
MAXIMUM LIKELIHOOD RETRIEVAL OF VOLCANIC ASH FROM SCANNING LIDAR  

1 

Maximum Likelihood Retrieval of Volcanic Ash 

Concentration and Particle Size from Ground-

based Scanning Lidar  

L. Mereu1, 5, S. Scollo2, S. Mori1, 5, A. Boselli3, G. Leto4, F.S. Marzano1, 5, Fellow, IEEE 
 

1 DIET, Sapienza University of Rome, Rome, Italy 

 2 Istituto Nazionale di Geofisica e Vulcanologia, Osservatorio Etneo, Catania, Italy 
3 CNISM and IMAA - Consiglio Nazionale delle Ricerche, Potenza, Italy  

4 Istituto Nazionale di Astrofisica-Osservatorio Astrofisico di Catania, Catania, Italy 
5 Center of Excellence CETEMPS, University of L’Aquila, L’Aquila, Italy 

E-mail: mereu@diet.uniroma1.it, frank.marzano@uniroma1.it 

 

 

 
Abstract. An inversion methodology, named Maximum 

Likelihood Volcanic Ash Lidar Retrieval (VALR-ML), has 

been developed and applied to estimate volcanic ash particle 

size, and ash mass concentration within volcanic plumes. Both 

estimations are based on the maximum likelihood approach, 

trained by a polarimetric backscattering forward model 

coupled with a Monte Carlo ash microphysical model. The 

VALR-ML approach is applied to lidar backscattering and 

depolarization profiles, measured at visible wavelength during 

two eruptions of Mt. Etna (Italy) in 2010 and 2011. Results are 

compared with ash products derived from other parametric 

retrieval algorithms. A detailed comparison among these 

different retrieval techniques highlights the potential of VALR-

ML to determine, on the basis of a physically-consistent 

approach, the ash cloud area that must be interdicted to flight 

operations. Moreover, the results confirm the usefulness of 

operating scanning lidars near active volcanic vents.  

 
Keywords - Explosive eruption, scanning lidar, backscattering 

and depolarization, retrieval algorithms, volcanic ash 

concentration, ash mean size. 

I. INTRODUCTION 

An explosive volcanic eruption can cause a variety of 

severe and widespread threats to human well-being and the 

environment [3], [1], [12]. The ash produced during 

explosive eruptions, has a huge impact on the global 

environment. Major eruptions strongly influence the Earth’s 

radiative balance by injecting into the atmosphere a large 

quantity of particles and gases, which produce secondary 

aerosols [18]. Although the concentration of stratospheric 

volcanic aerosols is usually very low and rare, they can have 

notable impact on global climate due to their large-scale 

dispersion and residence times in the order of months or even 

several years. By contrast, the residence time of volcanic 

aerosols in the troposphere is only in the order of several 

days or months depending on the eruption intensity and 

duration. Furthermore, its spatial distribution can be rather 

inhomogeneous, affected mainly by the eruption and 

atmospheric variability, so that the assessment of their 

radiative effects is much more complicated [10]. Volcanic 

ash is critical information for the flight safety of jet-driven 

aircrafts. Indeed, due to their low melting temperature and 

their sharp-edged shapes, ash particles can severely damage 

the turbines and again here and front windows of aircraft 

[29], [4], [21], [2]. The ash concentration in the atmosphere 

is an important parameter that needs to be detected with 

some accuracy [42], because air traffic must be suspended in 

the regions in which volcanic ash concentrations exceed 

certain thresholds [10], [11]. 

In recent years, lidar (light detection and ranging) 

systems have been widely used to study volcanic aerosol 

clouds produced by major volcanic eruptions [22]. Lidar 

techniques are a powerful method for monitoring the 

dispersion of a volcanic cloud in the atmosphere because of 

their profiling capability at very high range resolution. A 

lidar can measure not only backscatter, but also 

depolarization once two-way path attenuation is properly 

corrected. Lidar observations can provide plume geometrical 

properties (i.e., top, bottom, and thickness), its optical depth, 

aerosol category and also aerosol microphysical properties if 

advanced multi-wavelength Raman lidar systems are used 

[45]. Using the depolarization channel, it is also possible to 

distinguish various shapes of ash particles ([10], [12]). 

The capability of lidar systems to detect the finest 

particles in volcanic plume and reliably estimate the ash 

concentration mainly depends on instrumental 

characteristics and the type of explosive activity. For typical 

ground-based dual-polarized lidars, the evaluation of the 

aerosol backscattering and depolarization coefficients may 

be carried out only in those regions where the lidar signal is 

not extinguished inside the volcanic plume optical thickness. 

In these cases, assuming the knowledge of the lidar ratio 

between extinction and backscattering, path attenuation 

correction algorithms can be applied to reconstruct the 

effective lidar observable [22]. Optically thick plumes can 

strongly attenuate the lidar beam, reducing its penetration 

capability due to absorption effects. Inversion approaches 

can mitigate the effect of path attenuation by reconstructing 

the backscatter profile if the return signal is detectable [15], 

[7]. On the other hand, lidar beam divergence is generally 

very small (about a few m3
 
at ranges of tens of km) so that 

they can have a better spatial resolution than a radar 

microwave system, even though at the expense of a smaller 

wide-area search capability. Multiple scattering is a further 

effect that can impact the ash retrieval due to the apparent 
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increase of the return power [46], [47]. However, for 

relatively low attenuation and/or highly directive lasers close 

to the explosive volcanic source, the multiple scattering 

tends to be negligible. 

Lidar sensors with scanning capability, installed a few 

kilometers away from the summit craters, can be valid 

supports in monitoring the finest airborne ash particles that 

are rapidly dispersed by the prevailing wind. Lidar 

measurements near an active volcano are crucial for 

continuous monitoring of long-lived explosive activity and 

improving the volcanic ash plume forecast during volcanic 

crises; nevertheless, lidar systems can be seriously damaged 

by ash fallout if not properly protected. The measurements 

near Etna volcano, in Italy, one of the most active volcanoes 

on Earth, were performed with the Volcanic Ash Monitoring 

by Polarisation (VAMP) lidar [43]. The VAMP system is a 

portable dual-polarized lidars with scanning capabilities, 

allowing detecting elastic backscattered radiation at 532 nm 

[22]. This system is able to provide highly accurate 

measurements of the backscatter coefficient and low 

depolarization ratio with a range resolution of 60 m and 

azimuth resolution of 1 degree. Whereas water clouds and 

fog contain spherical liquid droplets exhibiting low aersosol 

depolarization values, volcanic ash particles are generally 

asymmetrical associated to high aerosol depolarization 

values. The latter is readily detected by the VAMP system 

thanks to its dual polarization channels. Some recent 

eruptions of Etna volcano were extensively observed by the 

VAMP system. The calibration of the VAMP system and a 

detailed description of the apparatus is reported in [22] and 

[32]. These observations have opened the possibility to 

validate the scanning mode of lidar instruments and, now, to 

test different retrieval approaches of ash properties. 

The main goals of this work are: i) to introduce the 

maximum-likelihood volcanic ash lidar retrieval (VALR-

ML) based on a Monte Carlo microphysically-oriented 

backscattering polarimetric forward model. The overall 

numerical model, called Hydrometeor-Ash Particle 

Ensemble Scattering Simulator (HAPESS), takes into 

account the physical and electromagnetic behavior of ash 

particle polydispersions in a statistical way; ii) to apply the 

VALR-ML algorithm to the VAMP data collected during 

two different explosive events of Etna volcano: a prolonged 

ash emission activity occurring in 2010 at the North East 

Crater, and during a lava fountain in 2011 at the New South 

East Crater. The VALR-ML algorithm results are compared 

with ash concentration estimations, obtained from a 

parametric retrieval model to evaluate the impact of 

choosing different approaches for ash-mass no-flight zone 

contouring [22], [33], [30]. 

The paper is organized as follows. Sect. II illustrates the 

lidar polarimetric data processing technique, focusing on the 

numerical forward model, simulation of lidar observables 

(also reported in the Appendix) and maximum-likelihood 

retrieval methodology. Sect. III focuses on the application of 

VALR-ML to the two Etna eruptions in 2010 and 2011 and 

on the comparison of results with those obtained by other 

parametric retrieval algorithms. Section IV draws the 

conclusions and sets out future work. 

 

II. POLARIMETRIC LIDAR DATA PROCESSING 

The physical approach to lidar remote sensing requires 

developing a microphysical model that takes into account the 

volcanic particles features (size, density, shape, refractivity) 

and its associated backscattering polarimetric response. This 

forward model can then be used to approach the inverse 

problem by training an estimation algorithm by means of a 

set of realistic randomly-generated simulations of the 

forward model itself. This physical-statistical approach 

should tackle the issues of non-uniqueness and uncertainty, 

which affect any remote sensing problem. 

A. Volcanic particles lidar model 

The microphysical-electromagnetic forward model 

summarizes the ash particle features, derived from available 

experimental data and considered as a priori information to 

constrain the inverse solution [35]. The main microphysical 

properties of ash particle useful for modeling are: i) particle 

size distribution (PSD); ii) density; iii) angular orientation; 

iv) axial ratio in case of spheroidal shapes; v) relative 

dielectric constant models for the frequency/wavelength of 

interest [16]. 

The optical lidar response is mainly determined by the 

PSD of each microphysical species within the detected range 

volume. The PSD is usually modeled either through a 

normalized Gamma or Weibull size distribution. In the case 

of a multi-mode size distribution, it is always possible to 

suppose more than one analytical PSD characterized by 

different mean size and total number of particles. We adopt 

the Scaled-Gamma (SG) PSD as a general model both for 

ash and hydrometeor particles modeled as a polydispersion 

of randomly-oriented spheroidal particles [17]. If r is the 

radius of a volume-equivalent spherical particle (i.e. a sphere 

whose volume is equivalent to the associated spheroidal 

particle), the SG PSD Np, for a generic class of ash particles 

p, can be written as: 

 

𝑁𝑝(𝑟)  = 𝑁𝑛𝑝 (
𝑟

𝑟𝑛𝑝
)
𝜇𝑝

𝑒
−Λ𝑛𝑝(

𝑟

𝑟𝑛𝑝
)
 (1) 

 

where rnp is the number-weighted mean radius, whereas the 

“intercept” parameter Nnp and the “slope” parameter np in a 

logarithmic plane are related to the “shape” parameter p and 

to the particle density p, as shown in [49]. If particles are 

volume-equivalent spheres, their mass is mp = p·(4 /3)·r3 

with a constant density p; ii) the minimum and maximum 

radius are 0 and infinite so that the complete moment mnp of 

order n of Np, can be expressed by: 

 

𝑚𝑛𝑝  =  
𝑁𝑛𝑝 (2𝑟𝑛𝑝) 

𝑛 + 1

Λ𝑛𝑝
𝑛 + 𝜇𝑝 + 1 Γ(𝑛 + 𝜇𝑝  +  1)         (2) 

 

where (n+1) = n! if n is an integer. Using the previous 

equation, the total volumetric number of particles Ntp [m-3] is 

Ntp = m0p, whereas the mass concentration Cp [mg/m3] is 

given by Cp =  / 6·p·m3p and the number-weighted particle 

mean radius rnp [m] is defined by rmp= m1p / m0p.  

 

{

𝐶𝑝  =  ∫
4

3
𝜋𝑟3𝜌𝑝(𝑟)𝑁𝑝(𝑟)𝑑𝑟 =  

4

3
𝜋𝜌𝑝𝑚3

∞

0

𝑟𝑛𝑝  =  
∫ 𝑟𝑁(𝑟)𝑑𝑟
∞
0

∫ 𝑁(𝑟)𝑑𝑟
∞
0

 =  
𝑚1

𝑚0
 =  

𝐷𝑛𝑝

2

    (3a) 

 

where 
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𝑟𝑒𝑝  =  
∫ 𝑟3𝑁𝑝(𝑟)𝑑𝑟
∞
0

∫ 𝑟2𝑁𝑝(𝑟)𝑑𝑟
∞
0

 =  
𝑚3

𝑚2
 =  (

𝑚3

𝑚2
  
𝑚0

𝑚1
)𝑟𝑛𝑝          (3b) 

 

rep being the effective radius [m], expressed as a ratio 

between the third and second moment of Np, proportional to 

the number-weighted particle mean radius rnp and its 

associated mean diameter Dnp. 

For general purposes, we can define a number of ash 

classes with respect to their average size. It is worth noting 

that the following size discrimination differs to the one 

usually adopted by volcanologists [25], [37]. The following 

ash-diameter classes are identified (as integer powers of 2): 

i) very fine ash (VA) with mean equivalent diameters 

between 2-3 - 23 m; ii) fine ash (FA) between 23 - 26 m; iii) 

coarse ash (CA) between 26 - 29 m; iv) small lapilli (SL) 

between 29 - 212 m; v) large lapilli (LL) between 212 - 215 

m. Each diameter class may be subdivided with respect to 

other main parameters, e.g. the ash concentration, orientation 

angle and axis ratio. The model of ash particle properties is 

completed by considering the following sets of ash sub-

classes, listed in Table I: i) 5 classes for 4 different ash 

concentrations (i.e. very small =VC, small=SC, 

moderate=MC, intense=IC and uniform=UC, where the 

latter includes all previous ones); ii) 5 classes for 5 different 

orientations (i.e. tumbling with =30°=TO.1, tumbling with 

=45°=TO.2, tumbling with =60°=TO.3, oblate=OO; 

prolate=PO); iii) 5 classes for 2 different axis ratio models 

(RB: Ratio Basaltic-andesitic, RR: Ratio Rhyolitic), even 

though we have here selected only the RB case considering 

the particle features from Etna (see also [17], [6]). 

Considering all combinations, we can obtain sub-classes for 

each size class. In general, we can list 5 x 4 x 5 x 2 = 200 

sub-classes if VC, SC, MC and IC are considered, 5 x 1 x 5 

x 2 = 50 sub-classes if UC is considered. A priori information 

about the volcanic scenario allows tailoring the overall 

simulations dataset in terms of contributing sub-classes. 

The goal, as mentioned, is to build a dataset of simulated 

lidar observables, obtained with a Monte Carlo random 

generation of ash particle ensembles following the statistics 

of their main descriptive parameters. The minimum 

significant number of ash parameters, identified for our 

purposes, is given in Table I and listed as follows: 1) PSD 

mean equivalent radius re; 2) mass concentration Cp; 3) PSD 

shape parameter p; 4) particle density p; 5) mean canting 

angle m of the particle orientation distribution (POD) pp(); 

6) POD canting angle standard deviation ; 7) axial ratio 

ax; 8) dielectric constant with an SiO2 weight WSiO2 

dependence for the real and imaginary part and relative 

humidity fraction (RH). Table I summarizes the range of 

values for each parameter, either derived from literature [6], 

[23], [44] or determined heuristically [1]. Supplementary 

information, sketched in Table I, are also described in [16].  

The lidar backscattering coefficients hh, vv and vh at 

horizontal (h) and vertical (v) polarization states can be 

written in terms of the scattering matrix elements Sxy and 

PSD Np, as: 

 

𝛽𝑥𝑦(𝜆)  =  ∫ ∫ 4𝜋|𝑆𝑥𝑦
(𝑏)(𝑟, 𝜃, 𝜆)|

2
𝑁𝑝(𝑟)

∞

0

𝜋

0
  

𝑝𝑝(𝜃)𝑑𝑟𝑠𝑖𝑛𝜃𝑑𝜃 =  〈4𝜋𝑆𝑥𝑦
(𝑏)(𝑟, 𝜃, 𝜆)〉 (4) 

 

where x=h,v again stands for the receiving mode and 

y=h,v for the transmitting mode polarization. Note that xy is 

usually expressed in [km-1sr-1]. Considering that xy can go 

typically from 10-6 up to 10-3 km-1sr-1, here we prefer to 

express xy in dB, that is a value in decibel equal to 

10·log10(xy) when xy is expressed in [m-1sr-1], in analogy to 

radar meteorology where dBZ is widely used. This means 

that typical values of backscatter will go from -60 up to -30 

dB. Note that, for completeness, in Appendix A 

expressions of lidar polarimetric observables are also given 

in terms of the Stokes vectors and scattering phase (Muller) 

matrix in order to show the parallelism of definitions for both 

lidar and radar applications. 

The specific attenuation or extinction coefficient xy is 

expressed in [km-1] and is defined as: 

 

𝛼𝑥𝑦(𝜆)  =  2𝜆𝐼𝑚{4𝜋𝑆𝑥𝑦
(𝑏)(𝑟, 𝜑, 𝜆)}  (5) 

 

Similarly to (4), if xy is in [km-1], XY=4.343·xy is 

conventionally expressed in dB/km. The lidar linear co-

polarization and cross-polarization (adimensional) ratio are 

defined, respectively, by: 

 

𝛿𝑐𝑜  =  
𝛽𝑣𝑣(𝜆) − 𝛽ℎℎ(𝜆)

𝛽𝑣𝑣(𝜆) + 𝛽ℎℎ(𝜆)
  (6) 

 

𝛿𝑐𝑟  =  
𝛽𝑣ℎ(𝜆)

𝛽ℎℎ(𝜆)
             (7) 

 

Typically, for a lidar system other parameters are also 

defined, such as the extinction to backscatter lidar ratio (LR) 

[sr]: 

 

𝑅𝛽𝛼𝑥(𝜆)  =  
𝛼𝑥𝑥(𝜆)

𝛽𝑥𝑥(𝜆)
  (8) 

 

If the extinction coefficients at two wavelengths 1 and 2 

are known, the extinction Angstrӧm coefficient (unitless) 

can be determined by: 

 

𝐴𝛼𝑥 (
𝜆1
𝜆2
⁄ )  =  −

𝑙𝑛[𝛼𝑥𝑥(𝜆1) / 𝛼𝑥𝑥(𝜆2)]

ln (
𝜆1
𝜆2
)

 (9) 

 

where 1 < 2. Similarly, we can define the backscatter-

related Angstrӧm coefficient (unitless) through: 

 

𝐴𝛽𝑥 (
𝜆1
𝜆2
⁄ )  =  −

𝑙𝑛[𝛽𝑥𝑥(𝜆1) / 𝛽𝑥𝑥(𝜆2)]

ln (
𝜆1
𝜆2
)

 (10) 

 

where xx replaces xx in (9). 

In order to compute the lidar observables in (4)-(10), the 

non-sphericity of ash particles is considered by assuming 

spheroids. The particle scattering and absorption properties 

are computed using the T-matrix method, supplemented by 

the Geometrical Optics (OG) approach in the optical 

scattering regime where T-matrix is subject to numerical 

convergence problems. The T-matrix method has been 

widely applied to studying non-absorbing and non-spherical 

particles in the visible and infrared spectral regions [20], 

[52]. The VALR algorithm can also include the ash-

hydrometeor mixed and coexisting classes, in principle, by 

combining ash and hydrometeor modeling. Hydrometeor 
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scattering and modeling is well described elsewhere. Any 

advancement in the understanding of the observed ash clouds 

can be, in principle, incorporated within the forward model 

HAPESS in order to generalize its validity and better deal 

with uncertainty.  

For this work, the HAPESS simulations have been 

limited at the optical wavelength 532 nm. The correlation 

between the ash concentration Ca and the zenith-pointing 

visible lidar observables hh, hh, co and cr is shown in Fig. 

1 and Fig. 2 for each size class VA, FA, CA, SL and LL and 

all orientations (PO, OO, TO.2 hereinafter called TO and 

also SP, where SP stands for spherical particle). From these 

figures we can observe that:  

1) the plot of ash class centroids in terms of hh and hh 

clearly shows that LL (the largest size class) exhibits the 

smallest extinction and backscatter, whereas VA (the 

smallest size class) the largest. This is related to the 

scattering properties at 532 nm wavelength LL scatter in 

deep optical regime, whereas VA follows the Mie 

scattering resonances. 

2) the lidar ratio LR is almost constant with respect to co-

polar backscatter coefficient hh for all subclasses, but is 

sensitive to particle orientation. The lidar ratio LR is 

more dispersed for prolate and oblate orientation 

depending on the particle size. These variations are due 

to microphysical differences of the classes and the 

predominance of the Mie resonance scattering when the 

particle size is comparable with the wavelength. 

3) the co-polar extinction coefficient hh is also linearly 

correlated with Ca for all subclasses and for each 

frequency. The extinction coefficient highlights a similar 

behavior of the backscatter coefficient.  

4) the co-polarization ratio co is not significantly correlated 

to Ca, but is sensitive to the particle orientation and to the 

frequency particularly for the size class VA. Indeed, 

increasing the size class we can observe that the SP 

particle shows a behavior intercepting other orientation 

(FA, CA and SL) and mixing for the size class LL. 

5) the cross-polarization ratio cr is independent from the 

concentration for all subclasses and varies with TO, PO, 

OO and SP orientation models and for each frequency, 

but this behavior is not clear for the VA size class at each 

considered frequency. 

6) the ash mass concentration Ca is almost linearly correlated 

with co-polar backscatter coefficient hh for all 

subclasses and for each frequency. hh values of LL are 

larger than those of the VA class since, for a given 

concentration, in the wavelength-insensitive optical 

regime the lidar logarithmic response is proportional to 

the particle concentration number. The latter is smaller 

for LL particles than for VA particles since, for a given 

concentration, the volumetric number of big particles is 

less than that of small particles. 

For inversion purposes, it is worth stressing that ash mass 

concentration and mean equivalent diameter can be derived 

from a combination of hh and hh, whereas cr and co may 

be successfully used to better discriminate the ash classes. 

B. Retrieval algorithm and parametric models 

Several caveats need to be accepted to properly deal with 

lidar products. The major critical issue is the estimation of 

the range profile of the extinction coefficient xx, which can 

be derived by properly inverting the backscatter profiles in 

the cloud region where the signal is not totally attenuated and 

using ad-hoc path attenuation correction algorithms [14], [7]. 

The latter typically exploits the knowledge of the LR needed 

to invert the lidar equation after distinguishing the ash from 

different aerosol contribution [14], [15], [8]. In order to 

distinguish spherical from non-spherical particles, it is 

crucial to use a polarimetric lidar instrument [43], [26], [27]. 

Lidar retrievals are most often based on a solution of the 

classic lidar equation, which is a single-scattering 

approximation that ignores higher order multiple scattering. 

The latter can alter the apparent extinction or transmittance 

of the medium, produce depolarization of the return signal, 

and cause a stretching of the return pulse. For most lidar 

systems the magnitude of the multiply-scattered signal is so 

small these effects are insignificant and can often be ignored 

without introducing significant errors, but its impact should 

be considered in some way [43]. 

The VALR algorithm allows deriving the main ash 

particles features from polarimetric lidar observables by 

means of model-based supervised retrieval algorithm. The 

algorithm consists of two main steps: ash classification and 

estimation, both performed in a probabilistic framework 

using the maximum likelihood (ML) approach. The 

detection of the ash class from a lidar polarimetric 

observable set for each range volume can be performed using 

an ML identification technique. This technique may be 

considered a special case of the Bayesian approach. Within 

the latter, the Maximum A posteriori Probability (MAP) 

criterion can be used to carry out ash cloud classification in 

a model-based supervised context [19]. The basic rule is to 

minimize a proper “distance” (or metric) between the 

measured and simulated polarimetric set, the latter computed 

by using the microphysical scattering of each ash class, 

taking into account both the system noise and the a priori 

available information. If the latter is assumed uniform, MAP 

becomes the ML method. 

The ML technique basically reduces to a minimization 

process in order to assign the “c-th” class to each available 

lidar measurement. Under the assumption of a) Gaussian 

likelihood statistics of the difference between simulated and 

measured observables and b) uncorrelation between the 

differences (errors) of the same observables, the ML method 

reduces to the minimization of a quadratic form. The 

estimated ash class c and the retrieved microphysical 

parameters are those that exhibit the minimum ML square 

distance d2 between the lidar measurement set xm and 

simulated set xs of a given class c [16]. If only measurements 

of attenuation-corrected backscatter coefficient xxmc and 

linear cross-polar ratio crm are available to define xm, we can 

write the following simplified metrics: 

 

𝑑2 (𝐶𝑎
(𝑐)
, 𝐷𝑛

(𝑐))  = 

[𝐱𝑚  −  𝐱𝑠
(𝑐) (𝐶𝑎

(𝑐)
, 𝐷𝑛

(𝑐))]
𝑇
 𝐂𝜀𝑥𝜀𝑥
−1  [𝐱𝑚  −  𝐱𝑠

(𝑐) (𝐶𝑎
(𝑐)
, 𝐷𝑛

(𝑐))]  = 

[𝛽𝑥𝑥𝑚𝑐  −  𝛽𝑥𝑥𝑠 (𝐶𝑎
(𝑐)
, 𝐷𝑛

(𝑐))]
2

𝜎𝜀𝛽
2 (𝑐)

 +   
[𝛿𝑐𝑟𝑚  −  𝛿𝑥𝑥𝑠 (𝐶𝑎

(𝑐)
, 𝐷𝑛

(𝑐))]
2

𝜎𝜀𝛿
2 (𝑐)

 

(11) 

 

where “T” stands for the transpose operator, Cxx is the 

autocovariance of the error vector x = xm – xs with “-1” its 
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inverse. In the simplified ML approach with uncorrelated 

errors, the terms of (11) are basically weighted by the inverse 

of variances σ2


(c) and σ2


(c) of the simulated dataset for the 

class c. In (11) it is explicit that the simulated vector xs 

depends on the unknown Ca and Dn for each class c. 

To retrieve the ash parameters such as concentration and 

mean size within the selected class c, we can extract their 

value from the geophysical parameters whose associated xs 

minimizes the quadratic distance (11) that is: 

 

𝐶̂𝑎
(𝑐)
 =  𝐶𝑎

(𝑐)
|𝑎𝑟𝑔𝑚𝑖𝑛

(𝐶𝑎
(𝑐)
,𝑟𝑛
(𝑐)
)
{𝑑2(𝐶𝑎

(𝑐), 𝐷𝑛
(𝑐))}      (12a) 

𝐷̂𝑛
(𝑐)
 =  𝐷𝑛

(𝑐)
|𝑎𝑟𝑔𝑚𝑖𝑛

(𝐶𝑎
(𝑐)
,𝑟𝑛
(𝑐)
)
{𝑑2(𝐶𝑎

(𝑐), 𝐷𝑛
(𝑐))}     (12b) 

 

where argmin is the function providing the minimum of its 

argument. It is worth highlighting that these retrievals are 

conditioned by the numerical forward model accuracy or, in 

other words, by microphysical-electromagnetic assumptions 

and their representativeness with respect to the observed 

scene.  

The uncertainty of the ash microphysical estimates in 

(12), due to noise and the variability of all other geophysical 

parameters (see Table I), can be derived by taking into 

account the error statistics around the lidar-based retrieval 

distance minimum. By assuming an uncertainty of error 

vector x = xm – xs due to instrumental noise and forward 

model representativeness, we can define an error threshold 

 associated to this uncertainty (e.g. this threshold  on the 

backscatter coefficient can be assumed between 10% and 

50%, here typically assumed to be 20%). Thus, the standard 

deviations Ca and Dn of ash concentration and mean 

diameter estimates, respectively, are given by: 

 

𝜎
𝐶̂𝑎

(𝑐)
 =  𝑠𝑡𝑑{𝐶𝑎

(𝑐)
|𝑑2(𝐶𝑎

(𝑐), 𝐷𝑛
(𝑐))  <  𝛿𝜀

2}      (13a) 

𝜎
𝐷̂𝑛

(𝑐)
 =  𝑠𝑡𝑑{𝐷𝑛

(𝑐)
|𝑑2(𝐶𝑎

(𝑐), 𝐷𝑛
(𝑐))  <  𝛿𝜀

2}      (13b) 

 

where std is the standard deviation function.  

In literature we can find several parametric model 

allowing to derive the ash concentration from the measured 

backscatter coefficient. The appealing feature of parametric 

retrieval techniques is their simplicity in the application to 

measurements sets, even though the downside is less 

flexibility (due to the fixed regression model) and frequency 

scalability (due to the prescribed coefficients valid at a given 

wavelength). 

The first retrieval parametric model (hereinafter PM1), 

employed to evaluate the ash concentration CaPM1 [g/m3] 

from ash backscattering, is based on the following relation 

[27]:  

 

𝐶𝑎𝑃𝑀1  =  𝑘𝑐  〈 𝑅𝛽𝛼𝑥  〉 𝜌𝑎 𝛽𝑥𝑥𝑚𝑐             (14) 

 

where kc is the ash conversion factor, function of the particle 

size distribution. For a large masse kc is mainly dependent on 

the ash effective radius rep (see (1)) and given by (2/3)·rep 

[29], [10], [33]. In [22] a value of about 10 μm is assumed 

for rep so that kc is hence set to 0.6·10-5 m. In (13) < Rx > is 

the mean value of the estimated lidar ratio [22], [1], [2], ρa is 

the density of volcanic ash fixed to 2450 kg/m3 [31] and βhhm 

is the measured volcanic ash backscatter coefficient [39]. 

The errors on ash mass concentration are evaluated from the 

uncertainties of Rx, βhhm and ρa and reach a value of 55%. 

An additional uncertainty of about 50% must be considered 

due to the assumption of the effective radius [22], [33]. In 

absence of other sources, we can derive Dnp from VALR-ML 

and assume rep = Dnp / 2 to estimate kc in (13). 

Another parametric approach, hereinafter referred to 

PM2, to derive the ash concentration CaPM2 [g/m3] from the 

measured ash backscatter, [13], [10], can be expressed as: 

 

𝐶𝑎𝑃𝑀2  =  ⌊1.346 𝑟𝑒𝑝  −  0.156⌋〈𝑅𝛽𝛼𝑥〉 𝛽𝑥𝑥𝑚𝑐   (15) 

 

where rep is the ash effective radius. The expression between 

square brackets is known as the mass-extinction conversion 

factor for volcanic ash concentration, depending on the 

particle effective radius rep [13], [10]. Indeed, if the 

information about the effective radius is not available, we 

can use a simplified version of (14) where the square 

brackets can be substituted by the mass-extinction 

conversion factor of 1.45 g/m2 (95% of the compatible 

ensembles are in the range 0.87-2.32 g/m2) [10]. The relative 

uncertainty of the retrieved mass concentration is estimated 

to be about 40% and mainly caused by the uncertainty of the 

microphysics of the particles (size distribution, refractive 

index and shape) [13]. As in (13), if not available elsewhere, 

we can derive rep = Dnp/2 from VALR-ML. 
Both parametric PM1 and PM2 models have some a 

priori information derived from literature or available 

sources and exploit the correlation between concentration 

and backscatter. Indeed, by exploiting the HAPESS forward 

model illustrated in Sect. II.A, we can derive a parametric 

regressive formula, hereinafter named VALR-Reg, valid at 

visible wavelengths. A logarithmic relation for estimating 

ash concentration CaVALRReg [g/m3] can be expressed as 

follows: 

 

𝐶̂𝑎𝑉𝐴𝐿𝑅𝑅𝑒𝑔  =  10
[𝑎𝑉𝐴 +  𝑏𝑉𝐴(𝑙𝑜𝑔10𝛽𝑥𝑥𝑚𝑐)]

 (16)
 

 

where aVA and bVA (0.8643, 0.8370) are regressive 

coefficients, derived from HAPESS simulations, including 

all particle orientations (OO, PO, SP and TO) for very-fine 

ash VA size class (Dn between 0.125-8 m). 

 

C Multiple scattering impact 

We can attempt to evaluate the uncertainty in the 

estimated particle extinction due to multiple scattering (MS) 

within clouds or aerosol layers. If the particle effective radius 

becomes larger, the probability of multiple scattering 

increases since a stronger forward scattering causes photons 

to remain in the field of view of the detector. This MS effect 

typically leads to an increase of the particle backscatter up to 

50% and a consequent underestimation of path attenuation 

or atmospheric optical depth up to 30% [48]. The MS can 

affect the lidar measurements, especially in presence of large 

optical thicknesses. The MS signal increases as the laser 

beam divergence, the field of view (FOV) of the receiver and 

the distance between the laser source and the investigated 

volume increase [47], [48]. 

Modeling MS effect in lidar response is not an easy task 

due to path dependence and optical thickness variability. In 

order to test the sensitivity of backscatter coefficient to the 

MS, we can simulate its impact on the backscatter coefficient 
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by introducing an MS factor fMS within the conventional lidar 

equation. This MS factor fMS is by construction defined 

between 0 (no MS present) and 1 (full MS). The MS-affected 

measured backscatter coefficient can be expressed as: 

 

𝛽𝑥𝑥𝑚
𝑀𝑆 (𝑠)  = 𝛽𝑥𝑥𝑚(𝑠)𝑒

2𝜏(𝑠)𝑓𝑀𝑆 =

 𝛽𝑥𝑥𝑚𝑐(𝑠)𝑒
 − 2𝜏(𝑠)𝑒2𝜏(𝑠)𝑓𝑀𝑆  =

                                𝛽𝑥𝑥𝑚𝑐(𝑠)𝑒
 − 2𝜏(𝑠)(1 − 𝑓𝑀𝑆)  (17) 

 

where s is the range coordinate,  is the optical thickness (due 

to the integral of the extinction coefficient xx) along the two-

way path. For simplicity, fMS has been assumed to be range 

independent, whereas the quantity  (1- fMS) can be 

interpreted as the “apparent” optical thickness affected by 

MS radiation recovery. 

In order to evaluate the uncertainty of the ash 

concentration and mean diameter estimates due to MS 

effects, we can perform a sensitivity analysis by replacing 

the measurements lidar dataset (corrected for two-way path 

attenuation 2) with the corresponding quantity xxmc
MS in 

(17) where fMS is supposed to be between 0 and 0.3 whereas 

 is taken, as a first approximation, from the path-attenuation 

correction algorithm. This simplified approach does not aim 

at quantifying the MS effects, but only the sensitivity of the 

retrievals to its presence. In this respect, we define the total 

MS standard deviation of Ca and Dn as: 

 

𝜎𝐶𝑎𝑀𝑆  =  √𝜎𝐶̂𝑎
2  +  𝜎𝐶̂𝑎𝑓𝑀𝑆

2              (18a) 

𝜎𝐷𝑛𝑀𝑆  =  √𝜎𝐷̂𝑛
2  +  𝜎𝐷̂𝑛𝑓𝑀𝑆

2        (18b) 

 

where 𝜎𝐶̂𝑎
2 ,𝜎𝐷̂𝑛

2 , 𝜎𝐶̂𝑎𝑓𝑀𝑆
2 , 𝜎𝐷̂𝑛𝑓𝑀𝑆

2  are the standard deviations 

of concentration and mean diameter without and with the MS 

contribution, respectively.  

 

III. APPLICATION TO ETNA CASE STUDIES 

The ML retrieval methodology has been tested on two 

Etna eruptions: the ash emission of 15 November 2010 and 

the lava fountain of 12 August 2011. We have applied the 

VALR-ML to lidar data in order to retrieve the ash 

concentration and ash particle mean diameter using (12). 

These retrievals are also compared with those already 

estimated in [33] and [30] in order to show the VALR-ML 

potential. 

The VAMP scanning lidar system, whose measurement 

results are used in this work, transmits a linearly polarized 

laser light at 532nm wavelength and detects parallel and 

cross-polarized components of the elastic backscattered 

simultaneously. The VAMP system allows moving in 

azimuth and elevation with the possibility to scan the 

volcanic plume either horizontally and/or vertically at a 

maximum speed of 0.1 rad/s. This system was installed at the 

“M.G. Fracastoro” astrophysical observatory (14.97° E, 

37.69° N), located at 1760 m on the SW flank of the volcano, 

only 7 km away from the Etna summit craters, allowing the 

laser beam to scan the atmosphere around the summit craters. 

The attenuation-corrected measured backscatter 

coefficients xxmc in (10) have been obtained by using the 

Klett-Fernald algorithm [8], [15]. The LR, as defined in (7), 

has been assumed to be about 36 sr inside the plume, as 

described in [22], whereas the contribution of background 

aerosol load was considered negligible, less than about 

107·m-1sr-1 in the Mediterranean region in clear-sky 

conditions [36]. Details on the lidar data processing can be 

found in [22]. 

To train the VALR-ML algorithm, considering the 

typical Etna eruption modes and the available observations 

of distal plumes, we have used a simulated dataset (see sect. 

II.A and II.B) consisting of the smallest ash class, VA, with 

orientation classes TO, OO, PO together with a spherical 

particle class SP. The validity of these a priori choices can 

be assessed by comparing the measured and simulated 

observables for both case studies. Note that in the two 

analyzed study cases, we have selected only the backscatter 

coefficients correlated to optical depths less than 0.5 and 

depolarization between 0.1 and 0.5 of ash plume close to 

lidar system (about 6 km) in order to avoid any possible 

multiple-scattering influence.  

A. Etna ash emission in 2010 

The first case study is related to ash emission observed 

by the VAMP system on 15 November 2010 when both 

backscatter and depolarization channels were available. 

During this event, ash emissions from the North East Crater 

and high degassing from the Bocca Nuova Crater were 

clearly visible [33]. Water vapor and ash emission occurred 

every 1-2 min, as reported by volcanologists during a field 

survey at the summit craters. Different volcanic plume 

sections were obtained by pointing the laser beam with a 

fixed direction defined by azimuth angle of 17.3° and three 

different elevations (14.4°, 14.65° and 14.9°), corresponding 

approximately to an altitude of 300, 400 and 500 m above 

summit craters (we will refer to these elevations in terms of 

corresponding altitudes in the following text) [33].  

As mentioned, in order to find the ash size classes best 

fitting the measured backscatter at the three elevations, we 

have firstly selected a simulated data subset to train the 

VALR-ML algorithm. Fig. 3 shows both measured and 

simulated ash backscatter and cross-polarization coefficient, 

expressed in dB and in percent, respectively, for VA size 

class with IC, MC, SC and VC concentrations (see Table I).  

Measured lidar observables are fairly well represented 

and consistent with the simulated ones. In the ash plume 

layer xxmc reaches values larger than 2·10-5 m-1·sr-1 (-47 

dB) with the highest values of about 5·10-5 m-1·sr-1 (-43 

dB), usually associated to a larger concentration of volcanic 

aerosols [32]. In all cases the average and maximum linear 

cross-polarization is about 4-6% and 24-26%, respectively. 

The latter values are a clear indication of a complex 

morphology of ash particles, the relatively high cross-

polarization being a significant indicator of non-sphericity 

[42]. 

It is worth remembering that the uncertainty of δcrm 

comes primarily from systematic errors in the setup of the 

lidar systems, which cannot be reduced by statistical 

methods. Indeed, we have found that the main error sources 

originate from the depolarization calibration (with large 

differences between the different calibration methods) and 

by backscatter coefficient correction due to the uncertainty 

in the height-dependent lidar ratio and the uncertainty in the 

signal calibration in the assumed clean and free troposphere 

[9]. High particle depolarization values of about 30-35 % are 

observed in the main volcanic ash layer and are similar to 
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those found elsewhere with values of 35-38 % [2], [5] [24]. 

The latter values suggest a large fraction of volcanic 

aerosols. Low values of δcrm and values between 1% < δcrm < 

2% are typically associated to spherical particles [13]. 

Fig. 4 shows, for each considered elevation (labeled with 

respect to height in meters above the crater), the measured 

backscatter coefficient, again expressed as dB, and the 

volumetric depolarization ratio. The latter presents a 

variability between 2% and 25%, whereas few pixels show 

higher values. By applying the VALR-ML algorithm to data 

of Fig. 4, Fig. 5 shows the ash concentration and mean 

diameter retrievals, considering both measured lidar 

observables xxmc and δcrm and only the backscatter 

coefficient xxmc. The latter indicates that, at each elevation 

angle and when we consider both the measured lidar 

observables, the average concentration is about 8.63  6.04 

mg/m3 and the mean diameter is about 3.37  2.04 m. If 

only the backscatter coefficient is taken into account, the 

average concentration is about 13.01  4.50 mg/m3 and the 

mean diameter about 5.80  2.46 m. This means that, using 

only backscatter measurements, the retrieved values are on 

average larger than about 66% and 58% for concentration 

and mean diameter, respectively, with respect to the 2-

observable setup. A more complete set of lidar observables 

(two or more) tends to preserve the smaller sizes and 

concentrations with a larger variability (standard deviation) 

of both ash concentration and mean diameter. Note also that 

VALR-ML retrieval results suggest that the availability of 

depolarization measurements: 1) provides a more likely 

retrieval of non-spherical particles with a given 

shape/orientation; 2) has a positive impact on the class 

discrimination.  

The standard deviation 𝜎𝐶̂𝑎
  and 𝜎𝐷̂𝑛

  of the lidar-based 

VALR-ML retrievals can be estimated using (13) for both 

ash concentration and mean diameter, respectively. As 

mentioned in sect. II.C, the impact of multiple scattering can 

be at least evaluated in terms of increased uncertainty 

 𝜎𝐶̂𝑎𝑓𝑀𝑆
  and 𝜎𝐷̂𝑛𝑓𝑀𝑆

 of the lidar-based retrievals, playing with 

the multiple scattering factor fMS defined in (17). In this 

respect, block a) of Table II shows the uncertainties as 

percentage ratio of the averaged standard deviation <
 𝜎𝐶̂𝑎
  > (without multiple scattering effects) and <

 𝜎𝐶̂𝑎𝑓𝑀𝑆
  > (with multiple scattering effects) with respect to 

the average < 𝐶̂𝑎
  > as well as the percentage ratio for the 

estimate of the mean diameter 𝐷̂𝑛
 . Note that the average 

values are computed over all the performed retrievals and are 

needed to introduce an overall score. Results of Table II 

indicate that on average both ash concentration and mean 

diameter retrievals are not very sensitive to multiple 

scattering effects (e.g. concentration estimate uncertainty 

goes from about 40% up to 43%, whereas the mean diameter 

one from 4% up to 7%). Indeed, mean dimeter estimates 

seem to be more affected by the increase of the multiple 

scattering fraction fMS. This is not surprising since, as already 

mentioned, we have properly selected only measurements 

close to the lidar system (about 6 km) in order to limit any 

possible multiple-scattering influence. 

B. Etna lava fountain in 2011 

The second test case analyzed here, is related to the Etna 

lava fountain of 12 August 2011, when both backscatter and 

depolarization channel were available. The scanning by the 

VAMP system was performed by changing the elevation 

angle between 20° and 59° with a fixed azimuth of 36.7°. 

Lidar measurements were acquired from 08:59 till 11:56 

UTC. The volcanic particles were observed between 6.5 km 

and 8.0 km from the lidar station along the laser beam path, 

when a column height of about 7 km above sea level was 

present, as shown by the cross section of the corrected 

backscatter coefficient in Fig. 6 [30]. 

We have used the same simulated training dataset, 

previously discussed in Sect. II.A, obtaining the most likely 

ash size classes similar to those on 15 November 2010 but 

with a larger ash concentration (about one order of 

magnitude), as shown in the second panel in Fig. 6. The latter 

is derived from the PM1 algorithm showing a mean 

concentration of about 9 mg/m3.  

The VALR-ML derived ash concentration and mean 

diameter are shown in Fig. 7, considering a training dataset 

with (complete) and without (partial) spherical particles 

(SPs). In both cases, the average concentration is about 65.00 

 37.3 mg/m3 and the mean diameter is about 3.01  1.2 m 

as shown in Table III, which also includes the sensitivity 

analysis due to the inclusion or exclusion of spherical 

particles within the training dataset. The percentage ratio 

between the number of spherical classes and the number of 

total detected ash classes is about 37%. This ratio underlines 

the impact of volumetric depolarization measurements 

useful to distinguish the ash particle category. It is 

remarkable how the lack of depolarization observables does 

not significantly affect the retrievals of ash size and 

concentration. 

Note that for this case study an independent estimate, 

based on ground measurements and forecast model 

simulations, of the ash particle size distribution is available 

in terms of percentage weight [30]. The latter is obtained 

using the Lagrangian numerical PUFF model ([34], [38]) 

inside the region investigated by lidar [30]. The measured 

size distribution is clearly asymmetric, well approximated by 

a log-normal or a Gamma distribution [30]. The PUFF-based 

average ash particle size is about 5.3 m, slightly larger than 

VALR-ML based mean diameter retrieval (3.01  1.22 m). 

Fig. 8 shows the range profiles of the measured 

backscattering coefficient and depolarization ratio, obtained 

by pointing the VAMP laser beam toward the plume for 10 

min (09:01–09:11 UTC) and when the eruption column 

reached the height of 9 ± 0.5 km. Lidar profiles show two 

layers with different properties. The first ash layer, at 6.1 km 

from the lidar station along the laser beam, is characterized 

by lower xxmc of about -58 dB and δcrm of about 5%. The 

second ash layer, located between 6.2 and 6.8 km, is 

characterized by high peak values of xxmc of about -41 dB 

and δcrm of about 20%, suggesting that volcanic ash was 

mainly contained in this layer [30]. 

The VALR-ML retrievals in terms of concentration and 

mean diameter are also shown in the lower panels of Fig. 8. 

The ash concentration peak is about 100 mg/m3, whereas the 

mean diameter reaches a maximum value of 6.3 m. In order 

to attribute an uncertainty to VALR estimations, we have 

assumed a backscattering coefficient error of 50% so that the 

standard deviation of both ash concentration and mean 

diameter are evaluated and associated to each estimate, as in 

(12). This uncertainty is shown in Fig. 8. Note that there are 

ranges in Fig. 8 where, for a higher backscatter, we can 
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retrieve a lower concentration from VALR-ML. This may 

seem a contradiction, but looking at (3) we realize that the 

same xxmc can be associated to a large concentration of small 

particles or, vice-versa, to a small concentration of large 

particles. Thus the simultaneous retrieval of both Ca and Dn 

is essential to interpret this ambiguity. 

The impact of multiple scattering in this case study shows 

the same behavior of the previously analyzed case, as shown 

in blocks b) and c) of Table II. Indeed, the uncertainty, 

expressed as a percentage ratio, highlights how a smaller 

variability of ash concentration and mean diameter is 

associated to an increase of fMS, especially for higher 

altitudes. 

C. Comparison with parametric model retrievals 

There is a reasonable interest in comparing the VALR-

ML technique with other parametric methods in order to 

understand the potential of a physically-based approach with 

respect to more straightforward parametric procedures. 

The HAPESS forward model simulations at 532 nm can 

provide an effective way to compare the 3 parametric 

retrieval approaches (13), (14), (15) together with VALR-

ML. Fig. 9 shows the HAPESS simulations superimposed on 

results of the selected models PM1 in (13) (assuming LR=36 

sr and reff = < Dn > / 2 from the considered size class) and 

PM2 in (14) (assuming a default mass-extinction conversion 

factor of 1.45 g/m2 and reff = < Dn > / 2 from the considered 

size class) together with VALR-Reg in (15). The PM1 

formula for all orientations shows a higher ash 

concentration, whereas the PM2 typically lies between PM1 

and VALR-Reg (which is the best approximation of 

HAPESS simulated data by definition). For the same 

backscatter coefficient, the VALR-Reg model tends to 

predict a larger ash concentration. Indeed, VALR-ML 

estimates may be larger or smaller than VALR-Reg as the 

forward model simulations are randomly distributed around 

the regression curve. This is due to the inherent best-fitting 

approach of the VALR-Reg model (and any other regressive 

approach) that is based on a minimization of the simulated 

points with respect to the modeled regression curve. 

A first example of intercomparison is shown in Fig. 10 

where the profile of Fig. 8, related to 12 August 2011 lidar 

data, is reconsidered. In the first panel the HAPESS 

simulations and the few measured samples are 

superimposed. The second panel highlights the estimates of 

three analyzed parametric models compared with the VALR-

ML one, already shown in Fig. 8. The PM1 parameters in 

(13) are similar to those in Fig. 9, but reff=10 m as assumed 

in [30], whereas PM2 is applied without modifications. PM1 

estimates, in this set up, are not always larger than the others, 

whereas VALR-ML ones are typically but not necessarily 

lower, being PM2 and VALR-Reg in the bottom. 

A second application of the parametric retrieval models 

is shown in Fig. 11 for the event of Etna eruption on 15 

November 2010. This figure is, indeed, the output of a 

sensitivity study as it plots both retrievals from PM1 in (13) 

using reff = Dn/2 derived from VALR-ML and PM1 with a 

fixed value reff = 10 m as assumed in [30]. As expected, 

VALR-ML based ash concentration retrievals are partly 

lower than those of PM1 due to the difference in the average 

particle size. This points out the impact of an arbitrary 

assumption of the effective ash radius on ash retrievals. 

The lidar data analysis may help quantifying the impact 

that ash emissions may have on aviation safety in order to 

prevent flights in areas of high ash contamination whose 

lower threshold is 2·10-4 g/m3 in compliance with the 

International Civil Aviation Organization (ICAO) directives. 

In this respect, besides 2·10-4 g/m3, we can define four 

concentration ranges using increasing ash concentration 

values equal to 2·10-3 g/m3, 3·10-3g/m3 and 4·10-3 g/m3. 

Using these thresholds, we can identify 4 areas: LOWER 

(less than 2·10-4 g/m3), LOW (between 2·10-4 g/m3 and 2·10-

3 g/m3), MEDIUM (between 2·10-3 g/m3 and 4·10-3 g/m3) and 

HIGH (larger than 4·10-3 g/m3). 

Results are shown in Fig. 12 in terms of spatial maps for 

the 15 November 2010 Etna eruption. These panels refer to 

elevations corresponding to altitudes of 300, 400 and 500 m, 

respectively (see Fig. 4) and shows only the ash 

concentration maps retrieved from VALR-ML and PM1 (set 

up as in Fig. 11 which as a standard configuration [30]). As 

expected, for each elevation, VALR-ML ash concentration 

retrievals are generally lower than those derived from PM1. 

Indeed, a smaller amount of pixels are labelled as LOW and 

a larger quantity as HIGH by VALR-ML, whereas most 

pixels are classified as HIGH and MEDIUM by PM1 model, 

coherently with the previous retrievals and discussion (see 

Figure 8).  

Even though no validation dataset is available to assess 

the overestimation of parametric models, it can be interesting 

to quantitatively evaluate the impact of lidar-based retrievals 

in terms of no flight zones. To this end, we have computed 

these differences in terms of weighted occurrences with 

respect to three concentration thresholds (Th1 = 2·10-4 g/m3, 

Th2 = 2·10-3 g/m3 and Th3 = 4·10-3 g/m3) following the ICAO 

regulations, as shown in the Table IV. Substantially, if both 

techniques are above the given threshold there is a HIT, if 

PM1 is below and VALR-ML is below there is NEG, if PM1 

is above and VALR-ML is below there is a FALSE, if PM1 

is below and VALR-ML is above there is a MISS. From 

Table IV it emerges that, as expected, considering less 

restrictive ash thresholds the HIT cases tend to decrease, the 

NEG and MISS cases tend to increase linearly, whereas 

FALSE cases grow, but for the Th2 larger values are noted 

essentially due to the PM1 estimates around this Th2 value 

(2·10-3 g/m3). 

 

IV. CONCLUSIONS 

The use of a scanning lidar located near volcanic sites 

may be useful to monitor volcanic activity and help 

drastically reduce the risks to aviation during these 

eruptions. The application of the VALR-ML algorithm to 

lidar data allows estimating ash concentration and size class 

in a physically-consistent framework in order to better 

understand the eruptive activity nature. The analyzed Etna 

cases, using the scanning lidar system at visible wavelength, 

show that this sensor can be employed to detect the lowest 

ash concentration values of dispersed plumes in the 

atmosphere.  

The proposed VALR-ML methodology can help finding 

the main microphysical ash features and the areas 

characterized by a specific mass concentration of smallest 

ash particles. This information may help quantify the impact 

that ash emissions have on aviation safety to halt flights in 

areas of high ash contamination (where the threshold is 

typically set to 2·10-3 g/m3) in compliance with the ICAO. In 
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the considered case study, the flight-interdicted area has been 

extended when using the proposed VALR-ML due to lower 

estimates of ash concentrations. Moreover, the knowledge of 

reliable ash concentration in the atmosphere may help better 

define the main eruption source parameters within ash 

dispersal models, thus improving our ability to forecast 

volcanic ash cloud aerial distribution.  

The impact of using an advanced retrieval algorithm, 

such as VALR-ML, with respect to parametric retrieval 

techniques, has an appealing potential for improving ash 

mass concentration retrievals. The VALR-ML approach 

allows to perform a more accurate ash concentration retrieval 

using several lidar observables. If several lidar observables 

are not available, the VALR-Reg model represents a 

physically-based efficient compromise. Future work shall be 

devoted to assess the results presented in this work by 

selecting more case studies where other lidar data are 

collected or performing new measurements with the aim of 

testing the model. 

 

APPENDIX A. FROM SCATTERING MATRIX TO MUELLER 

MATRIX AND LIDAR OBSERVABLES. 

Electromagnetic scattering simulations can be performed 

in two basic and mutually related coordinate systems: the 

Forward Scatter Alignment (FSA) convention and the Back 

Scatter Alignment (BSA) convention [21], [51]. Given an 

incident field upon the target, in the FSA system, the 

scattered far-field is basically an outward wave from the 

target, whereas in the BSA system, it is a backward wave 

incident upon the target itself (useful for monostatic 

systems). The polarimetric response of a point or distributed 

target can be obtained by simultaneously measuring both the 

amplitude and phase of the scattered field using two 

orthogonal channels [26]. If the incident and scattered field 

vectors are decomposed into their horizontal (parallel) and 

vertical (orthogonal) components: 
 

𝑬𝑖  = 𝑬𝑣
𝑖 𝑣̂ 𝑖  +  𝑬ℎ

𝑖 ℎ̂ 𝑖  (A.1) 

𝑬𝑠  = 𝑬𝑣
𝑠 𝑣̂ 𝑠  +  𝑬ℎ

𝑠 ℎ̂ 𝑠   (A.2) 
 

the polarimetric response can be represented by the 

scattering matrix S, which for plane wave illumination is 

given by [41]: 
 

𝑬𝑠  =  
𝑒𝑗𝑘𝑟

𝑟
[
𝑆𝑣𝑣 𝑆𝑣ℎ
𝑆ℎ𝑣 𝑆ℎℎ

]
𝐹𝑆𝐴

𝑬𝑖  =  𝐒FSA𝑬
𝑖 (A.3) 

 

where r is the distance from the sensor to the center of the 

distributed target and Spq are called the scattering 

amplitudes in the FSA convention with 𝐒FSA the complex 

scattering matrix. In the backscattering case, reciprocity 

implies that Svh = Shv. Each complex element of the 

scattering matrix can be represented by [26]: 
 

𝑆𝑝𝑞  =  |𝑆𝑝𝑞|𝑒
𝑗ϕ𝑝𝑞  =  ∑ |𝑆𝑝𝑞

𝑛 |𝑁
𝑛 = 1 𝑒𝑖𝜙𝑝𝑞

𝑛
 (A.4) 

with p,q=h,v and where N is the total number of scatters 

that constitute the distributed target, each having scattering 

amplitude |Sn
pq| and phase 𝜙n

pq. It is possible to use a more 

efficient approach to represent the relationship between the 

scattered and incident field, based on the Stokes vector. 

Indeed, each complex scattering matrix (2 x 2) is converted 

to their corresponding real Mueller matrix or Stokes 

scattering operators (4 x 4). The elements of the Stokes 

vector are defined as: 
 

𝑰 =  

{
 
 

 
 𝐼 =  |𝐸ℎ

𝑖 |
2
 +  |𝐸𝑣

𝑖 |
2

𝑄 =  |𝐸ℎ
𝑖 |
2
 −  |𝐸𝑣

𝑖 |
2

𝑈 =  − 2𝑅𝑒(𝐸ℎ
𝑖∗𝐸𝑣

𝑖 )

𝑉 =  2𝐼𝑚(𝐸ℎ
𝑖∗𝐸𝑣

𝑖)    

  (A.5) 

 

Physically I is proportional to the total power, whereas Q, 

U and V contain the information about the polarization 

state. The modified Stokes vector representation of a 

polarized wave can also be introduced by defining 𝐼𝑣  =
 𝐼 +  𝑄 and 𝐼ℎ  =  𝐼 −  𝑄 instead of I and Q, respectively. 

The relationship between transmitted and scattered Stokes 

vectors is expressed as a function of ensemble-average 

Mueller scattering matrix MFSA (in m2) and decreases as 1/r2 

for a mixture of particles [41], [28]: 
 

𝑰𝑠  =  
1

𝑟2
𝐌FSA𝑰

𝑖

 
  (A.6) 

 

A further useful definition is the normalized ensemble-

average Mueller scattering matrix 𝑴̃  or scattering phase 

matrix: 
 

𝑴̃  =  
4𝜋

𝑘𝑠
𝐌FSA  (A.7) 

 

where all elements are averaged over the size distribution 

and orientation of the particle polydispersion, as shown in 

(3). For example, it holds: 
 

𝑀11  = <  
1

2
(|𝑆ℎℎ|

2  +  |𝑆ℎ𝑣|
2  +  |𝑆𝑣ℎ|

2  +  |𝑆𝑣𝑣|
2)  > 

𝑀22  = <  
1

2
(|𝑆ℎℎ|

2  −  |𝑆ℎ𝑣|
2  −  |𝑆𝑣ℎ|

2  +  |𝑆𝑣𝑣|
2)  > 

 

with the angle brackets standing for the ensemble average. 

The elements of the ensemble-average Mueller matrix 

𝐌FSA are quantities given in terms of the elements of the 

scattering matrix 𝐒FSA: 

It is noted that the reciprocity relation, which is a 

manifestation of the symmetry of the scattering process with 

respect to an inversion of time [28], satisfies the condition 

Shv = Svh in FSA convention and Shv = - Svh in BSA. The 

Mueller matrix of a distributed target of partially oriented 

particles, for which Shv is uncorrelated with Svv and Shh 

contains only eight non-zero elements [41]: 
 

𝐌FSA  =  [

𝑀11 𝑀12

𝑀21 𝑀22

0 0
0 0

0 0
0 0

𝑀33 𝑀34

𝑀43 𝑀44

]    (A.8) 

 

For randomly oriented particles, the scattering medium is 

macroscopically isotropic and mirror-symmetric with 

respect to any plane, and in backward direction ( = 180°). 

This implies the following conditions in (A.8): 
 

𝑀44(180°)  =  𝑀11(180°)  −  2𝑀22(180°) 
𝑀33(180°)  =  − 𝑀22(180°) 

𝑀12(180°)  =  𝑀21(180°)  =  𝑀34(180°)  =  0  
 

For elastic lidar applications, it is usual to define the 

backscattering coefficients (in km-1 sr-1), co-polar and 

cross-polar, defined as combination of the elements of 

𝐌FSA as (e.g., [24], [10], [26]): 



MAXIMUM LIKELIHOOD RETRIEVAL OF VOLCANIC ASH FROM SCANNING LIDAR  

10 

 

𝛽ℎℎ  = <  4𝜋|𝑆ℎℎ|
2  > = <  

2𝜋(𝑀11 − 𝑀12 − 𝑀21 + 𝑀22)

103
 >

𝛽𝑣𝑣  = <  4𝜋|𝑆𝑣𝑣|
2  > = <  

2𝜋(𝑀11 + 𝑀12 + 𝑀21 + 𝑀22)

103
 >

𝛽ℎ𝑣  = <  4𝜋|𝑆ℎ𝑣|
2  > = <  

2𝜋(𝑀11 + 𝑀12 − 𝑀21 − 𝑀22)

103
 >

 

(A.9) 
 

The lidar linear cross-polarization ratio and co-polarization 

are defined, respectively, as: 
 

𝛿𝑐𝑟  =  
𝛽ℎ𝑣

𝛽ℎℎ
 =  

< 𝑀11
  + 𝑀12 − 𝑀21 − 𝑀22

  >

< 𝑀11 − 𝑀12 − 𝑀21 + 𝑀22 >

𝛿𝑐𝑜  =  
𝛽𝑣𝑣 − 𝛽ℎℎ

𝛽𝑣𝑣 + 𝛽ℎℎ
 =  

< 𝑀12 + 𝑀21 >

< 𝑀11
  + 𝑀22

  >

     (A.10) 

 

It is noted that in the case of randomly oriented particles 

M12 = M21 = 0 so that the expression of cr is equal to the 

ratio of the copolar elements only of the Mueller matrix, as 

shown in (5) and (6). The lidar ratio, defined in (7), is 

expressed as a function of the single-scattering albedo 𝑤0 

and M11: 
 

𝑅𝛽𝛼  =  
𝑤0𝑀11

4𝜋
  (A.11) 

 

where 
 

𝑤0  =  
𝑘𝑠

𝑘𝑒
 =  

𝑀11

𝑘𝑒
  (A.12) 

 

being ks and ke the scattering and extinction coefficients (in 

km-1), respectively, of the particle ensemble, the latter 

expressed by the extinction theorem: 
 

𝑘𝑒  =  
4𝜋

𝑘0
 〈 𝐼𝑚{𝑀11}  +  𝐼𝑚{𝑀22} 〉 

 

Note that, in analogy to lidar, for radar applications several 

similar observables can be defined such as the radar 

volumetric co-polar reflectivity (in m2·m−3) at horizontal and 

vertical polarizations [51]: 
 

𝜂ℎℎ  =  〈 4𝜋
1

2
(𝑀11  −  𝑀12  −  𝑀21  +  𝑀22) 〉

𝜂𝑣𝑣  =  〈 4𝜋
1

2
(𝑀11  +  𝑀12  +  𝑀21  +  𝑀22) 〉

 (A.13) 

 

where the elements of the Mueller matrix are, indeed, 

typically expressed in BSA convention. The volumetric 

cross-polar reflectivity (in m2·m−3) is defined as, 
 

𝜂ℎ𝑣  =  〈 4𝜋
1

2
(𝑀11  +  𝑀12  −  𝑀21  −  𝑀22) 〉    (A.14) 

 

The radar reflectivity factor (in dBZ if the reflectivity is in 

mm6·m-3) is defined as: 
 

𝑍𝑥𝑦  =  10𝑙𝑜𝑔10
𝜆22𝜋

𝜋5|𝐾𝑝|
2 𝜂𝑥𝑦 (A.15) 

 

where Kp is a dielectric factor and 𝜂𝑥𝑦 is expressed in 

mm6·m-3. The differential reflectivity (in dB) and linear 

depolarization ratio (in dB) can also be defined as: 
 

𝑍𝑑𝑟  =  10𝑙𝑜𝑔10
𝜂ℎℎ

𝜂𝑣𝑣

𝐿𝑑𝑟  =  10𝑙𝑜𝑔10
𝜂𝑣ℎ

𝜂ℎℎ

  (A.16) 
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Table I. Overview of supervised ash class parameterization with the list of the main variables and their assumed statistical 

characterization either derived from literature or heuristically determined. Note: PDF stands for probability density function (U: 

Uniform), PSD for particle size distribution (PSD), x for range variability of x parameter, mx for mean of x and x for standard 

deviation of x, AR for particle aspect ratio (see [17] for details).  
 

Ash Particle Ensemble 

Property 

Very Fine Ash 

(VA) 

Fine Ash 

(FA) 

Coarse Ash 

(CA) 

Small Lapilli 

(SL) 

Large Lapilli 

(LL) 

Ash diameter 

Variability range 

Dn (m) 

Uniform PDF 

Dn 

2-3-23 

0.125-8 

Uniform PDF 

Dn 

23-26 

8-64 

Uniform PDF 

Dn 

26-29 

64-512 

Uniform PDF 

Dn 

29-212 

512-4096 

Uniform PDF 

Dn 

212-215 

4096-32768 

Ash particle concentration 

Variability range 

UC: Cp (mg/m3) 

VC: Very Small Conc. 

SC: Small Conc. 

MC: Medium Conc. 

IC: Intense Conc. 

Uniform PDF 

Cp =10-3-104 

 

VC: 10-3-100 

SC: 100-102 

MC: 102-103 

IC: 103-104 

Uniform PDF 

Cp =10-3-104 

 

VC: 10-3-100 

SC: 100-102 

MC: 102-103 

IC: 103-104 

Uniform PDF 

Cp =10-3-104 

 

VC: 10-3-100 

SC: 100-102 

MC: 102-103 

IC: 103-104 

Uniform PDF 

Cp =10-3-104 

 

VC: 10-3-100 

SC: 100-102 

MC: 102-103 

IC: 103-104 

Uniform PDF 

Cp =10-3-104 

 

VC: 10-3-100 

C: 100-102 

MC: 102-103 

IC: 103-104 

Ash size distribution 

shape parameter 

p (adimensional) 

Scaled Gamma 

PSD 

p = 1-2 

U-PDF 

Scaled Gamma 

PSD 

p = 1-2 

U-PDF 

Scaled Gamma 

PSD 

p = 1-2 

U-PDF 

Scaled Gamma 

PSD 

p = 1-2 

U-PDF 

Scaled Gamma 

PSD 

p = 1-2 

U-PDF 

Ash particle density 

p (g/cm3) 

Uniform PDF 

p = 0.5-2.5 

Uniform PDF 

p = 0.5-2.5 

Uniform PDF 

p = 0.5-2.5 

Uniform PDF 

p = 0.5-2.5 

Uniform PDF 

p = 0.5-2.5 

Ash particle canting angle 

mean and deviation 

m  (°) and   (°) 

 

TO.1: Tumbling Orientation, 

TO.2: Tumbling Orientation, 

TO.3: Tumbling Orientation, 

OO: Oblate Orientation 

PO : Prolate Orientation 

TO.1: G-PDF 

m=30°;=30° 

TO.2: G-PDF 

== 

TO.3: G-PDF 
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OO: G-PDF 
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TO.1: G-PDF 
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TO.2: G-PDF 
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TO.3: G-PDF 
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OO: G-PDF 

= =° 

PO: G-PDF 

=  = 

TO.1: G-PDF 

= = 

TO.2: G-PDF 

= = 

TO.3: G-PDF 

= = 

OO: G-PDF 

= = 

PO: G-PDF 
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TO.1: G-PDF 
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TO.2: G-PDF 
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TO.3: G-PDF 

= = 

OO: G-PDF 
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PO: G-PDF 
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Non-spherical particle axial 

ratio 

rax : axis ratio [adim] 

RB: basaltic ratio 

RR: rhyolitic ratio 

 

rax=AR 

 

RB: rax-b 

RR: rax-r 

 

rax=AR 

 

RB: rax-b 

RR: rax-r 

 

rax=AR 

 

RB: rax-b 

RR: rax-r 

 

rax=AR 

 

RB: rax =1.4 

RR: rax =2.4 

 

rax=AR 

 

RB: rax =1.4 

RR: rax =2.4 

Optical dielectric constant 

for volcanic ash 

 

Uniform PDF 

 

Uniform PDF 

 

Uniform PDF 

 

Uniform PDF 

 

Uniform PDF 

 
Table II. Percentage ratio between the standard deviation (Ca/<Ca>, Dn/<Dn>) as well as overall MS-included standard deviation 

(CaMS/<Ca>, DnMS/<Dn>) with respect to the average retrieved value for both concentration and mean diameter, respectively, considering 

various fMS  (0, 0.1, 0.2 and 0.3) for 3 cases: a) at three elevations during the 15 November 2010 eruption (using the depolarization 

measurements); b) during the Etna eruption on 12 August 2011 (using the depolarization measurements); c) profile of ash plume on 12 

August 2011 (using the full dataset). 

 
 

 

 

 

 

 

 

a) 

Altitude [m] Uncertainty [%] fMS = 0 fMS = 0.1 fMS = 0.2 fMS = 0.3 

 

300 

Ca / <Ca> 

CaMS / <Ca> 

Dn / <Dn> 

DnMS / <Dn> 

39.44 

- 

3.83 

- 

- 

42.70 

- 

5.65 

- 

41.98 

- 

5.98 

- 

41.04 

- 

5.96 

 

400 

Ca / <Ca> 

CaMS / <Ca> 

Dn / <Dn> 

DnMS / <Dn> 

82.75 

- 

9.88 

- 

- 

89.28 

- 

14.23 

- 

88.23 

- 

14.78 

- 

84.30 

- 

14.93 

 

500 

Ca / <Ca> 

CaMS / <Ca> 

Dn / <Dn> 

DnMS / <Dn> 

41.14 

- 

4.17 

- 

- 

45.25 

- 

6.22 

- 

44.62 

- 

6.47 

- 

42.95 

- 

6.39 

 

 

b) 

Elevation [deg] Uncertainty [%] fMS = 0 fMS = 0.1 fMS = 0.2 fMS = 0.3 

 

20-59 

Ca / <Ca> 

CaMS / <Ca> 

Dn / <Dn> 

DnMS / <Dn> 

4.41 

- 

8.33 

- 

- 

6.13 

- 

12.77 

- 

5.87 

- 

12.21 

- 

5.57 

- 

11.81 

 

 

c) 

Elevation [deg] Uncertainty [%] fMS = 0 fMS = 0.1 fMS = 0.2 fMS = 0.3 

 

Profile 

Ca / <Ca> 

CaMS / <Ca> 

Dn / <Dn> 

DnMS / <Dn> 

1.22 

- 

4.68 

- 

- 

1.22 

- 

7.55 

- 

1.22 

- 

6.78 

- 

1.22 

- 

7.10 
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Table III: Mean value (Mean) and standard deviation (Std) of the VALR-ML estimates of very-fine-ash (VA) concentration and mean 

diameter during the Etna lava fountain on 12 August 2011 considering the HAPESS simulated dataset with both spheroidal and 

spherical particles (complete) and without spherical particles (partial). 
 

LIDAR 

estimates 

using 

VALR-ML 

DataSet 

(VA) 

Elevation 

range [°] 

Concentration 

[mg/m3] 

Mean  

diameter [m] 

Detected ash  

classes and occurrence 
OO, PO, TO, 

MC, SC, VC 
20-59 

Mean: 67.46 

Std: 37.84 

Mean: 2.89 

Std: 1.18 

VA-OO: 31 VA-PO: 79 

VA-TO: 31 
OO, PO, TO, 

MC, SC, VC + SP 
20-59 

Mean: 62.52 

Std: 36.84 

Mean: 3.13 

Std: 1.27 

VA-OO: 21 VA-PO: 49 

VA-SP: 52 VA-TO: 19 
 

 

Table IV: Contingency table related to ash concentration map at three elevations during the 15 November 2010 Etna ash emission, 

related to three different concentration thresholds (see text for details). 
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-
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I

T

H
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H 

PARAMETRIC RETRIEVAL MODEL (PM1) 

Th1=2*10-4 [g/m3] Th2=2*10-3 [g/m3] Th3=4*10-3 [g/m3] 

3

0

0 

 

HIT: 

97.38% 

 

MISS: 

0% 

HIT: 

54.90% 

MISS:  

11.11% 

HIT: 

47.71% 

MISS: 

16.33% 

FALSE: 

2.62% 

 

NEG: 

0% 

FALSE: 

21.56% 

NEG: 

12.41% 

FALSE: 

15.68% 

NEG: 

20.26% 

4

0

0 

 

HIT: 

96.92% 

 

MISS: 

0% 

HIT: 

52.30% 

MISS: 

2.46% 

HIT: 

49.23% 

MISS: 

2.47% 

FALSE: 

3.08% 

 

NEG: 

0% 

FALSE: 

36.30% 

NEG: 

8.92% 

FALSE: 

26.77% 

NEG: 

21.53% 

5

0

0 

 

HIT: 

95.93% 

 

MISS: 

0% 

HIT: 

67.44% 

MISS: 

4.07% 

HIT: 

65.70% 

MISS: 

5.81% 

FALSE: 

4.07% 

 

NEG: 

0% 

FALSE: 

26.16% 

NEG: 

2.32% 

FALSE: 

20.93% 

NEG: 

7.55% 

 

 

 

 

 

 
Figure 1. Correlation between backscattering (in dB) and extinction coefficient (in dB/km) for the VA size class in terms of ash 

concentration and orientation class centroid noting that, as the concentration increases, there is an increase of the simulated 

backscattering and extinction coefficients. 
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Figure 2. Numerical results of the HAPESS simulations at 532 nm wavelength (VIS). Correlation between ash mass concentration Ca 

(mg/m3) and both backscatter (in dB) and extinction coefficients (in dB/km) in the upper panels (left and right panels, respectively) 

and between Lidar Ratio (LR) and backscatter and between ash mass concentration Ca (mg/m3) and cross polarization in the lower 

panels (left and right panels, respectively), for each ash class VA, FA, CA, SL and LL (2x2 panels), for different orientations (OO, PO, 

SP TO) and uniform concentration (UC) (between 1 - 107 g/m3). See text and Table I for details.  
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Figure 3. Lidar data collected during the 15 November 2010 ash emission at Mt. Etna, in Italy. Superimposition between measured 

(dark dots) and simulated backscatter coefficient hh (in dB) and cross-polarization ratio δcr (in %) at 300 (left panel), 400 (middle 

panel) and 500 m (right panel) of altitude above Etna summit craters, respectively. The different color identifies different concentration 

classes (IC in magenta, MC in green, SC in red and VC in blue), all for the very fine ash class (VA).  

 

 

  

  
Figure 4. Lidar data collected during the 15 November 2010 ash emission at Mt. Etna, in Italy. Maps of the measured backscatter 

coefficient (in dB) and linear volumetric depolarization (in %), left and right panels respectively, at each elevation (300, 400 and 500 

m) above the Etna summit craters. 
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Figure 5. Mt. Etna eruption on 15 November 2010. Maps of VALR-ML estimates of ash concentration and mean diameter at each 

elevation at 300, 400 and 500 m (first, second and third rows, respectively) above the summit crater of Mt. Etna using: 1) both measured 

lidar observables xxmc and δcrm (first two columns on the left); 2) only the backscatter coefficient xxmc (last two columns on the 

right). 

 

 
 

Figure 6. Lidar data collected during the 12 August 2011 lava fountain event at Mt. Etna, in Italy. (Left panel) Cross section of the 

measured backscatter coefficient (in dB) of ash plume as a function of altitude above the craters and range. PM1 retrieval of ash 

concentration considering a reff=10m (Right panel). 

 

  
Figure 7. Lidar data collected during the lava fountain event on 12 August 2011 at Mt. Etna (Italy). Cross sections of VALR-ML 

estimates of ash concentration and mean diameter, respectively, considering a complete HAPESS simulation dataset (two panels on 

the left) and a partial simulation dataset without spherical particles (two panels on the right). 
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Figure 8. Lidar data collected at 09:01-09:11 UTC during the 12 August 2011 lava fountain event at Mt. Etna, in Italy. (Upper panels) 

Range profiles of ash backscattering and depolarization measured by the VAMP system at Serra La Nave station. (Lower panels) 

VALR-ML estimated ash concentration and mean diameter (solid curve) together with the same estimates plus its standard deviation 

(dashed curve) derived from (12). 

 

 
Figure 9. Correlation between the backscatter coefficient (in dB) and the ash concentration (in g/m3) derived from i) the HAPESS 

simulations (red dots) referring to very fine ash (VA) ash class with OO, PO, SP, TO orientation (see title of each panel); ii) parametric 

models VALR-Reg (blue dots), PM1 (yellow dots) and PM2 (green dots), respectively. 

 

 
Figure 10. Etna eruption on 12 August 2011 at 09:01-09:11 UTC. (Left panel) Comparison between the simulated (colored dots for 

each considered class in Table I) and measured backscatter coefficient (black dot, in dB) and cross-polarization ratio (black dots, in 

%). (Right panel) Profile of the concentration estimates derived from PM1 (with effective radius equal to 10 m), PM2, VALR-Reg 

and VALR-ML algorithms. 
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Figure 11. Etna eruption on 15 November 2010. Panels (first, second and third couple of plots) are related to elevations at 300, 400 

and 500 m above the Etna summit craters. Ash concentration derived by the PM1 retrieval using: i) (left panel of each couple of plots) 

an ash effective radius of 10 m as in [33]; ii) (right panel of each picture) the mean radius derived from the VALR-ML retrieval for 

each detected pixel as shown in Fig. 5.  

 

 

 

 
Figure 12. Etna eruption on 15 November 2010. Ash concentration range maps obtained applying the VALR-ML and PM1 derived 

mass concentration, on the left and on the right respectively, and referred to 300, 400 and 500 m of elevation. The different colors 

identify the area of LOWER (<2·10- 4 g/m3), LOW (2·10-4 g/m3 - 2·10-3 g/m3), MEDIUM (2·10-3 g/m3 - 4·10-3 g/m3) and HIGH (>4·10-

3 g/m3) ash contamination defined by the ICAO regulations. 


