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Quasiconformal Harmonic Mappings Related to Janowski Starlike Functions
(Pemetaan Harmonik Kuasimensebentuk Berkaitan dengan Fungsi Bakbintang Janowski)

Y ASEMIN KAHRAMANER* & YASAR POLATOGLU

ABSTRACT

Let (z) = h(z) + @ be a univalent sense-preserving harmonic mapping of the open unit disc D ={z| | z| < 1}.Iff satisfies

the condition | w(z)| =

%‘ <k,0<k<1,thenis called k-quasiconformal harmonic mapping in D. The main purpose of

this paper was to give some properties of the class of k-quasiconformal mappings related to Janowski starlike functions.
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ABSTRAK

Andaikan f (z)=h(z)+g(z) pemetaan harmonik terawet univalen bagi cakera unit terbuka D = {z| |z| < 1}. Jika f

£(2)
#(z)

memenuhi syarat | o(z)| =

<k,0< k<1, makafdipanggil pemetaan harmonik k-kuasimensebentuk dalam D. Tujuan

utama kertas ini adalah untuk memberi beberapa sifat bagi kelas pemetaan k-kuasimensebentuk yang berkaitan dengan

fungsi bakbintang Janowski.

Kata kunci: Ketaksamaan pekali; pemetaan k-kuasimensebentuk; teorem erotan; teorem pertumbuhan

INTRODUCTION

Let be the family of functions regular in D and satisfying
the conditions ¢(0) =0, | ¢p(z)| < 1 for all z € D.

Next, for arbitrary fixed numbers A, B,—1 <A=<1,-1
B <A, denote by P(A, B), the family of functions p(z) = 1
+p,z+ p,2° + ... regular in D and such that p(z) is in P(A,
B) if and only if:

_ 1+A¢(z)
1+ Bg(z)

P2

b}

for some ¢(z) € Q and every z € D.

Moreover, let S(A, B)denote the family of functions
h(z) = z + ¢,2* + ... regular in D and such that A(z) is in
S“(A, B) if and only if

for some p(z) € P(A, B) and z ED. Let s () =z + d 2> +
... and 5,(z) = z + e,2* + ... be analytic functions in the
open unit disc D. If there exists a function ¢(z) € Q such
that s (z) = 5,(¢(z)) for all z € D, then we say that s (z) is
subordinate to s,(z) and we write s,(z) < s,(z). Specially
if s,(z) is univalent in D, then s (z) < 5,(2) if and only if
s,(D) Cs,(D) implies s,(D) C 5,(D,), where D = {z| |z|
< r < 1}(Duren 1983; Goodman 1983).

Finally, a planar harmonic mapping in the open
unit disc D is a complex-valued harmonic function f (z)
which maps D onto the some planar domain f{D). Since

D is a simply connected domain, the mapping f(z) has a
canonical decomposition f(z) = h(z) + g(z), where A(z) and
g(z) are analytic in D and have the following power series
expansion:

%

We)=Saz

n=0
g(z)= ib,,z",
n=0

where a, bn €C,n=0,1.2,...,as usual we call the analytic
part of A(z) and g(z) is co-analytic part of f{z). An elegant
and complete treatment theory of the harmonic mapping
is given in Duren’s monograph (Duren 2004).

For this investigation we will need the following
theorem and lemma:

Theorem I (Janowski 1973) Let be an element of S*(A,B),
then

C(r,-A,-B) < |h(2)|= C(r, A, B),

where

A-B

r(1+Br)T, B=0;
re” , B=0.

C(r,A, B) =

These bounds are sharp, being attained at the point
z=re,0<0<2nby
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f.=fz-A,-B),
f =7z A B),

respectively, where

ﬂ
) (z)= (1+Be”ﬁz) B B=0;
0
re” , B=0.

Lemma 1 (Jack 1971) Let ¢p(z) be regular in the unit disk
D with ¢(0). Then, if |¢(z)| attains its maximum value on
the circle |z = r at the point z,, one has z,¢'(z,) = k¢(z,),
fork=1.

Lewys (1936) proved that the harmonic function f{z)
is locally univalent in D if and only if its Jacobian

=] -1g@

[l

is different from zero in D. In the view of this result, locally
univalent harmonic mappings in the open unit disc D are
either sense-preserving if |A'(z)| > |g'(z)| in D or sense-
reversing if |g'(z)| > |W'(z)| in D. Throughout this paper,
we will restrict ourselves to the study of sense-preserving
harmonic mappings. We also note that f(z) = h(z) + ﬁ is
sense-preserving in D if and only if /4'(z) does not vanish
in D and the second dilatation |w(z)|= ’% has the property
|w(z)| < 1 for all z € D. Therefore, the class of all sense-
preserving harmonic mappings in the open unit disc D
with a,= b0 =0anda =1 will be denoted by S, Thus,
§,, contains the standard class S of univalent functions. The
family of all mappings f € S, with the additional property
g'0)=0,ie., bl = 0 is denoted by S;. Hence it is clear
that § C S, C S,.. A univalent harmonic mapping is called
k-quasiconformal (0 < k < 1) if |w(z)| < k. For the general
definition of quasiconformal mapping, see Duren (2004).

The main purpose of this paper was to investigate the
class of the k-quasiconformal harmonic mappings

Sulkq, A, B) = {f(z) = h(z) + g(z) € S, ||w(2)|
<k,0<k<1,h(z) ES(A B)}.

MAIN RESULTS

Theorem 2 Let f(z) = h(z) + g(z) be an element of S,,(kg,
A, B) then

¢ _Flo-2)
n(z) K -bgz

ey

Proof We consider the transformation ii”—'bi) This

transformation maps |z| < k onto itself. On the other hand,
we have:

o(2)= g'(z) _ (blz+b2z2+...) _bi+2bzs...

"(z) (z+c12z2 +)

; w(0)=b,.

14+2a,z+...

Therefore, the function

satisfies the conditions of Schwarz lemma, then we have
el-ole) ) i)
a)(z) = W= w(z) =WZ)-< Tb_lz' )

On the other hand, the transformation "Z(”—'bi) maps

[
|z] = r onto the disc with the centre

K2 (1-77)Reb, & (1-r)Imb,
S A S S

C(r)=

)

and the radius

k(K[ ")
P(f)—m-

Then, we write:

2
w(D)- {4 ofe)- kk(lw)b} : k£k|b"|") ®
Now we define the function ¢(z) by:
8(z) _K(h-9(2)) _ (4)
h(z) K -bo(z)
Then, ¢(z) is analytic and ¢(0) = 42, =0. If we take

loi*-&*
the derivative from (4) and after the brief calculations we
get
_ el Fleat) | Pl
a)(Z) { 2 p, + (kz—b_|¢(z))2 h'(z) . (5)
On the other hand, since h(z) € S°(A, B), then the
boundary value of z % is

(1—ABr2)+(A—B)re'B
1-B*r? '

Therefore, (5) can be written in the following form on
=

_ Cleet) , PP 6
w(z)_ Kby (z) + (szbf,zp(;))z (1-aBr J(a-B)re” * (6)

In this step if we use Jack lemma, then (6) can be
written in the following form:

a) _ Ko=) "z(‘bl|2+"2‘2bl¢(zl ))’"1"(21)
(kz ~bip(z })2

el (D).

: (l—ABr2 )+(A—B)re’ﬂ




But this contradicts to (3) because |p(z,)| =1,k = 1
so our assumption is wrong, i.e., [¢(z)| < 1 for all z € D.
Therefore, (4) shows that

8(d) K(h-z)
h(z) K -bz

Corollary I Let f(z)
A, B), then

= h(z) + g(z) be an element of S, (kg,

K{|bi|-kr)
k-{by|r

k(|bi|~kr) Fl (A,—r) <

k4|

K{|by|+kr)
ket |r

F(A,B,—r)s|g’(z)|s F(A,B,r),BasO

)

g'(z) = U E (4,r).B=0

ketlby|r

where
F(A,B,r)=(1 +Ar) (1+Br) ",
F (A, r)=(1+Ar)e".

and

Hbi-t) C(—A,—B,r) < ’g(z)| < Hoir) C(A,B,r) ®)

by kb
where

r(1+Br)™ B=0

CA,B, )=
re” ,B=0

Proof Since we have

H(z) 1—ABr2| (A-B)r

_ - :I—Ar<
h(z) 1- B*? | T 1-B%?

1-Br =

Z

() <l (2) <+ 2l (2) B0 9
%(1—Ar)|h(2)’5h’(z)| % 1+Ar |h _ol” 9

Using Theorem 2, from (9) we obtain that

F(A,B,—r)s|h’(z)|SF(A,B,V)} (10)

F(A,-r) s|h'(z)| <F(Ar)
where
F(A,B,r)=(1+Ar)(1+Br) 7",
K (A,r) = (1+Ar)eA

On the other hand, a simple consequence of Theorem
2 follows:

SR UORHORS=2 0! o
() <ls (0] = S o)

By considering Theorem 2, (10) and (11) we get (7)
and (8).
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Corollary 2 Let f(z) = h(z) + @ be an element of S, (kq,
A, B) then

k(b +kr)’

(F(A,B,-r))’ K (ol =k) <J, <(F(A.B.r))

(k=lpfr) (k+[b|r)’ =0
K (bl=kr) Kbl ee)
) Ty =7 =D Ty

Proof This corollary is a simple consequence of the
Corollary 1 and the definition of the Jacobian of f.

Corollary 3 Let f(z) = h(z) + @ be an element of S, (kq,
A, B) then

JE(AB—r) M) e <) < [ F(ABA) LY gy B

fF(A,B, )k(wbl,‘()ﬂb‘j,l k " dr <|f| fF K ]HbLQST:‘+k2)" drB=0

Proof Using (3) we get

U)o (z) < LY (12)
A PELLLL L (13)

On the other hand,

(' (2))- (& (2N)el <l = (4 (=

= [ () (1| (2))1dd <|tf] <

) +[s'(2)])ed
H(z |(1+‘w |)|dz| (14)

Using (9), (12) and (13) in (14) and integrating, we
obtain the desired result.

Theorem 3 Let f(z) = h(z) + ?z) be an element of S}, (kq,
A, B) then

> Kb, ~ba 25(|b]|2—k2)2+2:=2_,m

(15)
Proof Using Theorem 2 then we can write:
(Z ( Z)) 2 2
—t <k -k’bh
(Z 2 b (Z) < ( ) 1 (Z)
- (i ()~ £°n(2) 9 2).
Therefore, we have
" (Kb, -Kba,)z"+ <
.. S ”

[(’lh’ -k )z+2m=2(b_lbm—kzam)]¢(z),

where the coefficients d have been chosen suitably and
(16) can be written in the form

F) = G@ek),  |p@)| <1,
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then we have:
IF@IF =|G29@[ = [GRPlp@RIF <GP
1 Ed 0\? 1 x 0\[2
> IR (e d@sﬁf: |G (re”) do

2 2k
r

dm
2
VZk],

passing to the limit as » = 1 we obtain (15). The method of
this proof was based on the Clunie method (Clunie 1959).

n 4 22k *
= k*\b, -ba,lr +2

< [(|b1‘2 -k ) s 2;1 bb, +ka,

CONCLUSION

In this paper, the class of the quasiconformal harmonic
mappings related to the Janowski starlike functions was
investigated. In this investigation, we have derived the
basic characterization, distortion theorem, growth theorem
and the coefficient inequality of the mentioned class.
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