex domains, and argue as in the proof of
the factorization theorem. If A,, = Ps(a,,),

| | b(2)am(z)do(z2)| = | A (2)do(2)]
o0
— | / Ho(2) Hy(2) 2 dor(2)|
(7) (o (B AmHy,), B H ),

where H,,(2) = r, + H(z,¢"™), as in the proof of the factorization theorem. We
have chosen « such that n/p < a < n/p+1/2 and set 3, = r;;%a(B(C™, r,,))Y/7".
With this choice, (3, A, H% and 3. H_< are uniformly bounded in norm in H? and
H?' respectively.

Recall that if T : X — Y is a compact operator between Banach spaces, and
r, — x weakly, then T'x,, — Tx in norm.

Hence, if we show that {3,,' H,,*} weakly tends to 0, the result will follow from
the compactness of h;, and (7) above.
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Thus, let g € LP(092). We want to show that (8! H_*, g) tends to 0. By density
we may assume that ¢ is a continuous function. Then it is sufficient to prove that

BYH - tends to 0 in the L' norm. This follows from Lemma 2.5. O

5. SCHATTEN IDEAL HANKEL OPERATORS

Let T be a compact operator on a Hilbert space and let 0 < p < co. We say that
T belongs to the Schatten class S, if |5 = >_; 8] < oo, where

s; = {inf||T" — EJ| : rank E < j}.

Notice that &7 are the trace class operators, &7 consists of the Hilbert-Schmidt
operators, and when p = oo, S, becomes the space of the compact operators. It is
well known that for all p, S, is an ideal in the space of bounded operators.

In this part we characterize the compact Hankel operators h, on Hardy and
Bergman spaces that are in the Schatten ideals, in terms of smoothness of the
symbol b.

Let p > 0. The Besov spaces of holomorphic functions B,(€2) are defined by

B = (g€ H(®): 3 [ BT PBaz, )V (2) < o0},

ly|<l

where [ is some integer such that [p > n, and v denotes a multi-index of derivation.

We set
1/p

lglls, =) [/Q 16(2)'07g(2)|" Bz, 2)dV (2)

lvI<i

Theorem 5.1. Let Q be an H-domain. Let hy denote either the Hankel operator
on the Hardy space H*(Q)) or the Hankel operator on the Bergman space A%(Q).
Let 0 < p < oo. Then, hy is in the Schatten class S, if and only if b € B, with
equivalence of norms.

This theorem was first proved in the Hardy space case, by Peller for p = 1 when
2 is the unit disc in C. It was later extended to the case p > 1 by Peller [Pel] and
Rochberg [R], and to the case 0 < p < 1 by Peller [Pe2] and Semmes [Se|]. This
result in the Bergman space case, for 1 < p < oo, on the unit disc, follows from the
results in [AFP].

For higher dimensional cases, this result is known to hold for p > 1 when €2 is the
unit ball [FR], and more generally, a strictly pseudoconvex domain [BPS1], for both
Hankel operators on Hardy and Bergman spaces.

In [BPS2] we prove this result in the context of a convex domain of finite type €2,
for the full range 0 < p < oo.

This result holds also in the case of a strictly pseudoconvex domain €2. For the
range 1 < p < oo the proof appears in [BPS1]. Here we show how to extend the
proof of Theorem 7.1 in [BPS2] to the case of a strictly pseudoconvex domain €.
The same argument, with all the technicalities of [BPS2], is valid for all H-domains.
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A key technical tool in the proof of Theorem 5.1 is the atomic decomposition of
the Besov spaces.

Definition 5.2. Given 7 > 0 we say that a sequence of points {w®)} is an n-lattice
if:

(i) U;Q(wY, nd(wl)) = Q,

(ii) the sets Q(w?, nd(w")) are almost disjoint, in the sense that any given point
in 2 belongs to at most Ng of the polydiscs, and the integer N depends only
on the geometry,

(i) Q(w),g6(w?)/Ca) N Q(w®, ns(w®)/Ca) =0 it j # k.

The following kind of decomposition was first studied by Coifman and Rochberg
[CR]. For a proof in this context see [BPS2].

Theorem 5.3. Let 2 be an H-domain and 0 < p < +00. There exists ng > 0 such
that for each n-lattice {w(j)} with 0 < n < ng, the following conditions hold.

(i) There exists ¢ > 0 such that for any f in B,(2) there exists {v;} € 7 such that

z) = Z v;j0;Sa(z, w")
J

where 0 = 5(w(j))7lBQ(w(j),w(j))fl; and
Sl < dlfly,
J

(17) Conwversely, given any sequence {v;} € (P the function f defined as in (i) is in
B,(2) and

IF1E, < el
J

Proof. The proof of this fact is by now standard. It relies on the size estimates for
the Szego and Bergman kernels. See [BPS2| Theorem 5.1 for the significant case of
a convex domain of finite type. O

A simpler result, which will be crucial later and whose proof follows the same
lines, is the following.

Proposition 5.4. Let {w\"} be an n-lattice. Let p > 0 and a, 8 € R with o+ (n —
1)5* > —1 be given. Then there exists an ng > 0 such that if n < ny, there exists
a constant ¢ = ¢, independent of 1 such that for all holomorphic functions f which
are in the weighted space LP(5(2)°7(z,0(2))?dV (z)), one has

8) /Qlf(2)|p5(2)°‘7(z,( ) dv (= <CZ5 DA, 6(w))P 2| f(w )PP
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In particular, for f € B,, one has

If1E, < e ()Pt > |07 fw )P,

Iv|<k

Proof. We only sketch the proof, refering to Corollary 5.7 in [BPS2] for full details.
We first majorize the integral over {2 with the sum of the integrals over Q); =
Q(wY) ns(w)). On each Q; we majorize the quantity |f(2)| by |f(wW)|+|f(z) —
f(w)]. Now the first terms give rise to the right hand side. We now prove that the
second terms give rise to an error term which can be substracted to the left-hand
side in (8).
We have

5 [ 1) = P o) v ()

8 Vol (Q3>
Vol (Q7)

< e [ 3T SR (),

| rerave)

J

< ¢pP/Ma Z S(w9)r(w | §(w))
J

where Q7 = Q(w?,05(w")), for some other constant § larger than 7 for which this
new family is assumed to be also almost disjoint. If n has been chosen small enough,
this quantity is indeed smaller than half of the left hand side (8). O

Remark 5.5. The last proposition gives an a priori estimate. In fact, a modifica-
tion of the proof allows to replace the assumption that f belongs to the weighted
space LP(6(2)%7(z,0(2))?dV (2)) by the much weaker assumption that f belongs to
some LP(§(z)NdV (z)) for some large N. We will show how to modify this kind of
proof in such a direction later on. Then, the proposition may be seen as a tool
to prove that some function is in a precise weighted space. We will use it for this
purpose.

We also point out that the inequality converse to (8) follows from the mean value
inequalities.

Before discussing the proof of Theorem 5.1 we give one more definition. Let a be
a positive real number, m be a positive integer and 7 be a multi-index with |y| < m.
Let {w"} be an n-lattice and

n <a<
9 a m.
We set
(9) ¢y = €j = 0" (w)oy2 H (-, w3, So (-, w);

(10) fi = 0w Mo, s H (-, w) |
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It is worth mentioning that, by Lemma 2.5, the norms of e; and f; in H?*(Q) are
bounded uniformly in j. In fact, one can prove more (see [BPS2]| Section 2): There
exist linear operators K., K’ bounded from L?*(0f2) into H?*(2) and orthonormal
sequences {1;} and {¢%} such that e;, = K, (¢;) and f; = K'(¥}).

Proof of Theorem 5.1. We begin discussing the proof of the sufficient condition.
This is by now classical, and the argument relies on the atomic decomposition of
the space of symbols. If b € B, then there exist an n-lattice {w(} and a sequence
{\;} € ¢P such that

b(z) = Z \;0;Sa(z,w ).
J

We present the proof of the sufficient condition in the case 0 < p < 1. The proof
of the other case is much more difficult, see [R] [Sy1l] and [BPS2] for instance.
Let g € H*(Q) and 2z € Q. Then

hyg(z) = Ps(bg)(z)
= YA /a  Salz () SalC, ) do ()

= ) XoSa(z,w?)g(w)
j

= > AosSalz ) Sal w) , g).
J

Hence, we can write h, as an infinite sum of operator of rank 1, namely g —
0;Sq(z, w9)(Sq(-,w?), g). Their S, norm equals their operator norm, which is
uniformly bounded in j. Then,

Ialls, < e > I IP < cllbll, -

J

We now turn to the necessary condition.
Let 1 < p < oo first. By Proposition 5.4 we have

Hb”zl;p <c Z Z(gmp(w(j))‘avb(w(j))‘p

Iv|<m J

=e 2 2 5] | 9Sa(wt,Ob() do()f

[v|[<m  j

3 M R Cr=nIAGLAGl

[v|[<m  J

(11) =c ) > Hlesn), [l

[v|[<m  j

since the function e; ,, f; are holomorphic.
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Now, for each v we obtain that

Z [(ho(ejqy), fi) | = Z (K" oKy (1), 05) P

Since the operators IC,, K’ are bounded, {1;} and {¢’} are orthonormal sequences,
and 1 < p < oo, this last quantity is bounded by c||hs ||, , which is what we wanted
to prove.

We now turn to the case 0 < p < 1.

Having fixed an 7-lattice {w)}, we decompose it into a finite number of subse-
quences whose elements satisfy a separation condition.

We say that a sequence of points {27} form an M-sequence if

Qu(z") NQu(=") =0 if j#k,
where M > 0 and
Qu(z) = Qz, Mé(2)) N{w : 6(w) = 6(z)/M}.

In order to better understand the set Q/(2), take €2 to be the upper-half plane in C.
Then Qs (z+1y) is equivalent to the set {w = u+iv : [u—z| < M,y/M < v < My},
which in turn is equivalent to the disc of center z and radius M in the hyperbolic
metric.

We have the following result, for whose proof we refer to Proposition 7.3 in [BPS2].

However, we remark that this idea originated in [Se], where Semmes first proved the
characterization of Schatten class Hankel operators on the unit disc, when 0 < p < 1.

Proposition 5.6. Let 0 < 1 < 1y and let {w} be an n-lattice in Q. Let M > 0.

Then there exists an integer N = N(M,n) such that {w9} can be decomposed into
a finite number of M-sequences {290}, j € N, 1 € {1,2,..., N}.

Having fixed the n-lattice {w(} and its decomposition into M-sequences {20V},
l=1,...,NM), j=1,2,..., we decompose the sequences {e;} and {f;} accord-
ingly by setting

(12) eé, — eéﬂ — 5m_a(z(j7l))0-(j7l)%Ha(', Z(j’l))gz,S(-, Z(j’l));

(13) L= 84200 oy TEHO (-, 200,

where o(;;) = 6(20V)71B(200, 200) =1 as before. We remark that these two se-
quences coincide with the previous ones. They only have been relabelled.
Proposition 5.7. Let {w} be an n-lattice and let {20}, 1 =1,... N(M) be a
decomposition into M -sequences. It is possible to choose a € R and m € N in the

definition of eé. and le large enough so that the following condition holds. There exist
g0 > 0 and a constant ¢ > 0 independent of M such that for all b € B, we have

DD k(e ), P < bl

I<N j#k
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Again, we refer to [BPS2| Proposition 7.4 for a proof.

End of the proof of Theorem 5.1. We begin by assuming a priori that b € B,. We
are going to remove this assumption later on.
Now, arguing as in (11) we have

loli, < e D D Kmlesa) )P

[y|[<m  j

= 3 S (el ). £

yl<m <N

53 Z(||K7||P||/C'||Puhbu§p 'y |<hb<e§,7>,f,i>|f?).

[v|<m I<N j#k

This last inequality follows from elementary Hilbert space arguments, and we refer
to [BPS2| Proposition 7.1 for a proof. Notice however, that this last step is key in
our analysis. In fact, by decomposing the sequences {e;,} and {fi} into finitely
many subsequences {€’_} and {f{}, | = 1,...,N(M), we may estimate the left-
hand side by a large constant times [|h;||s, and an error term. This error term is
estimated by using Proposition 5.7 above. Hence, we obtain
c
Ioll, < Carllhwlls, + 572 l18ll3,
where (), is a large constant that depends on M, the parameter that measures the
amount of separation between elements in each subsequence {20},
From the above estimate it follows that

1blls, < cllhs]ls,

which proves the theorem under the assumption that we know a priori that b € B,,.

Our next task is to remove this assumption when it is possible, and to propose a
refinement of the proof when it is not.

When  is a convex domain of finite type in C" this is done in [BPS2], and in
fact it only requires a simple approximation argument. Without loss of generality
we may assume that 0 € Q. For 0 < r < 1 we define T, f(z) = f(rz). Then T is
an operator on H?(f2), uniformly bounded in r. For each b holomorphic in 2, T;b
in holomorphic across the boundary and hence in B, for all p. Then, we may apply
the a priori estimate to hr, and pass to the limit.

When € is strictly pseudoconvex domain (non star-like), or more generally an
H-domain, the argument outlined above does not work anymore. We now show
how to refine the arguments when we cannot rely on an a priori assumption.

For simplicity, we assume that €2 is strictly pseudoconvex, the proof in the general
case being completely analogous. Let 0 <p <1 and h, € S,. We set

4= /2 ) ()b

, i
[y|<m <827
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We want to show that 3™, A; < oo.
Notice that we may assume that b € By so that

Z/w )" b(z 5+1

Iv[<m

By Holder’s inequality it follows that
Aj < cflbl, 27"

This weak inequality will play the role of the a prior: assumption.
Using the same argument as in the proof of Proposition 5.4 (see the proof of
Corollary 5.7 [BPS2]) we get

D ASC DY D (80T

J=J [vl<m (5,1)EN

. - dv
DY BN LEC LT

[v|<m

where {200} is as before with 77 < 7y small to be determined later, and we have set
Ny ={(,1): 6(z0D) > s77}. The last inequality may be written as

>4, ST 180 manb(20) P+ O Ay,
isJ lyl<m (,)ENs
The same argument as in (11) gives
Y BEU a0 < Cullhlls, ey Y Kb eI
(GDEN U (s,),@tDeNs
By the usual integration by parts argument (see Lemma 6.5 in [BPS1])

B P = | / DPb(2)el (2) f(2)5(z)™ v (2)|
< / ID™b(2)el (2) £ ()6 (=) v (2)
<cZ|Dmb e (w®) £ (w™)a(w™)ym e,

for some n'-lattice {w®}, where D™ denotes a differential operator of order m with
smooth coefficients. We now consider

Ejz)= Y  ld@PIfEP,
(s,0),(t,1)eN,
where €', f! are defined as in (12) and (13). Then,

(1) > > b <e Y Y 1w PE (M )Pa(wpimn,

I<N (s,0),(t,1)eN S [v|<m K
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We claim that
(15) Es(2) < 772 (6(z) +277)

Let us assume this inequality for the moment, and finish the proof of the theorem.
The left-hand side in (14) is bounded by

% 3 /Q (s<z)mp|mb<z)|p( 5(Zf<j>2J)np5iY1>

[v[<m

or, equivalently, by

J [eS)
z\i—l <Z Aj 2Ty o AJ)-
j=1

j=J+1

Therefore, for every n, M and J, we have the inequality

J J 00
1 C .
> A < CiCullulls, + Cnz A + M—’; (Z A2 Y 2nmAj> .

=1 j=1 j=J+1

Recall now that A; < ¢o2"(!"P). For p > I, we can find 3 such that n(1 — p) <
B < np. Then 2757 A; — 0, and there exists an infinite number of values of J such
that 2777 A; > 2797 A; for j > J. For such J, the above inequality becomes

J J
1 C,
> A < CCumlIlls, + Cn22° A, + VZ (Z Aj+ CBAJ> :
=1

J=1

Let us choose 1 so that 02677% < i, then M so that %(1 +Cp) < With this

choice,

1
1

J
> A <20,Cullhlls,
1

which gives the desired estimate when .J tends to infinity and p > % If p is smaller,
we take % < p < 1 and use the fact that we already know that b € B, from which
we get A; < ¢2/"(1=P/P). The proof given above will work when 1 — p/p < p, that
isp(l+1/p) >1,ie p> % For smaller values of p we proceed recursively, using
at each step the estimate coming from the previous step. We then obtain that the
estimate is valid for p > p,, with

Pny1(L+pn) =1, that is p, =1/n — 0.

This completes the proof of the theorem.
It remains to show that (15) is valid. One has to slightly modify the corresponding
part of the proof of Proposition 7.4 in [BPS2]. We give some details for completness.
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Let
(5(u)(m—a+n/2)p—n—1
dr(u) = Az, wypnma
6(U)(a—n/2)p—n—1
P =T
Then,

(16)  Es(2) < / / o1 (u)do(v)dV (w)dV (v),
U, sz¢ @4 xQL,5(u)>c2=7 5(v)>c2~7

where Q! = Q(2*Y,nd(*)/Cq).
Recall that the @) are pairwise disjoint, that (s,1), (t,1) € N;, and that
Qu(z) ={w: dp(z,w) < M(2), 6(w) > d(z)/M}.
Then, Qu(2Y) N Qu(24)) = @ when s # t. So, if (u,v) € Up Q% x Q! then
u € Q. for some s and v ¢ Qu(2*"), which means that either d(u,v) > Md(u)
(where M has been changed into a smaller constant), or é(u)/M > §(v).

In the first case, since d(u,v) < d(u, z) + d(z,w), we must have either d(z,v) >
Mé(u)/2 or d(z,u) > Md(v)/2, that is, one of the two following conditions holds:

(i) d(z U), (Md(u >)*l
(i) d < (M( u))
Moreover 6 ( ),6(v) > 277, so that the two conditions above become
(V) d ~ (d(z,v) 4+ 277 -
(13") ~ (d(z,u)+277)" g

Let E’ : F ! denote the subsets of 2 x {2 on which the two conditions (i) or (") hold.
Then, the integral in (16) is bounded by a constant times

/ . ¢1(u)¢2(v)dV(u)dV(v)+/ . 1(u)pa(v)dV (u)dV (v).

By symmetry it obviously suffices to estimate one of the two integrals.
We choose a so that ap > n+ 1 and (a —n/2)p —n —1 > —1. Hence, for
O<a<ap—n-—1,
1 6(2)(a—n/2)p—n—1
d <
ﬁ(zm—l«m(u»—l, ¢2(v)dV(v) < Me §(u)*ld(z,v) + 2= 7]ar—e

§(v)>2—J
c _Ne-m/2 5, \_a
S W(d(U) + 2 J) 6(U) .
Now,
§<u>(m—a+n/2)p—n—1—o¢ c
dV (u) < ,
fyars™ eV ) = Gy

for o such that (m —a+n/2)p—n—1—a> —1.
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Hence,

| awa@avaave) < 5566 +27) ™

for o small enough. This gives (15), and finishes the proof of the theorem. O
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