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We consider the interaction between two quasi-geostrophic vortices of height-to-width aspect ratio h/r,
lying at two different vertical levels. We investigate whether such structures naturally align. In the case the
vortices occupy distinct yet contiguous vertical levels, such an alignment can contribute to the growth in
volume of oceanic mesoscale vortices. The other growth mechanism is the merger of vortices sharing common
vertical levels. We show that there exist titled equilibrium states where vortices nearly align slantwise. Most
equilibria for prolate vortices (h/r > 1) are stable apart in a very narrow region of the parameter space.
The instability is however normally non-destructive. Pairs of oblate vortices may also be in an unstable
equilibria if they are moderately offset in the horizontal direction. In this case, the instability may result in
the shedding of filamentary potentially vorticity away from the vortices. This shedding of potential vorticity
may result in the further alignment of the main structures.
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1. Introduction

Large scale oceanic motions are strongly influenced by the background planetary rotation and
the stable density stratification of the medium. When these effects are dominant, the flow
evolution can be accurately studied within the framework the quasi-geostrophic (QG) model.
In this model, both geostrophic and hydrostatic balances approximatively hold. The vertical
velocity and the vertical advection are then negligible. In the QG model, the velocity field can
be deduced from the spatial distribution of the materially conversed QG potential vorticity
anomaly (hereinafter referred to as PV for simplicity).

Vortices can be defined as contiguous regions of PV. Vortices are ubiquitous features in the
oceans. Recent estimates by Zhang et al. (2014) suggest that an important part of the mass
transport in the oceans can be attributed to mesoscale vortices. Mesoscale oceanic vortices
are swirling masses of fluid having a horizontal radius in the approximate range 50− 250 km
which is typically roughly of the order of magnitude of the Rossby deformation radius.

Vortices do not evolve in isolation but they interact with other vortices. In particular, they
can interact to form larger vortices. The formation of these larger vortices transfers energy
towards large scales, in the so-called inverse energy cascade. The interaction also generates
small scale structures and filaments contributing to direct energy cascade at small scales.

In this paper, we investigate the interaction between two QG vortices in a inbounded three-
dimensional fluid domain. There are two main interaction mechanisms which have been put
forward to explain the growth in volume of the vortices. The first mechanism is vortex merger.
Vortex merger has been extensively studied in the literature. In two dimensions, vortex merger
provides a possible route for the classical inverse energy cascade observed two-dimensional tur-
bulence. The merger of two-dimensional vortices has been studied in the pioneering works by
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Overman II and Zabusky (1982), Melander et al. (1988), Waugh (1992), Dritschel and Waugh
(1992) and many other authors. Vortices merge if they are separated by a distance smaller
than a threshold called the critical merging distance. The merger can be associated with
the emergence of an unstable mode for pairs of co-rotating vortices in mutual equilibrium,
see Saffman and Szeto (1980). In a three-dimensional, rapidly rotating, continuously strati-
fied fluid, vortex merger is possible provided the vortices share common vertical levels. This
restriction is due to the absence of vertical motion in the QG model. The merger of three-
dimensional QG vortices has been studied by von Hardenberg et al. (2000), Dritschel (2002),
Reinaud and Dritschel (2002, 2005), Bambrey et al. (2007), Özuǧurlu et al. (2008). As in the
two-dimensional case, the vortices may merge provided they are closer than a critical distance
which corresponds to the onset of an unstable mode for an equilibrium.

The second mechanism to explain the growth in size of the vortices is the vertical alignment
of vortices. Vertical alignment can occur when the vortices do not share any vertical level.
In this case, the lack of vertical motion makes the merger impossible. Yet, two vortices can
still form a large contiguous region of PV by aligning vertically. The process of alignment has
been studied by Polvani (1991), Corréard and Carton (1998), Jones et al. (2009) in a two-
layer flow. In a continuously stratified fluid alignment has been by Viera (1995), Sutyrin et al.
(1998), Reasor and Montgomery (2001), Schecter et al. (2002), Reasor et al. (2004), Reasor
and Montgomery (2015). Sutyrin et al. (1998) focused on the alignment of thin core vortices
while the other studies focused on the alignment and axi-symmetrization of a single tilted
columnar vortex. The orientation of a vortex, hence its vertical alignment is influenced by the
vertical shear it is subjected to, see McKiver and Dritschel (2006). Alignment processes are
also discussed in Ferrari and Paparella (2003), Haney et al. (2015), Itoh and Yasuda (2010),
Tanahashi et al. (2001). Finally vertical alignment has been observed in geophysical turbulence
by McWilliams (1989), McWilliams and Weiss (1994), in complex vortex interactions by Perrot
et al. (2010), Sokolovskiy and Carton (2010), Viúdez (2010), Sokolvskiy and Verron (2014),
Sokolovskiy et al. (2016) and in the oceans by Tychensky and Carton (1998) as well as in the
laboratory experiments by Nof and Dewar (1994).

In this paper we focus on the alignment of two distinct, finite height-to-width vortices. In
a similar set-up, Miyazaki et al. (2001) and Martinsen-Burrell et al. (2006) considered the
problem of vortex merger and vortex alignment for pairs of co-rotating ellipsoidal vortices.
The vortices were not initially in mutual equilibrium. The authors used numerical models
which represent the vortices as ellipsoids and filters out non-ellipsoidal deformation. The
work by Martinsen-Burrell et al. (2006) also included a study of the problem solving the full
QG dynamics which includes non-ellipsoidal deformation. The authors show that vortices can
deform and overlap horizontally, hence vertically align.

We revisit the problem by first determining equilibrium states (known in the literature as
vortex states or V-states) for two co-rotating vortices of uniform PV. We also address their
linear stability. We use two different approaches. In the first one, we model the vortices by
ellipsoids and any non-ellipsoidal deformation is filtered out. We use the QG Ellipsoidal Model
(ELM) introduced in Dritschel et al. (2004). ELM has already been used to determine V-states
and address their linear stability in Reinaud and Dritschel (2005). In the second approach,
we determine V-states for the full QG dynamics, following previous works, see Reinaud and
Dritschel (2002), Reinaud (2019).

In both cases, the equilibria found consist of tilted vortices. These vortices can nearly aligned
slantwise if they are moderately offset horizontally. We show that most equilibria are stable.
This is true except for narrow regions of the parameter space, in particular if the vortices are
prolate. For oblate vortices, the equilibria can be unstable over a larger part of the parameter
space, when the vortices are little offset horizontally.

We then study the nonlinear evolution of pairs of vortices. We either start from V-states,
or from non-equilibrium, upright-standing spheroidal vortices, and we examine the ability of
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the vortices to align. Starting from a non-equilibrium state, vortices tilt and oscillate around
a nearby V-state. If the nearby V-state is stable, the evolution is normally non-destructive,
and the vortices retain (most of) their potential vorticity. On the contrary, if the nearby V-
state is unstable, vortices may shed significant amounts of filamentary potential vorticity away
from the main structures. This allows the vortices to move closer together in the horizontal
direction, hence to further align vertically.

The paper is organised as follows. Section 2 describes the basic equations. V-states and
their linear stability are discussed in section 3. The nonlinear evolution of the vortex pairs is
presented in section 4. Conclusions are presented in section 5.

2. Formulation

We consider an inviscid, rapidly-rotating, stably-stratified fluid. We assume that the flow
evolution is adiabatic. We denote f the Coriolis frequency and N the buoyancy frequency,
both assumed constant. We denote U a characteristic horizontal velocity scale, and L and H
the horizontal and vertical length scales respectively. If Fr2 � Ro� 1, where Fr = U/(NH)
is the Froude number, Ro = U/(fL) is the Rossby number, Euler’s equations for a rotating,
stratified fluid can be asymptotically expanded to give the QG equations,

q =
∂2ϕ

∂x2
+
∂2ϕ

∂y2
+
∂2ϕ

∂z2
, (1)

∂q

∂t
+ u

∂q

∂x
+ v

∂q

∂y
= 0 , (2)

u = − ∂ϕ
∂y

, v =
∂ϕ

∂x
. (3)

In the equations above, q defined by (1) is the QG potential vorticity anomaly (hereinafter
referred to as PV for simplicity) and ϕ is the streamfunction. Equation (2) states PV is
materially conserved in absence of frictional and adiabatic effects. In (1) the vertical direction
z corresponds to the physical vertical direction stretched by the constant factor N/f . Note
that, in practise N/f � 1 in large parts of the oceans (see Dijkstra 2008). For uniform-PV
vortices, the PV distribution, hence the flow dynamics can be fully characterised by the vortex
boundaries alone. The system still retains formally an infinite number of degrees of freedom.

The problem can be simplified by modelling the vortices as ellipsoids of uniform PV and
filtering out any non-ellipsoidal deformation. In that case, the ellipsoidal vortex i is fully
characterised by its centre Xi = (Xi, Yi, Zi) and a 3× 3 symmetric shape matrix Bi = (Bi)kl
such that the equation defining the ellipsoid surface reads (x−Xi)B−1

i (x−Xi)
T = 1. Only

7 of the 12 variables are independent and time dependent for each ellipsoidal vortex. Indeed,
the absence of vertical advection guaranties that Zi and (Bi)33 are time-independent, and
the shape matrix Bi is symmetric by construction. The evolution of the vortex centre and its
shape matrix are governed by

dXi

dt
= u(Xi, t) , (4)

dBi
dt

= SiBi + BiSTi , (5)

where the velocity u and the flow matrix Si both derive from the Hamiltonian H of the system

u(Xi, t) = − 1

κi
L ∂H
∂Xi

, Si = − 10

κi
L∂H
∂Bi

, (6)
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where H = E/(4π) is the total energy of the system rescaled by 4π, with

E = 1
2

y
|∇ϕ|2 d3x . (7)

In the equations, κi is the potential vorticity integrated on the volume of vortex i rescaled
by 4π. Hence, κi = (4π)−1

t
Vi
qid

3x = qiVi = aibiciqi/3 where ai, bi and ci are the vortex i
semi-axis lengths. Finally, the matrix L is

L =

 0 −1 0

1 0 0

0 0 0

 . (8)

The Hamiltonian H can be split into two parts. The first part of H corresponds to the self-
energy of the ellipsoidal vortices. This part is known analytically, see Chandrasekhar (1969).
The second part of H corresponds to the energy of the interaction between the different
ellipsoidal vortices and it can be efficiently estimated. We first determine for each ellipsoid
the location and the strength of a set of singularities which induce the same streamfunction
as the elllispoid, outside of the ellipsoid, within a prescribed order of accuracy in 1/d. Here
d is the distance between the centre of the ellipsoid and the evaluation point, see the details
in Dritschel et al. (2004). We use here 13 singularities per vortex, and the streamfunction
is accurate to O(d−9). The interaction part of the Hamiltonian H then corresponds to the
interaction energy induced by the sets of singularities.

We can use this formalism to determine V-states for a pair of interacting ellipsoidal vortices.
We set the vortex centres and we determine the shape matrices Bi such that SiBi + BiSTi =
0, i = 1, 2, in a reference frame rotating at a constant angular velocity Ω while imposing the
conservation of the ellipsoids volume. This is done using an iterative method, see Reinaud and
Dritschel (2005). For a given V-state, the iterative procedure is stopped when a converged state
is reached. Convergence is reached when the root mean squared corrections to the coefficients
of the shape matrices is less than 10−12.

For a pair of ellipsoids there are 14 degrees of freedom. For the linear stability analysis, only
the relative position of the vortex centres matters, reducing the number of degrees of freedom
to 12. To avoid spurious modes, we only impose that the perturbation conserves, linearly,
the volume of each vortex as well as the angular impulse, reducing the number of degrees of
freedom to 9. Details of the approach are provided in Reinaud and Dritschel (2005).

V-states are also sought for the full QG dynamics. They are obtained by making, at all
vertical levels, the contours bounding the uniform PV vortices converge to streamlines, ϕ∗ =
ϕ − (1/2)Ω(x2 + y2) = constant, in a reference frame steadily rotating with the equilibrium
at the angular velocity Ω. This is also done using an iterative method. The linear stability
is determined by analysis modes of deformation of the vortex bounding contours and include
modes corresponding to the displacement of the contours. Details of the approach can be found
in Reinaud (2019). It is important to note that in both ELM and the full QG dynamics, the
fluid domain is explicitly unbounded in all directions. The boundary conditions is that the
streamfunction ϕ vanishes at infinity. Therefore, the analysis does not suffer from the presence
of boundary conditions at an arbitrary finite distance or the effects of periodic images of the
vortices in a periodic domain.

In both approaches, instability modes have a time dependence ∝ eσt where σ = σr+iσi ∈ C.
Hence the real part σr of σ is the mode’s growth rate while σi is its frequency.

To investigate the nonlinear evolution in the full QG regime, simulations are performed the
unbounded QG contour surgery algorithm. The method takes its origin in the Contour Dy-
namics method introduced by Zabusky et al. (1979) for two-dimensional flows. A procedure
of ‘surgery’ was introduced by Dritschel (1988a) and Dritschel (1989a) to control the com-
plexity of the contours representing the vortex boundaries. The two-dimensional method was
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Figure 1. General geometry and definition of the parameters

extended to three-dimensional QG equations by Dritschel and Saravanan (1994), Dritschel
(2002). The method are purely Lagrangian.

3. V-states and their linear stability

3.1. Ellipsoidal V-states

We first determine ellipsoidal V-states. To reduce the size of the parameter space, we restrict
attention to equilibria for pairs of vortices having the same volume, the same height-to-width
aspect ratio h/r and opposite PV q1 = −q2. Here, h is the half height of the vortices and
r is their mean horizontal radius. Without loss of generality we set q1 = 2π. The geometry
of the configuration is presented in figure 1. V-states are organised in families of equilibria.
V-states within a family have the same prescribed height-to-width aspect ratio h/r, and the
same prescribed minimum distance δz separating the vortices in the vertical direction. The
states differ by the horizontal distance between the vortices. Without loss of generality, we set
Y1 = Y2 = 0, and the vortices are separated in the x−direction. The centres of the vortices
are separated in the horizontal direction by `x = X1−X2 ≥ 0 and in the vertical direction by
`z = Z1−Z2 < 0, without loss of generality. It should be noted that |`z| = δz+2h. The length
scale of the problem is set by imposing that the full height of the vortex pair δz + 4h = 1.

We define two angles to characterise the slantwise alignment of the vortices. The angle
φ = arctan(|`x/`z|) is the angle between the vertical direction and the line passing through
the vortex centres is referred to as the vortex inter-centre angle. The angle θ is the minimum
angle between the vertical direction and one of the three semi-axes of the ellipsoid and is
referred to as the vortex tilt angle. The direction of the ellipsoid semi-axes are given by the
eigenvectors of the shape matrices Bi.

In this part, we restrict attention to V-states with δz = 0, where the vortices occupy regions
of the fluid domain contiguous in the vertical direction. For each prescribed h/r, we start by
determining a first V-state where the vortices are well separated in the horizontal direction,
namely `x/r = 8. The first guess for the equilibrium consist of two upright-standing spheroids.
It should be noted an upright-standing spheroid alone is a steady state. We then use our
iterative method to correct the shape of the two vortices until we reach an equilibrium. We
then decrease the distance separating the vortex centres by a small amount, ∆`x = 10−3r, and
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Figure 2. View on the pair of ellipsoidal vortices in mutual equilibrium at δz = 0 for h/r = 0.5 and `x/r = 2 viewed
in the domain [−1.5, 1.5]3 (left); h/r = 1.5 and `x/r = 1.46 viewed in the domain [−0.6, 0.6]3 (centre); h/r = 4 and
`x/r = 1.2 viewed in the domain [−0.6, 0.6]3 (right).

Figure 3. Equilibrium ellipsoidal vortex tilt angle θ (black) and inter-centre angle φ from the vertical (red) vs the centre
normalised horizontal separation `x/r for h/r = 0.5, 1.25, 1.5, 1.75, 2 and 4 (colour online).

resume the iterative method to find a new equilibrium. The procedure is continued until the
two vortices are perfectly aligned vertically, `x = 0 or until no steady state can be found. Recall
that the length scale of the problem is set, without loss of generality, by setting 4h+ δz = 1
such that h = 0.25 for δz = 0.

Figure 2 shows the shape of ellipsoidal equilibrium vortices for three examples with h/r =
0.5, 1.5 and 4 respectively. The first two V-states shown for h/r = 0.5 and `x/r = 2, and
h/r = 1.5 and `x/r = 1.46 are linearly unstable while the last V-state with h/r = 4 and
`x/r = 1.2 is linearly stable. The vortices of the V-state with h/r = 0.5 and `x/r = 2 are
strongly deformed and can be seen to overlap horizontally even if `x/r = 2.

We consider two notions of alignment for the vortices. We first consider the slantwise align-
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Figure 4. Semi-axis lengths (a, b, c) for the ellipsoidal equilibrium vortices vs the centre normalised horizontal separation
`x/r for h/r = 0.25, 0.5, 1.0, 1.25, 1.5 and 1.75 (δz = 0). The length scale is set by imposing that the total height of the
configuration 4h = 1. a is shown in black, b in red and c in blue (colour online).

ment of the vortices. Vortices are said to align slantwise if the vortices tilt such that one of
their semi-axis nearly aligns with the axis joining the vortex centres, in other words if φ ' θ.
We also consider the vertical alignment of the vortices where horizontal cross-sections of the
two vortices overlap, despite being in different horizontal planes. Recall that the vortices cen-
tres are aligned along the x−axis. Overlapping occurs when the distance between the two
innermost edges of the vortices changes sign, namely when `x−

√
(B1)11−

√
(B2)11 < 0, since√

(Bi)11 is the distance between the centre of vortex i and its edges in the x−direction.
Figure 3 shows the vortex tilt angle θ and the vortex centre angle φ as a function of the

normalised horizontal separation `x/r. First, φ → π/2 as |`x/`z| → ∞, by definition of φ.
Then, for a family of V-state with a prescribed (finite) `z, φ decreases monotonically as `x is
decreased. By definition, φ → 0 as `x → 0. On the other hand, for |`x| � |`z|, the vortices
are standing nearly upright such that θ → 0. As `x is decreased the vortices first increases
their tilt angle until it reaches a maximum for some `sx. Then it decreases since the vortices
tend to stand upright when both `x → 0 and `x →∞. For prolate vortices, as shown in the
example h/r = 0.5 in figure 3, we were not able to find V-states for `x/r < 2. The numerical
method diverges. We will see that this is related to a sharp increase of the vortex deformation.
In this case, and in the range where V-states are obtained, the vortices are too far apart to
align slantwise. On the other hand, for h/r = 1.25, 1.5, 1.75 there is a range of `x/r for which
φ ' θ. The range roughly correspond to [0, `sx], with `sx/r ' 1.5.

We next characterise the shape of vortices of the V-states by calculating the semi-axis
lengths ai, bi and ci for the vortices. The semi-axis lengths correspond to the square root
of the eigenvalues of the shape matrices Bi. Again, by symmetry the two ellipsoidal vortices
have the same semi-axis lengths, hence the values for only one vortex are discussed and
are simply referred to as (a, b, c) ≡ (αj)j=1,2,3. Results are presented in figure 4 for h/r =
0.25, 0.5, 1, 1.25, 1.5 and 1.75.

For h/r = 0.25 and h/r = 0.5, two values of ∂αj/∂`x → ±∞, for some finite `ex. At this point,
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the vortices would need to deform infinitely to steadily withstand the strain they induce onto
each other. In other words, there are no V-state along this branch for a horizontal separation
less than `ex. The iterative procedure fails to find steady states for `x < `ex. A few states
(on a different branch) could be found well beyond the point of divergence of the derivatives
∂αj/∂`x, i.e. for `x � `ex, but we could not reconstruct a full branch for 0 < `x < `ex.

For the other values of h/r investigated (h/r ≥ 1), ∂αj/∂`x remains finite for all `x and
the full branch of V-states can be determined. We also note that the relative maximum
deformation of the vortices decreases as h/r is increased. This is due to the fact that by
increasing the vortex heights, their centres are further apart and overall the intensity of the
strain they induce onto each other decreases.

For `x/r � 1, two semi-axis lengths remain nearly equal, indicating that the vortices remain
close to spheroids. This also corresponds to regions of the parameter space where θ is small,
hence the vortices are also nearly standing upright. Then the vortices deform for moderate
values of `x/r. This also corresponds to the range of `x/r for which the vortices tilt the most.

Figure 5 show the angular impulse

J = 1
2

y
q(x2 + y2) d3x , (9)

the total energy E, and the angular velocity Ω for the ellipsoidal V-states as functions of `x/r
for h/r = 0.25, 1.25, 1.5, and 1.75. Both J and E are motion invariants. Generally, the angular
impulse decreases as `x is decreased, and this trends is simply due to the overall dominant
contribution of the horizontal separation between the vortex centres to J . The angular velocity
Ω increases as `x is decreased due to the increase of the velocity that the vortices induce on
each other as they get closer. On the other hand, the trend for the total energy E of the
ellipsoidal V-states is not monotonic as `x is decreased. First, for `x � 1, as the vortices
get closer, their interaction becomes stronger and the interaction energy increases. On the
other hand, as seen in figure 4, there is a range of `x for which the vortices strongly deform.
The more the vortices deform the lower their self-energy is, for the prescribed vortex PV and
volume. The decrease in self-energy can be larger than the increase of interaction energy as `x
is decreased. As a consequence, they can be a range where the total energy overall decreases
as `x is decreased. For lower values of `x, the vortices are less deformed and the self-energy
increases again.

We next present the results of the linear stability analysis. Figure 6 shows the maximum
growth rate of instability as a function of the normalised horizontal centre separation `x/r
for δz = 0 and h/r = 0.25, 0.5, 1.25, 1.5, 1.75 and 4. For h/r = 0.25 and h/r = 0.5, an
unstable mode emerges for `cx/r = 2.4 ' `ex/r and `cx/r = 2.05 ' `ex/r, respectively. As
mentioned above, we could not continue the branch of solutions for `x/r < `ex/r. Recall that
`x/r → `ex corresponds to ∂αj/∂`x → ∞. For h/r = 1.25, 1.5 and 1.75 we have obtained the
full branch of V-states in the range `x/r ∈ [0, 8]. Figure 6 shows that the most of the V-states
are stable, except for a very narrow range of values for `x/r. For these values of h/r, ∂αj/∂`x
remains bounded for all `x. The critical values of `x/r where instability is found decreases
monotonically as h/r is increased. For larger values of the height-to-width aspect, h/r = 2
and 4, no instability was found. It should also be noted that we could not find ellipsoidal
unstable modes for h/r ∈ [0.65, 1.1] even if one would expect one. It is unclear why it is the
case. It could either due the fact that the width of the range where the instability tends to 0,
or to the fact that the projection of the instability modes onto ellipsoidal deformation modes
is vanishing. As we will see in the next part, there are indeed unstable mode in the full QG
regime for this range of values for h/r.

Figure 7 shows the evolution of ellipsoidal vortices semi-axis lengths for two examples of
unstable ellipsoidal V-states. In both cases, the simulation are run with ELM. Recall that
in this model, the vortices remains ellipsoidal bodies at all time, and any non-ellipsoidal
deformation is filtered out. The first case considered is for h/r = 0.25 and `x/r = 2.4, the
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Figure 5. Angular impulse J , total energy E and rotation velocity Ω vs the centre normalised horizontal separation
`x/r for ellipsoidal equilibrium vortices with h/r = 0.25 (first row), 1.25 (second row), 1.5 (third row) and 1.75 (fourth
row).

ellipsoidal V-state is strongly deformed with a ' 0.25, b ' 0.756 and c ' 1.325 (a/
√
bc ' h/r

- the equality would be exact if the vortices were upright-standing). We do not introduce
any initial perturbation, and perturbations grow from numerical noise. As seen in figure 7,
the vortices initially do not deform as they are in mutual equilibrium until t ' 155. Then,
we observe quasi-periodic oscillations for the ellipsoidal vortices semi-axis lengths. The two
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Figure 6. Growth rate σr of most amplified ellipsoidal instability mode for ellipsoidal equilibrium vortices vs the
horizontal normalised centre separation `x/r at δz = 0 and h = 0.25. for from left to right, then top to bottom
h/r = 0.25, 0.5, 1.25, 1.5, 1.75 and 4.

vortices oscillate in a similar way until t ' 380, when the symmetry breaks and vortex 2
becomes much more deformed than vortex 1. The relative oscillations have a large amplitude
(the semi-axis lengths can double or even triple). A qualitatively similar evolution is obtained
for the unstable h/r = 0.5 case (not shown). For the second case, h/r = 1.5, and `x/r =
1.46. The vortices remain at equilibrium until t ' 10, then the semi-axis lengths start to
oscillate. In this case, the amplitude of the oscillations are very small, with a maximum of
αj − α0

j ' 6 × 10−4α0
j . In other words, the vortices remain almost unchanged during their

nonlinear evolution. Similar results are obtained for the unstable V-states for h/r = 1.25
and 1.75 (results not shown). This illustrates, on specific examples, a generic trend. Unstable
V-states of oblate vortices can strongly deform while unstable V-states of prolate vortices are
very little affected by the instability in the nonlinear regime.

3.2. Full QG V-states

We next turn our attention to V-states under the full QG dynamics. Each vortices is mapped
by 61 horizontal layers. Two symmetries are imposed to reduce the calculation cost. First,
the vortices centres are aligned along the x−direction, and each vortex is symmetric with
respect to the xz-plane. Second, vortex 2 is the image of vortex 1 by the central symmetry
with respect to the origin. We also determine the ellipsoids which best fits the vortices of the
V-state. The best-fitted ellipsoid is the ellipsoid of same centre

Xe =
y

vortex

x′ d3x′/
y

vortex

d3x′,

and sharing the same second order geometrical moments

Iij =
y

vortex

(xi −Xe
i )(xj −Xe

j ) d3x′,
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Figure 7. Evolution (using the dynamical ellipsoidal model) of the ellipsoid semi-axis lengths relative oscillations for
unstable ellipsoidal equilibrium vortices with h/r = 0.25 `x/r = 2.4 (left) and h/r = 1.5, `x/r = 1.46 (right).
(αj)j=1,2,3 ≡ (a, b, c) and α0

j = αj(t = 0) for vortex 1 (solid lines) and vortex 2 (dashed lines). The convention is

a ≤ b ≤ c. The red curve corresponds to a ≡ α1, the blue curve to b ≡ α2 and the black curve to c ≡ α3 (colour online).

where (xi)i=1,2,3 = (x, y, z). Note that the second order moments are directly linked to the

shape matrix B as Bij = 5 Iij/
t

vortex d3x′. Figure 8 shows the best-fitted ellipsoid semi-axis
lengths for one vortex of the V-states as a function of the normalised horizontal separation `x
for δz = 0 and for h/r = 0.25, 0.5, 1.0, 1.5 and 2. Only vortex 1 is presented as the vortices
are symmetric. As before, the length scale of the problem is set by imposing that the total
height of the vortex pair 4h+ δz = 1.

For h/r = 0.25, we observe that the rate of change of the semi-axis lengths with respect to
the horizontal direction `x diverges for some finite value of `x as we already observed for the
ellipsoidal V-states. Figure 9 shows the last V-state obtained in this branch. Recall, that the
horizontal cross-sections of the vortex boundary of the V-states coincide with streamlines in
the reference frame steadily rotating with the vortex pair. Each vortex shows a sharp inner
edge, indicating the presence of stagnation points. There is no V-state along this branch for
smaller `x. There should still exist at least one (different) branch of V-states for `x smaller
stemming from the radially symmetric case at `x = 0. Indeed, any radially symmetric distri-
bution of PV is a steady state in QG. We were not able to obtain this branch numerically
(except for the trivial case `x = 0). Note that this branch may not have the symmetries that
we impose.

For h/r > 0.25, we investigate the branches of V-states by (i) starting from two horizontally
well-separated, `x/r � 1, upright-standing vortices and follow the branch by reducing `x, and
(ii) starting from two vertically-aligned, `x = 0, upright-standing vortices and follow the
branch by increasing `x. We were able to construct (almost) full branches of V-states. For
h/r = 0.5, it is clear from figure 8 that the semi-axis lengths of the best-fitted ellipsoids
varies continuously along the branch parametrised by `x/r. Only a very section of the full
branch could not be determined and corresponds to a region where the slope of αi = f(`x/r)
is very steep. For h/r > 0.5, the curves of a, b, c as functions of `x/r are in qualitative
agreement with the ones obtained for the ellipsoidal V-states. In both cases, a, b, c tend to
the expected values for an upstanding spheroid of the prescribed height-to-width aspect ratio
h/r when both `x/r → ∞ and 0. The maximum deformation is obtained for intermediate
values of `x/r. There is however a difference between the ellipsoidal V-states and the full
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Figure 8. Best-fitted ellipsoid semi-axis lengths for the full QG equilibria vortices vs the centre normalised horizontal
separation `x/r for h/r = 0.25, 0.5, 1.0, 1.5 and 2 and δz = 0. The length scale is set by imposing that the total height
of the configuration 4h = 1. The notations a, b, c and the colours are the same as in figure 7 (colour online).

Figure 9. View on the vortex bounding contours for the end of the V-state branch for h/r = 0.25: Top view (left) and
orthographic view at an angle of 85◦ from the vertical (right).

QG V-states. This difference is fundamentally related to the smaller number of degrees of
freedom of the ellipsoidal V-states. This impacts the way a vortex can adapt to vertical shear.
This is in particular visible when comparing the curves for h/r = 1.5. When submitted to
a vertical shear, an ellipsoidal vortex can only tilt. There is ‘ rigidity’ which forbids high
wavenumber vertical modes to deform the vortex in the vertical direction as the vortex must
remain ellipsoidal. On the other hand, in the full QG model, the vortex can deform following
as many vertical modes as allowed by the vertical discretisation (i.e. by the number of layers
spanning the vortex). Hence a full QG V-state may deform locally, where the vertical shear is
high, without having to overall tilt significantly. This means that the full QG vortices of the
V-states are significantly less (overall) titled than their ellipsoidal counterparts. For the full
QG V-states, the vortices do not tilt significantly and c ' h for all `x (as seen from the fourth
panel of figure 8). This is not true for the ellipsoidal V-state. Since the total height of the
vortex pair is conserved by the absence of vertical advection, the titling of the vortex must be
accompanied by as increase of the length of the most vertical semi-axis, see the fifth panel of
figure 4. This difference has also an impact on the two other semi-axis lengths by conservation
of volume V = 4πabc/3 = constant. Nonetheless, the maximum deformation occurs roughly
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Figure 10. Angular impulse J , total energy E and rotation velocity Ω vs the centre normalised horizontal separation
`x/r for full QG equilibrium vortices with h/r = 0.5 (first row), 1 (second row), 1.5 (third row) and 2 (fourth row).

in the same range of values for `x/r, and results are overall in agreement.
Figure 10 shows the angular impulse J , the total energy E, and the angular velocity Ω as

functions of `x/r for h/r = 0.5, 1.5, 1.5, and 2, again for δz = 0. The trends are similar as
the ones observed for the ellipsoidal V-states apart for the total energy for moderate height-
to-width ratios, see the cases h/r = 1.5. The total energy E remains a monotonic function of
the normalised horizontal separation `x/r in contrast with the total energy of the ellipsoidal
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Figure 11. Growth rate σr of most amplified instability mode for full QG two-vortex equilibria at δz = 0 vs the
horizontal normalised centre separation `x/r (black) and the five smallest non-zero frequencies σi (red) for from left to
right h/r = 0.25, 0.5, 1 (colour online).

Figure 12. Spatial structure of the most amplified mode in the plane (θt, z) where θt is the travel coordinate for h/r = 0.5
and `x/r = 2.35 (left), h/r = 0.5 and `x/r = 2 (middle) and h/r = 1 and `x/r = 2.1 (right). The solid lines (resp.
dashed lines) correspond to positive, outward (resp. negative inward) deformations.

V-states. This is due to the difference in deformation. Recall that the vortex deformation has
an influence on the total energy, in particular on the self-energy.

The maximum growth rate σr of the instability modes is presented in figure 11 for h/r =
0.25, h/r = 0.1 and h/r = 1 and δz = 0. For h/r = 0.25, we observed a mode emerging very
close to the end of the branch of V-states for the minimum value of `x/r. As seen before, this
is associated with the formation of a ‘corner’ state, where the innermost edges of the vortices
form a corner, indicating a stagnation point. This is very similar to what is observed for
vortices sharing horizontal levels and the mode of instability associated with vortex merger,
see Reinaud and Dritschel (2002). The difference is that the corners do not form at the same
vertical levels. As mentioned before, we were not able to find a full branch of V-states for small
`x. For h/r = 0.5, we were able to find a full branch of solution, except a in narrow gap around
`x/r ∼ 2.1. Decreasing `x/r from large values, we observe a first mode of instability which
is again, very localised in a narrow range of `x. For smaller values of `x/r, there is a second
mode of instability for `x/r ∈ [1, 2.1], hence oblate V-states are also unstable for moderate
horizontal separation between the vortices. Such instabilities are not present for h/r = 1, and
the V-states are stable except in a very narrow range around `x/r ' 2.1.

Results for other aspect ratios 1 ≤ h/r ≤ 2 also indicate the presence of an instability in a
very narrow range of `x/r, but no secondary instability for small `x/r. Figure 11 also indicates
the five smallest, non-zero, frequencies σi. It is shown that one mode with zero growth rate
has a frequency which decreases faster than the others with decreasing `x to collapse to zero
at the onset of instability. In other words, σ goes from pure imaginary to real. The same
exchange is observed for modes associated with vortex merger, see Reinaud and Dritschel
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Figure 13. Critical distance `x normalised by the mean horizontal radius r (left) or the mean overall radius rv (right)
vs the height-to-width aspect ratio h/r for the full QG equilibria and δz/h = 0 (◦) 2/61 �, 6/61 � and 12/61 4 (colour
online).

(2002). Figure 12 shows the spatial structure of the most amplified mode for three examples.
It is plotted in the plane (θt, z). Here, θt is the travel coordinate which is defined along each
contour and is an angle 0 ≤ θt < 2π proportional to the time taken by a fluid particle to travel
along the contour. θt = 0 corresponds to the outermost edges of the vortices while θt = π
corresponds to their innermost edges. Results show that the spatial structure of the modes is
non-trivial which is not surprising considering that the vortices are strongly deformed. The
modes corresponding to the instability in the narrow range for h/r = 0.5 (see label A in figure
11) and h/r = 1 are different but share two common characteristics. First, the deformation is
symmetric with respect to the horizontal plane z = 0 separating the lower and upper vortices
located at −0.5 ≤ z < 0 and 0 < z ≤ 0.5 respectively. Second, for a given z, there is only two
changes of sign of the deformation along the contour, 0 ≤ θt ≤ 2π, indicating a contribution of
the first azimuthal mode m = 1. The vertical structure is however different with a maximum
deformation in the mid-horizontal cross-section for the oblate V-state with h/r = 0.5 and near
the region where the vortices are at their closest for h/r = 1. In both cases, the deformation
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Figure 14. Normalised horizontal overlapping critical distance `ox/r for equilibrium vortices: ellipsoidal equilibrium for
δz = 0 (left) and full QG equilibria (right) for δz = 0 (black), δz/h = 2/61 (red), 6/61 (blue), 12/61 (green). There is
horizontal overlapping between the two vortices if `x/r < `0x/r, no overlapping otherwise (colour online).

is very localised. On the other hand, the spatial structure of the most amplified mode for the
oblate vortices in the second region of instability (for smaller `x, see label B in figure 11) is
different. The deformation is anti-symmetric with respect to z = 0 and the mode projects on
m = 2 in the azimuthal direction as the deformation changes four times of sign.

The critical distance `x where the peak of instability is observed is shown in figure 13
for various aspect ratios h/r and vertical offsets δz. We normalise `x by either the mean
horizontal radius r or by the mean radius rv ≡ (3V/4π)1/3 = r (h/r)1/3, where V is the vortex
volume. Although r is, a priori a more natural scaling for normalising a horizontal separation
between the vortices, rv is meaningful as it is a measure the vortices overall volume (and
strength). When normalised by rv the critical distance `x/rv decreased monotonically both
when the vortex height-to-width aspect ratio h/r is increased and when the vertical offset δz
between the vortices is increased. The latter is simply due the decrease in the intensity of
the interaction as vortices are separated in the vertical direction. The former is not as simple
as the critical distance normalised by the mean horizontal radius `x/r is not a monotonic

function of h/r. The figure also shows the full critical distance ` =
√
`2x + `2z normalised by

r and rv as functions of h/r. Both `x/r and `/rv exhibit a minimum for h/r ' 1 indicating
that these vortices are robust, as an unstable mode can only be found for smaller a relative
separation distance compared to the configurations. Note that a complete study of ellipsoidal
vortices under linear external strain has been conducted in Reinaud et al. (2003), where it is
shown that ellipsoids with h/r ' 0.8 can exist in equilibrium for the largest value of external
strain on average. The robustness of vortices with height-to-width aspect ratio of h/r ' 1
explains their prevalence in QG turbulence.

Figure 14 shows the normalised horizontal separation `ox/r below which the vortices of the
V-state overlap. By symmetry, the two vortices overlap the innermost edge of the vortex on
the right is located at some x < 0. For an ellipsoidal vortex x−coordinate of the innermost
edge corresponds to X−

√
B11, while this corresponds simply the minimum x-coordinate of the

nodes discretising the boundary of the vortex on the right for the full QG V-states. Recall that
upright-standing spheroids overlap if `x/r ≤ 2. Results show that the overlapping distance
decreases with h/r. This is due to the fact that the relative amplitude of the horizontal
deformation of the V-states decreases as h/r increases. We note that vortices only overlap
when they are close together. This also corresponds to the regions where θ is small: the
vortices are nearly upright-standing. This is particular true for the full QG V-states. Oblate
vortices can be elongated in the x−direction, see figure 9. For the full QG V-states, results
indicate that `ox/r → 2 as h/r increases. For the ellipsoidal V-states, `x/r decreases more
slowly as h/r increases and `ox/r ' 2.16 for h/r = 4. The difference is due to the fact that the
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Figure 15. Evolution (full QG dynamics) of an unstable full QG equilibrium for h/r = 0.25 and `x/r = 2.5. Orthographic
view on the vortex bounding contours at an angle of 65◦ from the vertical direction at t = 0, 2.5, 10 and 15.

Figure 16. Evolution (full QG dynamics) of the distance between the centres of the two main vortices for an unstable
full QG equilibrium with h/r = 0.25 and `x/r = 2.5 (left). Trajectories of the centre of the two main vortices (right).

ellipsoidal V-states are more tilted.
We next illustrate the nonlinear evolution of unstable full QG V-states. In the first example,

we present the evolution of the last V-state obtained for h/r = 0.25 and δz = 0 already shown
in figure 9. Results are shown in figure 15 in a reference frame steadily rotating at the angular
velocity Ω of the V-state. This means that in absence of instability, the vortices would be
steady in this reference frame. The instability results in the vortices being put out of their
initial alignment. A filament of PV sheds from one of the vortices as asymmetry between
the two vortices grows. The loss of material by one of the vortices increases the asymmetry
between the two vortices.

The distance between the two main vortices remains almost constant, varying only by
approximately 6.5% as seen on the left panel of figure 16. The deformation of the vortices
combined with growing asymmetry between the two slightly modify the angular velocity of
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Figure 17. Evolution (full QG dynamics) of an unstable full QG equilibrium for h/r = 2 and `x/r = 2.23. Orthographic
view on the vortex bounding contours at an angle of 65◦ from the vertical direction at t = 0 and 50.

the vortex pair. Yet, as seen from the right panel of figure 16, the trajectory of the vortex
centres, shown in the reference frame rotating at the equilibrium angular velocity, remain
circular.

For the second example, we investigate the evolution of an unstable pair of vortices for
h/r = 2 and `x/r = 2.23. Recall that the vortex pair is only unstable in a very narrow range of
`x. Results are shown in figure 17. Here, the instability has rather little effect on the equilibrium
as the vortices almost do not move. The effect of the instability is first very local: the bottom
contours of the top vortex align with the top contours of the bottom vortex slightly deform
and align. This local deformation is accompanied by waves which travel horizontally along
the contours and also travel up and down each vortex. Nonetheless the nonlinear interaction
remains very weak. This is generic of the interactions between prolate vortices.

Finally, we consider the nonlinear evolution of V-state for h/r = 0.5 and `x/r = 2 (see label
B in figure 12). This state corresponds to an unstable equilibrium in the second unstable
region for oblate vortices. Results are presented in figure 18. From figure 12 (middle panel),
the most amplified mode corresponds to a mode of deformation which is maximum where the
vortices are close together (z ' ±0.068) and their innermost edges (θt ∼ π). In the nonlinear
regime, the deformation becomes asymmetric and the bottom vortex elongates while the top
vortex becomes more compact as a consequence of conservation of J . Eventually the bottom
vortex splits into two vortices asymmetrically. The largest part of the bottom vortex nearly
aligns with the top vortex.

4. Interaction between upright-standing QG spheroidal vortices

We finally complement the study by considering the nonlinear evolution of two identical, non-
equilibrium, upright-standing spheroids of uniform potential vorticity using contour surgery.
We restrict attention to the case δz = 0. The fluid domain containing PV is mapped by 100
horizontal layers, such that each vortex is spanned vertically by 50 horizontal layers. The
initial conditions consist in two identical, upright-standing spheroidal vortices of a prescribed
aspect ratio h/r and whose centres are separated by a prescribed horizontal distance `x. We
consider 0.25 ≤ `x/r ≤ 4, with an increment of ∆`x/r = 0.25 between cases. It should be
noted that the case `x = 0 offers no interest as the vortices are then in stable equilibrium
(Dritschel, 1988b). The vortex aspect ratios h/r considered are h/r = 0.25, 0.5, 1, 1.5, 2, 3



August 5, 2019 Geophysical and Astrophysical Fluid Dynamics GGAF-2019-0025-Reinaud

GEOPHYSICAL & ASTROPHYSICAL FLUID DYNAMICS 19

Figure 18. Evolution (full QG dynamics) of an unstable full QG equilibrium for h/r = 0.5 and `x/r = 2. Orthographic
view on the vortex bounding contours at an angle of 60◦ from the vertical direction at t = 0, 75, 100 and 125.

and 4. The vortex pair occupy the region 0 ≤ z ≤ 1 in the vertical direction. Since δz = 0,
this means h = 0.25 for both vortices. Each vortex has a PV set to q = ±2π. Recall that an
isolated uniform PV sphere has a turnover period of Tt = 6π/q = 3 here. All simulations are
run until Tmax = 200 ' 67Tt.

We first analyse two criteria which categorise the overall behaviour of the vortex pairs. First,
we identify all contiguous volumes of PV (i.e. all vortices). The analytical initial conditions
consist of two spheroidal vortices. In theory, at t = 0 they can only form a single contiguous
volume in the limiting case `x = 0 (and δz = 0, assumed throughout the section), where they
touch. Due the layerwise discrete nature of the vortex representation, the top and bottom of
the spheroids are represented by finite area contours. These can overlap for `x small. Hence,
the ‘two’ vortices can be seen as a single structure for small `x. This overlapping of the two
neighbouring contours of the two vortices depends on the vertical discretisation by essence.
Yet, the analysis of evolution of the number of identifiable structures still reveals information
about the dynamics of the flow. To determine if two contours overlap, we determine whether
any node discretising one contour is located inside the area bounded by the second contour.
This can be done by calculating the winding number, by contour integration, of the second
contour relative to the nodes of the first contour. Figure 19 (top, left) shows the number
of vortices as identified by the algorithm at t = 0. The vortex pair is seen as forming a
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Figure 19. Non-equilibrium vortex spheroids at t = 0 (left, circles), at intermediate time (centre, squares) and at
t = Tmax end of simulation (right, triangles). Top row: coherence of the vortex structures. Left: the vortex pair forms a
single contiguous vortex structure (black symbol), the two vortices are distinct vortices (red symbol). Center: the number
of identified structures remains unchanged throughout the simulation (black), the number changes (red). Blue symbol in
the right column means that there are more than 2 vortices identified (satellites, debris, filaments). Bottom row: vertical
alignment/horizontal overlapping of the two vortices (red symbol), no horizontal overlapping (black symbol) (colour
online).

single structure for `x/r = 0.25 and two distinct structures otherwise. Figure 19 (top, middle)
indicates whether the number of identifiable structures (including PV filaments and PV debris)
has changed throughout the simulation, 0 ≤ t ≤ Tmax = 67Tt. The results show that for
prolate vortex pairs h/r ≥ 1, both nearly aligned vortices (`x/r = 0.25), and those well
separated in the horizontal direction (`x/r ≥ 3.25) do not generate any debris of filament nor
separate (if they were initially contiguous for `x/r = 0.25) or align (if `x/r large). In these
cases, the interaction is very weak and the vortices are robust. Figure 19 (top, right) provides
information on the number of identified vortices at the end of the simulations, t = Tmax. For
most intermediate horizontal separation `x/r, satellite vortices, filamentary PV and PV debris
are still present in the flow, indicating a stronger, more destructive interaction.

To quantify the vertical alignment associated with a horizontal overlapping of the vortices,
we re-analyse the data. We first separate explicitly the fluid domain in two regions in the
vertical direction: region C corresponding to the bottom half region, 0 < z < 0.5 and region
D corresponding to the top half 0.5 < z < 1. Initially, exactly one vortex lie in each region.
We next identify the largest vortex in each region at all time t. Finally we test if any contour
bounding the largest vortex identified in region C overlap with any contour bounding the
largest vortex identified in region D. Results are presented in the bottom row of figure 19.
The left panel shows the initial overlapping. This consistently indicates that vortices overlap
horizontally provided `x/r < 2, validating the detection tool. The right panel of figure 19
shows the overlapping at the end of the simulation t = Tmax. It is important to notice that
this figure only provides information on the topology of the vortex configuration at a fixed
time. The middle panel of figure 19 indicates if overlapping has been detected at anytime
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Figure 20. Left column: time evolution of the vortex horizontal and vertical aspect ratios ρh (red) and ρv = r/h (blue)
for non-equilibrium vortex spheroids (upright-standing at t = 0) for h/r = 1.5 and `x/r = 0.25 (first row), `x/r = 1
(second row), `x/r = 1.5 (third row). Right column: vortex tilt θ angle (black), inter-centre angle φ (red) from the
vertical direction (colour online).

during the simulations 0 ≤ t ≤ Tmax. Results show that overall, some oblate vortices can
overlap for `x/r > 2 for long times. Prolate vortices which do not overlap initially do not
overlap for long period of time, or if they do it is only periodically.

We next illustrate some typical vortex behaviour during the interaction on a few selected
examples. Figure 20 shows the evolution of the horizontal and vertical vortex aspect ratios,
ρh and ρv respectively, as well as the tilt angle θ and inter-centre angle φ for h/r = 1.5 and
`x/r = 0.25, 1, and 1.5. We first observe oscillations for both the angle and the aspect ratios
at the same main frequency. The oscillations of the horizontal aspect ratio appear however
to be noisier. The non-equilibrium vortices pulsate and this quasi-periodic deformation are
associated with the oscillation of the tilt angle θ. In all cases, θ(t = 0) = 0 as the vortices
are initially upright-standing spheroids. The angle θ however oscillates for t > 0 around the
inter-centre angle φ, indicating that the vortices attempt to align slantwise. It should be noted
however, θ cannot simply converge to φ as the system is non diffusive, hence there is no viscous
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Figure 21. Evolution (full QG dynamics) of a pair of initially upright-standing vortices with h/r = 1.5 and `x/r = 1.5.
Orthographic view on the vortex bounding contours at an angle of 75◦ from the vertical direction at t = 2, 13, 17, and
200.

damping of the oscillations. Oscillations can potentially be damped by the loss of energy of
the main vortices to filaments. For prolate vortices, filamentation occurs on the vertical edges
of the vortex pair, as (Rossby) waves along the contours (PV jumps) steepen. The process of
filamentation has been described in Dritschel (1988c). Snapshot of the vortices for h/r = 1.5
and `x/r = 1.5 are shown in figure 21 and illustrate the filamentation.

We next consider the case h/r = 1 and `x/r = 1. As for the previous case, the two vortices
are seen, in figure 22, to initially strongly interact locally in the region where they are the
closest to each other. This induces a local partial alignment of contours bounding the near
edges of the vortices. Rossby waves propagate on the vortex boundary and the deformation
of the vortex bounding contours become steep on the top and bottom edges of the vortex
pair, generating PV filaments. This shedding of filaments away from the main structures and
the deformation of the vortices allow the main structures to get closer while conserving the
angular impulse J . The same phenomenon occurs during vortex merger. Figure 23 shows the
time evolution of the horizontal distance between the vortex centres `x as a function of time
as well as the trajectory of the vortex centres projected onto a horizontal plane (recall that
the vortex centres do not lie in the same horizontal plane). The distance `x decreases rapidly
at the early stage of the flow evolution, then oscillates around a value less than the initial
value. The overall decrease of `x indicates the tendency of the vortices to align. The trajectory
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Figure 22. Evolution (full QG dynamics) of a pair of initially upright-standing vortices with h/r = 1 and `x/r = 1.
Orthographic view on the vortex bounding contours at an angle of 75◦ from the vertical direction at t = 0, 5, 10, and
50.

of the centres remain nearly circular, with a small decrease of the mean radius. The ability
of the vortices to get closer horizontally is associated with their ability to deform and to
shed PV away from the main structures. This is therefore associated with the strength of
the interaction between the vortices and the strain they induce onto each other. This varies
with the distance `0x = `x(t = 0) separating the vortices initially. The evolution of `x for
h/r = 1 and `0x/r = 0.25n, 1 ≤ n ≤ 16 is shown in figure 24. Results show `x oscillates for
`0x/r ≤ 3. Oscillations almost disappear for `0x ≥ 3. In general, `x decreases from its initial
value `0x except for the case `0x/r = 3.75 where a very small increase of the separation distance
is observed. In this case the interaction is non-destructive (no PV filaments not PV debris
are created), but the vortices deform and tilt (results not shown). The maximum decrease of
the mean value of `x is observed for 1 ≤ `0x/r ≤ 2, which corresponds to the range where the
equivalent V-states are the most deformed, see figures 4 and 8. This indicates a strong strain
induced by the vortices on each other. The evolution of `x as a function of time exhibits a
generic behaviour, as shown in figure 24: an initial abrupt changed corresponding to the initial
adaption of the non-equilibrium, up-right standing spheroidal vortices to a nearby equilibrium.
Then the vortices deform quasi-periodically around this pseudo-equilibrium.

The trends on the evolution of `x can therefore be summarised by measuring the departure
of an averaged `x after the initial adaptation stage from its initial value. For that purpose we
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Figure 23. Evolution (full QG dynamics) of the horizontal distance between the centres of the two main vortices for of
a pair of initially upright-standing vortices with h/r = 1 and `0x/r = 1 at t = 0 (left). Trajectories of the centre of the
two main vortices (right).

define

`x =
1

∆T

∫ Tmax

Tmax−∆T
`x(t) dt (10)

which ∆T = 150 = 2Tmax/3. This value provides, in practice, the largest averaging time
window in the quasi-periodic oscillations of `x over the full parameter space. Figure 25 provides
the value of `x − `0x for all values of h/r and `0x investigated. For h/r ≥ 1, (except h/r = 1,
`0x/r > 2), `x < `0x indicating a tendency to alignment. This tendency is maximum for 1 ≤
`0x/r ≤ 2. Yet, in all these cases (`x − `0x)/r remains small. This is in contrast with the cases
h/r = 0.25, `0x/r ≤ 2 for which (`x−`0x)/r is close to −`0x/r indicating that `x is very small. In
that case, the two main vortices are nearly aligned. This is also true, albeit to a lesser extent,
for h/r = 0.5, `0x/r ≤ 2. As already mentioned, conservation of the angular impulse means
that alignment can only occur if a significant amount of PV is ejected away from the main
structure so compensate for the migration of PV towards the centre of the domain where the
vortices align. This can be achieved if the vortices strongly interact. This is the case if the
initial non-equilibrium attempt to adapt to a nearby unstable equilibrium. The study of the
V-states indicates that this is likely to be the case for moderately horizontally offset oblate
vortices. It should also be noted that for fixed volume vortices, and given `x/r, the minimum
distance between any point of the first vortex and a point to second vortex can be minimised
by decreasing h/r, hence oblate vortices are expected to interact more strongly.

We next illustrate the interaction between two oblate vortices where the vortices nearly
align. The vortices have height-to-width aspect ratio h/r = 0.25 and are horizontally separated
by `0x/r = 1.75 at t = 0. This case corresponds to the case for h/r = 0.25 for which the largest
number of filaments and PV debris are formed during the nonlinear flow evolution. Snapshots
of the vortices are presented in figure 26. Two large tongues of PV form and stretch away form
the domain centre. This tongues of PV rotate more slowly than the structures at the centre
to which they are attached and are therefore stretched. The tongues of PV are shear zone.
Their stretching by the differential rotation tends to stabilise them. The stabilising effect of
a strain on the PV filament has been analysed in two dimensions by Dritschel (1989b). If
this stretching is not intense enough, the elongated PV tongues or filaments can roll-up and
self-organise into secondary Kelvin-Helmholtz like billows, as shown in figure 26. At the end of
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Figure 24. Evolution (full QG dynamics) of the horizontal distance `x between the centres of the two main vortices
for of a pair of initially upright-standing vortices with h/r = 1 and `x(t = 0)/r ≡ `0x/r = 0.25n, 1 ≤ n ≤ 8 (left) and
9 ≤ n ≤ 16 (right).

the simulation the PV distribution consist in two main large structures nearly aligned next to
the domain centre surrounded by a sea of secondary small scales vortices and PV debris. The
alignment of the main structures can be clearly seen from the steep decrease of the horizontal
distance separating the two main vortices `x as shown in figure 27. The trajectory of the
vortex centres is also presented in figure 27. The small loops that can be observed in the early
trajectory of the vortex centres are due to the formation of the PV tongues which moves the
vortex centres. In this case, the vortices shed a significant amount of filamentary PV. This
induces a cascade in the length scales present in the flow. Due to the Lagrangian, unbounded
and grid-free nature of the simulations, computing energy spectra, though possible, is not the
natural way to describe the distribution of the flow properties in physical space. It is more
natural to describe the properties of the vortices or more generally contiguous regions of PV
present in the flow. To characterise the distribution of the some of the flow properties across
the physical scales, we first associate a length scale rv to all identifiable coherent structures or
contiguous regions of PV. This length scale is simply rv = (3V/(rπ))1/3, where V is the volume
of each contiguous region. We then bin the vortex lengths scales into 20 bins of radius range
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Figure 25. Departure of the normalised mean value of `x over 50 ≤ t ≤ 200, `x from its normalised initial value
`x(t = 0) ≡ `0x vs `0x/r for h/r = 0.25 (left, black solid line), 0.5 (left, red solid line), 1 (right, blue solid line), 1.5 (right,
green solid line), 2 (right, black dotted line) 3 (right, red dotted line) and 4 (blue dotted line) (colour online).

Figure 26. Evolution (full QG dynamics) of a pair of initially upright-standing vortices with h/r = 0.25 and `0x/r = 1.75.
Top view on the vortex bounding contours at t = 0, 6, 22, 40, 60 and 200.

between rv = 0 and rmaxv . The maximum radius rmaxv is the length scale associated with the
total volume of PV at t = 0. Then, we first calculate the sum of the cube of the vortex length
scales contained in each bin, which simply give a measure of the volume of PV contained
in each length scale bin. Results are shown in figure 28. Initially, all the volume of PV in
contained within the length scale associated with the two vortices. During the early stages of
the flow evolution, the vortices deform and they lose material to PV tongues and consequently
to filaments, small secondary vortices and debris. This feeds both intermediate (mostly the
large filaments) and small scales of the flow. It is also accompanied by a reduction of the length
scale where most of the volume is contained as the large vortices have lost material. As the
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Figure 27. Evolution (full QG dynamics) of the distance between the centres of the two main vortices for of a pair of
initially upright-standing vortices with h/r = 0.25 and `0x/r = 1.75 (left). Trajectories of the centre of the two main
vortices (right).

Figure 28. Evolution of a measure of the volume of PV
∑
r3v contained in given range of length scale rv for a pair of

non-equilibrium, initially upright-standing vortices with h/r = 0.25 and `0x/r = 2 at t = 0, 15, 20, 40 and 200

Figure 29. Evolution of an estimate of the self-energy
∑
r5v contained in given range of length scale rv for a pair of

non-equilibrium, initially upright-standing vortices with h/r = 0.25 and `0x/r = 1.75 at t = 0, 17, 20, 40 and 200.

flow evolves the intermediate scales disappear as the filaments break into small scale vortices.
At the same time the amount of PV contained at small scale also decreases as the smallest
debris are removed by Contour Surgery. On the other hand, the two main, large, structures
eventually align not form a single contiguous region of PV shifting the scale at with most
of the volume of PV is contained to a value larger than the initial value. The alignment has
indeed generated a larger vortex. We also make a rough estimate of how energy is distributed
across the physical length scale. To that purpose, we bin the values of r5

v . The value of r5
v

gives a rough estimate of the self-energy contained in a structure of mean radius rv. Indeed,
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the self-energy of a spherical vortex of radius a and uniform PV Q0 is

E = − 1
2

y

V

qϕd3x =
4π

15
Q2

0a
5 . (11)

It should be noted that using r5
v as a way to estimate the energy disregards the energy

associated with the interaction between the vortices. Yet, this provides a very simple diagnostic
tool to derive some general tendencies. It is also consistent with associating a single length
scale to the structures, equivalent to the radius of a sphere of same volume. By the end of the
simulation, most of the energy has been transferred to a larger scale, an inverse energy cascade,
while some smaller structure carrying little energy have also been formed. These low-energy
structures nonetheless carry enstrophy to smaller scales in a direct entrophy cascade.

5. Conclusions

We have revisited the problem of alignment of two three-dimensional, quasi-geostrophic vor-
tices in a continuously stratified rotating fluid. We have first determined V-states using both
an approximate model where vortices are modelled by ellipsoids and using the full QG dy-
namics.

For the case h/r = 0.25, the branch of V-states stemming from infinitely distant upright-
standing spheroids stops before the vortices are fully aligned. There should be another dis-
connected branch of V-states for smaller separation distances but it could not be determined
in practice. All nonlinear simulation starting non-equilibrium upright-standing spheroids for
h/r = 0.25 and small (but not zero) `x proved to be destructive. This suggests that the equiv-
alent V-states for small `x are unstable. It is indeed the case for h/r = 0.5 where we have
found full QG unstable V-states for small `x.

For prolate vortices, all V-states are stable apart from a very narrow part of the parameter
space. This narrow unstable range is found in both approaches, indicating that the instability
observed is genuine and a not numerical artefact. Numerical experiments show that the insta-
bility is non-destructive in the nonlinear regime. In these cases, the instability is not clearly
linked to ends of individual branches of solutions and the transition between two distinct
branches. Indeed all integral quantities such as the total energy E, the angular impulse J ,
the angular velocity Ω as well as the second order geometrical moments measured by the
best fitted ellipsoid semi-axis lengths a, b and c are smooth functions of `x across the unstable
region.

It is nonetheless possible that different branches of V-states exists and that for a given vortex
volume, height-to-width aspect ratio and horizontal separation, multiple steady states may
exist. We performed a similar (non detailed) analysis where we have replaced the spheroidal
vortices by cylindrical vortices. It is clear that the branch V-states stemming from two upright-
standing vortices located far apart (`x →∞), followed by moving the vortices closer together,
and the branch of V-states stemming from the two cylindrical vortex initially aligned (`x = 0),
followed by moving the vortices apart are two distinct branches as shown in Appendix B.
Appendix B shows that the branch stemming from infinity stops for a finite `x where the
vortices have formed sharp inner corner. The vortices do not overlap. There exists however
a connected and distorted V-state for the same horizontal separation which belongs to the
branch stemming from `x = 0.

For V-states stemming from spheroidal vortices, we may say that overall, and except for
oblate vortices for small but not zero `x, V-states are stable. The vortices of the V-states have
therefore no mechanism eject PV away from the domain centre and cannot align. Alignment
is by large achieved when the vortices are initially not in mutual equilibrium. The alignment
becomes a consequence of the arbitrary choice of initial conditions. Using spheroidal vortices is
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an ad hoc simple assumption but has no real physical justification for close range interactions.
Alignment of oblate vortices is different as the equivalent V-states can be unstable.

Nonetheless, alignment is observed in practice. In a real situation however, pairs of vor-
tices are not isolated and are submitted to the influence of other vortices and flow structures
surrounding them. This external influences can push the vortices closer together. Vortex align-
ment for a vortex pair subject to a weak external strain field should be addressed.
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Appendix A: Evolution of upright-standing spheroid with h/r = 0.5 and `0x/r = 2

In this appendix we present the evolution of two initially upright-standing spheroids of uni-
form potential vorticity, q = 2π, and of height-to-width aspect ratio h/r = 0.5 horizontally
separated by `x(t = 0)/r = `0x/r = 2. Figure A1 shows snapshots of the flow evolution. The
evolution of the horizontal distance `x between the two main structure together with the tra-
jectories of the vortex centres are given in figure A2. Figures A3 and A4 give the distribution
in physical length scale rv of the PV volume and of a measure of the self-energy respectively.

Appendix B: ‘Cylindrical’ vortices

In this Appendix, we illustrate the existence of multiple branches of V-states. In particular
we determine two branch of V-states for vortices whose horizontal cross-sectional area is
uniform. We only illustrate the case δz = 0. The first branch (branch I) stems from two
horizontally infinitely distant (`x → ∞) cylinders of uniform PV of aspect ratio half-height-
to-radius h/r = 1. The branch is followed by reducing the distance between the two cylinder,
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Figure A1. Evolution (full QG dynamics) of a pair of initially upright-standing vortices with h/r = 0.5 and `x/r = 2.
Top view on the vortex bounding contours at t = 0, 10, 20, 40, 72, 83, 92 and 200.

Figure A2. Evolution (full QG dynamics) of the distance between the centres of the two main vortices for of a pair of
initially upright-standing vortices with h/r = 0.5 and `0x/r = 2 (left). Trajectories of the centre of the two main vortices
(right).
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Figure A3. Evolution of a measure of the volume of PV
∑
r3v contained in given range of length scale rv for a pair of

non-equilibrium, initially upright-standing vortices with h/r = 0.5 and `0x/r = 2 at t = 0, 15, 20, 40 and 200 .

Figure A4. Evolution of an estimate of the self-energy
∑
r5v contained in given range of length scale rv for a pair of

non-equilibrium, initially upright-standing vortices with h/r = 0.5 and `0x/r = 2 at t = 0, 15, 20, 40 and 200.

namely the horizontal distance between the two outermost edges of the vortices ∆x. The
second branch (branch II) stems from the two cylinders but aligned (`x). The branch is then
followed by increasing the distance between the two outermost edges of the cylinders ∆x.
Results are shown in figure B1 for ∆x/r = 5.6 and ∆x/r = 6. In each case the vortices are
explicitly the symmetric image of each other with respect to the centre of the domain.

Branch I ends at the minimum distance ∆x/r = 5.6. The horizontal contours bounding the
two edges of the vortices where they are the closest form a sharp inner edge (stagnation point)
indicating that there are no equilibrium possible along the branch. It should be noted that
the vortices are nearly standing upright. For the same value of ∆x/r, the V-state from branch
II consists of a single tilted contiguous regions of PV, a tilted cylinder somehow similar to
the configuration studied in Reasor and Montgomery (2001) and Schecter et al. (2002)
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Figure B1. ‘Cylindridal’ V-states for h/r = 1 and δz = 0 and ∆x/r = 5.6 (left) and ∆x/r = 6 (right). Branch I (top
row) stemming from `x →∞ and branch II (bottom row) stemming from `x = 0.


