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WEIGHTED SPECTRAL CLUSTER BOUNDS
AND A SHARP MULTIPLIER THEOREM
FOR ULTRASPHERICAL GRUSHIN OPERATORS

VALENTINA CASARINO, PAOLO CIATTI AND ALESSIO MARTINI

ABSTRACT. We study degenerate elliptic operators of Grushin type on the d-
dimensional sphere, which are singular on a k-dimensional sphere for some
k < d. For these operators we prove a spectral multiplier theorem of Mihlin—
Hoérmander type, which is optimal whenever 2k < d, and a corresponding
Bochner—Riesz summability result. The proof hinges on suitable weighted
spectral cluster bounds, which in turn depend on precise estimates for ultras-
pherical polynomials.

1. INTRODUCTION

In this paper we continue the study of spherical Grushin-type operators started
in [CCMI] with the case of the two-dimensional sphere. The focus here is on a
family of hypoelliptic operators {Lqx}1<k<d, acting on functions defined on the
unit sphere S in R, ie., on

S = {(z0,...,2q) ERM™ 1 22 ... 422 =1}, (1.1)

for some d > 2. As it is well known, the groups SO(1 + r) with 1 < r < d can be
naturally identified with a sequence of nested subgroups of SO(1 4 d) and corre-
spondingly they act on S¢ by rotations. We denote by A,. the (positive semidefinite)
second-order differential operator on S¢ corresponding through this action to the
Casimir operator on SO(1+ 7). The operators A, commute pairwise and Ay turns
out to be the Laplace-Beltrami operator on S¢. The operators we are interested in
are defined as

£d,k = Ad — Ak, (12)

with £ =1,...,d—1. By introducing a suitable system of “cylindrical coordinates”
(w, ) on S, where w € S¥ and ¢ = (Vi41,...,%q) € (—7/2,7/2)47F (see Section
below for details), one can write L4 more explicitly as

d

Low= Y VY, +B() Ay, (1.3)
r=k+1
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where the Y, and their formal adjoints Y,* (with respect to the standard rotation-
invariant measure o on S%) are vector fields only depending on 1, to wit,

1 0

Yr= —, 1.4
COSYypi1 -+ - COS WYy O, (1.4)
and U : (—7/2,7/2)%%F — R is given by
1 d
DY) = -1= 1+ tan®¢;) — 1. 1.5
Nt peenr ikl | e (9

Since (1)) vanishes only for ¢ = 0, the formulae above show that each L4 is
elliptic away from the k-submanifold S¥ x {0} of S?; the loss of global ellipticity is
anyway compensated by the fact that each Lg is hypoelliptic and satisfies subel-
liptic estimates, as shown by an application of Hormander’s theorem for sums of
squares of vector fields [H61]. Indeed the expression reveals the analogy of
the operators L4 with certain degenerate elliptic operators Gg , on R?, given by

gd,k = Am + |$|2Ayv (16)

where z,y are the components of a point in R4~* x R’yf and Az, A, denote the
corresponding (positive definite) partial Laplacians.

In light of [G11[G2], the operators G, are often called Grushin operators; some-
times they are also called Baouendi—Grushin operators, since shortly before the
papers by V. V. Grushin appeared, M. S. Baouendi introduced a more general class
of operators containing also the G, [Ba]. In these and other works (see, e.g.,
[FGW], [RoSi, DM]), the coefficient |x|? in may be replaced by a more gen-
eral function V(x). As prototypical examples of differential operators with mixed
homogeneity, operators of the form have attracted increasing interest in the
last fifty years; we refer to [CCMI] for a brief list of the main results, focused on
the field of harmonic analysis. More recently, the study of Grushin-type operators
began to develop also on more general manifolds than R"™, from both a geometric
and an analytic perspective [BEFT1 IBFI2, [Pel BoPSel [Boll IGMPI, [GMP2).

In this article, we investigate LP boundedness properties of operators of the
form F(y/Lqx) in connection with size and smoothness properties of the spectral
multiplier F : R — C; here LP spaces on the sphere S¢ are defined in terms of the
spherical measure o, and the operators F(y/Lq) are initially defined on L?(S%)
via the Borel functional calculus for the self-adjoint operator L4 . The study of the
LP boundedness of functions of Laplace-like operators is a classical and very active
area of harmonic analysis, with a number of celebrated results and open questions,
already in the case of the classical Laplacian in Euclidean space (think, e.g., of the
Bochner—Riesz conjecture). Regarding the spherical Grushin operators L4y, in the
case d = 2 and k = 1 a sharp multiplier theorem of Mihlin—-Hoérmander type and
a Bochner-Riesz summability result for L4 were obtained in [CCMI]. Here we
treat the general case d > 2, 1 < k < d, and obtain the following result.

Let n € C2°((0, 00)) be any nontrivial cutoff, and denote by LZ(R) the L? Sobolev
space of (fractional) order s on R.

Theorem 1.1. Let D = max{d, 2k} and s > D/2.

(i) For all continuous functions supported in [—1,1],
Sup IE (N La)llLrsty—rrssy Ssl1F Lz
>

(ii) For all bounded Borel functions F : R — C such that F|(g ) is continuous,

IF (v Law)llLrsay—rroess) Ss sup | () n)

L2-
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Hence, whenever the right-hand side is finite, the operator F(\/Lqyr) is of
weak type (1,1) and bounded on LP(S?) for all p € (1,00).

Part |(i)| of the above theorem and a standard interpolation technique imply the
following Bochner—Riesz summability result.

Corollary 1.2. Let D = max{d,2k} andp € [1,00]. If6 > (D—1)|1/2—1/p|, then
the Bochner—Riesz means (1 — tﬁd’k)i of order § associated with Lg}, are bounded
on LP(S?) uniformly in t € (0, 00).

It is important to point out that weaker versions of the above results, involv-
ing more restrictive requirements on the smoothness parameters s and §, could
be readily obtained by standard techniques. Indeed the sphere S, with the mea-
sure o and the Carnot—Carathéodory distance associated to L4y, is a doubling
metric measure space of “homogeneous dimension” @@ = d + k, and the opera-
tor Lg satisfies Gaussian-type heat kernel bounds. As a consequence (see, e.g.,
[He2, [CoSi, [DOSI, [DzSi]), one would obtain the analogue of Theorem with
smoothness requirement s > /2, measured in terms of an L> Sobolev norm, and
the corresponding result for Bochner—Riesz means would give LP boundedness only
for 6 > Q|1/p — 1/2|. Since @ > D > D — 1, the results in this paper yield an
improvement on the standard result for all values of d and k.

As a matter of fact, in the case k < d/2, the above multiplier theorem is sharp,
in the sense that the lower bound D/2 to the order of smoothness s required in
Theorem cannot be replaced by any smaller quantity. Since Lgj is elliptic
away from a negligible subset of S?, and D = d is the topological dimension of S%
when k < d/2, the sharpness of the above result can be seen by comparison to the
Euclidean case via a transplantation technique [Mil [KeStT].

The fact that for subelliptic nonelliptic operators one can often obtain “im-
proved” multiplier theorems, by replacing the relevant homogeneous dimension
with the topological dimension in the smoothness requirement, was first noticed
in the case of sub-Laplacians on Heisenberg and related groups by D. Miiller and
E. M. Stein [MiiS] and independently by W. Hebisch [Hel], and has since been
verified in multiple cases. However, despite a flurry of recent progress (see, e.g.,
[IMMu2, [CCM1L, DM, MMuN] for more detailed accounts and further references),
the question whether such an improvement is always possible remains open. The
results in the present paper can therefore be considered as part of a wider pro-
gramme, attempting to gain an understanding of the general problem by tackling
particularly significant particular cases.

In these respects, it it relevant to point out that Theorem above can be
considered as a strengthening of the multiplier theorem for the Grushin operators
Ga,r on R? proved in [MSi]: indeed a “nonisotropic transplantation” technique (see,
e.g., [M2, Theorem 5.2]) allows one to deduce from Theoremthe analogous result
where S¢ and Ly, are replaced by R? and G-

The structure of the proof of Theorem [I.1] broadly follows that of the analogous
result in [CCMT], but additional difficulties need to be overcome here. An especially
delicate point is the proof of the “weighted spectral cluster estimates” stated as
Propositions and below, essentially consisting in suitable weighted L' — L?
norm bounds for “weighted spectral projections”

(Lar/Da)**Xpii011(V/ Lak) (1.7)

associated with bands of unit width of the spectrum of /L4 ;.. These can be thought
of as subelliptic analogues of the Agmon—Avakumovi¢-Hormander spectral cluster

estimates
IX(i,ir (VA 21 -2 S §(d-1/2 (1.8)
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for the elliptic Laplacian Ay, which are valid more generally when /Ay is re-
placed with an elliptic pseudodifferential operator of order one on a compact d-
manifold [Ho2], and are the basic building block for a sharp multiplier theorem
for elliptic operators on compact manifolds and related restriction-type estimates
[SoTl, [So2l [SeeSol, [FSab]. Thanks to pseudodifferential and Fourier integral opera-
tor techniques, estimates of the form can be proved for elliptic operators in
great generality, but these techniques break down when the ellipticity assumption
is weakened. Nevertheless alternative ad-hoc methods may be developed in many
cases, based on a detailed analysis of the spectral decomposition of the operator
under consideration, often made possible by underlying symmetries.

In the case of the spherical Grushin operator L 1, as a consequence of its spectral
decomposition in terms of joint eigenfunctions of the operators Ay, ..., Ay, the
integral kernel of the “weighted projection” in involves sums of (d — k)-fold
tensor products of ultraspherical polynomials. This is a substantial difference from
the case considered in [CCMI] (where d — k = 1) and requires new ideas and
greater care. Section [p| of this paper is devoted to the proof of these estimates. As
in [CCM1]|, here we make fundamental use of precise estimates for ultraspherical
polynomials, which are uniform in suitable ranges of indices. These estimates,
which are consequences of the asymptotic approximations of [O1l [02] (03, [BoyD],
could be of independent interest, and their derivation is presented in an auxiliary
paper [CCM2].

In the context of subelliptic operators on compact manifolds, “weighted spectral
cluster estimates” were first obtained in the seminal work of Cowling and Sikora
[CoSi|] for a distinguished sub-Laplacian on SU(2), leading to a sharp multiplier
theorem in that case; their technique was then applied to many different frame-
works [CoKSi, [CCMS, M2, [ACMM]|. However, the general theory developed in
[CoSil, based on spectral cluster estimates involving a single weight function, does
not seem to be directly applicable to the spherical Grushin operator L4 (which,
differently from the sub-Laplacian of [CoSi], is not invariant under a transitive
group of isometries of the underlying manifold). For this reason, here we take the
opportunity to establish an “abstract” multiplier theorem, which applies to a rather
general setting of self-adjoint operators on bounded metric measure spaces, satis-
fying the volume doubling property, and extends the analogous result in [CoSi| to
the framework of a family of scale-dependent weights.

It would be of great interest to establish whether Theorem [1] is sharp when
k > d/2 or alternatively improve on it. The corresponding question for the Grushin
operators G on R? has been settled in [MMiil]; based on that result, one may
expect that Theorem and Corollary actually hold with D replaced by d.
However, when the dimension k of the singular set is larger than the codimension,
the approach developed in this paper, which is based on a “weighted Plancherel
estimate with weights on the first layer”, does not suffice to obtain such result and
new methods (inspired, for instance, to those in [MMiil] and involving the “second
layer” as well) appear to be necessary.

The paper is organised as follows. In Section [2| we state our abstract multiplier
theorem, of which Theorem [I.1] will be a direct consequence; in order not to burden
the exposition, we postpone the proof of the abstract theorem to an appendix
(Section . In Section |3| we introduce the spherical Laplacians and the Grushin
operators on S¢. A precise estimate for the sub-Riemannian distance p associated
with the Grushin operator L, is also given. Moreover, we introduce a system
of cylindrical coordinates on S¢ which is key to our approach. In Section [4| we
recall the construction of a complete system of joint eigenfunctions of Ay, ..., Ag
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on S%, in terms of which we explicitly write down the spectral decomposition of
the Grushin operator Lg = Ag — Aj. We also prove some Riesz-type bounds for
Lk, and we state the refined estimates for ultraspherical polynomials, which are
the building blocks in the joint spectral decomposition. Section [5]is devoted to the
proof of the crucial “weighted spectral cluster estimates” for the Grushin operators
Ly . In Section |§| we use the Riesz-type bounds and the weighted spectral cluster
estimates to prove “weighted Plancherel-type estimates” for the Grushin operator
Lq . After this preparatory work, the proof of Theorem E which boils down to
verifying the assumptions of the abstract theorem, concludes the section.

Throughout the paper, for any two nonnegative quantities X and Y, we use
X <Y orY 2 X to denote the estimate X < CY for a positive constant C. The
symbol X ~ Y is shorthand for X <Y and Y 2 X. We use variants such as <y or
~. to indicate that the implicit constants may depend on the parameter k.

2. AN ABSTRACT MULTIPLIER THEOREM

We state an abstract multiplier theorem, which is a refinement of [CoSi, Theorem
3.6] and [DOSI, Theorem 3.2]. The proof of our main result, Theorem for the
operator Ly will follow from this result.

As in [CoSil, IDOSI|, for all ¢ € [2,00], N € N\ {0} and F : R — C supported in
[0,1], we define the norm || F||n,q by

1/q
N .
1F|ly.q = (% > im1 SUPAE[(i—1)/N,i/N] \F(A)|q> if ¢ < oo,

supxepo,1] [ F'(V)] if ¢ = cc.
Moreover, by K we denote the integral kernel of an operator 7'
Theorem 2.1. Let (X, 0) be a bounded metric space, equipped with a reqular Borel
measure pi. Let £ a nonnegative self-adjoint operator on L*(X). Let q € [2,00].

Suppose that there exist a family of weight functions m.: X x X — [0,00), where
r € (0,1], and a constant 0 € [1,00) such that the following conditions are satisfied:

(a) the doubling condition:
w(B(z,2r)) < p(B(z,r)) Vee X Vr>0;
(b) heat kernel bounds:

Kexp(—te) (@, 9)] S p(B(y, 1) 7 (1 + o(w,y) /t"/?) 7N
for all N >0, for allt € (0,00) and z,y € X;
(c) the growth condition:
C™t < mo(z,y) S (1+ ola,y)/r)™ (2.1)

for some My >0, for all r € (0,1] and z,y € X;
(d) the integrability condition:

/X (1+ o, y)/r) 2 (o2, 9) ™ dule) <o 1(B(y.1)) (2.2)

for allr € (0,1], 8> and for ally € X;
(e) weighted Plancherel-type estimates:

esssup (B 1/N)) [ 71 ) 1K gy ) die) S POV, (23)
y
for all N € N\ {0} and for all bounded Borel functions F : R — C supported
in [0, NJ.
Finally, assume that s > 0/2. Then the following hold.
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(i) For continuous functions F' : R — C supported in [—1,1],

sup IEVE) |1 (x)sriix) Ss |1 FlLe-

(ii) For all bounded Borel functions F : R — C continuous on (0, 00),

||F(\F£)||L1(XHLLOQ(X) Ss igg ||F(t') 77||LZ~ (2~4)

Hence, whenever the right-hand side of ([2.4) is finite, the operator F(v/£) is
of weak type (1,1) and bounded on LP(X) for all p € (1,0).

Since the subject is replete with technicalities, which could weigh on the discus-
sion, we defer the proof of the abstract theorem to an appendix (Section .

Let us just observe that Assumption @ only requires a polynomial decay in
space (of arbitrary large order) for the heat kernel; hence this assumption is weaker
than the corresponding ones in [DOSI|, where Gaussian-type (i.e., superexponential)
decay is required, and in [CoSi], where finite propagation speed for the associated
wave equation is required (which, under the “on-diagonal bound” implied by (2.3)),
is equivalent to “second order” Gaussian-type decay [Si]), and matches instead the
assumption in [He2] (see also [M2] Section 6]).

Another important feature of the above result, which is crucial for the applica-
bility to the spherical Grushin operators L4 ) considered in this paper, is the use
of a family of weight functions, where the weight 7. may depend on the scale r
in a nontrivial way; this constitutes another important difference to [CoSi|, where
the weights considered are effectively scalar multiples of a single weight function
(compare Assumptions @ and @ above with [CoSi, Assumptions 2.2 and 2.5]).

The attentive reader will have noticed that it is actually enough to verify As-
sumptions [(c)] and [(d)] for scales r = 1/N for N € N\ {0} (indeed, one can redefine
T as T1/(1/,] When 1/r ¢ N); the slightly redundant form of the above assumptions
is just due to notational convenience.

3. SPHERICAL LAPLACIANS AND GRUSHIN OPERATORS

3.1. The Laplace—Beltrami operator on the unit sphere. For d € N, d > 1,
let S* denote the unit sphere in R**¢, as in (1.1)). The Euclidean structure on R**¢
induces a natural, rotation-invariant Riemannian structure on S?. Let o denote
the corresponding Riemannian measure, and A, the Laplace-Beltrami operator on
the unit sphere S? in R!*4. Tt is possible (see, e.g., [Ge]) to give a more explicit
expression for Ay, namely,

Ng=- > 72, (3.1)

0<j<r<d
where
7 0 1o}
ir=Zjm— — Zr .
J 19z, 0z

Indeed the rotation group SO(1 + d) acts naturally on R'*¢ and S% via this ac-
tion, the vector fields Z; . (0 < j < r < d) correspond to the standard basis of
the Lie algebra of SO(1 + d), and Ay corresponds to the Casimir operator. The
commutation relations

(Zjrs Zjr 1) = 0pjt Zjgr + 800 Zyjr — 85,51 Zyyr — b Zj v (3.2)

are easily checked and correspond to those of the Lie algebra of SO(1 + d).
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3.2. A family of commuting Laplacians and spherical Grushin operators.
By , the operator Ay commutes with all the vector fields Z;, (this corresponds
to the fact that the Casimir operator is in the centre of the universal enveloping
algebra of the Lie algebra of SO(1 + d)); in particular it commutes with each of the
“partial Laplacians”
A=— Y 77, (3.3)
0<j<s<r
forr=1,....,d.
Assume that d > 2. We now observe that, for r = 1,...,d — 1, we can identify
SO(1 + r) with a subgroup of SO(1 + d), by associating to each A in SO(1 + ) the

element
A 0
0 I

of SO(1 4 d). Via this identification, the operator A, corresponds to the Casimir
operator of SO(1 + r), and therefore it commutes with all the operators A for
s=1,...,r.

In conclusion, the operators Aq,..., Ay commute pairwise, and admit a joint
spectral decomposition. In what follows we will be interested in the study of the
Grushin-type operator

d r—1
Lip=0g—DNp== > > 77, (34)
r=k+1 j=0
fork=1,...,d—1.

The operator Lgj is not uniformly elliptic: indeed it degenerates on the k-
submanifold Eq ;, = SF x {0} of S¢. More precisely, if Zarx={Z;, 1 k+1<r<
d, 0 < j < r} is the family of vector fields appearing in the sum , then it is
easily checked that, for all z € S%,

TZSd if z ¢ EdJc,

3.5
(TzEdvk)J‘ if z € Ed,k~ ( )

HI® = span{X|. : X € Zqp} = {

On the other hand, the commutation relations (3.2)) give that
(Zj.a,Zjr.dl = =Zj 5

for all 4,5/ = 0,...,d — 1; in particular the vector fields in Zjj, together with
their Lie brackets, span the tangent space of S% at each point. In other words,
the family of vector fields Zg , satisfies Hormander’s condition and (together with
the Riemannian measure o) determines a (non-equiregular) 2-step sub-Riemannian
structure on S¢ with the horizontal distribution H%* described in . The cor-
responding sub-Riemannian norm on the fibres of H** is given, for all p € S¢ and
v E HgJ“, by

|v|z,, = inf Z a% ¢ (ax)x € RF4F ¢ = Z axX|p ¢ - (3.6)
X€Z4k XeZ4

For more details on sub-Riemannian geometry we refer the reader to [ABBI [BeRil
CaChl, M.

3.3. Cylindrical coordinates. In order to study the operator L, it is useful to
introduce a system of “cylindrical coordinates” on S¢ that will provide a particularly
revealing expression for L4 in a neighbourhood of the singular set Eq .

For all w € S and ¢ € [~7/2,7/2], let us define the point |w,?] € S¢ by

|w, ¥] = ((cos)w, sin). (3.7)
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Away from ¢ = +7/2, the map (w,¥) — |w, ] is a diffeomorphism onto its image,
which is the sphere without the two poles; so can be thought of as a “system
of coordinates” on S?, up to null sets. In these coordinates, the spherical measure
o on S¢ is given by

dU( |_OJ, M) = COSd_l ¢ d/(/) do—dfl(w)v

where o4_; is the spherical measure on S*~'. Moreover, the Laplace Beltrami
operator may be written in these coordinates as

1
Ag = —73 cos?! 4

1
cos?—1h O o + cos? wAd*l’ (3:8)

where Ay_1, given by , corresponds to the Laplace-Beltrami operator on S%~*
(see, e.g., [Vl §IX.5]).

We now iterate the previous construction. Let £ € N such that 1 < k < d be
fixed. Starting from , we can inductively define the point

Lw, ’lﬂl = L .. Hw7 ’(/}k;Jrl—‘ 7wk+2~| PN ,’L/Jd-‘ (39)

of S for all Y = (Yiy1,...,%q) € [-7/2,7/2]97% and w € SF; if we restrict ¥ to
(—7/2,7/2)47% then (3.9) defines a “system of coordinates” for an open subset
Qg 1, of S¢ of full measure, namely,

Qd,k = {Lwﬂﬂ TweE Sk) ¢ € (_71-/2777/2)(1_16}'
In these coordinates, the spherical measure o on S¢ is given by

do(|w, 1) = cos™ " hg -+ cos® Ypp1 dibg - - dippi dog(w), (3.10)

where o}, is the spherical measure on S*. Moreover, starting from (3.8)), we get
inductively that

d
E : 1 1 P 5

Ay=— oy
d R €082 Yy i1 - - - 082 g cos™ L ah,. Yy cos’" 5o,

1

A
OS2 Py - cosP by

where again Ay is the operator given by .

In particular, the Grushin operator L4 = Ay — Ay on S? may be written
in these coordinates as in , where the vector fields Y, and the function U :
(—7/2,7/2)4F — R are defined by and respectively. Note that U (v)
vanishes only for ¢ = 0, corresponding to the singular set E; ;. We also remark
that

1 -~ )2
T =l T = (3.11)
for r=k+1,...,d, uniformly for |¢)| < e, for any given € € (0,7/2).

The formula for the sub-Laplacian corresponds to a somewhat more ex-
plicit expression for the sub-Riemannian norm on the fibres of the horizontal
distribution, which is better written by identifying, via the “coordinates” ,
the tangent space TLw,w]Sd with T,,S* x R4=* for all |w,9] € Q4. Under this
identification,

(3.12)

dk o TwSk X Rdik if ’l/) # 0,
LT 1 {0} x R&TF if g =0
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and, for all (v,w) € H?* _ its sub-Riemannian norm satisfies

lw,p]?
|(’U U})|2 — Zf:k+1(COSQ/}7~+1 "'COS¢d)2|'UJr|2 +‘B(¢)71|U|2 lfd’ 7é 07
T S (08 Y -+ cos ) if =0,
(3.13)
where w = (wg41,-..,wq) € RF and |v| is the Riemannian norm of v € T,,S*.

3.4. The sub-Riemannian distance. Thanks to , we can obtain a precise
estimate for the sub-Riemannian distance ¢ associated with the Grushin operator
Lax- This is the analogue of [RoSi, Proposition 5.1], that treats the case of “flat”
Grushin operators on R”, and [CCMI| Proposition 2.1], that treats the case of Lo 4
on S?. In the statement below we represent the points of the sphere in the form
|w, Y] for w € Sy, ¥ € [-7/2,7/2]7F, as in . We also denote by op v and
Ors¢ the Riemannian distances on the spheres SF and S%.

Proposition 3.1. Let ¢ € (0,7/2). The sub-Riemannian distance o on S¢ associ-
ated with Lg ), satisfies

ol 1. 0D = 6 = 9/ min f g )2 2B (3

if max{[|, [¢'[} < e if instead max{[¢], [¢'[} > €, then

o(lw, Y1, W', ') = ersa(lw, ¥T, (&', ¥']). (3.15)

Consequently, the o-measure V (|w,¥] ,r) of the p-ball centred at |w,v] with radius
r > 0 satisfies

V(|w,¥],r) ~ min{1,r* max{r, [¢|}*}. (3.16)

The implicit constants may depend on €.

Proof. Note that the sub-Riemannian distance ¢ and the Riemannian distance op g
are locally equivalent far from the singular set Eg;: since Hg’k = T,M for all
p €S\ Egp (see ), and the Riemannian and sub-Riemannian inner products
on T, M depend continuously on p, it is enough to apply [CCMIl Lemma 2.3] by
choosing as M and N the Riemannian and sub-Riemannian S? respectively, and as
F the identity map restricted to any open subset U of S with compact closure not
intersecting E. Then [CCMIl Lemma 2.2], applied with K = {(|w,v¥], |w',¢']) €
S x § : max{|¢|, [¢'|} > €}, yields (3.1F).

Note now that the expression in the right-hand side of defines a continuous
function @ : Qg X Qg — [0,00), which is nondegenerate in the sense of [CCM1],
Lemma 2.2]. Hence, in order to prove the equivalence (3.14), it is enough to show
that ® and p are locally equivalent at each point pg € Qg4 %, and then apply [CCMI]
Lemma 2.2] with K = {(|w,¢], |«',¢']) € S x S¢ : max{|¢y|, ||} < €}.

Consider now the Grushin operator G = G4 on R¢™% x RY defined in (T.6). The
associated horizontal distribution HY and sub-Riemannian metric are given by

¢ _ JRTFXRF ifz#£0, 2 J w4z iz #£0,
@v) | REF x {0} ifx =0, (w, )l = Jw|? if £ =0,
(3.17)
for all (x,y) € R¥™* x R¥ and (w,v) € H?Ly)' Moreover, according to [RoSil
Proposition 5.1], the associated sub-Riemannian distance gg satisfies
/
ool () = o | min {ly -2 LA o

Let po = |wo,%0] € Q. Choose coordinates for S¥ centred at wp, thus de-
termining a diffeomorphism f from an open neighbourhood A of 0 in R* to a
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neighbourhood f(A) of p in S¥. By the equivalence of norms, up to shrinking A,
we may assume that

|dfy(w)] ~ Jw] (3.19)
for ally € A, w € RF = T, R¥ where the norms in are those determined by
the Riemannian structures of S¥ and R”; similarly, we may also assume that

orst (f(y), F(y) = |y — /| (3.20)

for all y,3’ € A. Let now U = B x A, where B is a neighbourhood of g with
compact closure in ( /2, 77/2 )4=F and define F : U — Sd by F(w y) Lf(y),x].
A comparison of (3.12]) and (3.13] Wlth - taking (3.11)) and (3.19) into account,
immediately shows that [CCMl Lemma 2.3] can be apphed to the map F and
the sub-Riemannian structures associated with G and L4 ; consequently, up to
shrinking U, we obtain that

o(F(p), F(p")) ~ 0g(p,p") ~ ®(F(p), F(p'))

for all p,p’ € U, where the latter equivalence readily follows from ((3.18 and (13.20]).
Flnally, the estimate ( - ) for the volume of balls follows from 1 , (3.14)
and (3.15)) by considering separately the cases |1| small and || large. O

4. A COMPLETE SYSTEM OF JOINT EIGENFUNCTIONS

Let d,k € N with 1 < k < d. In this section we briefly recall the construction
of a complete system of joint eigenfunctions of Ay, ..., Ay on S?. This will give in
particular the spectral decomposition of the Grushin operator Lq4 = Ag — Ag.

This construction is classical and can be found in several places in the literature
(see, e.g., [Vl Ch. IX] or [EMOT, Ch. XI}), where explicit formulas for spherical
harmonics on spheres of arbitrary dimension are given, in terms of ultraspherical
(Gegenbauer) polynomials. The discussion below is essentially meant to fix the
notation that will be used later.

By the symbol Pj(a’B ) we shall denote the Jacobi polynomial of degree j € N and
indices «, 8 > —1, defined by means of Rodrigues’ formula:

Pj(a,ﬂ) (z) = (2]1])'](1 —z) (1 + x)fﬁ (;;) ((1 _ I)aﬂ'(l + I)BH) (4.1)

for z € (—1,1). We recall, in particular, the symmetry relation

P (@) = (=1 P (), (4.2)
for j € N, a,8 > —1 and = € R. Ultraspherical polynomials correspond to Jacobi
polynomials with o = 8 [Szl (4.7.1)].

4.1. Spectral theory of the Laplace—Beltrami operator. We first recall some
well known facts about the spectral theory of Ay (see, e.g., [StW], Ch. 4] or [AXBR],
Ch. 5]). The operator A, is essentially self-adjoint on L2(S?) and has discrete
spectrum: its eigenvalues are given by

M= (04 (d—1)/2)(¢ — (d—1)/2), (4.3)
where ¢ € Ny, and
Ng=N+(d—-1)/2. (4.4)
The corresponding eigenspaces, denoted by H*(S?), consist of all spherical harmon-
ics of degree ¢/ = ¢ — (d — 1)/2, that is, of all restrictions to S¢ of homogeneous
harmonic polynomials on R*? of degree ¢'; they are finite-dimensional spaces of
dimension

0 +d 0 +d—2 200 4+d—1/0+d—-2
d
W®>:(ef)‘(w_z>:d_1<d_z) (45)
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for ¢ € Ny (the last identity only makes sense when d > 1), and in particular
Ozg(Sd) ~4 -1 (46)

(this estimate is also valid when d = 1, provided we stipulate that 0° = 1).
Since Ay is self-adjoint, its eigenspaces are mutually orthogonal, i.e.,

HE(SY) L MY (ST
for £,0' € Ny, £ # {'. Moreover, if E{ is an orthonormal basis of H¢(S?), then
D 1ZE)P =a(sh) " a(s?) (4.7)
ZeEy
for all z € S? [StW] Ch. 4, Corollary 2.9].
4.2. Joint eigenfunctions of A; and A, ;. We start the construction of joint
eigenfunctions with the case k = d — 1, and look for eigenfunctions of Ay that are
simultaneously eigenfunctions of Ay_j.
Following, e.g., [Vl §IX.5], one can use the expression (3.8) for A, to solve the

eigenfunction equation for A, via separation of variables. More precisely, we look
for functions W on S% of the form X ® Z, that is,

W(lw, 1) = X(¥)Z(w)
in the coordinates (3.7)), such that
AW =MW and Ag1Z =2\ 7Z,

for some ¢ € Ng, m € Ny_;. This leads to a differential equation for X that is
solved in terms of ultraspherical polynomials. Namely, if Z € H™(S?"!) is nonzero
and £ > m, then W = X ® Z is in H*(S?) if and only if X is a multiple of

X () = com(cos )™ @A2PIT, (sing). (4.8)

Here the normalization constant ¢y, is chosen so that

/2
[ X costtwan =1, (49)

—m/2

that is, by means of [Sz, (4.3.3)],
[T —m+ 12T+ m+1/2)]° 10
Clm = 2mT(( + 1/2) (4.10)
Define

I;={(,m) : £€Ng, m € Ng_1, £ > m}. (4.11)

Then, for all (¢, m) € I, we obtain an injective linear map
H™(SY) 2 Z > X, ® Z € HY(S),

which is an isometry with respect to the Hilbert space structures of L?(S%~1) and
L?(S%), and a decomposition

HEsH= @ xi,onms) (4.12)

meNg_1
m</

(cf. [Vl p. 466, eq. (1)]). The summands in the right-hand side of (4.12)) are joint
eigenspaces of Ay and Ay_1 of eigenvalues A¢ and A\F, respectively; hence they are
pairwise orthogonal in L?(S%).
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4.3. Joint eigenfunctions of A, ..., Ai. We go back to the general case 1 <
k < d and we look for a complete system of joint eigenfunctions of Ay, ..., Ag.
It is natural to introduce the index set

k)Z{(fd7€d—1w-~7€k)ENdXqu><"'><Nk g >Llgq > > )

For all (€g,...,0;) € J(gk), let us define Xgld,..v,ék [-m/2,7/2]97F — R by

XG0 ) = X0 (Wa) - XY (k)

,,,,,

where ¥ = (Y41, ...,%a), and the functions Xy ,  are defined in (4.8). Then,
for all ((g,..., ) € JS") and Z € H'(S¥), the function X¢, , © Z, defined, in
the coordinates ([3.9) on S?, by

X¢ o ®Z: | w] = XY (W) Z(w), (4.13)
is an eigenfunction of Ay, ..., A of respective eigenvalues X}d, cee )\Z. More pre-
cisely, iterating (4.12), we obtain the orthogonal direct sum decomposition

(Zm---,fk)EJék)
Lg=t

As a consequence, each function f € L%(S?) may be written as

f= > > otz Xl 4 ® 2, (4.14)

(Las....tp) €T ZEEL,
where E¥ is an orthonormal basis of H™(S¥) and

g tn.z = (f, ng 0 ®Z).

In particular, for all (¢g,...,4;) € Jd ") the orthogonal projection 7 g of L*(S%)
onto the joint eigenspace of Ag, ..., Ay of eigenvalues )‘ﬁd’ . )‘Ek is given by
7%, ..... cf e Z (f, XZ{, ..... 0 ®Z>ng,“.,£k ® Z. (4.15)
ZeEk

Consequently, the integral kernel der.w[k of ng’_“lk is given by

K{, o (9], 10 9) = K (w,w)XE, g, () X, (41), (4.16)
where

KF (w,w) Z Z(w
ZeEk,

is the integral kernel of the orthogonal projection of L2(S*) onto H™ (S¥).
For all bounded Borel functions F : R¢=*+! — C, we can express the operator
F(Ag,...,Ay) in the joint functional calculus of Ay, ..., Ay on L2(S9) as

F(Ag,...,Ap) = S FO, M) T s (4.17)
(Carnrli) €T

Correspondingly, the integral kernel Kg(a,,... a,) of the operator F'(Ag, ..., Ay) is
given by
Ke@uan = >, FOL MN)EL 4, (4.18)
(Lasnli) €T
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and in particular, by (#.7) and (&.9), for all [o’ '] € S¢,

||’CF(Ad7~~~;Ak) ('7 I_le '(//] ) ||2L?(Sd)

1
=o® 2 NG PN P (419)

(Layeenli) €T

where oy, is the Lebesgue measure on S¥, and a,,(S¥) denotes the dimension of
H™(S*) as in ([4.5).

We note that the operators of the form include those in the functional
calculus of the Grushin operator Lg 1, = Ay — Ag; namely,

F(Lax)= > FO@m) > w4

(e,m)er{® (Laserrli)e TP

where
I ={(t,m) : teNgy, meNg, £>m+ (d—k)/2}
={(t,m) : Ilg,....0x) €Tty =10, 6 =m}

and, for all (¢,m) € I((ik)7
Apr =M — AL (4.20)

4.4. Riesz-type bounds. In this section we prove certain weighted L? bounds
involving the joint functional calculus of Ay, ..., Ak, which, in combination with
the weighted spectral cluster estimates in Section [5| below, play a fundamental role
in satisfying the assumptions on the weight in the abstract theorem and proving our
main result. A somewhat similar estimate was obtained in [CCMIl Lemma 2.5] in
the case d = 2 and k = 1. Differently from [CCMI], the estimate in Proposition
below is proved for arbitrarily large powers of the weight; this prevents us from using
the elementary “quadratic form majorization” method exploited in the previous
paper, and requires a more careful analysis, based on the explicit eigenfunction
expansion developed in the previous sections.

For later use, it is convenient to reparametrise the functions X Zm defined in

(4.8): namely, we introduce the functions X Ed,m : [-1,1] — R defined by

X}i,m(aj) = Cfm(]- - x2)m/27(d72)/4pl(inr,n'rri)1/2(l,)’ (421)
where (¢,m) € I; and ¢y, is given by (4.10)).
Let t4q: S? — [~1,1] denote the restriction of the projection map (2o, . .., z4) —

zq. Inductively, for r = 2,...,d — 1, we define t4,. : S* — [~1, 1] by setting, for all
(wa d)) € Sd71 X [77T/27 7T/2],

b (0 0]) = {td”(‘”) i ] < /2,

0 otherwise.
In particular, for all (w,) € S¥ x (—7/2,7/2)¢ * andr =k +1,...,d,

td,r(l_“%dﬂ) = Sir”ﬂm
where ¢ = (Yg41,...,%q). Finally, we set, for 1 < k < d,

d

Tk = Z |td,r

r=k+1

. (4.22)
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Proposition 4.1. Let 1 <k < d. For all N € [0,00) and all f € L*(S?) such that
fLker Ay,

I fll 2y SN IH(Lan/Drr1) 2 fll 2 sa- (4.23)
Proof. By interpolation, it is enough to prove the estimate in the case N € N.
Let us first prove the inequality in the case k = d — 1. From (4.21]) and known

identities for Jacobi polynomials [EMOT, §10.9, eqs. (4) and (13), pp. 174-175],
one easily deduces that

2X{ (@) = At X1 (@) + -1 X{ (@) (4.24)
for all (¢, m) € I, where

- \/(E—m+1/2)(€+m+ 1/2)
" 400+ 1) '
We remark that, in the case (¢ — 1,m) ¢ I, the condition (¢,m) € I; forces
¢—m—1/2 =0 and oy—1,,m = 0; in other words, the term with )A(:g,Lm in the
right-hand side of (4.24)) appears only when (/—1,m) € I too. On the other hand,
if (¢,m) € I4, then ag, ~ \/(Z —m)(¢ +m)/¢. Consequently, by iterating ,
we easily obtain, for all N € N and (¢,m) € I,

N
~ NS
xNXg,m(x) = ZazﬂrJLngNJij,m(x)v (425)
7=0

where

NN (6 =m)(L+m)/ )N/ if (6 — N +2j,m) € I,
¢m 0 otherwise.

Let now f € L%(S?%); then we can write (see (4.14)))
f= Z Z g,z X0 ® 2,
(tym)ely zepd 1

where, for all m € Ny_;, E4~! is an orthonormal system of eigenfunctions of Ay_;
on S41 of eigenvalue A¢-1. Then from ([4.25) we deduce

N
N ¢ _ N.jyrd
tagaf = E E E e,z Qg oy Xi—N42jm © 2

=0 (,m)ely ZEE4—1,m

and consequently, by the orthogonality properties of the Xy, ® Z (see Section ,

(6 —m)(+m)\"
1Y 2een Sx S0 <€2 S s (420
(,m)el, Ze€Eq—1,m
Recall that Ag(X{,, ® Z) = M/(X{,, @ Z) and Ag_1(X{,, @ 2Z) = Mo (XY, ® 2),
where A4 = (2 — ((d —1)/2)? and A% =m? — ((d — 2)/2)?; hence
2> A for all (¢,m) € Iy (4.27)
and
A = A4 if and only if A = 0.
In particular, for all (¢,m) € I,
Mo 2 N A~ 2 —om? whenever A # 0. (4.28)

m

If f L ker Ay, then the coefficients agm, z in (4.26) vanish unless )\‘} # 0, and from
(4.28) we deduce

ItX afl2say SN (A — Aam1) /A2 fll12sa), (4.29)
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which is in the case k =d — 1.

Let now 2 < r < d. By the discussion in Section [3] up to null sets we
can identify S? with S x [-7/2,7/2]4"" with coordinates (w,?) and measure
cos @[1371 ---costl dpdw. Consequently the space L?(S?) is the Hilbert ten-
sor product of the spaces L*(S") and L2([~7/2,7/2]% ", cosyp3 ' -+ cosypl, dip).
Hence the inequality (£.29), applied with d = r, yields a corresponding inequality
on the sphere S¢, namely

10 fll 2ty Sn (A = A1) /AN fl 12 (say (4.30)

for all f L kerA,. On the other hand, from (4.27) we deduce that A,, > A,,
spectrally whenever 1 < r; < ro < d (recall that the A, have a joint spectral

decomposition, see Section 7 so (4.30) implies

182 f | 2@ty Sn 11((Ad = Ar)/Ai) V2 £l 2 sy (4.31)
whenever k < r < d and f L ker Ap;1. The desired inequality (4.23) then follows
by summing the inequalities (4.31) for r =k +1,...,d. O

4.5. Estimates for ultraspherical polynomials. In this section we present a
number of estimates for the functions X g{m (or rather, their reparametrisations

)?gm from (4.21))), which will play a crucial role in the subsequent developments.
We first state some basic uniform bounds that follow from the previous discussion
(see (4.7) and (4.12)). In the statement below, we convene that 0° = 1.

Proposition 4.2. Letd e N, d > 2.
(i) For all ¢ € Ng and x € [—1,1],

> miPXE (@) Sa 0
meENg_1
m</l
(ii) |X¢ o lloe Sa 094 D/2/m =272 for all (€,m) € I,.

More refined pointwise estimates can be derived from asymptotic approximations
of ultraspherical polynomials in terms of Hermite polynomials and Bessel functions,
obtained in works of Olver [O3] and Boyd and Dunster [BoyD] in the regimes m > e/
and m < el respectively, where € € (0,1). Here and subsequently, for all /,m € R
with £ # 0 and 0 < m < ¢, ag, and by, will denote the numbers in [0, 1] defined
by

(4.32)

m
b@,m - ?

and
(L —m)(l+m) .

02
The points +ag,m € [—1,1] play the role of “transition points” for the functions

Gy =1-0;,, = (4.33)

X gm in the estimates that follow.

Theorem 4.3. Let d € N, d > 2. Let e € (0,1). There exists ¢ € (0,1) such that,
for all (£,m) € Iy, if m > el then

(7' +[2® —af,, )7 for allz € [-1,1],

4.34
|| =12 exp(—clx?) for |z| > 2a4,m, (4.34)

‘Xid,m(x” Sd,e {
while, if m < e, then

—1/4
y—(d-2)/2 <(1+772)4/3 Yy — b§7m|) for all x € [-1,1],

gld=1)/2 g=m if y < bem/(2€),
(4.35)

vd
[ X e (2)] Sde
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where y = /1 — 22,

In the case d = 2, the derivation of the estimates in Theorem [{.3] from the
asymptotic approximations in [O3, [BoyD] is presented in [CCMIl Section 3]; a
number of variations and new ideas are required in the general case d > 2, and we
refer to [CCM2] for a complete proof (indeed, in [CCMZ2] a stronger decay is proved
in the regime m > el for |z| > 2ay,, than the one given in (4.34)). Here we only
remark that combining the above estimates yields the following bound.

Corollary 4.4. Let d € N, d > 2. There exists ¢ € (0,00) such that, for all
(4,m) e ly and x € [—1,1],

—1/4
y(d-2)/2 (1}—’” + v - b?,m\) for all x € [-1,1],
0d=1D/2 exp(—cm) if y < bem/(2e),

where y =1 — x2.

Proof. Let € € (0,1) be a parameter to be fixed later. If m < ef, the desired
estimates immediately follow from , by taking any ¢ < log2 (indeed, note
that (1 +m)*3 > 1+m).

On the other hand, for m > e/, we may apply the estimates . Note that
m =~ ¢ > 1 in this range, so 1/¢ ~ (1 4+ m)/¢; moreover |2% — apm|* = |y* — bo.m|?
and y < 1, so the first estimate in immediately follows from the first estimate
in .

Assume now that y < by, /(2¢). Since by, > € in this range, a7 ,,, /(1 —€?) < 1.
Consequently

| X (2)] Sa (4.36)

b? 4e? — 1) +a} 4e? —1 1—(¢/(2e))?
?=1—y?>1- Z’m:ume e —1 1-(¢/(2)) 2 L
4e? 4e? 4e? 1—¢2 '
This shows that, on the one side, |z| 2 1; on the other side, if € € (0,1) is chosen
sufficiently large, then |z| > 2ay ,. Therefore we can apply the second estimate in

(#.34) and obtain that

X7, ()] S exp(—c'0)
for a suitable constant ¢’ € (0,00). Since ¢ ~ m in this range, this clearly implies
the second estimate in (4.36)) for an appropriate choice of c. O

5. WEIGHTED SPECTRAL CLUSTER ESTIMATES

As a consequence of the estimates in Section we obtain “weighted spectral
cluster estimates” for the Grushin operators Lg .

Fix d,k € N with 1 < k < d. For (¢,m) € I and & = (2, xa_1,...,2441) €
[~1,1]97F, define

d,k vd 2 Tk 2
Zim@) = > X, @)l (X0 g )] (5.1)
Lyl ET)
Lg=t, ly=m
where )?,f{s has been defined in (4.21). We are interested in bounds for suitable

weighted sums of the ,%”ed;f for indices ¢, m such that the eigenvalue )\?’7’; of
v/La ranges in an interval of unit length (whence the name “spectral cluster”).
The bounds that we obtain are different in nature according to whether m < €/
or m > el for some fixed € € (0,1), and are presented as separate statements. We

Ak of L is comparable with

remark that, in the case m < e/, the eigenvalue A,

the eigenvalue X} of Ag; consequently, the range m < e/ will be referred to as the
“elliptic regime”, while the range m > ef will be called the “subelliptic regime”.



ULTRASPHERICAL GRUSHIN OPERATORS 17

Proposition 5.1 (subelliptic regime). Lete € (0,1) andd > 2. Fiz 1 <k <d-—1.
Then, for all i € N\ {0}, a € [0,k/2), and z € [-1,1]77F,

2a
S an() 2@ [N et minfi, /a2 (5.2)
(Z,m)elék)
m>el
N €li% i+ 1))
Proposition 5.2 (elliptic regime). Let € € (0,1) andd > 2. Fiz 1 <k <d—1.
Then, for all i € N\ {0} and x € [-1,1]47F,

S am(S") 250 (@) it (5.3)

(Z,m)EIl(ik)
m<el
A w L8 (i41)7]
where ,%d;:f was defined in (5.1)).

Analogous estimates are proved in [CCM1], Section 4] in the case d = 2 and k = 1;
in that case, each of the products in ([5.1)) reduces to a single factor. Treating the
general case, with multiple factors, presents substantial additional difficulties, as
one may appreciate from the discussion below.

The following lemma will be repeatedly used in the proofs that follow, in combi-

nation with [CCMI, Lemma 4.1] and [DM| Lemma 5.7], to justify the passage from
a sum to the corresponding integral.

Lemma 5.3. Fora,t € R, s € (0,00), define

E(a, s,t) = (s + |a —t|) V2 (5.4)
Let k € [1,00). Let Q CR”, and a; : @ — (0,00), 5; : @ = R be such that

Va,|, V8] < kay
for j=1,...,N. Define é(y,x) = H;\;l E(y;, oj(x), Bj(z)) for y € R™ and x € .
Then, for ally € RN and x € Q,
Proof. By the Leibniz rule, it is enough to consider the case N = 1. Set a = ay,
B = B1. Define X(a,s,t) = s+ |a —t| and X(y,z) = X(y,a(z), B(x)). Note now
that
X(a,s,t) > s, |0sX (a, s,t)],|0: X (a, s,t)] <1,
whence, by the chain rule,
Vo X (y,2)| < [Voa(@)| +[Vef(2)] < 2ra(z) < 26X (y, )
and _ _
VB _1[V.Xwo)] _

E(y, z) 2 X(yz)

as desired. (]

5.1. The subelliptic regime. Here we prove Proposition [5.1] To this aim, we
first present a couple of lemmas that will allow us to perform a particularly useful
change of variables in the proof.

Lemma 5.4. Let w € R" and define the matriz M(w) = (m; ;(w)); =1 by
1 ifi=j,
mij(w) =< w;  ifi> 7,

—w; ifi<j.



18 VALENTINA CASARINO, PAOLO CIATTI, AND ALESSIO MARTINI

Then

det M(w) = > []ws
SC{1,...,n} jES
|S| even

Proof. Observe that m; j(w) = &, ; + pi jw;, where

1 if s < 4,
Pj,s = -1 if s> j,
0 if s=7.

Consequently, if &,, denotes the group of permutations of the set {1,...,n} and
(o) denotes the signature of the permutation o, then

det M(w) = Z Hmm

ceS,

= Z H Pj,o ()W
oceG, DE]

= > [Hw] Y. e ]]riow
SC{1,...n} \jes cEG,, jes

o|ge=id
S
= Z ij det(pl,m)}mll:p
SC{L,..n} \jes

where S = {1,...,n}\S. We note that (p;, m)‘ | _, Is a skewsymmetric matrix, so
its determinant vamshes when |S] is odd; if |S | is even, instead, its determinant is
the square of its pfaffian, and using the Laplace-type expansion for pfaffians (see,

g., [Arl §II1.5, p. 142]) one can see inductively that the determinant is 1. O

Lemma 5.5. Let Q={v € R" : 9; # —1 for all j =1,...,n}, where

n Jj—1
T S
r=j5+1 r=1
Let v — w be the map from ) to R™ defined by
_ Y
YT T ;

forj=1,....n. Then

n

1
det’(avéw])]s 1= H 1+ﬁj Z H

j=1 SC{1,..., n}]GS
|S| even

Moreover, for all € € (0,1), the map v — w is injective when restricted to
Qe=CveR" 1 v; >0Vj=1,...,n, Zvj <e

Proof. From the definition it is immediate that

avswj = mj,s(w)ﬂ

1+17j



ULTRASPHERICAL GRUSHIN OPERATORS 19

where M(w) = {m;s(w)}},_; is the matrix defined in Lemma S0)

n

1
det(9p,w;)} s=q = H T3 det M (w),

Uj

j=1

and the desired expression for the determinant follows from Lemma
Note that, if v € Q,, 0 < v;,|0;] < Zj“j <e<1l,501+0; >0and Q CQ. In
addition, the equations w; = v; /(1 + v;) are equivalent to v; — w;?; = wj, that is,

M(w)v = w.

Since w; = v;/(1 4+ 0;) > 0, from Lemma it follows that det M (w) > 1, so the
matrix M (w) is invertible and the above equation is equivalent to v = M (w) ™ w;
in other words, if v € )., then v is uniquely determined by its image w via the map

v — w, that is, the map restricted to €. is injective. O

Proof of Proposition[5.1, We start by observing that, for all (¢,k) € I‘(ik), if we

assume el < m, then, for all ({g4,...,0;) € Jék) with ¢4 = ¢ and £, = m,

eljr1 < 4y, jedk,...,d—1}, (5.5)
and in particular

lij~t 21, forall jed{k,...,d}. (5.6)

We also note that
AR 4 (d+k—2)(d— k)[4 =07 —m?.
Thus (5.2) will follow from

Z 62_1_2(}’)(21,@41—1 (xd)|2 U ‘Xécktlhfk ('rk+1)‘2
(Laser )T
elqg <Ly
0202 eli® (i4+1)?

,Se id7172a |71}k72a’ (57)
since it will suffice to apply h:=[(d+k—2)(d—k)/4] times, with 4 replaced
by i,i+1,...,i+ h — 1, respectively. Due to , we may restrict without loss of
generality to z € [0,1]7%. In addition, for each fixed i, the sum in the left-hand
side of is finite, since 4 — £;, 2 1 and therefore

bo <lg+ 0, SO0 <(i+1)%

min{i, |z

the boundedness of the functions X2 71 (see Proposition D then shows

La—jy1,la—;
that the estimate (5.7) is trivially true for each fixed ¢ (with a constant dependent
on i), and therefore it is enough to prove it for ¢ sufficiently large.
It is convenient to reindex the above sum. Let us set

p=La+ "y, ¢ =La—jy1—La—j, for all j € {1,...,d — k}.
and let us write
Q:=q + "+ qik-
Then the condition (£g, ..., ¢) € J& implies
Q-5 qa—k €EN+1/2, peEN+(d+k—2)/2, p>Q+k—1.

Moreover
Ly — 1l =Q, 05— 0 =pQ
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and, for j=1,...,d — k,

d—k j—1
biji1+Laj=p+d,  whered:= Y g —> i (5.8)
r=j+1 r=1

in particular

2 _1 Gy Aqp+d) g
Ugjirlay =+ 7 02 - (p+ 4 N2 T (5.9)
i (+tai+a)?  p
The condition e/y < ¢}, is then equivalent to
Q <ép,
1/4
where € = (%) € (0,1), and implies, by (5.5),

g <& (p+4q) (5.10)
for j =1,...,d—k. As previously discussed, it will be enough to prove the estimate
for 4 sufficiently large; in the following we will assume that

1+1/i<e™
Under this assumption on i, if pQ € [i2, (i + 1)?], then

Q<EVPQ<eé(i+1)<a.
Let us first consider the range
|x|0<> > 2],6{1{1.1?1};7]@} Aly_ji1,La—j5 (5'11)
where
o = i1l 5.12
[oloo = moax_ [a—ji (5.12)
In light of (4.34)), the inequalities
Sd—j+1 1/4
X amge)| S 6 = (5.13)

hold for all j € {1,...,d — k}. Moreover, for one of the quantities

vd k+1
XG0y @D o [ X g, ()]

the better bound |z|~'/2 exp(—cp|z|?) holds for some ¢ > 0, thanks to the second
estimate in (4.34) and to (5.6). As a consequence, we obtain

X7 e @) X5 )| S P70 exp(—2eplef?)
S [P (pla )Y
for arbitrarily large N € N. Note then that the conditions and imply
lz* 2 Q/p,
which, together with 2 — (2 = pQ € [i?, (i + 1)?], yields

izl 2 Q2 1.
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Then

k—1—2a| vd 2 Sk+1 2
Z Ed a|de,4cL—1 (xd)’ e ’XZ;::_LE;C ($k+1)’
(la,....tx)eT P
’ ddg@k ¢
GG el (i+1)%]

|| oo >2 max; Qg iqbg

< |x|_(d_k)_2N Z pk—l—Qa—N
Q<&p
PQEIi?,(i+1)?]
lz[*?2Q/p

< |x|7(dfk)f2N Z Z ph—1-2a-N

QSilel pEli?/@.(+1)?/@)
S la "N N (1/Q) 2/ Q)R RN

QZilz|
_ i2k7174a72N|x|7(d7k)72N Z QN —k+2a
QS|
5 i2k_1_4"‘_2N|:c|_(d_k)_QN(i\x|)N+d_2k+2“

_ 7:(11—1—204|l,|—k-‘,-2a (Z|$|)_N 5 7;ai—l—2oz min{i, |x|—1}k—2a’
since i|z| 2 1 and k —2a > 0, provided N is large enough. Note that, in estimating
the sum in p, we used the fact that the interval [i2/Q, (i + 1)?/Q] has length

(2 +1)/Q ~i/Q > 1.

Let us now discuss the range

] 0o < 2j€{lma>(§7k} Ay i ba ;- (5.14)
We first note that (5.14) implies
2[5 < Q/p,

which, combined with pQ € [i?, (i + 1)?] and Q € N + (d — k)/2, implies
p S i/|r]so and Q 2 max{l,i|z|s}-
Note that, by (5.9), for all j =1,...,d -k,

(aed—j+17€d—j>2 = <p(qj/(p + (jj))7 (515)

where p(w) = 4w/(1 4+ w)?. Note that the map ¢ : [0,1] — [0,1] is an increasing

bijection, such that w < p(w) < 4w; its derivative is given by ¢'(w) = 47(11_;2”)3

and vanishes only at w = 1. As a consequence, setting z; = ,/(p—l(x?), with

je{l,...,d—k}, one has Z; ~ |z;|; moreover, in light of (5.15) and (5.10),

|x§—j+1 - (aéd—j+17€d—j)2’ = |j§—j+1 - Qj/(p + (jj) )

uniformly for x € [0,1]7%. In particular, in this range, by (#.34),

it 2 R
’Xed,]jﬂ,ed,j (l"d—j+1)| S ‘:‘('rﬁ—j-l—lv 1/p,q;/(p + q5))
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<y 9
" O, (Th+1) ’

Lryt,

for all j =1,...,d — k, where Z is defined as in (5.4)).

£§_1_2a|j€g¢,%f1($d)| o ’

Then
2

(Laseo i) €T
elg <l
G- e[, (141)7)
Plg_jy1-ld—j

d—k
P[] 2@ 0. 1 a5/ (0 + 6)))

DY
=1

Q<&p

|Z] 0o <2 max;

pQE(i?,(i+1)?]
lzI><Q/p
7;2 k—1—2« .
s X (3 =(@.p.q).
max{1,i|z|} Q<& p€[i?/Q,(i+1)%/Q]
where T = (*/Z’d7 . 7jk+1)7 q= <Q1a o) qd*k) and
d—k
E@pa) = || 2@ 0. 1/p.ai/ 0+ @)
j=1
It is easily seen that
10p(1/P)|;10p(a;/ (P + 45))| S 1/p
for all j = 1,...,d — k, on the range of summation (note that ¢; + |¢;| < Q <
2i2/Q < ép and € < 1, whence p+ §; ~p 2> g; 2 1). Thus, by Lemma
10,2(2,p,9)| S E(@,p,9).
(

Moreover the interval [i2/Q, (i + 1)?/Q] has length (2i +1)/Q ~ i/Q = 1. Hence,

by [CCMI], Lemma 4.1],

Z.Q k—1—-2«

> (5 > Z@na)
max{1,i|z|} <Q<& p€li?/Q,(i+1)%/Q]
2\ FTIT2e eGr)r/Q

S > (Q> / E(z,p,q)dp

max{1,i|z|} <Q<éi #/Q

(Z, u, q) du,

+1
22~2k—1—4a/
U max{Lie|}SQ<é

where the change of variables p = u?/Q was used, and
2(%,u,q) = Q™ FE(®,u/Q, q)

d—k
= Q* [ 2@i 11, Q/u* 4;Q/ (v + 4;Q)).

J=1

Q<QE?*<eir<

It is easily checked that
Vo (Q/u?)],|Vo(4;Q/ (v + 4;Q))| S Q/u?
4|
and the Leibniz

forall j =1,...,d — k, on the range of summation (note that |
e2u? and € < 1, so u? + q;Q ~ u?), and therefore, by Lemma

rule,
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(Z,u,q)du

(1

Hence, by [DM}, Lemma 5.7],

i+1
-2k7174a / § :

max{1l,i|z|} SQ<é&

i+1
2k 1— 4a/ /
max{1,i|z|}<Q<é&
(@,p,q)p" 12 dq dp

(%,u,q)dgdu

[I]>

[l

= //nax{l,im}msﬂ
pQE[i®,(i+1)?]
= d—1-2
< /Aax{rl,ul}%vgé E(z,p,p) p"" T dpdv
p2Veli?,(i+1)?]
= ;l fvj (note that

where the change of variables ¢; = pv; was used, and V = )
Q < @ and pQ > i? implies V = Q?/(pQ) < 2). Now,
(Z,p, pv) p*~ 2 dp dv

/[nax{rl,\xl}zsvs =
PPVE[®,(i41)%]
i\ d1-2ad=k o -1/2
< - R
N/%rlax{i_l,|w\}2§V§€2 <\/V) H Td—j+1 1+0; dp dv
PPV eli® (i+1)%) =1
%
Sid7172a\/ V- (d—2a)/2 ,I 7JA d’U,
max{i~!,|z|}? <V <e? H =it +Uj
where 0; = Zf;fﬂ v, — 771 vj, and the fact that the interval [i/v/V, (i+1)/V/V]
has length V~1/2 was used. We can now use the change of variables
Y
Wi 1+,
observing that w; ~ v; for all j € {1 d — k}, and (see Lemma [5.5] below
-k
~1 5.16
S| P S

(T
149 SC{L,...d—k} jES

d—
Jj=1
|S] even

det(&,s wj )j,S:l,.

on the domain of integration (here we use the fact that vj,|0;| € [0,€°] for all

d—k}and €< 1),
2
Ti T Ths,

jedl,...,

id—1—2a/ (d—20) /2 H
max{i~ !, |z|}? SV <& j=1
d—k
|w|f(d72a)/2 H |j§—j+1 _ wj| 1/2 dw
j=1

:id7172a/
max{i~!,[z[}* S|w|
d—k,

In order to conclude, it is enough to bound the last integral with a multiple of
To do this, it is convenient to split the domain of integration

min{i, [z|~1}F—2e
according to whether wj is larger or smaller than 2z7_,, for each j =1

and according to which j corresponds to the maximum component w; of w. In
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other words,

d—k
—(d—2a _ —-1/2
/ (it l=3?<l |le e H |Zimjer — ws] dw

Jj=1
d—k

d—k
: Z Z /max{i_lﬁlzl}QS_lw\ ] (47202 H |71 — wj|_1/2 dw,

JC{1,..,d—k} jo=1 Wj, =max; w;
c{L,.d=k} Je w;>233_ ., Vied
w;<2E5_ 44 Vi€

Jj=1

where J = {1,...,d — k} \ J. We estimate separately each summand, depending

on the choice of j, € {1,...,d — k} and J C {1,...,d — k}, noting that, in the

respective domain of integration, |ffl_j+1 — wj|*1/2 ~ wj_l/2 for all j € J.
Suppose first that j, € J, and set J' = J \ {j«}. Then

d—k
—(d—2a)/2 -2 T2
/max{rl,m}%m\ [w] |7 —wi| T dw

Wy, =mMax; wj

=1
w;>235 5., Vi€
wjngi_j“ vjeJe
—(d—2a)/2—1/2 —1/2
< / wy @202 (T / w2 dw; | duy,
max{i~1,|2[}2Swj, jegrJwisw;,
_92 —-1/2
X H/ B |xd_j+1—wj| dw;
jeJge wj§2:vd7j+l
—(d—|J|—2a)/2—1
ST 1amgsal / w;, dw,
jeue max{i~1,[z[}2 Swy,

S fe T max it [} < max{i T o} = minfd, 2| T
which is the desired estimate. Here we used that d — |J| — 2o > k — 2a > 0.

Suppose instead that j. ¢ J. In this range, |z|*> < max{i~!, |z|}? < |w| ~ w;, <
:::ij*Jrl < |z|?, whence w;, ~ |w| ~ max{i~!, |z|}?. So

d—k
—(d—20)/2 ~2 Lt V2
/max{i_1,|a:|}2§|w\ |w] ’xdfj#l wa| dw

wj*jmaxj wj j=1
w;>285_ 5., ViES
w;<2%5 44 Vi€

Smax(i Jof) 2 (] | 2o —wy| " du,

72
jegeJwis2Tg 4,

—~1/2
X H/ w; / dw;
jeg JwiSmax{i=t,|x[}?

5 maX{i_l, |x|}—(d—2a)+\J\|x||J°| < min{i, |$|—1}k—2a’
and we are done. 0

5.2. The elliptic regime. We now discuss the proof of Proposition We first

observe that a straightforward iteration of Proposition [4.2(i)| yields the following
estimate.
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Lemma 5.6. Firde N, d>2,andseN, 1 <s<d—1. For all {4 € Ng and all
(Jid, o ,$5+1) € [_17 1]d_s;

S— % 2 X ? -
> G X )| X2 (@a) | S 007
(Zd—lw-'ves)e‘]((ii)l
Lg—1<Lq

Proof of Proposition[5.4 Due to the symmetry property of Jacobi polynomials
[#2), we may restrict to x € [0,1]97*. Since

d? — k2 + 2(k — d)

d.k 2 2
Ae'm 1 ={"—m
for (¢,m) € I{;k), it suffices to prove the estimate
k—1| vd 2 vk+1 2 d—
Z gk ‘chhed—l (.ﬁd)‘ e ’ka—:-l,fk (l‘k+1)| 56 ? ! (517)

(Cayesti) eI
Lr<elq
-6 eli®,(i+1)7]

for all z € [0,1]97% and i € N\ {0}. Indeed, the condition )\Zfzk € [i%,(i + 1)
implies )\Zflk +(d? —k*+2(k—d))/4 € [i?, (i+d—1)?], so (5.3)) follows by applying

(5.17) h := [(d+k —2)(d — k) /4] times, in correspondence of ¢, i+ 1, ..., i+h—1,
respectively. Note also that, since ¢} < efy, we have /\z’:; = /\‘Z’ﬂk ~ (2, whence

éd:i.

We first consider the terms in the sum with ¢, = 0 (observe that this may happen
only for k = 1). The condition £3 € [i?, (i+1)?] uniquely determines the value of £,.
Using the estimate in Proposition to bound X fktlho(ka) in the left-hand
side of ((5.17) and then applying Lemma E we obtain

vd 2 vk 2| vk 2
Z |X£dld71(xd)| ’Xék_:i,ék+1 (xk+2)| |X€k—:11,0(xk+l)‘
(¢d7---,5k+1)€Jflk+l)
£REL®,(i+1)7)

k| yd 2 v k42 2
DS > G| X o @[ [ XGRS, (@rso)]
L4ENy (£a—r O, )€J(k+1)
4= —15ee it =
£eli?, (i41)%) ly_1<tby -t
d—1
S ¥
L3EN,
€eli®,(i+1)%]
-d—1
<9

In what follows, we shall therefore assume £, > 0.
Define y; := (/1 — x? for j=k+1,...,d. Let us first consider the case where

Yi. <be, 0, . /(2e) for some j. € {k+1,...,d}.
By (4.36)), in this case,

X7

o
i @RIP ST T
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for a suitable ¢ € (0,00), whence

S gXE @) XE )]

(Carenili)€ TSR
0<l<ely
G2 el (i+1)%)
yk<b/z a1/ (2€)

G 8
SJ Z 6726[3.*71
£j.—1€Nj, 1
k—1|y 2
x Z E | Ly —1:L5, —2 xj* | | £k+1,£k k+1)|
(Z_j*_Q,...,ek)eJ;f) 2
ljw—2<j,—1
0, <i
vd 2 vJ+1 *—1
x Z |X€d;[d—1(zd)’ "'|X£jj+1,fj*( Jx+1 | EJ
(Zd, 7@ )EJ(j*)
41*251‘*—1

2 elli+i% 024 (i+1)?)
where we also extended the sum in ¢;, _; to all N; _;. As already observed, due
to the condition (% € [(3 + %03 + (i 4+ 1)?], for a fixed ¢; < i the sum over {4
essentially contains only one term and ¢4 ~ i. Thus, by applying Lemma first

to the sum over ¢; ,---,¢4—1 and then to the sum over ¢;, —2,..., ¢, we get
k—1|vd 2
§ : gk |de,fd 1 { ‘ Zk+175k k+1)}
Layerstr) €T
0<ly<ely

-0 €li®(i4+1)%]
Ye<be; o /(2€)

S id71 E 672(;[]'*71

Lj.—1€Nj, 1
k—1 ) 2 vk+1 2
x Z E |X L, —1,L ]*72($]*71)| to |X€k+1,€k (wk+1)|
(Uja s li) €IS,
ZJ'**ZSKJ* 1
g ,L'dfl E 6726%*716%_1 /S ,L-dfl'
Lj.—1€Nj, -1

From here on, we shall assume
Yj > bey e, 1 /(2e) forall j e {k+1,...,d}.

Note that this implies y; > 0 for j =k +1,...,d. We call k, the smallest index in
{k,...,d} for which one has

beje; o /(2e) <y; < 2bg; 0, for all j > k.
Note that the above inequality implies that
i1~ Ly, for all j > ki,
and moreover, by Corollary [4.4]
XYy @) 0507 23 /6,61 /6) (5.18)
for k, < j < d, where = was defined in .
Assume first that k. > k. Then yg, > 2by, 4, _,, that is,

1
Yk, Lk, -

l,—1 < D)
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whence, by Corollary [4.4]
> —(ka—1
X5 (@) S g

Hence

> G ) X )]

Lrt1, Ek
(£a.rli) €T
0<l<elq
G-eli(i41)?
bfjljfl/(25)<y1§2b2]',5]'71v3>k*
Yk >2b0y 0p
k—1| yd 2 v h+1 2
S § : e ’X&c*—lyék*—z(l‘k*_l)’ ""X£k+1,ek(xk+1)’
(Zk*_l,...,zk)eJ,i’ill
Lhoy 1 SYkey Yhw+177Yd

d
— (ko — _ —
x > T | B = ROV N Y

(Lo, )ETSE) J=kt1
G 1ely; Vi>ke

La€[\/P2+L2 \/ (i+1)24+L2]
Note now that, for j = k. +1,...,d,

V(fd,»»-,lk* ) (gjfl/E?)ﬂ V(Zd,»»-,lk* ) (5?71/5?), 5 éjfl/gi

in the range of summation; moreover the interval [/i2 + £7, /(i + 1)2 + £7] has
length ~ 1 and its endpoints are ~ i, because £, < i. Hence, in view of Lemma
we can apply [DM) Lemma 5.7] to the inner sum and obtain

(kx—1 2)—
> v H uy UEWE B 2 )
(Laseoylis, ) ETH J=k.+1
Lj—12ly; Vi>k.

La€[\/i2 42,1/ (i+1)2+£2]

d 2 —1/2
S s G
& H b Ae[\/fei,\/m] H Yi — dly, - dlg.
he Li_1b5y; Vi>ky J
The change of variables t;_1 = £;_1/(¢;y;), j = k« +1,...,d, then gives
d e —1/2
2 -4 “e
Loty R [I || o du
Lj_12€jy; Vj>ke Jj= J
d .
5/ / H %1'27%‘1 cdtg_y dly
L€l 12+ tk*,...,td,lzlj:k*_i_l 12|
d
ky—
= H (Yj41--Ya1) H yJ 17
Jj=k«+1 k2

whence

Z —(k -1 H v —(- 2)~(yj’ i 1/€ 2 1/32)

(Lol )ETSS) J=kat1
Lj_122ljy; Vi>ke

La€[\/12 442 A/ (141)2+£2]

SR (g, ya) R
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and

>

(Layemrtr) €T
0<tlp<ely
G—Llreli® (i+1)%]
beje; 1 /(2€)<y;<2bg; 05
Yk >2bey 0

S (Y,

2.

k
(Zk*—la~~wzk)€n],(€*)71
Cho—1 SiYken Yk +17"Yd

5 Z-dfkr* 1—k.

6271|ng,5d 1 ‘

Vi>ka
kx—1

)lfk*

X1

X Liy 1Lk, —2

f’;i_ll (xk*—l

(Yk, -~ ya)

Ky

>

Ly —1S0Yky Yky+17°Yd

where Lemma was applied to the sum in (¢, ..
k+1 > 2 was used.

We now consider the case k. = k. Here, by (5.18]),

k—1| vd
Z Kk |de’4d 1 |
(fd,»--,lk)EJém
0<tl<ely
02—03 i, (i4+1)?]
b[] - 1/(26)<y]<2b4J £ 1Vj>k
k—1 (- 2)~
S > ty H Y; E(yj, ¢
(ed, L)€L J=k+1

6 _1ryy; Vi>k

La€[\/2+L7 / (i+1)24£7]

d—1
< k-1 H k+1—j } : H
J=k+l (La—1,enti) €ISV T=RHL
Li~yjpr-yat Ve<j<d
=/ 2 2 42 2
X E E(ya, la—1/€5,Ca-1/0a)
L4€Ng
LaE[\/i2 442 A/ (i4+1)2+£2]
d d—1
f—1 k+1—j
s I > 11
j=k+1 (‘ed—11"'7lk)€'],(i]i)l j=k+1
Li~yjyr-yal VRS j<d

X / E(y3, ba—1/05, 05
Lael\/PH 2 /(T )24 2]
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| ekﬂ zk xk+1)|2

) ‘Xécktll L (x/”‘l) ’2

)|

e < a1

1~

., 4;) and the fact that k. >

’ 5k+1 Lk k+1) ’2

Jj— 1/6 E?ﬂ/@)

25, -1/6. 64 /6)

E(y: 1 /05, 6, /6)

1/€3) dla,

where the last inequality follows from [CCMIl Lemma 4.1] together with Lemma

(3] the fact that
100, (Ca—1/3)], 100, (€5

in the range of summation and the fact that (since £ <
(V02 + 12, /02 + (i+1)2]is ~ 1.

/)] S a0

1) the length of the interval
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The change of variables u = \/¢% — (% in the inner integral then gives

2{: '|~k+1ek($k+1ﬂ2

X€k+1;

62_1 |),ngvéd—1 (xd) |2

(L. slr, ) ETS
0<tl<ely
05— el (i41)7]
by 1/(2€)<y]‘ Sngj)(j71Vj>k
d—1
Sik71 H yk+1 J Z H E(y], i 1/( 2 1/62)
J=k+1 (Ca—1,eti)€ISY T=RHL
Ly p-yat VESj<d
it+1
<[ B e 0 )8+ ) d
K3
i+1 ~ =
— k-1 H yk—H J / Z E(u, 7, )du,
J=k+1 ! (Catsetr) T
Ci~yjt1-yai VE<Sj<d
where ¢ = (a1, k) Y= Ydy - Yk+1), and
. d—1
E(u’ ’E) = E(y37€d,1/(u2 + ei)’gifl/(u2 +€i)) H E(yga Jj— 1/€ yYj— 1/62)
j=k+1
We now observe that, since u € [i,i + 1]
IVilar/(W® + G, IV la_i/(u® + 63)] S lar/(u® + £7)

and

forj=k+1,...,d—1

IV 1/£?|, |Vg’€?—1/€?| St/

on the range of summation. Thanks to Lemma we can apply [DM|, Lemma 5.7]
to majorize the inner sum with the corresponding integral and obtain that

i 1|X@d ta—s (T ’ | Zk+1,ek xk+1)’2

>

(Lasnli) €T

el®

O<£k§e£d
0202 eli? (i41)?]
beje; 1/(2e3)<y7<2bg7 0 Vi>k
d k it+1
k— 1— = - A
< ikl +1=J / / E(u, 4, £)dly, -+ dby_1 du
j= k+1 ~yjip1yat VeE<j<d
i+1 /2 —-1/2
< k=1 k+1 —J 2 d—1
~ 7 . . yd 2 + 62
j= k+1 i~Yi+1yat Ve<j<d u k

=
‘ dék dfd_l du,

<L

j=k+1
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The change of variables ¢; = uy;j41---ya7j, j = k,...,d — 1, then gives

k—1|¥d 2 vk+1 2
Z ek |de-ld71 (xd)’ T ‘Xikﬂ,ék (karl)’
(€d7---,5k)€Jsk)
0<tl<ely

-0 €li? (i+1)?)

beJ - 1/(26)<1}J<2bgj [ 1Vj>k

i+1 2 2 —-1/2
< -1 / / 2 — YaTd—1
~ d 2 22
j= k+1 i ThkyeorsTd—1221 1+yk+1"'yd7k
_ 272 —1/2
1
X H y]2 ]sz dry -+ drg—1 du
j=k+1 J
2 71/2
_sd—1 Td—1
=1 1= 112, - 22
ThyeoosTd—1>1 yk;J,»l ydiZ
d—1 2 —1/2
Tiq
X H e di"'de—l
. T;
]:k;+1 J
2 2.2 —1/2
L d—1 1 Yier1 " YaTi 4
=1 7+ 2 -
Ty Ta—1~1 | Tg—1 Ta—1
> —1/2
1
X H 1— -2 drg--- drg_q.
T
j=k+1 J
Finally, the change of variables
1 T .
tg—1 = , tj=—1 forj=k,...,d—2
Td—1 Tj+1
yields
k—1|vd 2
§ : ‘gk ’Xed1£d 1 | | [k+17ek k+1)‘
(Zd,...,ék)eJ,;k)
0<l,<elq
GoBel ()]
bgj,gjil/(26)<yj<264z] [ 1V]>k)
-d—1 2 2 2,2 2 -1/2
S / |71+ Yipr - yath - to_o—1
t tg—1~1
—1/2
x TT =Y dty - dtas
j=k+1
d—1 /
d—1 2 |—1/2 —1/2 d—1
<i / H ll—tj_1| / | ~Y2 dvdty - dtg_y <97,
thyeostg—o~1 j=k+1 |’L)‘s1

and we are done.

6. THE MULTIPLIER THEOREM

6.1. The weighted Plancherel-type estimate. By means of the previous esti-
mates we shall prove a “weighted Plancherel-type estimate” for the Grushin oper-

ator Ld,k-
For all r € (0,00), we define the weight @, : S¢ x S¢ — [0, 00) by

/ / _L
@ (lw, ¥], (W', ¥]) = max{r, [¢'|}
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Proposition 6.1. Let « € [0,k/2) and N € N\ {0}. For all Borel functions
F :R — C supported in [0, N], and all 2’ € S¢,

11+ wn-1(,2"))” Ke/zan llzze) Sa VN TY2F(NY) |2
Proof. We shall prove the apparently weaker estimate
lon—2 (20 Ky (2 e2s) Sa V(' NTHYTRFP(N) v 2 (6.2)

for all 2/ € S?. Proposition follows by combining the estimate (6.2) with the

analogous one where o = 0.

Following (4.18)), we can decompose

_ d,k d
K:F(\/[:d,k) - Z F (m> sz,...,ek

(£asli) €T

= Z + Z = Kl +K27

Lasenli)€TE) (La,. )€ TP
L <elq L >ely

where € = max{1/2,(k —1)/(d—1)} € (0,1) and )\Z’ll}k is given by ([4.20).
We note that, due to the choice of €, for all (¢4,...,¢;) € Jsk) with £ > ely,

VAR ARy (6.3)
(see (4.3). In particular, Ka(-,2") L ker(Ag41), and moreover

Ka(2') = L3 P AN A Ko al, '),

where
_ dk  /y k1 ya/2 [\ dk d
K2’a - Z ()\ed’ek/)\fk+l) F ( AZ(I,&C) denu,fk'
(Zd,-wzk)GJ((ik)
bzd~£k>6
Hence

lon— (s [ D sz 5 L 9 D2 e

< HwN*l('v |_wl71//-|>aK1(" I_wlvwl-‘)HL?(Sd) + ||wN*1('7 I_w/’w,-‘)aKQ('a Lw/’wl-l)HLz(Sd)
< min{N, [¢/[ 7} [IKL( [w' D2y + 1785 K20 w0, @Dl se))

< min{ N, [ |7 (1K (w0 9 ) 2 sey + 1 Kza (s [0 0 )2 s0)]

where 74 is the function defined in (4.22)) and in the last step the Riesz-type

estimate of Proposition was used. In light of (3.16)), the estimate (6.2 will
follow from

1K1 Gy [0 9 D22y Sa N min{ N, [T M2 F(N) [ (64)
12,0, [0 DT g0y Sa NOmin{N, [/ |72 F(N) R (6.5)

In fact, instead of (6.4)), we shall prove the stronger estimate

I3 (s [, DI goy S NOF(NR - (6.6)
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In view of (4.19) and (6.3), we rewrite (6.5)) and as

2
Y an SO, /3 F(\/xz;’fgk) XE L, @)

(£ay.rti) €T

L, >ely
N
<o N4 Imin{N, \1//|_1}k_2“2 sup |[F(\)|?
i—1 AEli—1,]
and
2 N
> an@) [P (VA )| X R S VY s FOVP
o) =7 Aeli-1,]
(Larer i) ETS

L <elq
So it is enough to prove that

> g, (SFYOEE, /B IXE o @) Sa N min{N, [y| 12

(Lase i) €T
L >ely

X, ELE=1)%,4%]
and
ky| vd 2 d—1
> g, (S)XE, o, (ITSN
(Laseonli) €T
L <elq
A, EL=1),4%]
fori=1,...,N. For i =1 it is easy to verify the above estimates, since each of

the sums contains at most two summands, with ({3 — (d — 1)/2,4;, — (k—1)/2) €
{(0,0),(1,1)}, and the functions Xy, ., are bounded. For i = 2,..., N, these
estimates follow from Propositions[5.1]and 5.2} applied with m = ¢ and £ = £,. O

6.2. Properties of the weight. We shall need some properties of the weights
@, + S x §? — [0,00) defined in (6.I). The following lemma extends [CCMI],
Lemma 5.1], where only the case d = 2, k = 1 was treated. We refer to [MSi|
Lemma 12] and [M2| Lemma 4.1] for analogous results.

Lemma 6.2. For all v > 0 and o, > 0 such that a + 8 > d+ k and o <
min{d — k, k}, and for all 2’ € S%,

/Sdu 0(5 ) 1) P 4 (2, ) do(2) Sap V1) (67)

Moreover
1+ w@,(2,2") S (1 +o(2,2") /1) (6.8)
for allr >0 and z,2' € S°.

Proof. Due to the compactness of S, both and are obvious for r > 1.

In the following we assume therefore that r < 1.
To prove , we observe that, for all |w, ], [w,1'] € S,
|¢| W] — ¢I| Ay

_—~ 14+ ———— <1 . 6.9

T a0 = [0 S +o(lw, ¥, [ 9] /r (6.9)

The last inequality follows immediately from (3.14) in the case max{|¢|, |¢'|} <

/4, and it is trivial when |¢)'| > 7/8 (since |¢|/ max{r,|[¢'|} < 1 in that case);

in the remaining case (J¢o| > 7/4 and |¢'| < 7/8), the points |w, 9] and |w’, ]
belong to disjoint compact subsets of S¢, whence

o(lw, ¥], [, 9']) = L= i — 4| (6.10)
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and the desired inequality follows.
In order to prove (6.7), we fix 2/ = |w’,9'] € S? and split the integral in the
left-hand side of ([6.7)) into the sum Z?:o Z;, where

7, — / (1+ 0z, 2)/r) P (1 + @0 (2, )~ do (=)

J

and

So = {|w,¥] € $* : max{|¢|,[¢'|} > 7/4},
_ d . N1/2 PR,Sk (w,w’)
Sl{Lw,ip]GS \SO-PR,Sk(W,W) SHMX{W’HW}},

So = {|w, 9] €S\ (SoUS) = [¢'] < [9l/2},
Sz ={lw, ] €SI\ (S US) : [9]/2 < [¥']}.

We first estimate Zg. In the case [¢)'| > m/8, we use (3.15) to conclude that
Ty < / (1+ or(z,2)/r)Pdo(z) Sri~V (),
sd

since r < 1 and 8 > d (cf. [DOSI, Lemma 4.4]). In the case |¢'| < 7/8, instead,
o(z,2") ~ 1| = 1 by (6.10) for all z € Sy, and

—d

B
" SV, r),

Ty ~ 1P max{r, [¢'|}* = rd max{r, |¢/|}kW ~

by (3.16]), since 8 —d > k —a > 0.

In order to estimate 7Z;, we decompose S = (1 + B2, with f; > d — k — a and

B2 > 2k. Thus (3.14) and imply

T, ~ /s (1+o(z,2)/r)7 " (1 + Hm) do(z)

< (max{r, ||} /r)" / (1+ 0z 2)/r) (L4 | — /| /r) " do()

Sy

< (max{r, [¢/'|}/r) / (14 orsr(w, )2 fr) P2 (1 + | — 4| /r) =2 do(|w, )

S max{r 1}/ [ (15 o () /r2) P s

x / (Ut o — 1) dia. . dibi
[—7/4,m/4]d—Fk

< (max{r, [/} /r) 0% =+ mafr [/ [} (r/ max{r, [¢/[})F S V(' r),

since 82/2 > k and o < k.
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In order to estimate Z,, instead, we write 8 = Bl + Bg, with Bl > d— «a and

Ba > k, so, again by (13.14)),

~ W= | orsk(w,w) )‘6 ( |¢|> -
IQ_/Sz <1+ r +7"rnax{|¢|,|¢’|} 1+max{7‘, 1|} do(|w,¥])

w|>‘51( ] )
< 1+ — 1+ —F—F
N/2|w/|§|¢|§7r/4( " r +maX{7”a [’}

N~
></ (1+QR7S’“(”’°J)> dwdiby . .. dpsn
Sk 7|y

—Bi—a
(1 i 1"') (Flo) diba. .. dibps
[—7/4,m/4]d—Fk r
< (max{r, [/[}/r) 1 = o mascgr, [0 [}/ masc{r, [1)F < V()

where we used the fact that max{|¢|, [¢'|} ~ | — ¢'| = |¢] on Ss.
Finally, to estimate Z3, we decompose 8 = (1 + (2 as above and get

T g/g (1 + M) - (1 + W) o do(|w, ¥])

< (amax(r, o/} /)" [

v
S o) |

[—7/4,m/4

o\ B
(1+ ) aw g et g v,
4=k r
where we used the fact that max{|¢|, [¢'|} ~ |¢| on Ss. O

6.3. Proof of the main result. The previous estimates finally allow us to verify
the assumptions of the abstract theorem in Section [2] and prove our multiplier
theorem for the Grushin operators Lg .

Proof of Theorem[I.1 Let a € [0,min{d — k,k}). We apply Theorem with

(X,0,p) = (8% 0,0), £=Lak, ¢=2,0=d+k—a, 7 = (1+ w@,)* Note that

the assumptions [(a)] and easily follow from [DzSi]; as a matter of fact, |(a)| also
3.1] 6.1]

follows from Proposition (3.1} and @ could be derived from Proposition [6.1| via the

results of [Mel [Si] (cf. the discussion in [CCMI]). Moreover, the assumptions
and @ are proved in Lemma while the assumption@ is proved in Proposition

By choosing « sufficiently close to min{d — k, k}, we can make 9 =d + k — «
arbitrarily close to D = max{d, 2k}, and the desired results follow. |

7. APPENDIX. PROOF OF THE ABSTRACT MULTIPLIER THEOREM

Proof of Theorem[2.1} Similarly as in [M2], for all r € (0,00), 8 € [0,00), p € [1, 0]
and K : X x X — C, we define the norm || K]

|p,l3m

1 1lp, 5. = ess sup (B, PP+ o) /1) K (2 o),

where p’ = p/(p— 1) is the conjugate exponent to p; if r € (0, 1], we also define the
norm || K[[7 5. by

I, = esssup (B )7 (1 + 00,20/ 7 ) K C ) oo

Due to the doubling condition and the heat kernel bounds, we can apply [M2,
Theorem 6.1] to obtain that, for all e > 0, all 5 > 0, all R € (0,00) and all
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F :R — C supported in [—R?, R?],

K e ll2,8,5-1 Spe IF(R*)|L
IF(&)lnr(x)=rr(x) Se [F(R*)|L

(7.1)
(7.2)

oo
Bte’
oo

Q/2+e¢’

where @ is the doubling dimension of (X, g, ). It is worth noting that, since 7, 2 1
by , the estimate trivially holds for all 8 > @, r > 0 and y € X [DOSI|
Lemma 4.4]; so it is not restrictive to assume in what follows that 0 < Q.

Set A; = exp(—t2£) if t € [0,00) and A; = 0 if t = co. From we deduce
that, for all t € [0,00], all € > 0, all § > 0, all R € (0,00) and all FF : R — C
supported in [R/16, R],

I p(vmy1-an ll2s.m-1 Spe IF(R)| g, min{1, (RE)*}.
Let € € C.((—1/16,1/16)) be nonnegative with

/g(t)dt:l and /tkg(t)dt:Ofork:1,...,2@—1—2.
R R

(cf. [M2} eq. (18)]). Then by Young’s inequality we obtain that, for all ¢ € [0, oc],
alle >0, all >0, all R€[1,00) and all F: R — C supported in [R/8,7R/8],

l2.,r-1 Sp.e [F(R)] g, min{l, (Rt)*}.

B+e

IK ¢ myvera-an!
In particular, by (2.1) and Sobolev’s embedding, for all ¢ € [0,00], all € > 0, all
8>0,al N eN\{0} and all F: R — C supported in [N/8,7N/§],

5,881 Spe [IF(N)llLg min{l, (Nt)*}.  (7.3)

B+Mgo+1/q+e

I e myveya—anl

On the other hand, by (2.3), for all ¢ € [0,00], all N € N\ {0} and all F: R — C
supported in [N/16, N],

H“CF(\FE)(l—At)H ;,O,Nfl S IEF(N)|[ v, min{1, (Nt)2}-

Hence, by [DOSI, eq. (4.9)], for all t € [0,00], all N € N\ {0} and all F : R — C
supported in [N/8,7N/8],

IK vy aoan 50— S IFN) o min{L, (V1)) (7.4)

Interpolation of (7.3) and (7.4) gives that, for all ¢ € [0, 00], all € > 0, all 8 > 0,
all N e N\ {0} and all F: R — C supported in [N/4,3N/4],

1K ey (v I3 vt S [N, min{1, (N},

By (2.2) and Holder’s inequality we then deduce that, for all r € [0,00), all t €
[0,00], all s >0/2, all e € 0,5 —0/2), all N € N\ {0} and all F': R — C supported
in [N/4,3N/4],

esssup/ IK .. (2,2 du(2)
z’eX JX\B(z',r) (P-4

< T+ NP) YK ey (veya—ap e v (7.5)
Sse L+ N1) K eupy (v a-an 2,8
Sse (L+Nr)~||[F(N-)| o min{L, (N1)*},

where 8 € (0/2 + ¢, s).
On the other hand, if D is the g-diameter of X, by (2.2]), Holder’s inequality,
(2.3) and [DOSI, Proposition 4.6], for all s > /2, all € € [0, min{s —2/2,0/2}), all
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N € N\ {0} and all F: R — C supported in [N/4,3N/4],

[(F — &+ F)(\FE)Hlal = H|IC(F7§*F)(\/E)H|1,O,N*1
Ssie HVC(F—{*F)(\&) I
<(1+ ND)ﬁ|HIC(F—5*F)(\/§)|
Sse NO(F = €5 F)(N)Ing
See NNF(N g,

NZNFN) e

*
2,8,N-1

20N (7.6)

~8,€

where 8 € (0/2, min{0, s — €}).
Finally, observe that, if supp F' C [0, 1], then, by , Holder’s inequality and
applied with r = N =1,
IFVE) 11 = 1K p(vallhon
S H“CF(\@)|
< (1 +D)|IKpiyg
SF v
< [ F oo
Combining (applied with ¢ = co, and € = r = 0) and (applied with

e = 0) gives in particular that, for all s > 9/2, all N €e N\ {0} and all F: R — C
supported in [N/4,3N/4],

*
2,0,1

*k
2,0,1

IF(VE) o1 Ss IF (NI - (7.8)

This estimate, combined with (7.7)), easily gives a weak version of part namely,
for all s >09/2 and F': R — C supported in [1/2, 1],

sup [|F(tV€) 151 Ss 1F s (7.9)
>0
We now prove the full version of part Fix an even cutoff function x € C*(R)

with x(0) =1 and supp x C [—1,1]. Let F: R — C be supported in [-1, 1] and set
F =F — F(0)x. Note that, for all k € N,

IEO)x(V)ller Sk IFO)xlle2r Sk [F0)] Ss 1F e,
by Sobolev’s embedding, provided s > 1/q. In particular, from (7.2)) it follows that
sup IFO)x(VE) 151 Ss |IF]

L (7.10)

for all s > 1/¢, and moreover

1]

g Ss |1F]

Li-

Let now & € C°(R) be such that supp¢ C (1/2,2) and >, ., &(2%) = 1 on
(0,00). Decompose F = Y keN F1.(2%) on [0,00), where Fj, = F(27%.)¢; since
supp Fy, C (1/2,2), from (7.9) we deduce that

sup 1E(tVE) o1 Sp (1l g
>

provided § > 9/2. On the other hand, arguing as in the proof of [MIl Lemma 4.8],
one deduces that, for all 8 > 0 and s > max{3,1/q}, there exists € > 0 such that

1Eillzz <. [1Eilloo + 27 I Fllg s 27| F|

a:
L
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the latter estimate is due to the fact that F(O) = 0 and, by Sobolev’s embedding,
if | F||pa < oo for some s > 1/q, then F' is Holder-continuous. In conclusion, for all
t>0and s>0/2,

IFEVE) o1 < D IF@ V) o S D27 N Fllpe o I1FllLes (7:11)

keN keN

combining the estimates (7.10) and (7.11)) gives part
As for part since the right-hand side of (2.4]) is essentially independent of the

cut-off function 7, we may assume that suppn C (1/4,1) and Y, ., n(2":) =1 on
(0,00). Then, arguing as in proof of Theorems 3.1 and 3.2], by the use of the
dyadic decomposition F' = Y, - n(27%)F and an application of [DMc, Theorem
1], from and we obtain that, for all F': R — C supported in [1/2, 00),

PO/ oo Sesup PRz (7.12)
cE

Via a partition of unity subordinated to {(1/2,00), (—00,1)}, we can now combine

(7.12) and (7.7) and obtain part O
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