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On Starlikeness of Libera Transform
(Jelmaan Libera Seperti Bintang)

MAMORU NUNOKAWA & JANUSZ SOKOL*

ABSTRACT

Let A denote the class of functions f that are analytic in the unit disc D and normalized by f(0) = f7(0) — 1 =0. In this
paper conditions are determined for starlikeness of the Libera integral of functions such that |arg {f’}| <6 in D. The
results of Miller and Mocanu (2002) on Libera transform of functions with bounded turning are improved.
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ABSTRAK

Biarkan A menandakan kelas fungsi f yang analitik dalam cakera unit D dan dinormalkan oleh f (0) = f”(0) — 1 =0.
Dalam kertas ini keadaan ditentukan untuk fungsi kamiran Libera seperti bintang adalah |arg {f’}| < 6 dalam D.

Keputusan Miller dan Mocanu (2002) atas transformasi fungsi Libera dengan pusingan terbatas bertambah baik.

Kata kunci: Fungsi seperti bintang; fungsi seperti bintang yang kuat; lema Nunokawa

INTRODUCTION

Let H be the class of functions analytic in the unit disk D
={zEC: |z| <1},and denote by A the class of functions
f € H with the normalization of the form:

f@=z+a, 7" +a " +...2ED,

n+2
with A =A.Let S57(B) denote the class of strongly starlike
functions of order 8, 0 < =<1,
g (Z) <ﬁ—n, ZE€EDy,
/(z)

arg

SS*(ﬁ)={fEA: 5

which was introduced in Stankiewicz (1966) and Brannan
and Kirwan (1969). The class S, of starlike functions of
order o < 1 defined by:

Zf’(Z) >a, 7€ D},
f(2)

SZ={fEA:Re

was introduced by Robertson (2008). We have SS*(1) =
S, = S", where S is the class of functions f € A such that
f (D) is a starlike set with respect to the origin. Functions
in the class

R={f€EA:Re {f'(2)} >0,z E D},

are called functions with bounded turning. The Libera
transform L: A — A, L[ f] = F, where:

F@)= [ f(r)dr, (1.1)

is the Libera integral operator, which has been studied
by several authors on different counts. Mocanu (1986)
considered the problem of starlikeness and proved the
following result.

Theorem 1.1. (Mocanu 1986) If f (z) is analytic and Re
{f’(2)} >0 in the unit disc D and if the function F is given
by (1.1),then F € S".

This result may be written shortly as follows.
LIR]C S =85(1), (1.2)

where L[R] = {L[ f]: f€ R}. Mocanu (1995) improved
(1.2) by showing that

L[R] C SS" (8/9). (1.3)

Miller and Mocanu (2002) showed that subcase of this
last result can be sharpened to:

LIR N A, CSS™ (2/3).

The problem of strongly starlikeness of L[ f] for fE R
was also considered in Sokét, (2008) where it was shown
that

LIR N A CSS™(3/5).

The above inclusion relationship is equivalent to the
following differential implication:

fEA and Re{f’(2)} >0 = ‘afg ZF/(;))

I

3z
<70
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or equivalently:
FEA, and Re{F (2)+ 1 F'(2)} >0 = \arg%’\ <3z

where F is given by (1.1).
The Mocanu’s result (1.3) was improved in two
manners (Nunokawa et al. in press).

Theorem 1.2. (Nunokawa et al. in press) If f (z) E A
and Re{f’(2)} > 0 in the unit disc D, then the function
(1.1) satisfies

jarg 78l <2 = 1 368..., zE D, (14)
where
a=2(3-log2)(1+%-10g2) =0.870907 ... .  (1.5)

Theorem 1.3. (Nunokawa et al. in press) If f (z) € A and
| arg {f"(2)} | < y7/2 in the unit disc D, then the function
(1.1) satisfies

Re{%f))}>0, ZED, (1.6)
where

y = (n—]ogZ)Jzszr—log4) =1.14823 ...
Theorem 1.2 may be written as

L[R] C SS(a). 1.7

where o is given in (1.5) satisfies o < 8/9 =0.888 ... which
shows that the result (1.7) is the small improvement of
(1.3).

In (Nunokawa et al. in press) were also obtained the
following results for the related integral operator

ﬁ(z)= 1 gy,

o !

(1.8)

Theorem 1.4. (Nunokawa et al. in press) If f (z) € A and
Re{f’(z)} > 0 in the unit disc D, then the function (1.8)
satisfies

<2 =1368..., zED, (1.9)

Where . is the solution of the equation

sin{n(]—a)/Z}

2
R e toe?) -

o +tan”™ {.;a
Theorem 1.5. (Nunokawa et al. in press) If f (z) € A and
|arg {f’(2)}| < y7/2 in the unit disc D, then the function

(1.8) satisfies

Re{5}>0, zED, (1.10)

where

y=1/(1 + (72 —log 2)/4)=0.762 ... .

MAIN RESULT

In this paper we go back to the problem of starlikeness of
Libera transform. The key for the improvement previous
results is the following theorem and very often applied
Nunokawa’s lemma (Nunokawa 1993).

Theorem 2.1. Let p(z) be analytic in D with p(0) = 1 and
suppose that

p(2) +2p'(2) < ()", zE€D, 2.1
where 0 < a. <2 and y. Then we have
p(z)=(=)", z€D, 22)

where 5 = a(1 —(2/m) log 2).

Proof. From the hypothesis, we have
yp(z)z% 1

 17P(0) | o
rp(z)= T =Zl—/,f0y{7+,wpt dt

1

Zl—/yfozﬁ’l {p(t)+ymp'(r)}dr

- L 00 (bl e e .

where z=re, 1= pe' and 0 < p<r.Thenby (2.1), we have
jare{p ()} =[are {rp(2)}| - ”g{,%f i {P(Pf'y)+me'”17’(pé”)}dp}
- [ure{ [} 0" {pl0e")+10e" ' (e} ap)

arg{p(pe”)+ype”p'(pe”)}

’
=
0
r
=fa
0

r
= o4
0

dp

arg{p(pe”)+ype”p'(pe” )}m’dﬂ
1+ pe”
1= pe”

arg dp.

The function w(z) = (1 + 2)/(1 — z) is univalent in D
and maps |z| < p< 1 onto the open disc D(C, R) with the
center C = (1 + p*)/(1 — p?) and the radius R = (20)/(1 — p?).
A simple geometric observation yields to

i0

2p
_p2’

. aR
=sin” —=sin
C 1

- pe” for all p € [0,1).



Therefore, we obtain

|arg{p(z)}|s (:Olsirfl 13002 dp

o2
sfoasm]l_f)zdp

=a(z-log2).

This shows that

)(1(1*(2/7‘[)10},‘2)

p(z) =< (= , ZED,

and it completes the proof.
Lemma 2.2. (Nunokawa 1993) Let p(z) be of the form

pla)=1+3 as a,=1, 23)

withp(z) #0 in D. If there exists a point z,, | z,| < 1, such that
larg {p(2)}| < a2 in |z <z,

and

|arg {p(z,)}| = a2

for some o. > 0, then we have

Zopl(zo)

=ika,
P(ZO)
where
m(a*+1
k= (2a ) when arg{p(zo)}=an/2, 24
and
m(a® +1
k=- (Za ) when arg{p(zo)}=—afr/2, (2.5)
where

{p(zo)}”a =Fia, a>0.

Lemma 2.3.[ff(z) € A and |arg {f (2)}| < 071/2 in the unit
disc D, then the function (1.1) satisfies

‘arg{@} <8(1-(2)log2)’ 7 /2, zED. (2.6)
Proof. From (1.1) we obtain
2F () + 2F (2) = 2f (2), 2.7
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so we have |arg {zF"(z) + 2F (2)}| < /2. Therefore, by
Theorem 2.1

' (2)+2F (2) < (1) = F(2) < (1), 2.8)
where €= 0(1 — (2/7) log 2).
Further, let p(z) = F(z)/z. Then

7p'(2) +p(2) = F(2), (2.9)

so we have |arg {zp'(z) + p(2)}| < &/2. Again, by Theorem
2.1 we obtain

@' (2)+p(2)= (1) = p(2) < ()", (2.10)
where 6 = &(1 — (2/m) log 2) = 6{(1 —(2/m) log 2)}* hence

larg {F(2)/z}| < 6{(1 - (2/7) log 2)}*/2.

Theorem 2.4.Iff(z) € A and

larg {f(2)}| < 867/2, (2.11)
in the unit disc D, were
= 5x° =
= T 1270153...., (2.12)
then the function (1.1) satisfies
Re{%’))}m, ZED. (2.13)
Proof. If there exists a point Zy zO| < 1, such that
F'(2)|| 7«
i el
and
e = 4. p(a)=sia, 0<a, 2.14)

then from Lemma 2.2, we have (for brevity denote
ZF(2)/F(2) = p(2))

where
k=%1=1 when arg{p(z)} = /2,

and
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k=41 <-1 when arg{p(z,)} = -/2,

For the case arg{“;())

}=n/2, we have

7/3 < arg{l + ia + ik} < 71/2. (2.15)

Moreover, by Lemma 2.3 arg{F(z,)/z,}| < 6 {(1 - (2/7)
log 2)}?/2. Therefore, by some calculations we obtain

’arg{F(z(,)/z()}‘ < 5{(1 -(2/ Jr)logZ)}2 /2
_ S }{(1 ~(2/x)log2)} 12

3{:12 +{m-log4}’
. (2.16)

%F () (1+ia+ik) F(ZO)H

=|arg
F(ZO) 2o
T (Zn 5;[)
PRBANTRARE it lihaad
2 3 6 2

It contradicts hypothesis (2.11) and for the case
arg{ZFF('(;))} =-m /2, applying the same method as the above,
we also have (2.17). It is also the contradiction and it
completes the proof.

Let us denote for 8 € R the class
R(O)={fEA: |arg {f(2)}| < Om2, zED}.

Theorem 2.4 is an improvement of Mocanu’s result (1.2)
so we express it in the following corollary.

Corollary 2.5. If
=—3r  _-1270153...,
3{7[Z+{7!—10g 4} }

then

LIR(®)] C §* = SS'(1). (2.17)

In Mocanu’s result (1.2) was 1 instead of 1.270153. ...
obtained here. The best possible constant is not established
yet. We put the following conjecture.

Conjecture

L[R(7/2)] C §* = SS*(1). (2.18)
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