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Abstract

In this paper we shall consider the potential effect of the magnetic dipole moment
of a neutron star (NS) in a binary NS-NS system.

We shall derive the Lagrangian of the binary system and show how to find
a Multipolar Post Minkowskian (MPM) solution to the linearized Einstein-
Maxwell system and the energy flux of the electromagnetic waves; we shall
calculate at the higher order the equations of motion and precession. At the
end, we will provide calculations proving that the effect of the magnetic moment
on the binary system is barely observable.
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The hypothesis of the existence of gravitational waves was put forward in the
early days of General Relativity. Indirect evidence of their existence came from
the study of the decay of the orbit of the Hulse-Taylor binary PSR 1913+16
1, 2, B, 4]: for this work, the authors were awarded with the Nobel prize in
1993.

2016 started with the announcement of the direct observation of gravita-
tional waves (GW) [5] by the advanced LIGO project [6]: the detector observed
the merging of two black holes of masses 367 Mo and 297} Mo at a distance
of 410Jj£8 Mpc and many other followed (see for example the catalogue of
the observed merging binaries [7] and references therein). These observations
marked the beginning of gravitational waves astronomy. The most important
observation is, however, the neutron star coalescence event GW170817 and the
associated gamma-ray-burst GRB170817, which confirmed with a photonic de-
tection the non-photonic detection of the GWs. Other observatories are the
ground based VIRGO [8, [9] and the upcoming cryogenic KAGRA [I1] and the
space-borne LISA [I0].
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The discovery was preceded by a long experimental and theoretical work.
The latter was aimed to the research of general solution to the Einstein equations
that could describe compact inspiraling binaries. Nowadays the dynamics of this
kind of systems and the gravitational waves energy flux are known up to 3.5
Post Newtonian order including Spin-Orbit (SO), Spin-Spin (SS) and Spin-Spin-
Spin (SSS) effects [16, 17, 18, 191 20, 21} 22] 23| 241 25 26| 27, 29, B0} 311 B2]
33, 34), [35], 36}, B8], 28], 37, B9, 40] (quadratic and cubic-in-spin effect are usually
neglected for a neutron stars binary system, since they are too small); see also
the review [41] and references therein.

Neutron stars, however, are known to have large magnetic fields up to 10 G
(see [42] and references therein) (magnetars have even larger magnetic field
[44] but, so far, have never been found in binary systems [61})E| and magnetic
moments ~ 10%° + 10%° G'em?f| the aim of this work is to study the effect
of the magnetic dipole of neutron stars in binary systems on the generation of
gravitational waves.

Most neutron stars and pulsars in binary systems have a small magnetic
field 108 + 10'° G [42]: these are called recycled pulsars and are thought to
be old stars that have been spun up by the accretion of material from a non
relativistic companion. Younger neutron stars have much larger magnetic fields
(10! + 10! @) but are usually found isolated [42} [71]; however, there are some
known binary systems with an old, recycled star and a younger one such as the
double pulsar system PSR J0737-3039 (the only binary known with two pulsars
[67]) and the system of the pulsar PSR J1906+0746 [69].

In order to achieve our aim, we have to consider the linearized version of the
Einstein-Maxwell system and extend the Multipolar Post Minkowskian (MPM)
formalism developed in [48| [49] [41] to this case. We shall also calculate the
Post-Newtonian expansion of the gravitational and electromagnetic potentials
and study the effects of the electromagnetic field on the dynamics of the binary
at the higher order. We shall also write the explicit form of the equations of
motion and precession in the center of mass system and for circular orbits. At
the end, we shall calculate the effects our newly calculated electromagnetic terms
have on the accumulated number of gravitational waves cycles for a ground base
detector.

The plan for this paper is as follows.

In the first section we write down the Lagrangian of the system mostly
following [12] and we derive the equations of motion and precession, the stress-
energy tensors for matter and electromagnetic field; we shall then write the
expression of the 4-momentum in terms of the speed, spin and electromagnetic

1Even if magnetars have never been observed in a binary system, they might still be source
of gravitational radiation, see [62] [63} 64, [65] [66] for example.

2This can be calculated assuming a star with radius of 10 km [3] and using the relation
M = B R3, where B is the surface value of magnetic field of the neutron star.



potential and use it to find the conserved mass. In sections |4| and [5, we shall
present the linearized Einstein-Maxwell systems and calculate the energy and
angular momentum flux of electromagnetic waves. In section [0 we shall cal-
culate the electromagnetic potential and the dynamics of the binary system at
the Newtonian level. In section [7] we shall calculate the electromagnetic con-
tributions to the gravitational waves flux, while in section [§] we shall calculate
the electromagnetic waves flux. In section [J] we shall calculate the electromag-
netic contributions to the accumulated number of gravitational waves cycles.
In the conclusion we shall consider the case of the double pulsar system PSR
J0737-3039 [67] and numerically estimate the electromagnetic contribution to
the accumulated number of gravitational waves cycles.

As was pointed out in [4I] and references therein, if we want to make all the
c factors in our equations explicit, we should define:

S = Csphysical = GmQX (1)

where x is the dimensionless spin (= 0.1 for neutron stars, although the fastest
known millisecond pulsar has x ~ 0.4 [39, [45]).
We use the Gauss-cgs unit system and the metric signature (—, +, +, +).

1. The Lagrangian of the system and equations of motion

Following [12] [39], if 2(7) is the world-line of a particle and 7 the proper
time, we define the velocity:

dzt
o
Y dr

Given the metric g,,, we introduce the (body-fixed) orthonormal tetrad and
cotetrad eff) (r) and G?G)(T), defined in the usual way (744 is the Minkowski
metric):

v _ a L (a)
o€l G = M)y € el = 0p) (2)

With these, we can define the antisymmetric rotation coefficients for the tetradﬂ

Qv = e(a) [u 0’ (e;f)>;p (3)

3In this paper, we use [...] around indices to indicate anti symmetrization and (...) for
symmetrization. Here we have:

@) _1 (a) (a)
€a) [u v’ (eu] >;p =5 (e(a)u Quip = €(a)v au;p) uf
and later in the stress-energy tensor:

1
Pl = o (pu” +p ut)



Given the above definitions, we assume (see [12] B9]) that the Lagrangian
depends only on the speed u*, the rotation coefficients €1,,,,, the electromagnetic
potential A, and its derivatives (in fact only its antisymmetric part, the Faraday
tensor F),, ), on the metric g,, and the Riemann tensor R,,.g and that it can
be separated into three contributions:

L =L Qu, Ay, Fuvs G, Ruvap) =

(4a)
= Lgr + Lelm(Au7 F;un guu) + Lmatt(gw/v A;m Fpl/a Qp,w u“)

where Lg, is the usual lagrangian for the gravitational field (defined, for exam-
ple, in [13}[14]), Lyatt is the lagrangian for the matter while the one for the free
electromagnetic field is given by

c
Ly = ———F,, F* 4b

el 167 / ( )

Following [12, B9], we can define the (free) current J#, the 4-momentum p,,

the spin S*¥, and the quadrupole moment J#"77:

5Lmatt 5Lmatt
o = 4
4 0A, Pu Jum (4c)
5Lmatt 6Lmatt
Hv :2 Hvpo = — 4
S 0 J 6 5Ryupo (4d)

Since we want to study a binary system in which the components do not have
electric charge, but do have a magnetic dipole moment (in their rest frame), a
proper definition for the (free) 4-current in Gauss-cgs unit system is:

JHt=—-cV, (M”“ég(az —xa(7))) (5)

where M"# is the antisymmetric magnetic dipole moment and x 4 is the posi-
tion of the body A; our definition of the current guarantees that the magnetic
moment is conserved thanks to the antisymmetry of M*”. Moreover, we do
not want our stars to have an electric dipole in their rest frame; we can achieve
that, if we impose that (see for example [75] [51]):

MMy,

0 (6)
Therefore, we have:

5Lmatt

09

1 c?
O0Lmart = cpuou’ + %0 SH Q. — 5 JHPT SRy pe — JHOA, + o
Since coordinates have no physical meaning, we have to impose the invari-
ance of L,,q¢¢ with respect to transformations of coordinates such as z# —
x# 4 &* (in this way Ly will be a scalar under coordinates transformations)
and scaling of the time 7 — A7. We can achieve this if:

5Lmatt

2
0Guw

Jukpa — JHrAY (7)

1 2
=cptu¥ + = S’”’Q”p + 2 § RMApU
c



and if L4 has degree one in u* and Q¥ (see [12] 39]).
As a consequence, the Lagrangian of the system becomes:

1 14 14
L:Lgr+cp”uu+2—csu Qy{,,*J'uAﬂfmF‘u,,F'u (8)
and the action is:
S = [ 0 V=G L Dy G By Ay Fo (9)

Varying this action, we can write down the equations of motion and pre-
cession and the stress-energy tensors (see [12] B7]): the equation of precession
is found by varying the action with respect to tetrads and using the equation
(7), while the equations of motion arise by varying the action with respect to
world lines (see [12]); as a result, the equations are given by (see also [12] and
[40, (39, [73, [74] for the quadrupole part):

1Dp, 11, C o aByps Lo
c dTM “2¢ o ﬂRaﬁwM T3 Js* R aByin T % M Fypor iy (10)
1 1 DS#v 2 1
N _ o, 3% ple vidpo _ = plp vlp
22 ar U ¢ 3R rpo c? F pM (1)

where we have defined D/dr = vV, (V, is the covariant derivative). In
addition to these, varying the action with respect to A, and J,A4,, we get the
Maxwell’s equations:

Fr, = 4% J, = —4nV, (M5 (x — za(1))) (12)
Fiwp =0 (13)

where in the first line we have used the definition of the current .

Finally, we have the evolution equation for the magnetic moment: two terms
will contribute: one is due to the rotation of the star and the other is due to
the precession and therefore has the same form of the spin precession equation;
therefore the evolution equation for the magnetic moment is given by:

DM

cdt

_ [N alv v 32 [,u viApo 1 [,u v
=w aMl]"‘p[Mu]_CgRAng]p_ngM]p (14)

where w is an antisymmetric tensor describing the rotation of the star. Given
the moment of inertia Z of the star (supposed spherical) and its spin .S, we have

that: g ! s
w m
=—=—=-—x. 15
Z ¢ 22X (15)
where r is the radius of the star and x is the dimensionless spin (x ~ 0.1 for
NS).



The matter stress-energy tensor is given by:

v 1 v o v
Y Y O W R

3
A=1,2 (16)
v 2 LV )o
-v, (nASZ(“uA)> - gvpvg (nAc2JZ(‘ ) )
While the electromagnetic stress-energy tensor is:
1 |1

Im __ B B

T == [ f 0 FasF*? = % By i

2. Contravariant 4-momentum and conserved mass

In this section we shall find the expression of the covariant 4-momentum in
terms of u*, S*, R, and F),,,. This will allow us to find the conserved mass
at quadratic order in spin.

First of all, the spin tensor is an antisymmteric tensor, and has therefore six
independent components, but only three of them are physical (they are the spin
vector components), since the other can be eliminated by fixing the center of
body reference frame (see [28 [40]); following [12] [40, 28] 46}, [47], we impose the
Supplementary Spin Condition (SSC):

SHp, =0 (18)

2.1. Contravariant 4-momentum

We start by differentiating the SSC equation (|18|) with respect to 7; substi-
tuting the equation of motion and prccessio and remembering that
pip, = —m2c?, we ﬁndﬁ

= () enese (1)

dr c2 dr c dr

1
Jreo _ ple prle 3 S S Ropyuu + O(S?)
(19)

174 v 4
0= —(utp,)p” c* —u’ m?c* — gc?’R[’L)\pa

Since we already know that at the lowest order in spin p, = mcu, + O(S?),
we can substitute this back in remembering that the speed of the bodies
u,, has norm u,u” = —1; in this way, we find the following expression of the
4-momentum in terms of u, the spin and the Faraday tensor at O(S?) (see also
[40] for the gravitational part of the equation):

S8 g1

_ ¢ Aaf 4c 1z v]Apo A 1 [ v]a 3
p“—mcu“—i—gu“Rp)\agJ” +§u5R apod = 5mes U RVMB—FC—ZF’QM u,+0(S°)

(20)

4We remind that we only consider quadratic-in-spin terms.



2.2. Conserved mass

Now that we have the expression for the contravariant 4-momentum, we can
calculate the conserved mass.

Following Bailey and Israel [12] (see also [40]), we contract (19) with
and we arrive at:

w Ppu 1 D(pup") o Dm _1p,p* D

cdr 2 cdr cdr 2 puut cdr

1 pup" D

6 pyut cdr

(21)
If we retain only quadratic-in-spin terms and if we consider only Newtonian
contributions, then the conserved mass m is given by (see [40]):

_ 1, 1 N ~
m=m+ 5 M PFops — 6Ja575R ys +O(S%) + O(c™?) (22)

3. Precession and magnetic moment evolution equations

We are now in a position to derive the evolution equation for the vector spin
and magnetic moment in the presence of both gravitational and electromagnetic
interactions.

First, we define the spin and magnetic dipole vectors (see [40, 39})E|

S = =5 V0 e L 577 (23a)
M, = —%\/Tge,wpg u” MP? (23b)
the inverses are: 1 »
SHY = _ﬁ eHvro mipc S, (23c)
MP = L e"rP?u, M, (23d)

V=g
where p* is given in equation . With these definitions, the spin vector
automatically respects condition SSC given in equation and our stars will
not have an electric dipole in their rest frame as required by equation @ because
of the antisymmetry of the Levi Civita symbol.
To obtain the vector spin evolution equation, we differentiate with
respect to 7 and substitute equation and retaining only quadratic-in-

5The Levi Civita symbol is defined as usual: eg123 = 1.

(M Fop)+—= 2 —— (J,P R, 5)+0(S?)



spin terms; in this way, we obtainﬂ

DS, _ 11 1 [Dp DSP
vpo SPe i =
dt T W ey, { dr TP dr
« o pU u’Y 3 4 py [ ol e p” o o]
= G;Lupo |: 75 BSP R — — C gERPAaBJ ] ﬂ_2%F[P| M

(24)

For the gravitational sector of the equation (the first two terms on the right-
hand side), we can follow [40] introducing the spin-precession frequency (anti-
symmetric) tensor

Sy 1

Q= —

A v
2 5 g Hy = kaguu G| (25)

where G, and H,,,, are respectively the mass-type quadrupole and the current-
type quadrupole and are given by:

Gu = —RM,\W)UAUP (26)
H,, = *Ruu’ (27)
For the electromagnetic contributions to the spin evolution, we first notice

that:
F#aMua = Gap FHe MVB

We now use the Schouten identity in the right hand side:
9kr etrre + 5,’: 9rt €vopr + 6: 9rr €oprp + 52 it €oTpv + 63— 97 Erpvp = 0

Remembering the condition @ and the definition of the magnetic dipole vector,
equation (23a)), we find, after some lengthy algebra:

elm

DS, 1
el 4 - —F,, M’
dt 10 M

Moreover, as was found in [40], So = O(S?), so we can focus only on the space
components of the spin vector: S;.

Putting it all together, we finally find that the evolution equation for the
spin vector is:

DSA
dt

. 1 )
=05 84+ S Fj My +0(5%)  A={1,2}

dt
SWe remind that — = ug.
dr

+0(8%)



At O(S?), in Q;; there are two contributions: Q¥ in which there are no spin
terms, whose expression is given in [37], one with spin-orbit (SO) interaction,
whose expression is given in [40]; we can separate these contributions and rewrite
the previous equation in this way:

DSA
dt

, 1 ,
= [N+ 0i°] i+ S FIML+OSY)  A={12)  (28)
In a similar way, for the magnetic moment, we find:

DMy
dt

1
u®

. . 1 )
= WMy + QMY+ - S FFM, A={1,2}  (29)

4. The Einstein-Maxwell system

We can now study the Einstein-Maxwell system and look for a Multipolar
Post Minkowskian (MPM) solution.

In section [5] we shall write the expression for the asymptotic wave form of
the electromagnetic fields and calculate the energy and angular momentum flux
carried away by the electromagnetic waves.

In this section and in the following, we deal with the general case, but in
what follows we will only consider the higher order part of the equations.

4.1. The system

The Einstein-Maxwell system is (see [13], for example):

&G ., 81G ..
Gl“’ = CT Tl“’ + CT Tl“’ (30&)
y 47
By = (30b)

where TS is the electromagnetic stress-energy tensor defined in and T},
is the matter one defined in (L6); J, is the (free) 4-current defined in (5). It is
convenient to expand the covariant derivative in equation as follows (see for
example [13] 15]):

Ju== 0 (M, —ya) =Y (M4, 8 x=ya) (3 In(vV=9))
A A

(31)
where g is the determinant of the metric. Both the matter stress-energy tensor
T7%, and the current .J, have compact support.

To solve the system, we have to add contour conditions: we assume (see
[48, 4T]) that in the far past the metric was asymptotically flat and stationary:

Ot g (t,x) =0 lim g, (%) =1 Vi<T (32)

r—-+4oo

so that there is no incoming radiation at the source position.



4.2. The linerized system

In order to linearize our system, we introduce the gothic metric (see [41], [48]
13), [14]):
¢ =g = — (33)

0
and divide A, into a background potential A, and a perturbations potential

Ay . N
A, =A,+A,. (34)

We also divide the Faraday tensor F),, consistently:
0 ~ 0 ~
FMV = FMV + FMV = 28[#141,} + 28[MA,,] (35)

We assume that electromagnetic perturbations are small, in the following
sense:

(v Au) = 0(1) (B 4,) = O(G) (36)

We also assume that the magnetic moment M,,, is O(1). In this way we see
that our current naturally divides into an O(1) part and an O(G) part:

Ty =Ju+J, (37a)
where:
Jo==c Y 0, (M4, 08— ya)) (37b)
A={1,2}
Ju=—e 3 (Mu, 8 ec-ya) (9 (V7)) (37¢)
A={1,2}

JOM will be the source of the background field, while jﬂ will be a source for the
perturbation fields.
All the fields we have introduced must be transverse:

Ohyy =0 0,4, =0 9,4, =0 (38)

The first relation implies that we are using the De Donder or harmonic coordi-
nate system, the other two, that the we use Lorenz gauge. The above relation
do not, however, exploit the whole gauge freedom. If f,,, respects the first of

another f/,, given by:
f;l;,y = f;Lu + aﬂgu + 8u£,u — Nuv a/tfﬂ (39&)

will respect it too, if the vector £, respects the following (see [13] 41], for exam-
ple):
0¢, =0. (39Db)

Analogously, if b, respects the second (or the third) of , so will b;t given by:

b, = by + 9 A (40a)

10



if the scalar A respects the following (see [59] for example):
OA=0 (40b)

Substituting our definitions 1) into the system and using the
gauge given in , we find (mind the position of the indices in the magnetic
dipole):

DA, = - j — _4r (M5~ )] (41)
C s
167G ~ 167G om
Uhyw = A g1l {Tuu} + < ! 9] [TI—W ] +Al“,) (42a)

DAQ:—%fa+Ra5ﬁﬂ+RaMB=

—ar S (MEP B (x—ya)) (0 I (V=9) ) + Rap 4% + Rop A7
A

(42b)
where:
Tem, Ny 2 Py po P how 9 0 po [
v :_TF;LVF + 0" Fup Fou — 4 By ' A+ W77 Fyyp Fout (43)
Bk ooy B w
1
Dh, = 2 ha + 92478 4. 45)
,’,]aé 1
T = 2 hspw + hovp — Pyuvs — 2 (h»# Nsw + Ty Ny — Ns 77”") 2
(46)

where T'n, yn and I'n are terms of order O(G™) and A, is defined in [41] 18].
The determinant of the metric, on the other hand, can be calculated using the
formula (valid for any matrix M, see for example [15]):

% 2—%(TT(M))3+...

where 1 is the identity matrix; from the above formula, we find:

det(1—M)=1—-Tr (M) + = (Tr (M))

1 1
—g:l—h+§h2—§h3+0(h4) (47)
where h = h*,, = 0" hy,,.

The main difference between ours and the usual case is the presence of
the electromagnetic stress energy tensor: unlike 77 it cannot be enclosed in
a compact and its effects stretch throughout the whole spacetime, moreover

0]
Gij,m = O(G) (see equations and (36)), therefore it must be taken into
account already at linear order; this actually does not constitute a problem, in
fact it has to be treated as A, is treated in the usual case.

11



5. The energy and angular momentum flux of the electromagnetic
field

In this section we will find the energy and angular momentum flux of the
electromagnetic waves. We shall focus on the background field, the calculations

for the perturbations being the same (one should just substitute ’ with a ~).
In this section, we follow the usual notation and define (see [58], 48], [49, [50]

) )
9w = (5) 1w

where u is the retarded time u =t — %r.

In our case, the energy is carried away from the binary not only through
gravitational waves (GW), but also through electromagnetic waves (EW) gen-
erated by the background potential A and by the perturbations potential A
the energy balance equation is, therefore (see [13)):

dE =~

where we have indicated the fluxes with F.
The energy flux per solid angle carried away by the electromagnetic waves
(EW) is:
dFEW g2 ]_%EW
aQ  dtdQ

We have found it easier to first introduce the transverse electric and magnetic
fields (see for example [59]):

2 Tem . (49)

bo,;'r = €ilm al 13,17;1 = ’Pf (ejlm al Iim) + O(T_Q) <50)
ET — o NUBT (51)

0
where AT is the transverse asymptotic background electromagnetic potential
given by (using radiative coordinates (T, R) at null infinity):

N R 1 0 1 1 9
A; (u,7) = 5 P; ; o |Ne-10Qin—a(u) + 7= €iab Nar— 1 Spr-1(w)| + O(R
: (52)

where P/ = (53 — N'N; projects the fields on the plane orthogonal to N =

K3
0 [9)
%, the direction of propagation of the fields. The multipoles Op and Sy, are
resummations of the multipoles at every order.

12



Using the formulas in [48], 58] for symmetric trace free (STF) tensors, we
obtain the following expressions for the fields:

or Pz] Z 11 9(1) 1 !

gi - Re >1 Cl ll Np- IOL 1j 4+ — l+ 1 6jab]VaL 1SbL 1 (53)
or _ Pl 111 &(1) ! 9(1)

B = 7o ;1 a7 ENL_l SL_lj + 111 €jab Nar—1 Oy (54)

With these definitions, we can rewrite the energy of the background field as:

1
Too = — (?:T ET BT %T) (55)
8

In order to ease the calculations, we follow [58], and rewrite the electric field
using vectorial spherical harmonics:

iRZZ

1>1 m=—I

E(l YElm +Bl(rln) }/’L‘Blm (56)

Elm
Y;

where is the electric vectorial spherical harmonic and Y2 ™ the magnetic

one (see section 2.D in [58]). The scalars Ej,, and By, are linked to OOL and §L

by the relations:
0 [ !
_ l
Op = _““lJrl E__l Epm s} (57a)

o 1+ [T .
SL = — I m m;l Blm Yar (57b)

The inverse relations are:

B 4 [+1 I
B =~Grrnn V7 Or ol (582)
47 l
B — _ Im x
mE T Vet Sl (58b)

The same relations are valid also for the magnetic field, but from equation
it is easy to see that relations are inverted and so are .

We can substitute into equation and use (49) (we suppress for the
moment the magnetic field since the calculations are similar; its contribution
will be added at the end):

2E 1
dtdQ ~ 8w %n: c2l+1

E(l)E() YElm YEl' ! B(l) B(l) Y_Blm YBl

Im —U'm’ Im —Um’ ~ 1

+ Bl(:a) El('lgv YiB Im YiEz’m’ + Er(;i) Bl(ll%/ YiEZm YiBl’m’
(59)

13



thanks to the orthonormality of the vectorial spherical harmonics (see [58]),
after an integration over the solid angle, we find:

dE 1 1
T Z Py |:|El7n|2 + |Bzm\2] ; (60)
lm

One can see that this formula correctly reproduces the one given by Jackson
[59].
Substituting into the previous equation, we find:

dE 1 1
DO
1>1

Adding the magnetic field contributions, we find the formula for the flux of
the electromagnetic waves we were looking for:

0
dEEW 1 1 [+1 1 9(1) (1) 1 9,(1) &(1)
a2 ZZ L%H R E (OL OL +Z 550 )
>1

; ; l JmEm 4 L gmgm
+ 2 ; [C2l+1 I+ D20+ 1) <OL O;’ + = SIS

As we said at the beginning of this section, the energy flux for the pertur-
bation field has the same form as , but with the tilde multipole moments,
6[, and §L~

Since electromagnetic interactions are linear, there are no tails contributions
for the background electromagnetic field; therefore, we have:

I+1 1 o o , 1 ! (1) &(1)
Cr e Ot O G pr i o o

OL=0Qr Sp = Mp. (62)

0 0
where ) and M are the instantaneous contribution to the energy flux given by
(see [50]):

+1
0 3 .0 1 2041 . 0 0 .
8, /d x/_l dz [5l(z)xL Jo Z 0T D@13 8141 Zar, 5u Jil 1>

(63a)
0 +1 0
ML = /d?’;v/ dz6l(z) €iab Lf?aL,1 JbL l Z 1
-1
(63b)

0
where J, is given in (37b) and (see [41], 49} [50]):

20+ 1N
ai(z) = (WTZ? (1-2%

14



On the other hand, tails effects for the electromagnetic perturbations do
exist as a consequence of the interaction with the gravitational field (see terms
0 -
RasAP + R, AP in the right hand side of ([d2h)).
The above calculations can be repeated for the angular momentum flux, but

one should consider term proportional to since other terms vanish upon

R2’
integration over the solid angle (see also [58]). Considering only the electric
field (the contributions of the magnetic field being analogous), we find:

dl; =g . .
P X [ﬁ VI T DT m) (Ev Bfyas + Bi B 1) +
I>1 m=—1
¢!

27 _ * *
2 VI=m+1)(1+m) (ElmElm+1+BlmBZm+1>+

+¢0m (Elm Ef + Bim B;‘m)

+

(64)

Notice that the third component in the last line is proportional to the energy,
as it should (see [59, [60], for example).

If we add the magnetic field contributions and use equations together
with equation (2.26) in [58], we find the angular momentum flux for the elec-
tromagnetic waves:

dJ; 1 [+1 ) 1 ¥
at - e 2 2t L! 20+ 1) <Q"L‘1 Qaioa + 3 Moz MaL—l) +
1>1

1 12 (1) 1 1)
e ) g {(z I NECTRRT (Quat QU-y + 5 Mars M3 )
I>1

(65)

6. Metric, electromagnetic potentials and dynamics at Newtonian
level

Now that we have the linearized version of the Einstein-Maxwell system and
we know (from the appendix) how to match the PN interior solution to the
MPM exterior, we can calculate the potentials and of the equations of motion.
From now on we shall work only at the higher order.

In what follows, we shall deal with functions of the type:

1

— A= {1,2} n>1
m— {1,2}

F(XaylayQ) ~

which are divergent when evaluated at the position of the particle A. To solve
this problem, we use Hadamard regularization procedure as described in [I7}, 4T],
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54, 55 56, [57]. In fact we don’t need the whole machinery here, what we actually
need is to assume that the function F(x,y;,y,) admits the series expansion:

k=0

F(XJY1>Y2) = Z T]f fk?<n1uY17YQ) +O(T1)
k=—k0

then, we can define the regularized function at point 1 to be the Hadamard
partie finie (see [I7]):

(F)l = F(X?YIva) - / dQ4(7IT11)fO(n17y17Y2) <66)

6.1. The electromagnetic potential

The equation for the background potential is a normal wave equation.
We can easily find the Post Newtonian expansion of the solution at every order
using the formula [17]:

O~ f(t,z) :f% [/d?’x’];(t_’i/)l % /d?’x’f(t,x')Jr% /dgx'|xfx/\f(t,x’) +...
(67)

At the higher order and in terms of the magnetic dipole vector, we have:
1 k njl 1 1 l m nlf
Ai = Eijleﬁ +12 A() = Eeklmlel 7’72 +12 (68)
1 1

When evaluated at the position of the particle 1, these equations become:

0 nj 0 1 nk
(A), =t (h), = Lamiiar
12 12

At the higher order, the Faraday tensor at the position of particle 1 is there-
fore given by:

i Mk " Mlc S — €is Mk J
(ﬁﬂl> — 26]k3 2 _ gS&sk/MaMia _ Cisk 2n12n§2+0(c’1) (70)
1 12 T12

0 165mUle 1€5Ml _
(FOi)l = E%(éks - 3”?2”?2) T krlg 2 <U§ - (n12U2)”i2) +0(c7?).
12 12 (71)

6.2. The metric and electromagnetic perturbation potentials
In analogy to [I'7, [41], we define the sources of the gravitational potentials
from the matter stress-energy tensor:
_ Toi
c

Too + T
o= —"F—

gi

ii = Tyi 72
c Oij J (72)
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On the other hand, from the electromagnetic stress-energy tensor, we define

o_elm _ T(%m + TZZm O_ielm — Toezlm Ufjl'm _ T;egllm (73)
Using the potentials defined in [T, 4T, 18, 57], we see that the direct contribu-
tions from the electromagnetic stress-energy tensor start at the order O(c=2),
and the indirect contributions coming from the equations of motion start at
the order O(c™2): there are therefore no electromagnetic contributions at the
Newtonian level.

6.3. Equations of motion

From equation , and using equation , we find at Newtonian level
that the electromagnetic contributions to the acceleration of particle 1 is given
by:

elm 1 0 J
(a);™ = B (Fz‘)lM{ =
3 Mim

- 4
2my Ty

(74)

[(Oks — Bnfonis) — diniy + disnky)

In order to write down the equations of motion in the center of mass frame,
we define (see for example [41]):

1 1 1 my—m
m = mjy +ma zm(+> A=— 2
v mp Mg m
with this, we can rewrite as:
! ; 3 MEM;
(a)7™ = ()" = ag'™ = ) 12 [(Oks = 5nynd,y) — dirnis + disniy]
my iy

(75)

_We can rewrite the previous equation introducing the orthonormal triad

i, 0, X (see [29] [30) BT [32] 33} 34} [35 36}, [37, B8, 40, 41]); becomes @™ =
anT + agl + ay\, where:

3 k s
Up =@ -7 = —w?r = —*7M14M2 (5ks - 3”’162”;2) (76)
2 1y
. . o . 9 Gm
including the gravitational terms at Newtonian level, we read w* = — +
T12
3 (M- Ma) = 3(M1n)(/\/12n). We also have:
2mu 3y
Py 3 14 4
=g P= 5 MMl + (Min)(Mal) (77)

1
2my 1o

Finally, we can discard the third term, since ay ~ ¢=5 (see [41]).
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At Newtonian level, the electromagnetic energy of the particle 1 is given by:

elm 1 i 0
()" = =i (Fu), =

LMEM (78)
- Mt
In the center of mass frame, we have:
oim | MEMS s
Belm — 77}§2 2 (5k5 - 3n’f2n12). (79)

6.4. Spin precession
From equation (1)), we see that at Newtonian order only the electromagnetic
torque will act on the spin vector, therefore we have:

. 1elm
ds; g
& = EMy o) =
. _ (80)
_ oGt MIME e MEMInT, — e M5 (Man)
= 3 - 3 N12
T2 T2
6.5. The magnetic moment evolution equation
At the higher order, only the star rotation is relevant so we have:
dM: i
o =W M +0() (81)

7. Electromagnetic contribution to the energy flux of gravitational
waves

The general expressions for the gravitational waves flux and for the multi-
poles were given in [41] 58] and references therein. Since we are interested to
the expression at the higher order, we only need the mass quadrupole:

G |1 3,6 _
FW = P gli(j)li(j) +0(c?) (82)
where at the relevant order, the quadrupole moment is given by:
Lij = o0a<ij> +0(c?) (83)

At the higher order, we have 0 = m16(z — z1(¢t)) + m26(z — x2(t)), where z;(t)
is the position of the body ¢ at time t.
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We need the third time derivative of , which is given by:

1) = (6via]” + 2y7a]” Y ma + (6057l +2y57a" ) ma (34)

One has now to substitute the equation ([74)) and the analogous expression for
the particle 2; it is also necessary to use the evolution equation for the magnetic

Gmw)2/3

3

moment . In this way, using the dimensionless parameter x = (
(see for example [41]), at the higher order one gets:

5.5
FEW S <4G2m3+3(/\42n)(vw1./\/11)1/+3(M1n)(vwg./\/lg)u—l—?)(./\/lgv)(nwlMl)V+3(M1v)(nw2M2)y>

= 5G3m?
g (85)
where, for example, (vw1 M) = v;w;’ My;.
Now, imposing v = @ Gm + 3 (M- M) - 3(/\/[171)(/\/1271)’ where W

rie  2mv 3y
is the direction of the relative velocity vector, and Taylor expanding the square
root, we get, at the higher order:

ow  32c°v2x%  48c5v 11/2
FOW = = — o+ | (Maw)(nun My)+(Myw) (nwp M) +(Man) (wwr M)+ (Min) (wws M) | @
(86)

8. Electromagnetic waves flux

In our case, part of the energy is radiated also through electromagnetic
waves. We have calculated the flux in section |5 equation ; since we stop at
the higher order order, the only contributions come from ), in particular from
the dipole moment C(j,»; using the magnetic moment vector, we have:

9 U{( 1 Ué( l
Qi = €ikl?M1 + 6ikl7M2 (87)

With this, we find that the electromagnetic waves flux for circular orbit is given
by:

]_-EW 3 1‘707
24 GAmA

(A= 1) (M2 + (Myw)?) + (A +1) ( (Maw)? + MS) +

15 2911
16 G"m7

(A= 1) (M} + (Mrw)?) + (A + 1) (Maw)® + Mz)] (M- Mo) = 3(Mun) (Man))

(83)
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9. Orbital phase evolution and number of gravitational waves cycles

To illustrate the quantitative importance of the newly calculated electro-
magnetic terms in the flux of GW one can calculate the accumulated number
of gravitational waves cycles for a ground based detector.

As usual (see [41l, 40}, 37, 53], B9]), we start from the energy balance:

dE
— =—-F 89
= (89)
where F is the flux. Defining ¢ = w (where ¢ is the orbital phase), after some
manipulations, we can rewrite the previous equation as:

dop _ _F (dE>_1 (90)

dx w \dr

where w must be expressed in terms of . The resulting right hand side must
be expanded in series and eventually integrated term by term.

In our case, on the right hand side of the energy balance we have to
include both electromagnetic and gravitational waves energy flux; therefore, we
have two contributions to the phase evolution:

GW EW GW EW -1
do _ dé +d¢ _ FV+F <dE> (91)

dt dt dt w dr

where FEW is the total gravitational waves flux calculated in [T} 40, 37, 53} 39]
and in this paper and F¥W is given in . ¢S and ¢V are those terms of
the phase evolution ¢ only contain contributions coming from the gravitational
and electromagnetic waves flux respectively. Detectors, however, can measure
directly only the former; the contributions due to the emission of electromagnetic
waves can only be inferred indirectly from the decay of the orbit.

After the integration of the first of , for the gravitational waves contri-
butions to the phase evolution, we find that electromagnetic corrections start
at relative order z2:

ew _ S 15
elm = 32v 16v G3m3

(92)
For the electromagnetic wave contribution, we find:

W _ _c5x_5/2 '1275 2
32v | 384 G3mA

((A_n(M%—le)2)+m+1)(M%—Mng))xﬂ
(93)

10. Conclusion

Motivated by the intense magnetic field of NS, we have studied the effect
of the star’s magnetic moment on the production of gravitational waves in a
NS-NS binary system.
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We have found the expression of the equations of motion and precession for a
system of point-like, uncharged, magnetized NS; with these equations, we have
found the covariant 4-momentum and the conserved mass. We have described
the Einstein-Maxwell system of equations, found the MPM solution and written
the energy and angular momentum for the electromagnetic field.

We have calculated the equations of motion and precession at Newtonian
order and with these we have calculated the higher order term for the gravita-
tional and electromagnetic waves flux and the electromagnetic contribution to
the accumulated number of cycles for a ground based detector.

Considering a system similar to the double pulsar system PSR J0737-3039
[67, [68] in which both stars have radius r & 10 km and mass m; = my = 1.4Mg
and in which one NS has a magnetic field of about 102G (magnetic dipole M ~
103° G cm™—3) and the other has magnetic field of about 10!°G (magnetic dipole
10%® G ¢cm™?), remembering equation (15]), we can see that the electromagnetic
contributions to gravitational waves cycle amounts to

—1.6((Mgw)(nw1M1)X1+(M1w)(nngQ)x2+(M2n)(ww1M1)X1+(Mln)(wngg))@)
| (94)

where we have defined (nwi M) = niywi;M{, (Min) = Mini, etc. For com-

parison, the purely gravitational contribution to the number of cycles is 15952.6

for a neutron satr binary system [41], therefore we can say that the effect of the

intense NS magnetic field on the production of gravitational waves is barely ob-

servable. The electromagnetic waves flux contribution amounts to about 10732

and is, therefore, negligible.
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