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STABILITY OF MONOTONE SOLUTIONS FOR THE
SHADOW GIERER-MEINHARDT SYSTEM WITH FINITE
DIFFUSIVITY

JUNCHENG WEI AND MATTHIAS WINTER

ABSTRACT. We consider the following shadow system of the Gierer-
Meinhardt model:
A=Ay — A+ 45, 0<z <1, t>0,
TE = €46 [ A,
A>0, A.(0,t) = Az (1,t) =0,
where 1 < p < 400, % >s+1,5>0,and 7 > 0. It is known that a
nontrivial monotone steady-state solution exists if and only if
p—1
pat

€<

In this paper, we show that for any e < ‘/pTTl, and p = 2 or p = 3,
there exists a unique 7. > 0 such that for 7 < 7. this steady state is
linearly stable while for 7 > 7. it is linearly unstable. (This result is
optimal.) The transversality of this Hopf bifurcation is proven. Other
cases for the exponents as well as extensions to higher dimensions are also
considered. Our proof makes use of functional analysis and the properties

of Weierstrass functions and elliptic integrals.

1. INTRODUCTION

The Gierer-Meinhardt system has been very popular for the theoretical
investigation of pattern formation in living organisms. Following the anal-
ysis of Turing [17] a lot of work has been established in studying the linear
stability of trivial (constant) steady states. Recently there have been many
studies on patterns for singularly perturbed systems for which one of the
diffusivities is very small and the solutions concentrate at finitely many

points of the domain, either for the shadow system or for the full system. In
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this paper we do not make this smallness assumption. Rather we give a com-
plete picture of the stability behavior of the shadow system in terms of the
parameters 7 and € but under more restrictive conditions on the exponents
in the system.

We study monotone solutions for the following shadow system of the

generalized Gierer-Meinhardt system ([6], [11]):

Ay=@AA-A+ 4, ©e€Q, t>0,
TE = —E+ f_s‘ﬁll Jo A" dx, (1.1)
A>0 %4=0 onoQ,

v

where € > 0,7 > 0 are positive constants, A := 3, 88722 is the usual Laplace

operator, Q C RY is a bounded and smooth domain, and the exponents

(p,q, 7, s) satisfy the following condition:

(HO) PRl a>0 >0 520 yis a > 1.

p—1)(s+1)

In the original Gierer-Meinhardt system [6], we have (p, ¢, r, s) = (2,1,2,0)
and (HO) holds.
Problem (1.1) can be derived by formally taking D — +o0 in the following

generalized Gierer-Meinhardt system:

A=EANA—A+ 45 inQ,

(GM) TH, = DAH — H + 7, in Q,
A,H>0,§%:%’j:0 on 0f).

The unknowns A = A(z,t) and H = H(x,t) represent the concentrations
of the activator and inhibitor, respectively. For the derivation of (1.1) from
(GM), we refer the interested reader to [12], [14], [15], [18] for more details.

In this paper, we consider the case N = 1. (In the last section, some
extensions to higher dimensions are discussed.) Without loss of generality,
we may assume that 0 = (0,1). That is, we consider

At:ezAm—AJrg, O<z<l1, t>0,

T = —E4E7° fol A" dx, (1.2)
A>0, A, 0,t)=A,(1,t)=0.
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The steady-state problem of (1.2) is equivalent to the following problem
for the transformed function u, given by u(z) = £ 71 A(z):

q

. 1
éfl-l—s—p_1 — / UT(l‘)dl‘
0

and

Uy —u+uP =0, uz(x) < 0,0 <z <1, u,(0) = u,(1) = 0.
(1.3)

Letting

L=

a |

(1.4)

and rescaling u(x) = wr(y), where y = Lz, we see that wy, satisfies the
following ODE:

wy, —wy, +wh =0, w;(y) <0,0<y< L, w,(0) =w,(L)=0.
(1.5)
Since (1.5) is an autonomous ODE, it is easy to see that a nontrivial

solution exists if and only if

—1
pﬁ (or L> ;—1)' (1.6)

€<

If e > ¥2=L (or L < 7= ); then wy = 1.

The stability of steady-state solutions to (1.2) has been a subject of study

in the last few years. A recent result of [13] (see Theorem 1.1 of [13]) says that
a stable solution to (1.2) must be asymptotically monotone. More precisely,
if (A(z,t),&(t)),t > 0 is a solution to (1.2) that is linearly neutrally stable,
then there is a ty > 0 such that

Ay (z,tg) # 0 for all (z,t) € (0,1) x [tg, +00). (1.7)

Thus all non-monotone steady-state solutions are linearly unstable. There-
fore we focus our attention on monotone solutions. There are two monotone
solutions — the monotone increasing one and the monotone decreasing one.
Since these two solutions differ by reflection, we consider the monotone de-

creasing function only. This solution is then called u. and it has the least



4 JUNCHENG WEI AND MATTHIAS WINTER

energy among all positive solutions of (1.3), see [15]. If L < \/Z%, then
wy, = 1. We also denote the corresponding solutions to (1.2) by
4 1+squf

Ap(x) = €8 Twp(La), €7 = /0 wh (La)da. (1.8)

In [14] and [15], it is proved that under the assumption that € is suffi-

ciently small (or, equivalently, that L is sufficiently large) that |25 — s —1
is small, and that either r = 2,1 < p < 5 or r = p+ 1, then (A,&) is
linearly stable for 7 small. The authors use the SLEP (singular limit eigen-
value problem) approach. In [18], it is proved that for € sufficiently small,

and
eitherr =2, 1 <p <5, orr=p+1,1<p<+o0 (1.9)

then wu, is linearly stable for 7 small. The NLEP (nonlocal eigenvalue prob-
lem) approach is used.

An interesting and important question is the following: Are such stability
results valid for finite € or finite L, respectively without the above smallness
or largeness assumption? This is of practical importance since in real-world
experiments one has fixed physical constants and one can not make such
a smallness assumption. Thus this present theory is helpful in predicting
experimental results. The main purpose of this paper is to investigate this
question. It turns out in some cases we are able to study stability for all
finite € (or L) and give a complete picture of the stability behavior.

Before stating our results, we first introduce some notation. Let I = (0, L)
and ¢ € H?(I). We define the following operator:

L[] =¢" —¢+puwh o, (1.10)
In Section 2, we shall prove that £ has the spectrum
A >0, A\<0,j=23 ... (1.11)
Hence for the map £ from H?*(I) to L*(I) we know that
(H1) L' exists,

where £7! is the inverse of £. This implies that £ 1w, is well-defined.

Our first result is the following theorem.
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Theorem 1.1. Let (H0) be true. Assume that L > -2 and either

=T

r=2 (1.12)
and

L

(H2) / wrL  wp dy >0

0

or
r=p+1. (1.13)

Then (Ar,&L) (given by (1.8) is a linearly stable steady state to (1.2) for

T small.

This theorem reduces the issue of stability to the computation of the in-
tegral fOL wr L7 wy, dy. This integral is quite difficult to compute for general
L. In the two limiting cases: L — +o00 or L ~ \/%, one can use asymptotic
analysis to compute this integral (see Lemma 2.2 below). If L is sufficiently
large (which is equivalent to € being sufficiently small), one can show that
(H2) holds, i.e. ffwrL wydy >0, for 1 <p<5and [fw L wpdy <0
for p > 5. Thus Theorem 1.1 recovers results of [14] and [18]. In the second

T 1

case, it is easy to show that when L is near Nt then wy, ~ 1, L7 wy, ~ Pt

and hence fOL wr L wy, dy > 0. This implies that for r = 2, and for any

p > 1, there exists some L, > 7= such that (Ag, &) is stable for L < L,,.

This is a new result.

For 7 finite, we have the following theorem.

Theorem 1.2. Let (H0) and (H2) be true. Let r =2 and L > 71 Then

there exists a unique 7. > 0 such that for 7 < 7., (Ar,&L) is stable and for

T > 7., (AL, &L) is unstable. AtT = 7., there exists a unique Hopf bifurcation.
Furthermore, the Hopf bifurcation is transversal, namely, we have
dAr
dr
where Ag 1s the real part of the eigenvalue.

s, > 0, (1.14)

The following theorem follows from Theorem 1.2 by the results in Section
2 where one uses Weierstrass p(z) functions and Jacobi elliptic integrals to

show that [“w, L~ wy dy > 0 for all L > 7 in the cases r = 2, p = 2, 3.
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The original Gierer-Meinhardt system ((p,q,7,s) = (2,1,2,0))) falls into
this class. Thus for the shadow system of the original Gierer-Meinhardt
system, we have a complete picture of the stability of (A, &) for any 7 > 0
and any L > 0. The result is included in the following theorem.

Theorem 1.3. Let (HO) be true. Assume that L > g ondr =2, p =2

or 3. Then there exists a unique 7. > 0 such that for T < 1., (Ar,&L) is

stable and for T > 1., (Ar,&L) is unstable. At T = 1., there exists a Hopf

bifurcation. Furthermore, the Hopf bifurcation is transversal.

Theorem 1.3 gives a complete picture of the stability of nontrivial mono-

T

tone solutions in terms of L since for L < 7T We necessarily have wy, = 1.

Combining this with the results of [13], we have completely classified stabil-
ity and instability of all steady-state solutions for all € > 0 for the shadow
system of the classical Gierer-Meinhardt system.

We remark that standard singular perturbation techniques which work for
small € can not be used here since € is finite and not necessarily small. The
hypergeometric function approach of [5] does not work here, either. Our
rigorous approach is based on functional analysis and PDE estimates. We
follow the approaches used in [18], [22], [23]. (Technically speaking, we have
to analyze wy, instead of ws, which is more difficult).

For the existence and stability of multiple spikes for finite inhibitor diffu-
sivity D and small €, we refer to [7], [16], [20], [21], [22] and the references
therein. We recall that in the current work we study the complementary
case of finite € and infinite D.

In the last section, we shall discuss some extensions to higher dimensions,
in particular about the relevance and validity of the conditions (HO), (H1),
and (H2).

The organization of this paper is as follows:

In Section 2, we discuss some properties of wy. In particular, we calculate
the integral fOL wr L wy dy for p =2 and p = 3.

In Section 3, we derive a nonlocal eigenvalue problem and prove Theorem
1.1 in the case r =p + 1.

In Section 4, we prove Theorem 1.1 in the case r = 2.
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Theorem 1.2 is proved in Sections 5 and 6: The Hopf bifurcation for finite
7 is discussed in Section 5. The transversality of the Hopf bifurcation is
proved in Section 6.

Section 7 contains some extensions to higher dimensions.
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2. SOME PROPERTIES OF wy,

In this section, we use Weierstrass functions and elliptic integrals to study

the properties of w;, — the unique solution of the following ODE:

wy —wp, +wh =0, w(0) =wy (L) =0, wy(y) <0 for 0 <y < L.

(2.1)
Recall that
Lol =¢" — ¢+ pui ¢
We first have
Lemma 2.1. Consider the following eigenvalue problem:
LOo=Np, 0<y<]L,
) / 2.2
{¢<0>=¢<L>=0. 22
Then the eigenvalues can be arranged in such a way that
A >0, N <0,7=2,3,.... (2.3)

Moreover, the eigenfunction corresponding to Ay (denoted by ®1) can be

made positive.

Proof: Let the eigenvalues of £ be arranged by A\; > Ay > .... It is well-
known that A\; > Ay and that the eigenfunction ®; corresponding to A; is
positive. Moreover,

L 4 1
- (/0 (162 + 6% — pui- ¢2>dy) (2.4)

[ 62 dy=1
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L L
< (/0 widy> (/0 (Jwg[* +wi —pwilwi)dy> <0.

Next we claim that Ay < 0. This follows from a classical argument (see

-1

Theorem 2.11 of [10]). For the sake of completeness, we include a proof here.

By the variational characterization of A9, we have

Jy (0 +¢* —puwi ") dy Lo
[ Ji 0% dy A _@915

On the other hand, w; has least energy, that is

— A2 = sup inf
veHL(I) $EH(I),0£0

Elwi) = u;_o,igﬂu) Elul
where .
Jo (u'[* 4+ u?) dy
Bl = o) dy
(fO up+1 dy) p+1
Let

h(t) = Elwy, +t¢], ¢ < H'(I).

Then h(t) attains its minimum at ¢ = 1 and hence

h"(O):?[/ (161 + ¢*) dy — p/ w6 dy +2(Lpflcgy)]

1
X > 0.
1 2/(p+1) —
(Jo" wi "™ dy)

By (2.5), we see that

d
—X > inf [/O (6> + ¢%) dy — p/ wh ¢ dy +2(Lpfl§y)]

L
J: o dwh dy=0

1
( g ) = 0.

Finally, we claim that Ay < 0. But this follows from the proof of uniqueness

of wg, see [9].
O
By Lemma 2.1, £~} exists and hence £~ wy, is well-defined. Our next goal
in this section is to compute the integral fOL wr, L7 wy, dy. We begin with the

following simple lemma, whose proof follows from a perturbation argument.



SHADOW GIERER-MEINHARDT SYSTEM 9

Lemma 2.2. We have

L s

lim wi L fwp dy = ———, 2.6
L— ;—71 0 L L y (p_l)% ( )
I /L L Vwy d S /oo 2 g (2.7)

im w w =(— == w :

Lo Jo L Lay p— 1 4 0 o Y,
where Weo(y) is the unique solution of
w —w4+uw”=0,w(0)=0,w(y) <0, wy)>0,0<y< +oo.

(2.8)

For general p, it is quite difficult to compute fOL wr, L7 wy, dy. However, if
p = 2 or p = 3, this is possible by using elliptic integrals.
We first state the following theorem.

Lemma 2.3. Let p = 2. Then we have
L
/ wp L wp, dy >0
0
for all L > .

Before we prove Lemma 2.3, let us first write wy, in terms of Weierstrass
functions. For the definitions and properties of Weierstrass functions, we
refer the reader to [1].

Now we assume that p = 2. Let w;(0) = M, wy(L) = m.

JFrom (2.1), we have

/ 2 2
(w;)? = w? — gw% — M? + §M3 (2.9)
and
2, 2 3 2, 203
—-m —l—gm =-M +§M. (2.10)
JFrom (2.10), we deduce that
Mm 3
=M ——. 2.11
M +m m 2 (2.11)
Now let
1 1
W= ——wp + —. (2.12)
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Then, by simple computations, w satisfies the following equation:

~

(w/>2 = 40% — goh — g3 = 4(W — e1) (D — e3)(W — e3),

(2.13)
where
1 1 1 2 .

1 _ b e Md) 2.14
#2710 BT o1 36( NN (2.14)

1 1 1 1 1 1

61:6(M+m)—6, egz—gm‘l—ﬁ, 63:_6M+ﬁ

(2.15)

Recalling the definition of the Weierstrass function p(z) (see [1]), we get

w(x) = p(z + o; g2, g3) (2.16)

for some constant a. We omit the dependence of p on g, and gs.

Then we have

p(fi)=ei,p(fi)=0,i=1,2,3, fi+ fo+ f3 =0. (2.17)

Thus we obtain that

w(z) =p(fs+x), L=fi (2.18)

Let us also recall the Weierstrass function ((z):

o) =2~ [ (st~ 5 ) du

C ('LL) = _p(u)7 C(ﬁ) = 1, L= 172737 m +ne+n3 = 0.

which satisfies

(2.19)

Now we compute

/%w@Mx:/ﬁmﬁ+xmx=—dw@2ZC@ﬁ+ﬂh)
0 0 (2.20)

= —((f1) = —¢(L).
This implies that

L L L 1 L
/ w? dy :/ dey:/ <—6w+ ) dy = 6C(L) + =.
0 0 0 2 2 (2.21)
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Using the formulas on page 649 of [1], we have

c() = "m0 + k-2 0), (2.22)
(2 - KK (h)
€1 = —"%73
3L?
o (2k — 1)K*(k)
2 372 ;
o — —(k+ 1)K?(k)
°T 3L2 ’
where e, e5 and e3 are defined by (2.15) and satisfy
€162 + €263 + €163 = —i92 = _4187

and F(k) and K (k) are Jacobi elliptic integrals:

T e 1
E(k) = / J1 = k2sin? pdp,  K(k) = / di.
0 0

1 — k2sin? @

Thus we obtain the following relation between k£ and L:
L=2(k*—k+1)iK(k). (2.23)
JFrom (2.23), we compute that (dropping the argument k of K):
dL  4K*((2k — 1)K* +4KK'(k* — k+ 1))
dk L3
Equation (2.23) determines k as a function of L uniquely if we choose L > .

. (2.24)

Moreover, % > (0 and

(2k — 1)K + 4K (k> — k4 1) > 0. (2.25)

We are now ready to prove Lemma 2.3.
Proof of Lemma 2.3:
Let us denote ¢y, = L~ w;. That is, ¢, satisfies

¢p — ¢r + 2wrop =wp, ¢(0) = ¢ (L) = 0.

Set
1
O, = wr + §wa(y) + 0. (2.26)

Then ¥(y) satisfies
U — U+ 2w, U =0,
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T'(0)=0, U(L)= —;ng(L). (2.27)

On the other hand, let ¥y = %. Then U satisfies
Uy — Wy + 2w, ¥, = 0, (2.28)
Wy(0) =1, W, (0) = 0.

Integrating (2.28), we have

W, (L) = ; 8wL dy 2/ wLawL

d L 9 9 dL
== (/0 (wp, — w}) dy> — (wa (D) —w (L)) =
Using the equation for wy, we have [ (wy — w?)dy = 0. Thus we obtain
/ dL

o(L) = =(wr(L) = wi(L) 7 (2.29)

Comparing (2.27) and (2.29), we derive the following important relation:
1L

U(x) = 5L Uy(x). (2.30)
aM

Hence, we have

L L 1,
/OwL¢Ldy:/0 <wL+2?JwL+‘I’>dey

3, 1, L(dL\ " f&

(2.31)
On the other hand,
/ wL\IJOdy —/ wLawL
_la [, 1, dL
= 5ant Jy v 3uB)oy
_1)d b 9 dL
== E/o w} dy —wi(L)] S (2.32)

Substituting (2.32) into (2.31), we obtain that

/ngdey—4/ dey+4L /dey (2.33)

L2d (,
T4 dL(L/dey>
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We now compute, using the formulas (2.21) and (2.23),

L L IA
L3/0 w? dy = L3/0 wy dy = 2L°K[3E + (k — 2)K] + —-

=8Vk2—k+1K*BE+ (k—2+Vk2—k+1)K]. (2.34)
If 2k — 1 > 0, it is easy to see that
1d (5% ,

If 2k —1 < 0, we have to use the inequality (2.25) and the following formulas:

dK E—-(k)’K dE E-K

dk k()2 7 dk k]
where k' = /1 — k2, and obtain:
1d L d
—— <L3/ w%) = %[\/k2 —k+1K°[3E + pp K]

0

dK dE  dpy Ak 21
=VEk2 —k+1K?|9—E+3K LK Ap K ——
* 9dk LR R T L T Ty

dk dk  4(k?—k+1 dk

[ d(EK dK 2% — 1 dK
_vig—hr ikt |3 ER) g ( + )K> 4= (B4ppK)

dk 2(k2 —k+1)
where pp, = k—2++Vk? — k + 1. Each term in the above equality is positive.

The proof consists of elementary calculus and thus omitted.

d 2k —1
+VEk2 —k+ K{ (pkK+(2E+pkK)>

This finishes the proof of the lemma.

Our next case is p = 3. We have
Lemma 2.4. Assume that p = 3. Then
L
/ wp L wy, dy > 0.
0

Proof: By using a similar approach as in Lemma 2.3, we have in the case

p =3,
" Ly d L d L d
/OwL wy, y_i/o w} y+4 dL(/ w} y) (235

K[3E+p:K]
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4dL ( / dey)

In terms of elliptic integrals, we have

L=4/1- k;K(k:), (2.36)

L/OL w? dy = E(k)K (k). (2.37)

Then we can compute that

5 -1
2 ((1 = EYE?
LY A UV ST SR
dL 2 k(k')? k

and

This shows that

d L, _d(EK)dk:
dL(L/o dey>— I E>O

Remark: In general, let w;, be the unique solution of

wy, —wy +w? = 0,w,(0) =w, (L) =0,w,(y) <0 for 0 <y <L,
(2.38)

then similar computations as in Lemma 2.3 give the following formulas:

/OLwLﬁledy:<— >/ dey+4LdL </ dey>

(2.39)

and
d (X . 1 d gt
R - d = —— 2d / d
L(/o wik y) p—1dL Jo " y+4 dL2< v y)

The main problem now is that we do not have an explicit formula for fo w? dy

(2.40)

for general p. Numerical computation is indispensable.
We put forward the following conjecture which is supported by numerical
computations.

Conjecture: The function fOL wr L7 wy, dy is monotone decreasing in L.
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If the conjecture holds, as a consequence there exists a unique L, (which

may be 0o) such that

L L
/ wrL 'wp dy > 0 for L < L, and / wrL Mwp dy < 0 for L > L,.
0 0

3. NONLOCAL EIGENVALUE PROBLEMS

We linearize (1.2) around the solution (Ag, &), where

_ar_ 1
T _ / wh (L) dz. (3.1)
0

It is easy to see that we arrive at the following eigenvalue problem:

_q 1+s
Ap = &rTwp(Lx), €L+

Edra — ¢+ put o — qnérT T b = Ao, (3.2)

—s—1+ qr 1 78+q(7ﬂ71) 1
—n —sn&; Pt / widr +rg, P / wi g dr = 7.
0 0

We also rescale:

y = Lx. (3.3)

Solving the second equation for 1 and substituting into the equation for ¢,

we arrive at the following nonlocal eigenvalue problem (NLEP):

L r—1
d
bW 0. gy 0,L),

¢ —¢+puwh o

¢'(0)=¢ (L) =0
and
A=A rg+V-1A €C (3.5)

In the present section, we let 7 = 0. Thus (3.4) becomes

Jo wiedy

Lalg] = Llg] =2l = D2 (3.6)

Let us first show that A = 0 is not an eigenvalue of (3.4) if v # 1.

Lemma 3.1. Suppose that v # 1. Then A = 0 is not an eigenvalue of (5.4).
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Proof: Suppose A = 0. Then we have

L r—1
0= Llo] —y(p— 1) WL 0
fo wi dy
- <¢_ o wi o dy )
Jo wy dy

By Lemma 2.1,

Multiplying this equation by w} ! and integrating, we get

L
(1=7) [ witedy =o0.
Hence, since v # 1,
L
| witody o,
0

therefore

and by Lemma 2.1

g

We next show that the unstable eigenvalues are bounded uniformly in 7.

Lemma 3.2. Let A be an eigenvalue of (3.4) with Re(\) > 0. Then there

exists a constant C' which is independent of T > 0 such that

N < C. (3.7)

Proof: Multiplying (3.4) by ¢ — the conjugate of ¢ — and integrating, we
obtain that

L L
ATl dy == [ (16 + 16 — put ol dy

g (Jgwi o dy)(fy whé dy)

_ ) 3.8
14+s+7A fOszdy (3:8)
Here we have used notation: |¢|?> = ¢¢. Since
qr qr
< fi A) > .
st S T4 or Re(\) >0, (3.9)
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we see that

g (Jo wi o dy)(Jy wiody) Lo
where C' is independent of 7.
(3.7) follows from (3.8) and (3.10).
O

We first study (3.6) the case r = p + 1 which is easy since the operator is
self-adjoint.
The case r = 2 will be studied in the next section. It is more difficult since

the operator is not self-adjoint and thus has complex eigenvalues.

Lemma 3.3. Assume thatr =p—+1 and L > \/;%1. Then all eigenvalues of
(3.6) are real and
(a) if v > 1, then A < 0;
(b) if v =1, then A < 0 and zero is an eigenvalue with eigenfunction wy,:
(c) if v < 1, then there exists an eigenvalue \g > 0 to (3.6).

JFrom Lemma 3.3, we see that when r = p+ 1, v = 1 is the borderline
case between stability and instability.
Proof: Since r = p+ 1, we see that the operator L, is selfadjoint and hence
the eigenvalues are real. Let Ay > 0 be an eigenvalue of (3.6). We first claim
that A\g # A1, where A; is the first eigenvalue of £ given by Lemma 2.1. In
fact, if \g = A1, then we have

Jowhpdy

L, p+1

L
7/ wi @y dy =0
o wy  dyJo

and hence, since ®; > 0,

L
| whody =0, o] = no.
Therefore, ¢ = ®;. This is impossible since ®; > 0. So \g # ;.

By Lemma 2.1, (£ — X\g) ! exists and hence \g > 0 is an eigenvalue of

(3.6) if and only if it satisfies the following algebraic equation:

/OL W dy = y(p — 1) /DL[((z — o) tu® )ul] dy. (3.11)
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Let
) L
/ Wi dy —y(p 1)/ (L —t)"wDwh]dy, t>0,t#\.

Then p(0) = (1 —7) i wh™ dy and

’ L —
p(t)==1p—1) [ (£ =0 *uh)ulldy <.
On the other hand,
p(t) = —ocoast — Ay, t < Ay,
p(t) = oo ast — A\, t > Aq,
p(t) — / W dy as t — +oo.
Thus p(t) > 0 for ¢ > A\, and p(¢) has a (unique zero) in (0, A;) if and only
if p(0) > 0.
This shows that for v > 1, p(t) # 0 for t > 0 and for 7 < 1, p(t) has a
unique root t = A\g € (0, Ay).
For v = 1, p(0) = 0 and hence zero is an eigenvalue. Note that Lw) =

(p— Dwh. So wy, is the eigenfunction corresponding to the zero eigenvalue.

This proves the lemma.
OJ

Remark: Combining Lemma 3.2 and Lemma 3.3, we see that for v > 1, r =
p+ 1 and 7 small, the conclusion (a) of Lemma 3.3 still holds.
Thus Theorem 1.1 has been proved in the case r = p + 1.

4. NONLOCAL EIGENVALUE PROBLEM: THE CASE r = 2

We consider the eigenvalue problem (3.4) and prove Theorem 1.1 in the
case r = 2. Note that the operator L. is not self-adjoint anymore and there
are complex eigenvalues.

We first assume that 7 = 0. We then have

Lemma 4.1. Assume that r = 2,7 =0 and (H2) holds, i.e.
L
/ wr L™ wy dy > 0. (4.1)
0

Then for any eigenvalue A of (3.6), we have
Re(X\) < 0.
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To prove Lemma 4.1, we need the following key inequality:

Lemma 4.2. If (H2) holds, i.e. fOL wr L wy dy > 0, then there exists a

positive constant a; > 0 such that

2(p — 1) Jy whody fy widy

Lo -1
Qlo,0] = [ (167 + 6 = put ' ?) dy +

foL w% dy (4.2)
pr—i-l 2
0

where Xy = span {w} and drz: means the distance in the L*-norm.

Let us assume that Lemma 4.2 is true. Then we proceed to prove following

lemma.

Lemma 4.3. Let (A, ¢) satisfy (3.4) with Re(\) > 0. Assume that r = 2
and (H2) holds, i.e. [Fwp L wy dy > 0. Then we have

B pr+1 dy
ReD(mA) = A+ (0 — Dlx(rh) — 1 ( L ) <o, (43)
fo Ldy
where
v qr
A — . 4.4
X(TA) = ey Y= (4.4)

and X is the conjugate of \.

Proof of Lemma 4.3: Let (), ¢) be a solution of (3.4). Set A\ = Ag++v/—1)\;
and ¢ = ¢r + vV—1¢;. Let x(7A) be given in (4.4). Then, by taking (3.4)

and its conjugate, we obtain the following two equations:

L
d
£~ (p = DX B = o (45)
o
£5— (p— DXL o _ 35 (4.6)

Jy widy "
Multiplying (4.5) by ¢ and integrating by parts, we obtain
L wr¢ d whod
_)\/0 |¢|2_(p_1)X( )(fo Lfy)<0 L y)
0

L /
= [F461 +10Pydy—p [ 0P dy.
0 0

(4.7)
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Multiplying (4.6) by wp, we obtain

L P T - foLwLQEdy p+1
1 dy — (p — Dv(rA) 22 L7727 dy = \ d
(p )/0 wy¢dy — (p—1)x(7 )foLw% 0 / wr,é (Z 9

Multiplying (4.8) by fOL wr¢ dy and substituting the resulting expression

into (4.7), we arrive at

L . L
|6+ 101 = e o) dy+ 1 [ Iy (4.9)
0 0
L p+1 L 2
_ I, - _ 0o Wy, | Jo wio dyl
X(TA) | A +X(TA) (p 1)( T >] Tudy

We write (4.9) in terms of the quadratic functional @ defined in Lemma 4.2
and deduce, using (4.8) again, that

L P+1 L 2
Re[Ay(TA) — A ~“Divira) — 1 ow ) | Jo wré dy|
() = 3]+ (= D)~ 1 (1 ] T

wrd dy|?
Qo o] - Qlonsou] ~ e | [ oy _ L wigdy? o] <o,
which proves the lemma.
O
Lemma 4.1 follows from Lemma 4.3:
Proof of Lemma 4.1:
In fact, let 7 = 0. Then from (4.3), we have
_ p+1 d
Re[ix(7A) — Al + (p — 1)[x(rA) — 17 (‘”y)
fo 7 dy
Lo g
— (y— DRe(N) + (p— Dy — 17 (fO “ y) <
fo 7 dy
and hence P
Jo wi dy
Re(A) < —(p—1)(v—1) ( OLJQ o
o Wray
since v > 1.
O

Remark: Combining Lemma 3.2 and Lemma 4.1, we see that for v > 1, r =
2, fOL wr L wy, dy > 0 and 7 small, the conclusion of Lemma 4.1 still holds.

We are now ready to prove Lemma 4.2.
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Proof of Lemma 4.2:

We consider the following self-adjoint operator:

fO wL¢dy D
£1¢ ﬁgb < ) fo 2 dy w
L L ptl L
0 w’£¢dy Jo wp dy [y wrody
—p—1)=——wr+ (p—1 .
® ) foL wi dy we ) (fo wi dy)? - (4.11)

Clearly, £, is self-adjoint and
Q[o, 9] > 0 <= L, has no positive eigenvalues.
By simple computations, we get
Liwr, = 0.
On the other hand, if £;¢ = 0, then
Lo = cr(P)wr, + ca(@)uwr,

where
L p+1 L
— (p—1)20 ngbdy 1 Jo wi dy Jo qubdy’
A= T YT (T ug (4.12)
_(y_ o wrddy
o(d)=(p-1) Tl dy (4.13)
Hence

6= a(0)(£ ) — cld) CE— (4.14)

Substituting (4.14) into (4.12), we have

c1(¢) = (p— Der(o)

I's
L p+l L -1
i o wr dy Jo w LT wr dy
(p 1)Cl(¢) (fOL D) dy)2
U Jo Wb dy J wi L wy dy
= Cl(¢) (p 1)01(¢) (foL w% dy)2

after integration by parts. By (H2), we have ¢;(¢) = 0. Hence ¢ =
@(gb)p%lw - This shows that wy, is the only eigenfunction of £, correspond-

ing to the eigenvalue zero.
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Now suppose £; has a positive eigenvalue Ay > 0 with ¢ as eigenfunction.

Since L, is self-adjoint and wy, is an eigenfunction, we may assume that

L
/mewﬂ. (4.15)
0

Using (4.15), we see that ¢ satisfies

M—MMzw—U?%%L. (4.16)
OwL

Note that fOL wh o dy # 0. In fact, if f wh o dy = 0, then \g > 0 is an
eigenvalue of £. By Lemma 2.1, \j = A\; and ¢y has constant sign. This
contradicts with the fact that ¢g L wy. Therefore A\g # A;. Hence £ — \q is
invertible. So (4.16) implies

fo wL¢0 dy

¢0 ( ) (E )\0)7le.
Jo w
Thus
L LvP dad
| w£¢ody—<p—1>w (£ = o) ), dy.

Since [ wh ¢ dy # 0, we have

L 2 L 1
| wddy = (=1 [ (= 20) Mwr)ul dy
0 0
and therefore
/ w? dy = / (£ = 2o)"wn) (£ — Ao)wr, + Agwy) dy.

Since A\g > 0 this gives

L
0= /0 (£ = 2o) wp)wy, dy. (4.17)
Let 3(t) = [F((£L —t)"'wp)wg dy for t > 0, # Ay, then

L
B(0) = / (L 'wp)wp dy >0
0
by assumption (H2) and

!

5= [(C— 1) 2wsywpdy >0

This implies 3(t) > 0 for all ¢ € (0, \y).
On the other hand,
B(t) — 0ast — +oo
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and hence ((t) <0 for t > A;.
In conclusion, ((t) # 0 for ¢ > 0,t # A;. This shows that (4.17) is
impossible. So £, has no positive eigenvalue.
Since .
Qlo,o) == [ (L:o)ody,
we see that Q[o, ¢] > 0 for all ¢ and equality holds if and only if ¢ = cwy,
for some constant c.

The proof is completed.

5. UNIQUENESS OF THE HOPF BIFURCATION WHEN 1 = 2

In the previous two sections, we have assumed that 7 = 0. In this section,
we study the case 7 > 0. In general, it is quite difficult to analyze the
corresponding Hopf bifurcation. However, when r = 2, we have a good
picture.

We begin with a perturbation result whose proof is the same as in [2],
where the Hopf bifurcation for L >> 1 is studied.

Lemma 5.1. For 7 large, there exists a real and positive eigenvalue Xy to

(8.4). Moreover, as T — +00,

Mo =M +0 C) , (5.1)

where \1 1s gwen i Lemma 2.1.

For r = 2, the following lemma shows the existence and uniqueness of the

Hopf bifurcation.

Lemma 5.2. Let r = 2 and assume that (H2) holds, i.e. [} wp L™ wy dy >
0. Then there exists a unique T = 7.(L,p) such that problem (3.4) has two

conjugate imaginary eigenvalues
)\::i:\/—]_/\[7 /\[>0
Proof:
Let Ao = vV—1A; be an eigenvalue of (3.4). We shall derive the equation

for A\; and 7.



24 JUNCHENG WEI AND MATTHIAS WINTER

Without loss of generality, we may assume that A; > 0. (Note that
—v/—1); is also an eigenvalue of (3.4).) Then ¢y = (£ — v/—1\;) " w}
up to a real constant factor. Then (3.4) becomes

Jrrwrgody s+ 1+/=11)
[pewidy qr '
Let ¢g = ¢ ++/—1¢). Then from (5.2), by taking the real and imaginary

parts, respectively, we obtain the following two equations:
Jowrdfdy  s+1

(5.2)

; 5.3
Jo wi dy qr 53)
L 1
fO guLfO dy — T)\I. (54)
Jo wg dy qr
Note that (5.3) is independent of 7.
Let us now compute [;° wy¢f dy. Observe that (¢f, ¢f) satisfies
Loy =wy — Mgy, Ly = Aidy-
So ¢ = A\; Lol and
Oh = Ar(L2+ M) wp,  of = L(L7+ M) uh (5.5)
Substituting (5.5) into (5.3) and (5.4), we obtain
Jo lwr £(£2 + A) " Mwpldy s +1 (5.6)
Iy wi dy o '
Jo lwr (€2 + Xp)~tw]dy 7 5.7
Jo wi dy ar’ |
[P wp £(L2422)~ 1wl dy
Let a(A\;) = =@

Tt dy . Then integration by parts gives a(\;) =
0 L
S wh (224Nt

dy
(p—1) ot dr . Note that
, L, prpr2 /\2 —2 P
o (M) = =22, wL(£L+ 1) Cwi dy <0,
o w3 dy
a(0) = fOLwL(E_lwg)dy _ 1 - s+1
Jo w} dy p—1" g’

and

a(Af) =0 as A — oo.
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So there exists a unique A; > 0 such that (5.6) holds. Substituting this
unique A7 into (5.7), we obtain a unique 7 = 7.

Finally, we show that 7. > 0. To this end, we make use of the inequality
(4.3). Substituting x(7) = ﬁ, A = +/—1); into (4.3), we see that

s+1

B L p+1 d
Re(Ay(TA)) + |x(7A) — 12 (W) <. (5.8)
o Wray
Since 2
Re(Ax(r)) = ——— L <0,
S+ 1 + o1

we see immediately that 7 = 7. > 0. (In fact, (5.8) also gives an explicit
bound for 7.)

Lemma 5.2 is thus proved.

6. TRANSVERSALITY OF THE HOPF BIFURCATION FOR 1 = 2

In Section 5, we have shown that for » = 2, there exists a unique 7 = 7, > 0
such that the eigenvalue problem (3.4) has a Hopf bifurcation. In this section,
we show the transversality of this Hopf bifurcation and thus finish the proof

of Theorem 1.2. Namely, we prove the following lemma.

Lemma 6.1. Suppose r = 2 and (H2) holds, i.e. fOL wr L wy dy > 0. Let
T, be the unique point, where a Hopf bifurcation for (3.4) occurs. Then we

have
D
dr

Thus the eigenvalues cross through the imaginary axis from the left to the

lr=r. > 0. (6.1)

right as T crosses T,.

Proof: Let A\ = Ag + v/—1)\; be an eigenvalue of (3.4) with eigenfunction
V. Then similar to the proof of Lemma 5.2, (3.4) is equivalent to

s+1+7Ar+V—17A; fOL wrV dy

- , 6.2
qr Jo w2 dy (6:2)

where WU satisfies

LU =\U+wh, T(0)=T(L)=0. (6.3)
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Let us assume that

U= Upt Vo1, A=A+ V1A,
Then (6.3) is equivalent to
(L= Ar)V¥r = -1V +wp, (6.4)

(L — Ap)U; = A Tp. (6.5)

JFrom (6.5) we can express Uy in terms of U; and substitute it into (6.4).

Thus we obtain

U = M[(L = Ag)* + \J] 7 t, (6.6)

Up = (L= Ap)[(£ — Ap)* + AT 71wk (6.7)

Substituting (6.6) and (6.7) into (6.2), we obtain the two equations
s+1+7Ag (L L _
71%/ w%dy:/ (wL(E—)\R)[(E—)\R)2+0q] 1w’£> dy

qr 0 0 (68)

and
U L 2 —1.p
- /0 w? dy = /O (wol(£ = Xp)* + o] 'ut) dy, (6.9)

where
ay = A7 > 0.
Substituting (6.9) into (6.8), we deduce that
s+1+

2 \n (L L
Ll / w? dy = / (wLﬁ[(ﬁ —Ar)® + al]_lwID dy.
ar 0 0 (6.10)

Now, differentiating (6.10) and (6.9) with respect to 7 = 7. and recalling
that

)\R(Tc) = 07
we have
1 /L 2
PR w f—
grJo L Y
L d\ L d
=2 [ (Cun[£?+ ar] ) dy T — [ (£ 4 i) ) dy T,
0 dr 0 dT(

6.11)
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and

27, /L PRI
q7° L y d T=Tc
dAr

- 2/ (Lwr[L2 + an~2Lu?) dy
dr

L
N [ (Ll 4 ag) ) dy.
0 (6.12)

Multiplying (6.11) by [i“(Lwp[£? + af]2w?) dy and (6.12) by [ (wr[L? +

ar] 72w} ) dy and subtracting the resulting equations, we arrive at

{27’0/ dey—Q/ L2w[L% + o] 2wh) dy] /L(wL[£2+aI]_2wZ£)d?J

L “1dx
+2< / ,ch[52+a,]2wgdy> ]d%:rc (6.13)
0 T

1 /L L
=y [ (sl + o)) dy

L

2 dy / (Wh[£2 + ag] " 2uwh) dy > 0.
0

On the other hand, by (6.9) we have at 7 = 7,

Te _ Jo (i€ + ar] ) dy
qr Jo wi dy

Thus we see that

2Tc L _
/ dey—Q/ 2w [L* + g2 p)dy]/ (w [L* + o] 2wh) dy

:204[(/0L(U)L[£2+a[] 2 p)dy) > 0. (6.14)

Substituting (6.14) into (6.13), we conclude that

Dy >0
O
Now Theorem 1.2 follows from Lemma 4.1, Lemma 5.1, Lemma 5.2 and
Lemma 6.1.

g
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7. EXTENSIONS TO HIGHER DIMENSIONS

In the previous sections, we have studied the one-dimensional case. We
observe that two key ingredients are needed in our proofs: first (H1) that the
operator £ is invertible and second (H2) that the integral [;* wp £ Ywy dy is
positive.

Now let us extend this idea to general domains in R, N > 2. Namely, we

consider

At:AA—AJrg,erL,wo,

& = —E+E g o, A da, (7.1)
A>0,% =0 on0Qy,

where we have rescaled the domain by Q;, = 1Q (L = 1) and therefore the

factor €2 in the equation vanishes. In this case, let us assume that Q;, C RV
is a smooth and bounded domain, and the exponents (p, q,r, s) satisfy the

following condition:

qr
HO p>1, ¢q>0, >0, s>0, vi=—>r——>1,
o P+ 1)
where p is subcritical:
l<p< if N>3; 1<p<+4oo if N=2.
N —2
The steady state solution of (7.1) is given by
9 qr 1
A=¢riy, 71 = _— | o da, 7.2
where u is a solution of the following problem:
Au—u+u? =0, u>0 in Qf,
{ % =0 on 09)y. (7.3)

We again consider the minimizing solution wy,(x) which satisfies (7.3) and

Elwg] = inf Elul, (7.4)

u€H(Qr),u0

where

Vu|* +u?)d
plug — IV ) dy
p+1

(Jo, uwPtt dy)
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The corresponding steady-state solution to the shadow system (7.1) is
denoted by
14s—-1= 1

A
AL = pr_lw[M L Pt = 7|QL’ o
L

w de. (7.5)

Let
Lp] = Ap — ¢+ pw ',

Then we have the following lemma, whose proof is similar to Lemma 2.1.

Lemma 7.1. Consider the following eigenvalue problem:

Lo = A, inQy,
{ % =0 on 0. (7.6)

Then Ay > 0 and Ay < 0.

We now make two important assumptions:
We first assume that

(H1) L7 exists.
Under (H1), we sometimes assume that
(H2) / U)L(Eil’wL) dy > 0.
Qr

We can now state the following theorem.

Theorem 7.2. Assume that either
r=p+1, and (H1) holds,
or
r=2, and (H1) and (H2) hold.

Then (Ar, &) is linearly stable for T small.
In the case r = 2, there exists a unique T = 7. such that (Ap,&r) is stable
for T < 1., unstable for T > 1., and there is a Hopf bifurcation at 7 = 7.

Furthermore, the Hopf bifurcation is transversal.

The proof of Theorem 7.2 is similar to the one-dimensional case. We omit
the details here.
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It remains an interesting and difficult question as to verify (H1) and (H2)
analytically. If L is large, it is shown in [3] and[19] that assumption (H1) is
true and assumption (H2) holds if

4
1 1+ —. .
<p< +N (7.7)

This recovers the results of [18].
It is difficult to verify (H1) and (H2) for general e. One may ask: Does
(H1) hold true for generic domains? In summary, the stability issue for

higher-dimensional systems still holds many challenging open problems.
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