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Introduction

Let X be a rational complexity-one T -variety, that is, a normal rational variety X endowed with
an effective action by some torus T of dimension one less than dim X . Such varieties are the sim-
plest examples of T -varieties after toric varieties, and can be described completely in terms of convex
polyhedral data attached to points on the projective line, see [3]. Any toric variety may be consid-
ered as belonging to the above class of varieties by restricting the action of the big torus to that of
a codimension-one subtorus.

In [10], R. Vollmert and the second author have shown how certain decompositions of the com-
binatorial data describing such an X can be used to construct a deformation π : X → B of X with
the action of T on X extending to an action on X which preserves the fibers of π . We will call such
deformations T -deformations. They have shown that if X is a smooth complete toric variety, then the
T -deformations of X in fact span all directions in the vector space of first-order deformations of X .
A similar result has also been attained by A. Mavlyutov, see [13].

On the other hand, invariant Cartier divisors on complexity-one T -varieties have been described in
combinatorial terms by L. Petersen and H. Süß, see [15]. Fix now some one-parameter T -deformation
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π : X → B of X . The purpose of this present paper is to explicitly compare the Picard group of a
general fiber Xs of π with the Picard group of the special fiber X0 = X . To do this, we explicitly define
a subgroup T -CaDiv′(Xs) of the T -invariant Cartier divisors of Xs , see Definition 4.1. This subgroup
has the special property that any one of its elements can be canonically lifted to an invariant Cartier
divisor on the total space X . By restricting the divisor on the total space to the special fiber X0,
we get a map π◦ from our subgroup T -CaDiv′(Xs) to the group T -CaDiv(X0) of invariant divisors on
X0 = X . This map can be described completely in combinatorial terms and respects linear equivalence.
It thus descends to a map π̄◦ : Pic′(Xs) → Pic(X0), where Pic′(Xs) is the image of T -CaDiv′(Xs) in
Pic(Xs). Our main results can then be summed up in the following theorem:

Theorem. Consider a one-parameter T -deformation π : X → B of some projective rational complexity-one
T -variety X. Then the corresponding map

π̄◦ : Pic′(Xs) → Pic(X0)

is an isomorphism which preserves Euler characteristic, intersection numbers, canonical classes, and semi-
ampleness.

Our original motivation for studying the behavior of divisors under T -deformation was to better
understand the relationship between toric degenerations and exceptional sequences of line bundles on
rational surfaces. In [6], we apply our present results to give a sufficient criterion for a full exceptional
sequence of line bundles on a rational C∗-surface to remain exceptional under an equivariant degen-
eration. This may be used to show that for toric surfaces of Picard rank at most 4, any exceptional
sequence of line bundles of maximal length must be full.

The present paper is organized as follows. In Section 1, we introduce necessary notions from
polyhedral geometry and prove a statement concerning the Minkowski summands of a polyhedral
complex. In Section 2, we recall the basics of T -varieties, including invariant divisors on complexity-
one T -varieties. We then present a summary of the construction of T -deformations in a special
case in Section 3, and give a criterion for their properness. In Section 4, we introduce the subgroup
T -CaDiv′(Xs) and show how to lift its elements to the total space. We then proceed to analyze the
map π̄◦ in Section 5, completing the proof of the above theorem. Finally, in Section 6, we make some
closing remarks and present additional examples.

1. Convex geometry, subdivisions, and Minkowski decompositions

In this section, we introduce notation and recall notions from convex geometry, as well as proving
a result concerning Minkowski decompositions of polyhedral subdivisions. We refer to [18] for basics
on polyhedra. Let V be some finite-dimensional vector space over Q. For any polyhedron � ⊂ V , its
tailcone is the set tail(�) := {v ∈ V | v + � ⊂ �}. We denote its positive hull by pos(�). For a cone
σ ⊂ V , we denote its dual by σ∨ . Consider some finite set S of polyhedra in V . The support of S is
the set

|S| :=
⋃
�∈S

�.

The set S is a polyhedral subdivision if it is closed under taking faces, and any two elements of S
intersect in a common face. We say that some set S of polyhedra induces a subdivision if the union
of all faces of elements of S is a subdivision; we denote the resulting subdivision by 〈S〉. We will be
particularly interested in subdivisions with convex support.

Consider now any subdivision S in V with |S| convex. A support function on S is a continuous
map f : |S| → Q such that the restriction of f to any � ∈ S is affine. The linear part of f is the map
f lin : tail(|S|) → Q defined by
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f lin(v) := lim
λ→∞ f (v0 + λv)/λ

for any v0 ∈ |S|. Consider a lattice N with dual M and suppose that V = NQ = N ⊗Q. We say that f
is integral (with respect to N) if it has integral slope and translation, i.e. for any � ∈ S , f restricted
to � can be written as 〈·, u〉 + a for some u ∈ M and a ∈ Z.

Consider now some finite set S of full-dimensional polyhedra in V . In general, the set conv |S| may
no longer be closed (and thus not a polyhedron). By a facet of conv |S|, we mean any facet of conv |S|
which is contained in conv |S|. We will use the following result to help recognize when a collection
of polyhedra induces a subdivision.

Lemma 1.1. (Cf. [7, Lemma 2.1].) Let S be some finite set of full-dimensional polyhedra in V . Then 〈S〉 is a
subdivision with convex support if and only if the following conditions are satisfied:

(1) There is a point in |S| which is contained in exactly one � ∈ S.
(2) For every � ∈ S and every facet τ ≺ �, either τ is contained in a facet of conv |S| or there is another

∇ ∈ S with τ ≺ ∇ . We say in this case that � and ∇ are adjacent.
(3) If �,∇ ∈ S are adjacent then they lie in opposite halfspaces with respect to their common facet.

Proof. It is immediate that any S inducing a subdivision with convex support satisfies the desired
conditions. Conversely, let S be any finite set S of full-dimensional polyhedra in V satisfying the
assumptions of the lemma. If the elements of S are bounded, then the claim that 〈S〉 is a subdivision
with convex support is just [7, Lemma 2.1]. In order to show that claim for general S , we will reduce
to this special case.

For any full-dimensional polytope � ⊂ V containing the origin, define

S ∩ � = {� ∩ � | � ∈ S}.

For k ∈ N sufficiently large, S will induce a subdivision if and only if S ∩ k · � induces a subdivision.
We thus must show that S ∩ k · � satisfies the conditions of the lemma for sufficiently large k.

Conditions (1) and (3) are immediate for sufficiently large k. Now, for sufficiently large k and any
� ∈ S , � ∩ k · � has two kinds of facets: those of the form τ ∩ k · � for τ a facet of �, and those of
the form � ∩ k · τ ′ for τ ′ a facet of �. A facet of the form τ ∩ k · � satisfies condition (2), since τ
satisfies (2) for the set S . On the other hand, a facet of the form � ∩ k · τ ′ is clearly contained in a
facet of conv |S ∩ k · �|. Thus, condition (2) is fulfilled for the set S ∩ k · �. �

Recall that an r-term Minkowski decomposition of a polyhedron � ⊂ V consists of polyhedra
�0, . . . ,�r all with tailcone tail(�) such that � = �0 + · · · + �r . Suppose that V = NQ for some
lattice N with dual M . Then � is admissible (with respect to N) if for all u ∈ M ∩ tail(�)∨ , the min-
imum value of u on �i is integral for all 0 � i � r with at most one exception. Now consider any
polyhedral subdivision S .

Definition 1.2. An r-term Minkowski decomposition1 of S consists of Minkowski decompositions � =
�0 + · · · + �r for every � ∈ S such that for any �,∇ ∈ S with � ∩ ∇ �= ∅, we have

�i ∩ ∇ i = (� ∩ ∇)i

for all 0 � i � r. Such a decomposition is admissible if the corresponding decomposition of every � ∈ S
is admissible. An admissible decomposition is essentially locally trivial if for all � ∈ S , some �i is a
lattice translate of �.

1 This is weaker than the definition of a Minkowski decomposition in [10]. In [8], this is called a predecomposition.
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Fig. 1. A Minkowski decomposition.

Example 1.3 (A Minkowski decomposition). In Fig. 1 we picture a Minkowski decomposition of a poly-
hedral subdivision S in Q2. For any full-dimensional polyhedron �, the corresponding summands �0

and �1 have the same shade of gray. For example, the hexagon in the middle of the subdivision
decomposes into the sum of two triangles. Since all polyhedra involved are lattice polyhedra, this
decomposition is automatically admissible.

The following proposition uses Lemma 1.1 coupled with the Cayley trick, cf. [7, Proposition 3.5]
and [13, Lemma 4.6]. We include a proof for the sake of completeness.

Proposition 1.4. Let S be a polyhedral subdivision with convex support. Consider any r-term Minkowski de-
composition of S. Then for any 0 � i � r, the set

Si = {
�i

∣∣ � ∈ S
}

is a polyhedral subdivision with convex support.

Proof. We begin with some simplifying assumptions. We may assume that r = 1 and i = 0. Indeed,
the data � = �i + (

∑
j �=i �

j) for all � ∈ S provides a Minkowski decomposition of S . Furthermore,
we may assume that |S| is full-dimensional, since if |S| is contained in some subspace V ′ of V ,
then the Si are contained in affine translates of V ′ . We may also assume that |S| contains the origin
in its interior. Finally, we may assume that |S| = V . If this is not the case, we can consider the
subdivision S ′ induced by the polyhedra of S together with the polyhedra of the form �+ pos(�) for
any � ∈ S contained in the boundary of |S|. Any Minkowski decomposition of S induces a Minkowski
decomposition of S ′ , and Si is a subset of (S ′)i .

For any polyhedra �0,�1 ⊂ V with common tailcone,2 their Cayley polyhedron is

C
(
�0,�1) := conv

{
(�0, e0) ∪ (�1, e1)

} ⊂ V ⊕Q2

where e0, e1 is the standard basis of Q2 with dual basis e∗
0, e∗

1. The affine embedding V → V ⊕ Q2

which sends any v to (v + e0 + e1)/2 identifies �0 + �1 with C(�0,�1) ∩ W , where W = {e∗
0 = e∗

1 =
1/2}. Now let T be the subset of S consisting of all full-dimensional polyhedra. We will show that
the set

C(T ) := {
C
(
�0,�1) ∣∣ � ∈ T

}

induces a polyhedral subdivision in V ⊕Q2. It then follows that S0 is a polyhedral subdivision. Indeed,
S0 can be identified with 〈C(T )〉 ∩ {e∗

0 = 1}.

2 Note that if tail(�0) �= tail(�1), then the set C(�0,�1) will not be closed.
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In the following, we will identify S with 〈C(T ) ∩ W 〉. It is clear that any � ∈ C(T ) is full-
dimensional. Thus we can apply the criteria from Lemma 1.1. Property (1) is immediate: Take any
x ∈ |S| contained in exactly one � ∈ T . Then x is only contained in C(�0,�1) ∈ C(T ). To see prop-
erty (3), suppose C(�0,�1) and C(∇0,∇1) are adjacent along τ for some �,∇ ∈ T . Then � and ∇
are adjacent along τ ∩ W , and lie on opposite sides of the corresponding hyperplane if and only if
C(�0,�1) and C(∇0,∇1) do.

Finally, to check (2), let τ be any facet of some C(�0,�1) ∈ C(T ). Then either τ is contained
in {e∗

0 = 1} or {e∗
1 = 1}, or τ ∩ W is a facet in S . In the former case, τ is contained in a facet of

conv |C(T )|. Otherwise, � is adjacent to some ∇ along τ ∩ W , and it follows from the definition of
Minkowski decomposition that C(�0,�1) is adjacent to C(∇0,∇1) along τ . �
Remark 1.5. Let S be any polyhedral subdivision with convex support, and consider the Minkowski
decomposition given by � = �0 + �1 = � + tail(�). Then by the above proposition,

tail(S) := {
tail(�)

∣∣ � ∈ S
}

is a polyhedral subdivision of tail(|S|), the so-called tailfan of S . The fact that this set of cones forms
a subdivision is a special case of [4, Theorem 3.4].

2. T -varieties

We now recall the construction of T -varieties from p-divisors and divisorial fans, see [1] and [2],
as well as recalling the description of invariant Cartier divisors on complexity-one T -varieties [15].
For an introduction to and a survey of the theory of T -varieties, see [3].

Fix some lattice N with dual M . We will be considering the algebraic torus T = C∗ ⊗ N =
SpecC[M]. Recall that a T -variety of complexity k is a normal variety X together with an effective
T -action such that dim X − dim T = k. Now let Y be a normal projective variety over C, and σ ⊆ NQ

a pointed polyhedral cone.

Definition 2.1. A polyhedral divisor on Y with tailcone σ is a formal sum

D =
∑

DP ⊗ P

over all prime divisors P ⊂ Y , such that any DP is either the empty set or a polyhedron in NQ with
tailcone σ , and D P �= σ for only finitely many P . The locus of D is the set

loc(D) := Y \
⋃
P⊂Y
DP =∅

P .

Any polyhedral divisor D gives rise to an evaluation map D : σ∨ → WDivQ(loc(D)) by setting

D(u) :=
∑

P⊂loc(D)

min
v∈DP

〈v, u〉P .

Here, WDivQ(loc(D)) denotes the group of Weil divisors on loc(D) with rational coefficients.

Definition 2.2. A polyhedral divisor D is a p-divisor if D(u) is Q-Cartier and semiample for all u ∈ σ∨ ,
D(u) is big for some u ∈ σ , and loc(D) is semiprojective.3

3 Recall that a divisor is big if some multiple admits a section with affine complement. Likewise, a divisor is semiample if
some multiple is base-point free. A variety is semiprojective if it is projective over an affine variety.
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Remark 2.3. If Y is a curve, we define the degree of a polyhedral divisor D to be

degD =
∑
P∈Y

DP .

Then D is a p-divisor if and only if degD � σ , and for any u ∈ σ∨ with degD(u) = 0, D(u) has a
principal multiple.

Any p-divisor D gives rise to an affine T -variety of complexity equal to the dimension of Y , see [1,
Theorem 3.1]:

X(D) := Spec
⊕

u∈σ∨∩M

H0(loc(D),O
(
D(u)

))
.

Conversely, any affine T -variety can be constructed from some p-divisor [2, Theorem 3.5].
To describe non-affine T -varieties, we need a little more notation. Consider two polyhedral divisors

D, D′ on Y . Their intersection D ∩D′ is gotten by intersecting their coefficients, that is,

D ∩D′ :=
∑

DP ∩D′
P ⊗ P .

Likewise, we say D′ ⊆ D if D′
P ⊆ DP for all prime divisors P . If D, D′ are in fact p-divisors and

D′ ⊆D, then there is a dominant morphism

X
(
D′) → X(D)

induced by the opposite inclusion of coordinate rings. We say that D′ is a face of D, written D′ ≺D,
if this map is an open embedding. A necessary condition for D′ ≺ D is that D′

P ≺ DP for all prime
divisors P . If Y is a curve, then D′ ≺D if and only if the previous condition is satisfied, and degD′ =
degD ∩ tail(D′). For a complete characterization in the general case see [2, Definition 5.1].

Definition 2.4. A divisorial fan S on Y is a finite set of p-divisors on Y closed under taking intersec-
tions, such that any two elements of S intersect in a common face. For any prime divisor P ⊂ Y , the
slice of S at P is the set SP := {DP |D ∈ S}. The tailfan of S is the set tail(S) := {tail(D) |D ∈ S}.

Remark 2.5. The face condition ensures that the slices and tailfan of a divisorial fan are polyhedral
subdivisions.

To any divisorial fan S , we can associate a normal T -scheme

X(S) =
⋃
D∈S

X(D)/∼,

where ∼ is the gluing along open embeddings of the sort X(D) ←↩ X(D′ ∩D) ↪→ X(D). Separatedness
of the scheme X(S) can be characterized in terms of S , see [2, Section 7]. On the other hand, every
T -variety can be described via some divisorial fan [2, Theorem 5.6].

Example 2.6 (A compactified cone over the del Pezzo surface of degree six). Let S consist of p-divisors of the
form �⊗{0} on P1 for full-dimensional unbounded � in the polyhedral subdivision S of Example 1.3
and Fig. 1, the p-divisor ∇ ⊗ {0} + ∅ ⊗ ∞ for ∇ the compact hexagon in S , and intersections thereof.
Then S is a divisorial fan, S = S0, and C(dP6) := X(S) is a compactification of the anticanonical cone
over the del Pezzo surface of degree six.
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We now specialize to the case of complexity-one T -varieties. Thus, we will be considering diviso-
rial fans on smooth projective curves. Let S be such a divisorial fan. Then X(S) is always separated,
and it is complete if and only if |SP | = NQ for all prime divisors P , see [2, Remark 7.4]. We call such
fans complete. Suppose now that |SP | is convex for all P . We now recall the description of invariant
Cartier divisors on X(S) from [15].

Definition 2.7. A divisorial support function on S is a formal sum

h =
∑
P⊂Y

hP ⊗ P

such that hP is a support function of SP , hlin
P is independent of P , and hP differs from hlin

P for only
finitely many points P . A divisorial support function h is integral if hP is integral for all points P in Y .
An integral divisorial support function h is Cartier if for any D ∈ S with complete locus, there exists
f ∈ C(Y )∗ and u ∈ M such that (hP )|DP ≡ 〈·, u〉 + ordP f for all P ∈ Y .

Let CaSF(S) denote the group of Cartier integral divisorial support functions on S (with pointwise
addition). To any pair (u, f ) ∈ M ×C(Y )∗ we can associate such a support function sf(u, f ) ∈ CaSF(S),
where the P -coefficient of sf(u, f ) is given by 〈·, u〉+ordP f . We call such support functions principal.
The group CaSF(S) is in fact isomorphic to T -CaDiv(X(S)), the group of T -invariant Cartier divisors
on X(S), with the isomorphism inducing a bijection between principal support functions and invari-
ant principal divisors [15, Proposition 3.10]. Given h ∈ CaSF(S), we denote the corresponding Cartier
divisor by Dh . For a principal invariant divisor h = sf(u, f ), Dh is simply div( f χu). To construct Dh
for some general h, one must refine the divisorial fan S such that for all D ∈ S , the restriction of h
to D is principal.

Sometimes it is more practical to deal with invariant prime (Weil) divisors. These fall into two
classes, see [15, Section 3.2]. Firstly, there are the “vertical” divisors arising as the closures of
codimension-one T -orbits. These are parametrized by pairs (P , v), where P ∈ Y and v ∈ vertP (S),
i.e. v is a vertex of SP . We denote the prime divisor corresponding to such a pair by D P ,v . Sec-
ondly, there are the “horizontal” divisors arising as closures of families of codimension-two T -orbits.
These are parametrized by rays ρ ∈ ray(S), where ray(S) is the set of all rays ρ ∈ tail(S) such that
ρ ∩ degS = ∅, with degS defined as

degS =
⋃
D∈S

∑
P∈Y

DP .

We denote the divisor corresponding to such a ρ by Dρ . The following proposition relates divisorial
support functions to these prime divisors:

Proposition 2.8. (See [15, Corollary 3.19].) Consider any h ∈ CaSF(S). Then

Dh = −
∑

ρ∈ray(S)

hlin(vρ)Dρ −
∑
P∈Y

v∈vertP (S)

μ(v)hP (v)D P ,v ,

where μ(v) is the smallest natural number such that μ(v)v ∈ N and vρ is the primitive lattice generator
for ρ .

3. T -deformations

We briefly recall a special case of the construction of T -deformations found in [10], and then prove
a result concerning the separatedness and properness of these deformations. Starting now, Y will
always be P1 = ProjC[y0, y1].
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Consider a p-divisor D on Y and the finite set

P(D) = {
P ∈ Y

∣∣ DP �= tail(D)
} \ {0}.

Let BD be the complement of P(D) \ {∞} in A1 = SpecC[t], and take YD = Y × BD . Now con-
sider any admissible one-term Minkowski decomposition of D0 where 0 = V (y1). If D0 = ∅, then we
will consider the ‘decomposition’ D0 = ∅ + ∅. Such a Minkowski decomposition will give rise to a
deformation of X(D) over the base space BD . Consider the polyhedral divisors

Dtot = D0
0 ⊗ ({0} × B

) +D1
0 ⊗ V (ty0 − y1) +

∑
P∈P(D)

DP ⊗ (P × B),

D(s) = D0
0 ⊗ {0} +D1

0 ⊗ s +
∑

P∈P(D)

DP ⊗ P

where Dtot is a polyhedral divisor on Y , and D(s) is a polyhedral divisor on Y for any s ∈ B. In
particular, D(0) =D. All these polyhedral divisors are actually p-divisors. The T -variety X(Dtot) comes
with a regular map πD : X(Dtot) → BD gotten via the composition of the map X(Dtot) ��� YD with
the projection YD → BD .

Theorem 3.1. (See [10, Theorem 2.8].) The family πD : X(Dtot) → BD is flat, with π−1
D (s) ∼= X(D(s)) for all

s ∈ BD . In particular, π−1(0) ∼= X.

These deformations can be glued together to give deformations of non-affine complexity-one ratio-
nal T -varieties. Let S be a divisorial fan on Y such that |S0| is convex. Let P = ⋃

D∈S P(D), and take
B = A1 \ P . Any admissible one-term Minkowski decomposition of S0 gives rise to a deformation
of X = X(S) over B. Indeed, the decomposition of S0 uniquely determines a decomposition of D0
for any D ∈ S . Now, let Stot be the set of p-divisors on Y = Y × B induced via intersection of the
p-divisors Dtot for any D ∈ S . Likewise, for any s ∈ B, let S(s) be the set of p-divisors on Y induced
via intersection of the p-divisors D(s) for any D ∈ S .

Theorem 3.2. (Cf. [10, Theorem 4.4].) The sets Stot and S(s) are divisorial fans. The deformations πD glue
together to give a flat family π : X(Stot) → B with π−1(s) ∼= X(S(s)) for all s ∈ B. In particular, π−1(0) ∼=
X(S). Furthermore, X(Stot) is separated, and π is proper if and only if S is complete.

Note that the torus T acts on the total space X(Stot) and the map π is in fact T -invariant. We
thus call deformations of the above sort T -deformations. We now show that in the situation presented
here, T -deformations are always separated, and provide a criterion for properness:

Proof. The claims regarding Stot and S(s) and the fibers of π are immediate from Section 4 of [10],
except that the definition of Minkowski decomposition used there appears stronger than our present
definition. However, in the special case of |S0| convex, these are in fact equivalent due to Proposi-
tion 1.4.

We now discuss separatedness and properness. Let ν : C(Y)∗ → Q be a valuation with center
y ∈ Y . This induces a group homomorphism ν : CaDiv�0 Y → Q�0 sending a divisor D with local
equation f at y to ν( f ). Then ν defines a set of polyhedra Stot

ν called a weighted slice, see [2,
Section 7]:

Stot
ν := {

Dν

∣∣ D ∈ Stot}, Dν :=
∑

ν(P )DP .
P⊂Y
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We claim that any such weighted slice Stot
ν is a polyhedral subdivision; this will imply that X(Stot) is

separated by the evaluation criterion of [2, Section 7]. Indeed, if y �= 0 = V (t, y1), then Stot
ν is simply

a dilation of a slice SP for some P ∈ Y . Suppose instead y = 0 = V (t, y1), and let a0 = ν(V (y1)) and
a1 = ν(V (y0t − y1)). Then Stot

ν consists of intersections of polyhedra of the form a0�
0 + a1�

1 for
� ∈ S0. But for any � ∈ S0, the decomposition

(a0 + a1)� = (
a0�

0 + a1�
1) + (

a1�
0 + a0�

1)

gives a one-term Minkowski decomposition of the polyhedral subdivision (a0 + a1)S0 := {(a0 + a1)� |
� ∈ S0}. Thus, by Proposition 1.4, Stot

ν is a polyhedral subdivision.
The claim regarding properness uses a relative version of the evaluation criterion of [2, Section 7];

this is described in [3, Theorem 46]. Using the notation from [3], the map π is in fact a torus equiv-
ariant morphism corresponding to the triple (pr, F ,0), where pr : Y × B → B is the projection and
F : N → 0 is the zero map. Since pr is proper, π is proper if and only if each weighted slice of Stot

is a complete polyhedral subdivision. By the above discussion, this is the case exactly when S is
complete. �
Remark 3.3. By considering multi-term Minkowski decompositions of multiple slices of S , one may
construct multi-parameter deformations of X(S). Similar results hold for the separatedness and
properness of these deformations. We also remark that if a one-term Minkowski decomposition is
essentially locally trivial, and S only has two non-trivial slices, then the resulting deformation is lo-
cally trivial after being pulled back to the fat point SpecC[t]/t2, see [10, Theorem 5.1]. Note that
although locally trivial, such a deformation is nonetheless in general not trivial.

Example 3.4 (A deformation of C(dP6)). Let S be the divisorial fan from Example 2.6. The Minkowski
decomposition of S0 from Example 1.3 pictured in Fig. 1 gives a T -deformation π of C(dP6) = X(S).
For s �= 0, the fiber π(−1)(s) is isomorphic to P1 ×P1 ×P1. Indeed, the fiber is described by a divisorial
fan S(s) with exactly two non-trivial slices S(s)

0 and S(s)
s which are simply the summands in the

decomposition of Fig. 1. In order to see that X(S(s)) = P1 × P1 × P1, one may reverse the downgrade
procedure described in [2, Section 5].

The deformation π was presented in [12] as an example of a smoothing of a Fano variety with
canonical singularities. A combinatorial description similar to the one presented here can be found
in [17].

4. Invariant families of divisors I

Let S be a divisorial fan on Y = P1 with |S0| convex, and consider an admissible one-term
Minkowski decomposition of S0 leading to a T -deformation π : X(Stot) → B as in the previous sec-
tion. We denote the total space X(Stot) by X , and for any s ∈ B, we write Xs := π−1(s). Let B∗
denote the complement of the origin in B.

Our goal is now to compare the Picard groups Pic(Xs) as s ∈ B varies. Our strategy is the following:
for any fixed s ∈ B∗ we will identify a subgroup T -CaDiv′(Xs) of T -CaDiv(Xs) such that any element
of T -CaDiv′(Xs) naturally lifts to an invariant Cartier divisor on the total space X . We can then restrict
this divisor to the special fiber X0, giving us an element of T -CaDiv(X0). Thus, we will have a natural
map π◦ : T -CaDiv′(Xs) → T -CaDiv(X0). Since this map respects linear equivalence, we can then use
it to compare subgroups of the Picard groups of the fibers.

Our first task is now to identify the special subgroups T -CaDiv′ which allow for natural lifting of
divisors to X . This will be taken care of by the following definition:

Definition 4.1. For s ∈ B∗ ⊂ Y , define CaSF′(S(s)) to consist of those h ∈ CaSF(S(s)) such that for all
� ∈ S0, we can find u ∈ M and a0,a1 ∈ Z satisfying

(hPi )|�i (v) = 〈v, u〉 + ai, i ∈ {0,1},
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where P0 = 0, P1 = s. Note that CaSF′(S(s)) = CaSF(S(s)) if the decomposition of S is essentially
locally trivial. Finally, by T -CaDiv′ we denote the image of CaSF′ under the natural map described in
Section 2.

Remark 4.2. Let T -CaDiv′(X ) denote the group of T -invariant Cartier divisors on X which intersect
the fibers of π properly. Then it will follow from the following discussion that T -CaDiv′(Xs) is the
image of T -CaDiv′(X ) under restriction to Xs .

Fix now some s ∈ B∗ and choose some support function h ∈ CaSF′(S(s)); this corresponds to an
invariant Cartier divisor Dh ∈ T -CaDiv′(Xs). We will be showing that this can be lifted to a Cartier
divisor Dtot

h on X . We first will need invariant open coverings of Xs and X . Take P as in the previous
section. For P ∈P and D ∈ S with noncomplete locus, set

UD,P = X

(
D(s) + ∅ ⊗ {0} + ∅ ⊗ s +

∑
Q ∈P
Q �=P

∅ ⊗ Q

)
,

U tot
D,P = X

(
Dtot + ∅ ⊗ ({0} × B

) + ∅ ⊗ V (ty0 − y1) +
∑
Q ∈P
Q �=P

∅ ⊗ (Q × B)

)

and likewise set

UD,0 = X

(
D(s) +

∑
Q ∈P

∅ ⊗ V (y0 − λQ y1)

)
,

U tot
D,0 = X

(
Dtot +

∑
Q ∈P

∅ ⊗ V (y0 − λQ y1)

)
.

On the other hand, for P ∈ P ∪ {0} and D ∈ S with complete locus, set UD,P = X(D(s)) and U tot
D,P =

X(Dtot). One easily checks that {UD,P } and {U tot
D,P } define invariant open coverings of respectively

Xs and X , and that U tot
D,P ∩Xs = UD,P . These open coverings may in fact be finer than necessary for

defining the desired Cartier divisor.
For each P ∈ P ∪ {0} and D ∈ S , let uD,P ∈ M , fD,P ∈ C(Y ) be such that Dh |UD,P

= div( fD,P ·
χuD,P ). Such fD,P , uD,P exist since h ∈ CaSF′(S(s)). Now set

f tot
D,P = fD,P ·

(
ty0 − y1

sy0 − y1

)νs( fD,P )

∈C(Y),

where νs is the valuation in the point s.

Proposition 4.3. With respect to the open covering X = ⋃
U tot
D,P , the functions

f tot
D,P · χuD,P ∈C(X )

define an invariant Cartier divisor on X which we denote by Dtot
h . The restriction of Dtot

h to Xs is Dh.

Before proving the proposition, we illustrate it with an example:
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Example 4.4 (Deforming a divisor on C(dP6)). Consider the p-divisor D = �⊗{0}+∅⊗∞ on P1, where
� is the hexagon from Fig. 1. The Minkowski decomposition � = �0 +�1 pictured in this figure gives
rise to the p-divisor

Dtot = �0 ⊗ ({0} × B
) + �1 ⊗ V (ty0 − y1).

Consider some s ∈ B∗ . Let h ∈ CaSF(D(s)) be given by h|�i ≡ 1 for i = 0,1. This is clearly in CaSF′(D(s)).
The support function h corresponds to the principal divisor Dh defined by the function

f = y1(sy0 − y1)

y2
0

.

In this example, P = ∅, so the open cover of X(Dtot) just consists of X(Dtot). Since νs( f ) = 1, the
divisor Dh lifts to the principal divisor on X(Dtot) defined by

f tot = y1(ty0 − y1)

y2
0

.

The restriction of this divisor to the special fiber is just the principal divisor defined by (y1/y0)
2.

Proof of Proposition 4.3. Consider D,D′ ∈ S and P , P ′ ∈P ∪ {0}. It is sufficient to show

f tot
D,P

f tot
D′,P ′

· χuD,P −uD′,P ′ ∈ H0(U tot
D,P ∩ U tot

D′,P ′ ,OX
)
.

Setting ũ = uD,P − uD′,P ′ , this is equivalent to showing

g := fD,P

fD′,P ′
·
(

ty0 − y1

sy0 − y1

)νs( fD,P / fD′,P ′ )
∈ H0(YD,P ∩YD′,P ′ ,Dtot ∩D′ tot(ũ)

)
,

where YD,P is the locus of the polyhedral divisor used to define U tot
D,P . This in turn is the same as

showing that

νD(g) � −(
Dtot ∩D′ tot)

D(ũ) (1)

for all prime divisors D contained in YD,P ∩ YD′,P ′ , where νD is the corresponding valuation. One
immediately sees that this is automatically fulfilled unless D is of the form V (ty0 − y1) or Q ×B for
some Q ∈ P1, since both sides of the above inequality will be 0.

Now for Q ∈ P1 \ {s}, νQ ×B(g) = νQ ( fD,P / fD′,P ′ ). Furthermore, νs×B(g) = 0 and νV (ty0−y1)(g) =
νs( fD,P / fD′,P ′ ). On the other hand, we have

(
Dtot ∩D′ tot)

Q ×B(ũ) = (
D(s) ∩D′ (s))

Q (ũ);
(
Dtot ∩D′ tot)

s×B(ũ) = 0;
(
Dtot ∩D′ tot) (ũ) = (

D(s) ∩D′ (s)) (ũ).
V (ty0−y1) s
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Now, since the functions fD,P χuD,P define a Cartier divisor on Xs , we have

fD,P

fD′,P ′
∈ H0(YD,P ∩ YD′,P ′ ,D(s) ∩D′ (s)(ũ)

)

where Y D,P is defined similarly to YD,P . Consequently,

νQ

(
fD,P

fD′,P ′

)
� −(

D(s) ∩D′ (s))
Q (ũ) (2)

for Q ∈ Y D,P and inequality (1) follows for the required divisors.
The fact that Dtot

h restricts to Dh on Xs follows from the easy observation that the functions f tot
D,P

restrict to the functions fD,P . �
Having checked that Dtot

h is indeed a Cartier divisor of X , we now want to describe its restrictions
to the fiber X0. This restriction (Dtot

h )0 will be T -invariant, and should thus correspond to some
support function h(0) ∈ CaSF(S).

Definition 4.5. Given h ∈ CaSF′(S(s)), define h(0) ∈ CaSF(S) as follows:

• For P ∈ P1 \ {0, s} set h(0)
P = hP ;

• Set h(0)
s = hlin;

• Finally, set

h(0)
0 (v) = h0(v0) + hS(v1),

where if v ∈ � for some � ∈ S0, we take any v0 ∈ �0, v1 ∈ �1 such that v0 + v1 = v .

Note that the requirement h ∈ CaSF′(S(s)) ensures that h(0)
0 (v) does not depend on the choice of such

v0 and v1. One easily checks that h(0) is in fact an element of CaSF(S).

Proposition 4.6. Consider h ∈ CaSF′(S(s)). The restriction of Dtot
h to the special fiber X0 is equal to

(
Dtot

h

)
0 = Dh(0) .

Proof. A straightforward calculation shows that the restrictions of the functions f tot
D,P · χuD,P to the

fiber X0 are exactly those determined by h(0) . �
In light of the two above propositions, we define a map π◦ : T -CaDiv′(Xs) → T -CaDiv(X0) by

sending Dh to Dh(0) . It is clear from construction that π◦ is a group homomorphism sending principal
divisors to principal divisors, with kernel contained in the set of principal divisors. Thus, π◦ always
descends to an injective map π̄◦ : Pic′(Xs) ↪→ Pic(X0), where Pic′ is the image of CaSF′ modulo linear
equivalence. In the following section, we shall further study the properties of π◦ and π̄◦ . Before doing
so however, we express the map π◦ in terms of invariant prime divisors, and consider an example.
As in Proposition 2.8, for any v ∈ NQ , let μ(v) be the smallest natural number such that μ(v)v ∈ N .

Proposition 4.7. Consider some Cartier divisor D ∈ T -CaDiv′(Xs), which we can write as

D =
∑

ρ∈ray(S)

aρ Dρ +
∑
P∈P1

v∈vert (S(s))

bP ,v D P ,v .
P
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Then

π◦(D) =
∑

ρ∈ray(S)

aρ Dρ +
∑

P∈P1\{0,s}
v∈vertP (S)

bP ,v D P ,v +
∑

v∈vert0(S)

μ(v)

(
b0,v0

μ(v0)
+ bs,v1

μ(v1)

)
D0,v

where the Dρ , D P ,v now denote invariant prime divisors on X0 , and v = v0 + v1 is the Minkowski decompo-
sition of any vertex v of S0 .

Proof. The claim follows from Proposition 4.6 coupled with Proposition 2.8 and a straightforward
calculation. �
Example 4.8 (A deformation of C(dP6)). We return to Example 3.4 and consider the deformation π of
X0 = C(dP6) = X(S) to Xs = P1 × P1 × P1. We first observe that T -CaDiv′(Xs) ∼= Z3 × CaDiv0(P1),
where CaDiv0(P1) consists of degree 0 divisors on P1. Indeed, for a1,a2,a3 ∈ Z, let h[a1,a2,a3] ∈
CaSF′(S(s)) be the support function taking respective values −a1, −a2, −a3 on the vertices (0,0),
(0,1), (−1,0) of S(s)

0 , taking respective values 0, a2 − a1, a3 − a1 on the vertices (0,0), (0,−1), (1,0)

of S(s)
s and taking value 0 on all other vertices. Note that this completely determines h(s)[a1,a2,a3].

It is then obvious that any element of CaSF′(S(s)) can be written uniquely as h(s)[a1,a2,a3] + D for
some a1,a2,a3 ∈ Z and D ∈ CaDiv0(P1). This gives the above isomorphism.

On the other hand, we also have that T -CaDiv(X0) ∼= Z3 × CaDiv0(P1). Indeed, for a1,a2,a3 ∈ Z,
let h(0)[a1,a2,a3] ∈ CaSF(S) be the support function taking respective values −a1, −a2, −a3 at
(0,0), (0,1), (−1,0) of S(0)

0 and with value 0 on the vertex 0 of all other slices. As before,
this completely determines h(0)[a1,a2,a3] and as above, any element of CaSF(S) can be written
uniquely as h(0)[a1,a2,a3] + P . Now, if we take h = h(s)[a1,a2,a3], then one easily checks that
h(0) = h(0)[a1,a2,a3]. Factoring out by linear equivalence, we then in fact have that π̄◦ is an iso-
morphism.

Note that in this case, Pic′(Xs) is a strict subgroup of Pic(Xs). Indeed, the former is just Z, whereas
the latter is Z3. In fact, Pic′(Xs) is generated by half of the anticanonical class.

5. Invariant families of divisors II

We continue the situation of the previous section and now proceed to analyze some properties of
the maps π◦ and π̄◦ . To begin with, we have the following:

Theorem 5.1. Let the special fiber X0 be complete and consider any D ∈ T -CaDiv′(Xs). Then we have

hi(O(
π◦(D)

))
� hi(O(D)

)
for all i � 0;

χ
(
O

(
π◦(D)

)) = χ
(
O(D)

)
.

Proof. Consider h ∈ CaSF′(S(s)) such that Dh = D . Then O(Dtot
h ) is a line bundle on X and thus flat

over B, since π is flat. Now since X0 is complete, we have that π is proper by Theorem 3.2. Since the
restrictions of O(Dtot

h ) to Xs and X0 are respectively O(D) and O(π◦(D)), the theorem then follows
from cohomology and base change, see for example the corollary in [14, Section II.5]. �

Similarly, if X0 is complete, π◦ preserves intersection numbers:

Theorem 5.2. Let X0 be complete of dimension n. Consider invariant divisors D1, . . . , Dn in T -CaDiv′(Xs).
Then

π◦(D1) · · · · · π◦(Dn) = D1 · · · · · Dn.
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Proof. By Proposition 4.3, we can lift the divisor Di to a divisor (Di)tot on X . Define γ to be the
one-cycle class on X attained by intersecting the divisors (D1)tot, . . . , (Dn)tot . Then γ0, the restriction
of γ to X0, is the intersection of all π◦(Di). Thus, deg(γ0) is the intersection number on the left hand
side of the above equation. Likewise, deg(γs) gives the intersection number on the right, where γs
is the restriction of γ to Xs . The theorem then follows from a direct application of Proposition 10.2
in [5]. �

We also have that π◦ preserves canonical divisors and semiample divisors:

Theorem 5.3. If K ∈ T -CaDiv′(Xs) is a canonical divisor on Xs , then π◦(K ) is a canonical divisor on X0 . If
the support of every slice SP is convex and D ∈ T -CaDiv′(Xs) is semiample, then π◦(D) is semiample.

Proof. If K ∈ T -CaDiv′(Xs), we can assume (after possible modification with an invariant principal
divisor) that it is of the form stated in [15, Theorem 3.19]. Coupled with [15, Proposition 3.16], we
have that K = Dh , with h ∈ CaSF′(S(s)) defined as follows:

(1) For P ∈ Y \ {0} and v a vertex in S(s)
P , hP (v) = −1 + 1/μ(v);

(2) For any v a vertex in S(s)
0 , h0(v) = 1 + 1/μ(v);

(3) The function hlin has slope 1 along every ray of the tailfan of S(s) .

Indeed, this follows immediately by taking KY = −2 · {0} in [15, Theorem 3.19]. On the other hand,
h(0) ∈ CaSF(S) is the support function defined by:

(1) For P ∈ Y \ {0} and v a vertex in SP , h(0)
P (v) = −1 + 1/μ(v);

(2) For v a vertex in S0, h(0)
0 (v) = 1 + 1/μ(v);

(3) The function (h(0))lin has slope 1 along every ray of the tailfan of S .

Indeed, (1) and (3) are immediate, and (2) follows from the fact that any vertex v ∈ S0 is the sum
of vertices of S(s)

0 and S(s)
s , one of which must be a lattice point. Taking again KY = −2 · {0}, we see

that Dh(0) is also canonical.
Now, any divisor Dh on a complexity-one T -variety coming from a divisorial fan whose slices

have convex support is semiample if and only if h is concave and satisfies some positivity assump-
tions, see [15, Theorem 3.27] for the complete case; the general case is similar and follows from [11,
Theorem 3.2]. Suppose now that D ∈ T -CaDiv′(S(s)) is semiample, and let h ∈ CaSF(S(s)) be such
that D = Dh . Then the concavity and positivity conditions for h(0) follow immediately from those
for h. �

Finally, we show that if the special fiber X0 is semiprojective, i.e. projective over something affine,
then π̄◦ is an isomorphism:

Theorem 5.4. Assume that X0 is semiprojective. Then π̄◦ : Pic′(Xs) → Pic(X0) is surjective, and thus an
isomorphism.

Proof. Since X0 is semiprojective, any divisor D may be written as the difference of two semiample
divisors. Thus, we must only check that for any f ∈ CaSF(S) with D f semiample, there is some
h ∈ CaSF′(S(s)) with h(0) differing from f by a principal divisorial support function.

After correcting by a principal divisorial support function, we may assume that f s = f lin . Since
D f is semiample, f0 must be concave, cf. [11, Corollary 3.3.1]. Now, let Γ be the polyhedral subdivi-
sion

Γ =
⋃

�∈S

{
(v,a) ∈ � ×Q

∣∣ a � f0(v)
}

0
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Fig. 2. Deforming F2 to P1 × P1.

which has convex support, since f0 is concave. Note that there is a natural projection from Γ to S0.
Choose any vertex e of S0 with decomposition e = e0 + e1, where we assume without loss of gen-
erality that e0 is a lattice point. Requiring that (e, f0(e))0 = (e0,0), the Minkowski decomposition
of S determines a Minkowski decomposition of Γ compatible with the above projection. By Proposi-
tion 1.4, Γ 0 and Γ 1 are convex polyhedral subdivisions. Take h0 and hs to be the concave functions
on S(s)

0 and S(s)
s determined by the upper faces of Γ 0 and Γ 1. For P �= 0, s, set hP = f P . Then h is a

divisorial support function, and if it is integral, it is in CaSF′(S(s)). Furthermore, h(0) = f , where we
expand Definition 4.5 to include non-integral support functions.

Thus, it remains to show that h0 and hs are integral. Now for any � ∈ S0, there is u ∈ M and
a ∈ Z such that f0 restricted to � is given by a + 〈·, u〉. By construction there are a0,as ∈ Q such
that a = a0 + as and h0 (respectively hs) restricted to �0 (or �1) is given by a0 + 〈·, u〉 (respectively
as + 〈·, u〉). Note that if a0 ∈ Z, then as ∈ Z and vice versa. Thus, for each �, we must show that
either a0 ∈ Z or as ∈ Z. Note that if �0 or �1 contains a lattice point on which h0 or hb takes an
integral value, then a0 respectively as is integral as well. Thus, h0 and hb are integral on any ∇ i ,
where e0 ∈ ∇0. Now, for any general � ∈ S0 intersecting such a ∇ , �i ∩ ∇ i must contain a lattice
point for either i = 0 or i = 1 by the admissibility of the decomposition of S . Thus, h0 and hs are
integral on such �i as well. Proceeding by induction using the connectedness of S0 completes the
claim. �
6. Further remarks and examples

We conclude the paper with a number of remarks and examples.

Remark 6.1. The map π◦ is never injective. Indeed, the principal divisor Dh on Xs with h0 = 1,
hs = −1, and hP = 0 for p �= 0, s maps to the trivial divisor. Likewise, the map π◦ is never surjective.
Indeed, any divisor Dh on X0 with hs �= 0 cannot lie in the image of π◦ .

Remark 6.2. It is not at all surprising that the map π̄◦ is surjective. Indeed, for any rational
complexity-one T -variety X , the cohomology H2(X,OX ) vanishes, cf. [3, Proposition 38]. This im-
plies that for every L ∈ Pic(X), any first-order deformation X of X can be lifted to a first-order
deformation of the pair (X,L), see [16, Theorem 3.3.11].

Although we have seen that π◦ preserves the property of being semiample, it does not in general
preserve the property of being ample.

Example 6.3 (A deformation of F2). Consider the second Hirzebruch surface X = F2. This is a toric
variety corresponding to the fan Σ in Z2 ⊗ Q pictured in Fig. 2(a). We can view this as a T -variety
for T = ker r, where r is the character corresponding to [0,1] ∈ (Z2)∗ . Following the downgrading
procedure of [2, Section 5] gives us a divisorial fan S with X = X(S), whose only non-trivial slice is
S0 = Σ ∩ [r = 1]. This slice, shrunk by a factor of two, is pictured in the middle of Fig. 2(b). In the
same figure, an admissible one-term Minkowski decomposition of S0 is pictured, with the gray line
segments denoting which summands belong together. This decomposition gives us a deformation π ,
whose general fiber is P1 ×P1. Indeed, by reversing the downgrading procedure for the corresponding
divisorial fan S(s) (s �= 0) we get the fan pictured in Fig. 2(c).
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Fig. 3. Deforming P(1,1,3) to F1.

Since π comes from an essentially locally trivial decomposition, π̄◦ gives us an isomorphism
π̄◦ : Pic(P1 × P1) → Pic(F2). However, the image of an ample divisor isn’t necessarily ample. Indeed,
the divisor D0,−1 + D0,0 on Xs ∼= P1 × P1 corresponds to the line bundle O(1,1) and is thus ample.
This maps via π◦ to D0,−1 + D0,0 + D0,1 which is semiample, but not ample. Indeed, this divisor
corresponds to the pullback of O(2) under the minimal resolution F2 → P(1,1,2).

Remark 6.4. The above example is a special case of the classical deformation of a Hirzebruch sur-
face Fm to another Hirzebruch surface Fn with 0 � n < m and 2|(m − n), see [16, Example 1.2.2].
Such deformations can all in fact be constructed as T -deformations, cf. [9, Section 2.2], and a discus-
sion similar to that above can be used to find ample divisors degenerating to non-ample divisors in
this more general situation.

If the special fiber X0 is Q-Gorenstein and the slice S0 has only integral vertices, then it follows
from the description of the canonical divisor used in the proof of Theorem 5.3 that some multiple of
the canonical class is contained in Pic′(Xs). However, if S0 has non-integral vertices, then this need
not be the case, as we can see in the following example.

Example 6.5 (A smoothing of P(1,1,3)). Consider the weighted projective space X = P(1,1,3). This is
a toric variety corresponding to the fan Σ in Z2 ⊗ Q pictured in Fig. 3(a). We can view this as a
T -variety for T = ker r, where r is the character corresponding to [0,1] ∈ (Z2)∗ . Following the down-
grading procedure of [2, Section 5] gives us a divisorial fan S with X = X(S), whose only non-trivial
slice is S0 = Σ ∩ [r = 1]. This slice, shrunk by a factor of two, is pictured in the middle of Fig. 3(b).
In the same figure, an admissible one-term Minkowski decomposition of S0 is pictured, with the
gray line segments denoting which summands belong together. This decomposition gives us a defor-
mation π , whose general fiber is the Hirzebruch surface F1. Indeed, by reversing the downgrading
procedure for the corresponding divisorial fan S(s) (s �= 0) we get the fan pictured in Fig. 3(c).

In this example, the rank of Pic(Xs) is two, whereas that of Pic′(Xs) and Pic(X0) is one. Now,
X0 is Q-Gorenstein with Gorenstein index three; the divisor 5D0,−1 + 10D0,1/2 is Cartier and has
class thrice that of the anticanonical. However, the inverse of this class under π̄◦ is given by the class
of 5(D0,−1 + D0,0) on Xs , which is not pluricanonical. Indeed, the anticanonical class of Xs can be
represented by D0,−1 + D0,0 + Ds,0 + Ds,1/2, which doesn’t lie in T -CaDiv′(Xs).

Finally, we say something about deformations of sections. Since (for X0 complete)

h0(X0,O
(
π◦(D)

))
� h0(Xs,O(D)

)
,

we might expect there to be a natural inclusion

H0(Xs,O(D)
)
↪→ H0(X0,O

(
π◦(D)

))
.
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It is indeed possible to construct such an inclusion, but it is not canonical. For any function f ∈C(P1),
set

f (0) = f ·
(

y1 − sy0

y1

)−νs( f )

.

Note that for any u ∈ M , f ∈ H0(Xs,O(D))u implies that f (0) ∈ H0(X0,O(π◦(D)))u . Now for every
u ∈ M , let {bi

u} be a basis of H0(Xs,O(D))u such that {(bi
u)(0)} give a basis for H0(X0,O(π◦(D)))u ;

we leave it to the reader to check that such {(bi
u)(0)} exist. This then induces the desired inclusion

(by sending bi
u · χu to (bi

u)(0) · χu) but is dependent on the above choice of basis.
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