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ON THE GIERER-MEINHARDT SYSTEM WITH
SATURATION

JUNCHENG WEI AND MATTHIAS WINTER

ABSTRACT. We consider the following shadow system of the Gierer-
Meinhardt system with saturation:

Ap = EDA - A+ iy in Q% (0,00),

& = —€E+ ﬁ Jo A?dx in (0,+00),

24 — 0 on 90 x (0,00),
where € > 0 is a small parameter, 7 > 0, k > 0 and Q C R™ is smooth
bounded domain. The case k& = 0 has been studied by many authors in
recent years. Here we give some sufficient conditions on k for the existence
and stability of stable spiky solutions. In the one-dimensional case we
have a complete answer of the stability behavior. Central to our study
are a parameterized ground-state equation and the associated nonlocal
eigenvalue problem (NLEP) which is solved by functional analysis and
the continuation method.

1. INTRODUCTION

Turing in his pioneering work in 1952 [36] proposed that a patterned dis-
tribution of two chemical substances, called the morphogens, could trigger
the emergence of a complex cell structure leading to the development of a
complete organism. He shows by linear stability analysis that the homoge-
neous state may be unstable which explains why a stable spatially complex
pattern of the morphogens arises.

Since the work of Turing, a lot of models have been proposed and analyzed
to explore this phenomenon, which is now called Turing instability. One of

the most studied models is the Gierer-Meinhardt system which after suitable
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rescaling can be stated as follows: ([16], [25])

A =AA— A+ A>0 inQ x (0,00),

H(1+kA2)
(GM) TH,=DAH — H+ A?, H >0 inQ x (0,00),
94 =00 —0 on 00 x (0,00).

The unknowns A = A(z,t) and H = H(x,t) represent the concentrations
of the activator and inhibitor at a point x € Q C R? and at a time t > 0;
A = 22 1 822 is the Laplace operator in R?; Q) is a bounded and smooth

domain in RQ, v = v(z) is the outer normal at x € 0. The term :}C e
is the so-called Michaelis-Menton saturation term, where k£ > 0. This term
describes saturation since for A — oo the term A?/(1+ kA?) converges to ;.

The Gierer-Meinhardt system without saturation (i.e. k£ = 0) has been the
object of extensive studies in recent years which we now briefly summarize.

We start with the shadow system [32] (which arises for D = 400):
At:e2AA—A+Ag, A>0 inQx(0,00),

76 = —E+ gy Jo A2dz, in (0,00), (L.1)
94 =00 —0 on 00 x (0,00).

Since we a have purely power-like nonlinearity, the steady state of (1.1)
can be conveniently rescaled to the following simple singularly perturbed

equation:

{eQAu—u+u2:O,u>OinQ, (1.2)

% = 0 on 0f.
Problem (1.2) has been studied by a lot of authors. It has been proved that
problem (1.2) admits a rich set of multiple boundary and multiple interior
spike solutions. See [1], [2], [3], [4], [7], [8], [11], [12], [13], [14], [18], [19],
20], [21], [24], [27], [28], [29], [40], [39], [41], [45], [46], and the references
therein. (Recent surveys can be found in [26], [44].) At each spike, the

solution resembles the following ground-state solution:

Aw—-—w+w?=0, w>0 in R
(1.3)
w(0) = maxyepe w(y), w(y) — 0as [y| — oo

whose existence as well as uniqueness has been shown in [17] and [23], re-

spectively.
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The stability of multiple spike solutions with respect to the shadow system
has been studied in [15], [30], [31], [42], [37], [38]. Central to understanding
the stability is the following nonlocal eigenvalue problem (NLEP):

o o
A¢—¢+2w¢—2ﬁ w?=X¢ in R "
¢ € H'(R"), MeC,
where C is the set of complex numbers. It was proved in [42] that problem
(1.4) is stable if n < 3. Note that (1.4) is not self-adjoint and hence complex
eigenvalues do occur (see [37]).

When D < +00, (GM) is quite difficult to solve in general. In recent years,
for the case k = 0, the existence and stability of multiple spike solutions have
been studied in one or two dimensions. See [22], [35], [47], [48], [49], and the
references therein.

In this paper, we concentrate on the saturation case, i.e, kK > 0. As far as
the authors know, the only papers dealing with the saturation case to the
Gierer-Meinhardt system are due to M. del Pino [9] and [10], where solutions
with multiple layers are constructed. His assumption is that ¢ << 1, but
that k is fixed. Here we will allow k£ to depend on € and we would like to
understand the role of k£ on the existence and stability of spiky solutions.
For simplicity, we consider the shadow system only. (The full system with
D > 0,k > 0 is more difficult to analyze.) Namely, we study the following

problem:

A, = 2AA— A+ (Hw) A>0 in  x (0,00),
TE = f—i—@fop( x)dr, £ >0 in (0,00),

%—ﬁ =0 on 90 x (0,00). (1.5)

Our first problem is the existence of steady states which, contrary to the
case k = 0, can no longer be rescaled to (1.2). In fact, one has to consider a

system of two equations — one of these is a PDE and the other is an algebraic

equation:
EAA — A+§(1+kA2) =0, A>0 1inQ,
é_ﬁfQ/P( )d(L’, €>07
94— 0 on dQ. (1.6)

ov
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To obtain a steady-state solution for (1.6), we first have to solve the fol-

lowing parameterized ground-state equation:

2
Aws —ws + —25 =0, ws>0 in R",
T+ouw? (1.7)
ws(0) = maxyere ws(y), ws(y) — 0 as |y| — oo

and then solve the algebraic equation
2
5( [ whtw)dy) = ko (1.8)
where
ko = lir%4k:e_2”|Q|2. (1.9)

We note that there is an immediate change of type of nonlinearities: a
convex nonlinearity in (1.3) becomes a bistable nonlinearity in (1.7).
To study the stability, we have to study the following new NLEP:

A¢—¢+( 27 — oo )925_2[3”” Y=o in R,

1+owi  (1+6w3)? Jpn w2 1H0WS

¢ € H*R"), XeC. (1.10)

Both problems (1.7)-(1.8) and (1.10) are not easy to solve because of non-
power like nonlinearity. In this paper, we give a complete answer in one-
dimensional case. In higher dimensions, we give sufficient conditions on k
to ensure the existence and stability of solutions.

We state our result in one-dimensional case first. Without loss of general-

ity, we may assume that 2 = [0, 1]. We then have

Theorem 1.1. Assume that
1in54ke*2"|§z|2 = ko € [0, +00). (1.11)

Then for each ko, and for € sufficiently small, problem (1.6) admits a
steady-state solution (u., &) such that

(a) Ac(x) = (1 + o(1))écws (%), where §. — 6, & is the unique solution to
(1.8) and ws, is the unique solution of (1.7), and

(b) €& = (24 (1)) e [ wd) .

Moreover, (A, &) is linearly stable for (1.5), provided T is small.
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In higher dimensions, the statement is more complicated. Let ) € 0f).
We use H(Q) to denote the mean curvature function at ). We say that Q
is a nondegenerate critical point of H(Q), if the following holds:

where 0; denotes the i—th tangential derivative. We then have

Theorem 1.2. Assume that
11%4ke*2”ym? = ko € [0, +00) (1.12)

and Qo € 0X) is a nondegenerate critical point of H(Q).

Then for each ko, and for € sufficiently small, problem (1.6) admits a
steady-state solution (A, &) such that

(a) Ad(x) = (1+0(1))éws, (2=5<), where 0. — & with § being a solution to

€

(1.8), and ws, is the unique solution of (1.7), and

(b) Qe — Qo,

(c) &= (2+0(1))(€" [pnwi )"

If Qo is a nondegenerate local maximum point of H(Q), then there ezists
a ko such that for all kg € (0, ko) the steady state (A, &) is linearly stable
for (1.5), provided T is small and n < 3.

The organization of the paper is as follows: In Section 2, we study the
parameterized ground-state problem (1.7) and the algebraic equation (1.8)
and prove some preliminary results. In Section 3, we study the NLEP (1.10)
for dimensions n < 3. In Section 4, we prove Theorems 1.1 and 1.2.

Finally, the proofs of some technical lemmas are given in Appendices A
and B.

Some important questions are left open.

First, we have assumed that k& < C'e*" for some constant C. What happens

" — 400? We believe that spikes do not exist. Does this mean

if lim,_o ke 2
that del Pino’s result [10] holds in that case?

Secondly, our stability result in higher dimensions (Theorem 1.2) is in-
complete. We conjecture that ko should be infinity. It is also of interest

to understand the stability behavior for dimensions n > 4 which leads to
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NLEPs for a new parameter range. Another topic concerns the Hopf bifur-
cations occurring for 7 large. For recent progress in this direction for the
Gierer-Meinhardt system without saturation please see [37], [38].

Finally, the issue of existence and stability results for the case of finite D
in one or two dimensions for the Gierer-Meinhardt system with saturation

remains completely open.

Acknowledgments. The research of JW is supported by an Earmarked
Grant from RGC of Hong Kong. MW thanks the Department of Mathemat-
ics at CUHK for their kind hospitality.

2. THE PARAMETERIZED GROUND-STATE

In this section, we consider (1.7) and (1.8). We first study (1.7). Note
that when 6 = 0, (1.7) becomes (1.3).
By the scaling

ws(y) = \}gv (;ﬂ) (2.1)

we see that (1.7) is equivalent to the following rescaled form:

Av+gw)=0, v>0 in R"
(2.2)
v(0) = maxyepn v(y), v(y) — 0 as |y| — oo.
where
Vivs 2
= — _ 2.3
o) = Vvt T 23)

It is easy to see that, for each § € (0, i), the equation g(v) = 0 has exactly
two roots

1—V1—-46

26

14+ VT4

£(5) = B() =) =

(2.4)

Now we consider

t2(9)
c(0) :/ g(s)ds. (2.5)
0
To study ¢(d), we introduce the function

_t—arctan (t)

p(t) >
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Note that p(t) is well-defined for ¢ € [0,400). The critical point of p(t) is
unique and is given by the solution of the equation
2t + ¢
tant = ——— ¢ > 0. 2.6
arctan 20+ 1) (2.6)
We denote the unique critical point of p(t) by ¢.. One computes numerically
t. =1514... < 7. Let

0x = (2p(t.))". (2.7)
Then it is easy to see that
>0 for d < d,,
c(0) § =0 for d =4, (2.8)
<0 ford >d..

Some important properties of the the function g(v) are stated in the fol-

lowing lemma.

Lemma 2.1. For each 6 € (0,0.), the function g(v) satisfies the follow
conditions:

(91) g € C*(R,R), g(0)=0, g¢'(0)=0.

(92) There exist b,c > 0 such that b < ¢, g(b) = g(c) = 0, g(v) > 0 in
(—00,0) U (b, ¢), and g(v) < 0 in (0,b) U (¢, +00).

(93) I g(v)dv > 0.

(94) Let 8 > b be the smallest positive number such that G(u) = 0, where

G(u) = /Ou g(s)ds,
u)

and let p > b be the smallest number such that ‘Z(fp 1s nonincreasing for
u € (p,c). Then either

(i) 0 > p, or

(i1) 0 < p with K,(u) nonincreasing in (0, p), K,(u) > K,(0) for u €
(b,0) and K,(u) < K,(p) for u e (0,b) U (p,c), where

ug (u
g(u) = g(i))
The proof of Lemma 2.1 is elemantry and thus left to Appendix A.

In the following lemma we state some important properties of ws.
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Lemma 2.2. For each 6 € (0,0,), problem (1.7) admits a unique solution,
denoted by wg, which satisfies

(i) ws € C(R").

(ii) ws > 0 is radially symmetric and ws(r) < 0 for r # 0.

(111) ws and its derivatives decay exponentially at infinily, i.e., there exist

c1, co > 0 such that

’8w5 <ce @M =1 N,
yi

o2

) < cpe—ll, ,7,=1,...,n.

Yy,

(iv) The first eigenvalue of the following operator
2 20w3
Li=A—14—0 00 . g2(R") — [A(R"),

denoted by \y = A\(Ls), is positive and simple; the corresponding eigenfunc-
tion ¢ can be made positive and radially symmetric.

(v) The second eigenvalue of Ls is 0 and the dimension of its kernel is n.

Namely, X\a(Ls) =0 and

2ws 20w3 Ows Ows
Kernel (A -1+ _ - EALI
( rrouf - oud?) T o a4

Proof: By Lemma 2.1, g(v) = —dv + 1_”;}2 satisfies conditions (gl1)-(g4). By

Proposition 1.3 of [2], Lemma 2.2 holds for equation (2.2). (See also [33],
[34], [5]). Hence Lemma 2.2 also holds for (1.7).

O

The following lemma gives information about the dependence of w;s on

and provides some identities.

Lemma 2.3. (1) ws is C* in 4,

(2) As § — b.,ws(y) — t2(d4) /v, in CL(R").
(8) The following identities hold:
w} 20w}

L = — 2.11
o1s 1+ 0w? (14 d6w?)?’ (2.11)
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dws wi
L = 2.12
“do  (1+ouw?)? (2.12)
Ls(y - Vws) = 2 [ ws — s (2.13)
dw5 1
L 20— + =y - = 2.14
s(ws + 20 75 T oY ws) = w;, (2.14)
dws w}

L 2 = . 2.1

s(ws + 26 T ) T (2.15)

Proof: (1) follows from the uniqueness of ws given in Lemma 2.2.
To prove (2), we note that ws < t2(6)/v/d and hence, as § — 6,,w;s

approaches in CZ.(R™) a solution of the equation

2

Au —u + 0, yeR", u=u(ly|)

1+ 0,u?
which admits only constant solutions. That constant must be t5(d,)/v/d,
since w;(0) — t2(6.)/v/9,. This proves (2).

The first two identities (2.11) and (2.12) follow from direct computations
and the third one (2.13) follows from Pohozaev’s identity. (2.14) — (2.15)
follow from (2.11) — (2.14).

U

Now we can consider the following algebraic equation:

kozé(/Rnwg(y)de. (2.16)

Lemma 2.4. For each fized ky > 0, there exists a 0 € (0,0.) such that (2.16)
holds.

Proof: Let 5(8) = 0 ([ w2(y) dy)’.

Certainly, ((§) is a continuous function of § and $(0) = 0. Now we
consider the asymptotic behavior of ws as § — J,. By Lemma 2.3 (2), as
§ — b, ws(|y]) — t2(6.) /0, in CE(R™). Thus we have

B(0) =0, [B(5) — 00 as § — Os. (2.17)

By the mean-value theorem, for each kg € (0,400), there exists a § € (0, J,)
such that 5(d) = k.
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O
Remark 2.1: The uniqueness of 9 is unclear. To show uniqueness, we have

to compute

le?: VR w2(y )dy+45/ wady]/ w3 (y) dy.

(2.18)
We claim that
Lemma 2.5.
d
/ w(;ﬂ dyl >0 (2.19)
§=0
Proof: By (2.12) and (2.14), we have
dw
/ w5 5 = /R" wOLgl(wg) dy
§=0
] /Rnwg@alwo)dy: (-2) [ k>0
O

So, at least for k small, the solution to (2.16) is unique. We conjecture that
Lemma 2.5 holds for any § € (0,0,). This is true for the one-dimensional

case:
Lemma 2.6. Suppose that n = 1. For any 0 € (0,6,), we have
d 2
— d 0. 2.20
do (/R o y) g (2:20)
The proof of Lemma 2.6 is technical and is left to Appendix B.

3. STABILITY

Let (A, &) be the solution given in Theorems 1.1 and 1.2. We now consider
the (linear) stability of (A, &.). We then have

2 24,0 2k A3 Az _
SO kA et kaTE @R T
- |Q|/A€gbdx AN, (3.2)

where (¢,n) € H*(Q) x R.
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Assume first that 7 = 0. Then
2
= — [ Apdzx. 3.3
1=y J, A0t (33)

Substituting (3.3) into (3.1), we obtain the following nonlocal eigenvalue
problem after the same re-scaling as above and after taking the limit for

e —0:

Qwsb 20wy 2 [pvwspdy  wi
Af ¢+1+5w§ (I+o0wf)?  [rewidy 1+5w§_m (3.4)

The purpose of this section is to give a thorough study of (3.4). The

following is the main theorem:

Theorem 3.1. Assume that § € [0, 04), where d,. > 0 is such that

w

Ops = sup {6 S (075*) ’/R wsdd

Assume also that n < 3. Then for all nonzero eigenvalues \ of (3.4), we

> >0, forse€ (0,5)} : (3.5)

S

must have Re(\) < —co < 0 for some ¢y > 0.

Remark 3.1: By Lemma 2.5, §,, > 0. By Lemma 2.6, ,, = d, when n = 1.

So we arrive at the following corollary.

Corollary 3.2. Let n = 1. Then for all nonzero eigenvalues A of (3.4), we
must have Re(\) < —cy < 0 for some ¢y > 0.

We now prove Theorem 3.1. This will be proved by a continuation method.
We begin with 6 = 0. When 6 = 0, Theorem 3.1 has been proved in [42] and
it follows from the following key inequality:

Lemma 3.3. (Lemma 5.1 of [42]). Assume that n < 3. Then we have

2 [rn wogo dy |, nw%dy
v 2 2_2 2 2 d R R 0
J (V9P + 1617 = 2uflof) dy + =25
. Wod dy)?
_ W /Rn U)g dy 2 CldL2<¢,X1), (36)
RrRn Wo
where 5
Xl = § Wo, ﬂv j = 17 N
y;

and d2 is the L?-distance.
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Proof of Theorem 3.1:

Suppose that 0 € [0, §,x).

We use the continuation method to prove Theorem 3.1. We will find a
suitable quadratic functional and show its positivity by varying 9.

We first note that we may restrict ¢ to a space of radially symmetric
functions. (This follows by the same argument as in [6] and [51].) So we

may assume that

¢ € HY(R") = H*(R") N {o(y) = o(|y|)}-
To begin with, we multiply (3.4) by ¢ — the conjugate function of ¢ and

obtain

Qslom, on] + Qslor or) = =X [ | dy, (37)

where

2wiu? 20wiu? )d (3.5)

— V 2 2

Qslu, ] /R” (l uf +u 1+ dw? + (1 + dw3)?
[rn wsu dy wiu
Jrn w3 (y)dy Jro 1+ dw?
and ¢r = Re(¢), ¢y = Im(¢) are the real and the imaginary parts of ¢,

+2

dy

respectively.
Therefore, to prove Theorem 3.1, it is enough to show that ()5 is positive

definite. We re-write (s as follows:

Qslu, u] = —(Lsu,u),

where
2w; 20w3 Jpn wsu dy w?
Lsu = Au — — — : d
AT S T (ol T wd(y)dy T+ owg
2
w; / wiu
e dy. 3.9
Jrnw3(y)dy Jre 14 dw? Y (3:9)

Clearly,

Qs is positive definite <= L5 has negative spectrum only.
(3.10)

(3.6) implies that the principal eigenvalue of L; is negative for § = 0. We

now continue in . Assume that at some point § € (0,4,), the principal
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eigenvalue of L5 becomes zero. That is, there exists a function ¢ € H?(R")

such that
Lsp = 0. (3.11)

We re-write (3.11) as

_ Jrnwsddy w; / w3 d Ws
R

Lsh = :
9 [rnwidy 1+ dw? n 1+ w3 yfRnwgdyj

and, applying L; * (which exists by Lemma 2.2) on both sides of the equation,
b= Jrn w5 dy = w? +/ wie ay L "ws |
Jrn widy "1+ ow? re 1+ 0w? 7 [ widy (

Let A = [pn. ws¢ dy and Then (3.12) implies

3.12)

1 w?
4 Jpn wsLs ﬁ dyA N Jgm w(;Lglw(; dy
Jrn w3 dy Jrn w3 dy
’ll)2 — ’11)2 ’ll)2 —
B__L%1+£%Lag+£§dy LmiiﬁgLa%%dy (3.13)
Jrn wg dy Jrn wg dy

Observe that A%+ B? # 0 as otherwise Ls¢) = 0 and ¢ € Kernel(Ls) which
is impossible by Lemma 2.2 since ¢ € H?(R").
From (3.13), we have

1 w?
fR" 'U}(;L(; 1+5iv§ dy _ fR” w(gL(;_lw(; dy
fR" wg dy / wg dy 0
Rr =0,
w2 1 w? w2 1
_fR" 1+5i)§ L6 1.,_5(;,% dy B fR" ﬁLé Ws d?/ (3'14)
S w§ dy S w3 dy

which is equivalent to

w2 1 2
Jrr 1+5w§L6 ws dy

1
Jrn w§ dy

—-1</'wL4wd> / S WL A
(i w2 dy)? \Jrr ole 10 CY re 1+ 0w? ° 14 ow? Y _(3"15)
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Now we simplify (3.15). We make use of the identities (2.11)—(2.15) in

Lemma 2.3 and obtain
2 2

dw5
L; _/ L: —/ 2520
/Rn1+5 5 wady wass 1+5w6dy oW+ 20°05) dy

d
= / w3 dy + 25/ w(;ﬁ dy, (3.16)
d
/ w(;L(S_lw(;dy :/ w5+25ﬂ + y Vuws | dy
(1 - ) / w3 dy + 2(5/ w(g— dy, (3.17)
/ Wiy W W (2528 4
re 1+ 0w? 0 1+ dw? V= rr 1+ dwj ’ do Y
w; w?  dwg
_ S dy +20 0 3.18
rr 1+ 0w} y+2 Re 14 0w? db (3.18)

Multiplying (2.13) by d;’gs, using (2.12), and integrating, we obtain

wi  dws dws / wj ( 1 )
——dy — ——dy = ———s |~y d

/Rn 1+ dw? dé Y7 e a5 YT g (1+ dw3)? 2Y Vs ) dy

or
w3 dwg dw /
dy = el )d
where
ws 85 d
5(1s) _/0 (1+os2)2 ™™

Let

dw5 n ) dws

3

wy
X(/Rn1+5 dy+n(5/ vs(ws dy+25/ wgdy>

3

dws n w;
:—25/ aws (1—) 2 d 5/ d
e do y( ) Jan W o Torguz W10 [ 20(w0n) dy

3
—(1-2 2 .
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Hence (3.15) becomes
h(8) = 0. (3.21)

But observe that for 0 < § < §,, we have h(d) < 0. Hence, § > 0., which
is a contradiction to our assumption that § € [0, d..).
This finishes the proof of Theorem 3.1.
O
Remark 3.2:
1). From the proof of Theorem 3.1, we see that the number d,, can be

replaced by
Jusx = sup{d € (0,0¢) : h(s) <0, s€(0,0)}. (3.22)

2). Let us give another sufficient condition for stability. Note that

3
Ws 2 2 2
d:/ d/ d / dy.
/Rn1+5w§ y= ., Wyt Rn|vw5| Y= ). W

(3.23)
So
(1= %) Jin w3 dy (fRn itz Ay + Jpy n675(ws) dy)

,wS
= %) S w3 dy + [ iz Ay + Sy 0075 (w5) dy

(1=%) frmwidy  4—n

(2_2) - 8—nJre

Therefore, in order that h(d) < 0, it suffices to have

w3 dy.

/ w? dy + 25/ w5 dy > 0. (3.24)

Thus, if we define

4 — dws
5****:sup{§€(0,5*) : 8_Z/Rnw§dy—|—28/}%nwsd—idy>0, 36(0,5);)

then Theorem 3.1 holds true for 0 € (0, 0y )-

4. PROOF OF THEOREM 1.1 AND THEOREM 1.2

In this section, we prove both Theorems 1.1 and 1.2.
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We first consider existence of solutions to (1.6). By the scaling
1
A= S [ et 41
o, ¢ = [ e (1)

it is easy to see that (1.6) is equivalent to the following two equations:

62Au—u—|—1f%:0,u>0, in €2, (4.2)
% =0 on 09,
and
5(26_"/ u?)? = k. = dke 2"|Q 2 (4.3)
Q

By assumption (1.11), lime o k. = ko € [0,4+00). By Lemma 2.4, there
exists a d; € (0,d,) such that

01 (/Rn w3, dy>2 = ko. (4.4)

Observe that ws is uniformly bounded in H*(R™) for § € (0,4;) (the bound
may depend on ¢y).

Fox each fixed 6 € (0,07), by Lemma 2.2, ws is nondegenerate. Then
Theorem 1.1 of [45] and Theorem 1.1 of [43] (see also Theorem 4.5 of [4])
imply that for e sufficiently small, problem (4.2) admits a single boundary
spike solution, u. s which is unique and nondegenerate and possesses a unique
local maximum point (). s which converges to Qo as ¢ — 0. (In the one-
dimensional case, this follows from the implicit function theorem. In higher
dimension, we have to use Liapunov-Schmidt reduction.)

It remains to solve the following algebraic equation:

B.(5) = § (26“ /Q u2, dx>2 k.. (4.5)
Since, 3(0) = 0 and, lim_ 3:(6) — B(0) = 6(/p» w3 dy)*. (The conver-

gence is uniform in § € (0,6;).) So lime_q Be(01) — 81 (fpn w3,)* = ko. Since
U s 1S unique, (. is a continuous function of 4. By the mean-value theorem,
for k. € (0, kg), there exists a d. € (0,d1) such that 5.(0.) = k.. (0 may not
be unique.) Since ky € [0,00) may be chosen arbitrarily we get a solution
for any k. € [0, 00).

Then the solution A, = e, , & = (ﬁ Ja u256 dm)_l satisfies the proper-

ties in Theorems 1.1 and 1.2.
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This finishes the existence part.
Concerning stability of (A, &), we have to study the following eigenvalue

problem:

2A, 2k A2 A2 _ .
S0 — b+ (it — eiiim) O~ ariom e = Ade in O
e + iy Jo(2Ac00) d = TAM, (4.6)

We follow the method in [42] and consider two cases. In Case 1, we assume
that A — Ao € C and \g # 0. (These are the so-called large eigenvalues.)
Then similar to [42], A\ satisfies

2w w3 2 w? W W
A¢o—¢o+< 5 5 >¢0_ 5 Jrowso

= Ao%o-

1+dw?  (1+ dw?)? L+7X 14 0w} [pw? (4.7)

By Theorem 3.1, for n < 3 and ¢ € (0, d..), problem (4.7) is stable for 7 small,
i.e., for all eigenvalues of (4.7) with Ay # 0 we must have Re(\g) < —cy <0
for some ¢y > 0. In the one-dimensional case, by Corollary 3.2, we can take
04+ = 0,. This shows that the large eigenvalues are all stable.

It remains to consider Case 2, A — 0. We call these eigenvalues small
eigenvalues. Note that in the one-dimensional case, A, is bounded away
from zero. So we just need to consider the higher dimensional case. In this
situation, the proof is exactly the same as in the proof of Theorem 1.3 of
[42]. We omit the details.

This finishes the stability part.

O
APPENDIX A: PROOF OF LEMMA 2.1
Proof: The conditions (gl)- (g3) are easy to verify. (Here b = t,(d),c =
t5(d).) We only consider (g4).
We first compute p. By definition, there exists an uy > b such that
g(uo) = g (uo) (uo — p) (4.8)

and

/

(9(w) = g (@)(u~ p)) lumuy = 0. (4.9)
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(4.9) implies that ¢" (ug) = 0 and therefore uy = \/g By (4.8), we calculate
1
P53 —svo
If & > p, we are done. (This is the case when ¢ is close to d..)
Suppose that 8 < p. We need to calculate
u(— \/_ 0+ 1+ug)g)
Kgy(u) = :

It is instructive to introduce ¢ = arctanu. Then it follows by straightforward

computations that
sin(4t)

Ko(u) =1+ 2(—2v/5 + sin(2¢))

= K, (t).

We then compute
d (R (1)) = —8v/0 — 4sin®(2t) 4 1619 sin?(2t)
dt 2(—2v/6 + sin(2t))?
Since § < 4, it is easy to see that %(Kg(t)) < 0 and hence £ (K (u)) < 0.

This implies that K,(u) is nonincreasing in (b, ¢). Moreover

K, (u) < K,(0) =1, for u € (0,b)
but (1)
u(l —u
K,(p)=1+
o(p) u(1+u?) — Vo(1 + u2)?
Hence Ky(u) < Ky(p) for u € (0,b) U (p, ¢).
This shows that (g4) holds.

APPENDIX B: PROOF OF LEMMA 2.6

Proof:
We assume that n = 1. Then (1.7) becomes an ODE and it is easy to see
that

—\/w§ — 2F (6, ws),

where )

t s 1 1
F((S, t) = /0 mds = g(t — % arCtan(\/St)).



GIERER-MEINHARDT SYSTEM 19

Let t5 > 0 be the unique solution of

2 —2F(0,t5) =0, t; > 0.

Thus
+oo t +2dt
/w?dy:2/ u;?dyz?/ls
R! 0 0 /2 —2F(4,1)
1 3/ sds
::7n,§/"444444477 (4.10)
20 oy n—p(s)
where
t — arctan(?
p@)==t2(), n=v0/2, and v =~y
is the unique solution of
p(v) =n,v <t
(given after (2.6)).
It is easy to compute that
’ 1 2p
)=—— -
PO =1
” 2t 2 6p
t) =— — —. 4.11
O i R T e S (4-11)
We first claim that
p(t)<0 for 0<t<t,. (4.12)
In fact, from (4.11), we see that (4.12) is equivalent to
t° t3
B(t) := + — 3(t — arctan(t)) > 0. (4.13)

(14+12)2 1412
It is easy to see that £(0) = 0 and
: t4(3 — 12
gi="12
(1412)

for t < t, < /3. Hence 3(t) > 0 for t < t,. (4.13) is thus proved.
From (4.12), it is easy to prove that

>0

’

p(t)>0, and tp(t) < p(t) for 0 <t <t,. (4.14)
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We now re-write the integral in (4.10):

/ / cos(0) sin(0)do (4.15)
V7 V(1) = ply cos(9))
Since Z—Z = (7), by differentiating (4.15) and after some simple computa-

tions, we obtain that

d o 3 cos(#) sin(0)
a w?) =2 1/25-7/4 =1 (v cos(0))db|,
do (/R1 ) 7/0 {(p(v) — p(ycos(d)))? reost?) 4.16)

where I(t) is given by

10 = 208 - 2 o) i) = 750000 - 00

Certainly, I(y) = 0. We now compute

By (4.12) and (4.14), we deduce that
I'(t) <0, for 0 <t <~.
Thus I(t) > I(y) =0 for t € (0,7), which implies that by (4.16),

d
M(/}ﬂw?dy) >0
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