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SYMMETRY OF NODAL SOLUTIONS FOR SINGULARLY PERTURBED
ELLIPTIC PROBLEMS ON A BALL

JUNCHENG WEI AND MATTHIAS WINTER

ABSTRACT. In [40], it was shown that the following singularly perturbed Dirichlet problem
EAu—u+ [ulPtu =0, in Q,
u =0 on 0N
has a nodal solution u. which has the least energy among all nodal solutions. Moreover, it is shown
that u. has exactly one local maximum point Py with a positive value and one local minimum
point Ps5 with a negative value and, as € — 0,

Py, Py P, P
90( 1 2)_>(P1,1I?r21§iexﬂxﬂso( 15 2)7

where (P, Py) = min(lPIZ_PQ,d(Pl,aQ),d(P2,6Q)). The following question naturally arises:
where is the nodal surface {u.(z) = 0}? In this paper, we give an answer in the case of
the unit ball Q@ = B1(0). In particular, we show that for e sufficiently small, Pf, P§ and the
origin must lie on a line. Without loss of generality, we may assume that this line is the z-
axis. Then u, must be even in z;,j = 2,..., N, and odd in z;. As a consequence, we show that
{ue(z) = 0} = {x € B1(0)|z1 = 0}. Our proof is divided into two steps: first, by using the method
of moving planes, we show that Pf, Py and the origin must lie on the x;-axis and u. must be even
inzj,j =2,...,N. Then, using the Liapunov-Schmidt reduction method, we prove the uniqueness
of u. (which implies the odd symmetry of u, in z1). Similar results are also proved for the problem

with Neumann boundary conditions.

1. INTRODUCTION

We consider nodal solutions to the following singularly perturbed semilinear elliptic problem

eAu—u+ [uPlu=0 in Q,

1.1
u =0 on 0f), (11)

where Q is a bounded domain in RY with smooth boundary 99, ¢ > 0 is a small constant,

A= Zj-v:l 81:?23:]- denotes the Laplace operator in RY, and

N +2 N +2
R = — W > 3=+ W = .
N 2) ( N9 hen N > 3; oo when N 1,2>

l<p< (
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Problem (1.1) arises in various applications, such as chemotaxis, population genetics, chemical
reactor theory, etc. In the past few years the effect of the geometry or the topology of §2 on the
solvability and /or the multiplicity of positive solutions of problem like (1.1) has been extensively
studied, see [6], [7], [8], [11], [12], [14], [15], [17], [30], [37], and the references therein. In particular,
in [37], Ni and Wei established that for e sufficiently small problem (1.1) has a positive least-energy
solution with one local (hence global) maximum point P. and d(P., 9f2) tends to maxpcqd(P, 02),
where d(P, 0) is the usual distance function of P to the boundary 0. In [49] the second author
showed a kind of converse of the result in [37], namely for every strict local maximum point of the
distance function, say P, there exists a family of positive solutions u. of (1.1) with a single peak
P. in Q such that P.toP as ¢ — 0. The effect of the geometry on the existence of multi-peaked
solutions of (1.1) has been studied in [8], [12], [14], [15], [17], [30], [38] and the references therein.
Recent surveys can be found in [42] and [56].

In [40] Noussair and the first author established the existence of a “least energy” nodal solution
and showed that, for small €, it has exactly one local maximum point P} with a positive value
and one local minimum point Py with a negative value. Moreover, as ¢ — 0, p(Pf,Ps) —

maxp, pyyeaxn @(Pr, P2), where the function ¢(Py, P) is defined by

|Py — P,

o(P1, Py) = min( Ld(Py,09), d( P, 00)). (1.3)

A natural question is: Where is the nodal surface (or nodal line) {x € Q|u.(z) = 0}?

In this paper, we give an answer in the case of the domain € being the unit ball B = {z €
R¥||z| < 1}. Naturally, one may ask: is the solution u, odd in one-direction (say x;)? Our
answer is yes.

In fact, we can give a complete characterization of all possible two-peaked nodal solutions. More
precisely, a solution wu. is called a two-peaked nodal solutions to (1.1) if the following holds:

(a) for e sufficiently small, u, has only one local maximum point Pf and one local minimum
point Ps, and u.(Pf) > 0,u.(P5) <0,

(b) the energy of u, is bounded, namely

lim SSlp(E*NJe[uE]) < +00, (1.4)

where J[u] is the energy functional associated with (1.1):

€2 1 1
Tl =5 [P 5 [P g [ u e H(9) (15)

The following is our first result:
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Theorem 1.1. Let € be small enough and let u, be a two-peaked nodal solution of (1.1) with exactly
one local mazimum point Pf which has positive value and exactly one local minimum point Py which
has a negative value. Then the points Py, Ps and the origin lie on a line. Without loss of generality,
we may assume that this line is the x1-axis. Then u, is even in x;,j = 2,...,N and odd in x;. As
a consequence, Pf = —P§, the nodal surface is given by {u.(x) = 0} = {x € B1(0)|z1 = 0} and

the two-peaked nodal solution to (1.1) is unique.

Our method can also be applied to the corresponding Neumann problem:

{ Au—u+ [uPlu =0 in Q,

1.6
%:OonaQ. (1.6)

In [41], Noussair and the first author proved the existence of a nodal solution to (1.6) which has
the least energy among all nodal solutions. Moreover, it has exactly one local maximum point P; €
02 which has a positive value and one local minimum point Ps € 02 which has a negative value. It
is shown that, as € — 0, H(Pf) — maxpecpq H(P), H(Ps) — maxpesq H(P),|Pf — Ps|/e — +0o0,
where H(P) is the mean curvature of the boundary 02 at P. Since H(P) = 1 when 2 = B;(0),

we can only conclude that |Pf — Ps|/e — +o00. Now we have

Theorem 1.2. Suppose that Q2 = B1(0). Let € be small enough and let u. be a nodal solution of
(1.6) with exactly one local mazimum point P{ € 02 having positive value and one local minimum
point Py € 0N having negative value. Then we must have Pf = —Ps5. Without loss of generality,
we may assume that Pf = (1,0,...,0) Then u, is even in x;,j = 2,..., N and is odd in x;. As a
consequence, the nodal surface satisfies {u.(xr) =0} = {x € B1(0)|x; = 0}.

Our proofs of Theorems 1.1 and 1.2 involve the use of the method moving planes (MMP) to
nodal solutions and the method of Liapunov-Schmidt reduction.

MMP is a powerful method in showing symmetry for positive solutions to Dirichlet problems
[20]. For positive solutions to Neumann problems, it has been used recently to show partial
symmetry for blow-up and concentration problems [9], [31], [32]. In particular, we mention the
results of Lin and Takagi [32] who showed that for the Neumann problem (1.6), (positive) single-
boundary spike solutions must be axially symmetric, whereas single interior spike solutions must
be radially symmetric. Further, for the two-boundary spike solution the two local maximum points
Py e 09, Ps € 02 must satisfy Pf = —Ps. By using this information, they showed the uniqueness
of the single-boundary spike solution and of the two boundary spike solution, respectively. (We

remark that the uniqueness of the single-boundary solutions and the single-interior spike solutions
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in general domains is studied in [5], [39], [53], [51].) As far as we know, there have been no previous
results on the application of MMP to nodal solutions.

We adopt the method of [32] to nodal solutions. However, MMP alone can not establish
the oddness of u, in x;. To this end, we follow [34], where a combination of MMP and the
Liapunov-Schmidt reduction method is used to show the uniqueness of two- and three-peaked
positive solutions to singularly perturbed Neumann problems. The method of Liapunov-Schmidt
reduction has been used in singularly perturbed problems to obtain existence and multiplicity of
solutions ([2], [3], [4], [5], [10], [13], [14], [18], [24], [25], [27], [29], [43], [44], [54], [55]). As far as
we know, the results of this paper are the first in using a combination of both methods to prove
the partial symmetry for nodal solutions.

More precisely, our proof of Theorem 1.1 proceeds in two steps:

Step 1. We use MMP to show that Py, Ps and the origin must lie on a line (say the z;-axis).
Furthermore, u, is even in z;, j = 2,...,N. So, without loss of generality, we may assume that
Pf = (I5,0,...,0), Ps = (5,0, ...,0). This reduces our problem to one on R? with the two scalar

variables [ and [§.

Step 2. We now show that u, is odd in x1, namely u(xy, ..., zx) = —u.(—x1,...,xy). To achieve
this, we show the uniqueness of u, if € is small enough. We have to compute the degree of u,
restricted to the symmetry class obtained in Step 1. We use the Liapunov-Schmidt reduction
method and asymptotic analysis to show that u. is nondegenerate and that the degree at wu, is
exactly (—1)°. This proves the uniqueness.

Finally, we remark that our results are also true if we replace |u[P~"'u by some more general
nonlinearity f(u) which satisfies some nondegeneracy conditions. We omit the details.

The structure of the paper is as follows:

In Section 2, we shall study some properties of nodal solutions with two peaks.

In Section 3, we use the well-known method of moving planes (MMP) to show that Py, Ps and
the origin must lie on a line and that u, is axially symmetric about that line.

In Section 4, Section 5 and Section 6, we prove the uniqueness of nodal solutions in the partial
symmetry class introduced in Section 3. As a consequence, we show that u. is odd in x;.

In Section 4, we present some preliminaries on the reduction from the infinite dimensional space
H}(Q) to a finite dimensional problem on the space of the locations of the maximum and minimum

points. In Section 5, we compute the first and second order derivatives of reduced the problem.
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In Section 6, we show the uniqueness of two-peaked nodal solutions by computing its Morse index
(restricted to a certain symmetry class).

Finally in Section 7, we show how the ideas can be adopted to prove the uniqueness of the
two-boundary-peaked nodal solution and thus prove Theorem (1.2).

Several technical estimates are proved in Appendices A and B .

It is always assumed that € > 0 is small and § > 0 is a fixed but small constant. Throughout
the paper, we use C' to denote various constants independent of e small. We use P;; to denote the

t—th component of P;.

Acknowledgments. The research of JW is supported by an Earmarked Grant from RGC of
Hong Kong. MW thanks the Department of Mathematics at CUHK for their kind hospitality.

2. SOME PROPERTIES OF 1,

Let u, be a two-peaked nodal solution of (1.1) for Q@ = B;(0) =: B with one local maximum
point P having positive value and one local minimum point Pj having negative value. In this
section, we study some properties of u., which will be useful in the next section.

The asymptotic behavior of u. can be characterized by the unique solution of the following

ground-state equation

(2.1)

Aw—w+wP =0,w>0 in RY,
w(0) = maxyecpy w(y),w(y) — 0 as |y| — 4o0.

It is well-known that problem (2.1) has a unique solution, called w, which is radially symmetric

and nondegenerate, namely

ow ow
Kernel(A — 1 +pw? ') =5 an{,...,}. 2.2
( pw’™") = sp o0 D (2.2)
The uniqueness of w is proved in [28] and the radial symmetry of w follows from the well-known
result of Gidas, Ni and Nirenberg [21]. Moreover, we have the following asymptotic behavior of
w:

w(r) = Ayr—"T e (1 +0 (1>> . ow(r) = —Ayr T e (1 +0 (i)) ) (2.3)

r

for r large, where Ay > 0 is a generic constant.

We summarize the asymptotic behavior of u. as follows.
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Lemma 2.1. Let u. be a two-peaked nodal solution of (1.1) for Q = B1(0) =: B ( with unique

local mazimum point Pf and unique local minimum point P5. Then we have ||u. — w(x_—epf) +
w(m_EPQE)HLoo(Q) — 0. Moreover, it holds that (a) there exists a § > 0 such that
d(Pf,00Q) > 6, d(Ps,00) >0, |Pf—Ps|>96, ase— 0, (2.4)
(b) as a consequence,
Pl — (;,0,...,0),]32e — (—;,O,...,O) as € — 0. (2.5)

Proof: The proof of the first statement is standard. See [35], [36], and [37]. The proof of (2.4) is
similar to that of Lemma 2.1 of [12].

To prove (2.5), we may assume without loss of generality that Pf — P = (Iy,0, ..., 0) for some
Il > 0. Let P — PJ. Then, similar to the proof of Theorem 1.1 of [48], we have

Sy PV Py

R S L2 2.6
o T Pyt )~ er gy = 20

o PO PO _ po

e A SRS S S 2.7

where ¢, ¢y > 0 and dup(z) € Ap which is defined by

there exist ¢, — 0, P, — P, such that
72|Z—P€k\
limekﬁo 672‘# — dlLLP(Z)

e €k dz

Ap = d,up(z) c M(@Q)

o0

where M (0€2) is the set of all bounded Borel measures on 0f2 and the convergence is the weak-x
convergence of measures. In particular, if L = |P{ — PJ| > 2d(P?,09), then ¢; = 0.

Thus, we have that L = |P{ — PY| = 2d(P,99Q) = 2d(Py,09). Since P is on the z;-axis, we
see that du PO = d(1,0,...,0)- From (2.6), we conclude that P20 must also lie on the z;-axis and hence
P} =—-P)=(3,0,...,0).

O

Our next result shows the existence of solutions having the properties of Theorem 1.1.

Lemma 2.2. There ezists a two-peaked nodal solution u. of (1.1) for Q = B1(0) =: B such that

Ue 18 even in xj,J = 2,...,N and is odd in x;. Moreover, the local maximum point Pf and the local

minimum point Py of U, satisfy: Pf = —Ps, Pf = (l,0,...,0), [ — %
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Proof: Let QF = BN{z; > 0} and v, be the least energy positive solution constructed in [37]. By
the symmetry of QF, we may assume that v, is even in z;,j = 2,..., N and that the only maximum

point of v, lies on the x;—axis and approaches the point (%, 0,...,0). Now let

4 — Ve(x1, Tay oy ), if xl >0, (2.8)
—UE(—xl,l'g, ...,SCN), if 1 < 0.

It is easy to see that . is a two-peaked nodal solution of (1.1) and 4. satisfies the properties of
Lemma 2.2.

O

In the rest of the paper, we shall prove the uniqueness of the nodal solution, namely that u. = .,

provided that € is sufficiently small.

3. MMP AppPLIED TO NODAL SOLUTIONS OF (1.1)

In this section, we apply the well-known method of moving planes to a two-peaked nodal solution
ue of (1.1) for Q = B;1(0) =: B. We follow the proofs given in Section 3 of [32], where it is shown
that for two boundary spikes Py, Py it holds that Pf = —Ps, provided that € is sufficiently small.

Let Py, Py be the local maximum and the local minimum point of u., respectively. Our main
result in this section says that Py, Py and the origin must lie on a line and, moreover, u. is axially
symmetric with respect to the line.

We prove this by contradiction. Suppose Pf, Ps and the origin are not on a line. (So they form

a triangle.) Then Pf, Ps and the origin lie in a two-dimensional hyperplane which without loss of

generality is given by {(zy,...,xn)|x2 = ... = zx_1 = 0}. We may further assume that
te=Piy=—-Pn>0,P; >0 (3.1)
Note that (3.1) is possible since Pf,0, Ps do not liec on a line.
Let . = arccos (\/(Pf,lgi(Pny)z) € (0,m— arctan(_lg’l’“)).

Set eg = (sin 6,0, ...,0, — cos f), let I1%_, be the (N —1)—dimensional hyperplane perpendicular
to the vector ey, and denote by ¥ the reflection of x with respect to IT%_,. Set

w? () = ue(x) — uc(2?) for x € g,

where ¥ is the connected component of Q\IT%_, containing Pf. Obviously, w? satisfies

{ EAw? + & (z)w?! =0 in Xy, (3.2)

w?(x) = 0 on 9%,
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where
o Jue(2) [P~ ue(x) — Juc(a®) [P~ uc(2”)
=-1 . 3.3
) =1+ PR (33)
We prove our claim in a series of three steps.
Step 1: We first prove that
w(x) >0 for v € Xy = {z € Qzy > 0}. (3.4)

Note that since Py is the only local maximum point of u. , Py is actually the global maximum
point of u.. Similarly, Ps is the global minimum point of u.. Let P§ be the reflection point of Ps
with respect to II%_,. Note that P§ v = t. = Pfy, by (3.1). (So Ps = (Ps;,....—Psy).)

For a contradiction, we assume that the set
E, = {x € %o|uw’(z) < 0}

is non-empty. (The following argument is for a subsequence of €¢; — 0. For simplicity, we use the

notation e to denote ;.)

Case 1: = — 400 as € — 0.

In this case, it is easy to see that for arbitrarily large R > 0, we have E. C (Beg(P{)U B.r(P5))°
for € small enough, since Py is a global maximum point with a positive value and Ps is a global
minimum point with a negative value. Hence |u.] < ¢ for z € E,. and e small. Moreover,
wl(Pf) > 0,w’(P§) > 0. This implies that

1
A(x) < —5 for x € E.. (3.5)

€

Now by (3.2), the minimum value of w?, if it is negative, must be obtained on the boundary of ¥,
which is impossible since w? = 0 on §%,. So E. is empty. By the Maximum Principle, w? > 0.
This finishes Case 1.

Case 2: = — s as e — 0, where s € (0,+00).

Pe_p<
% — +00, we have

| €

In this case, since Pl%P?e' — +00. Let . € E. be such that

w(x,) = igf w?(z) < 0. (3.6)

Assume for the moment that
min(|z. — Pfl, |z — Ps|)

€

limsup,_,, { } — +00.
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Then, by Lemma 2.1, uc(z.) — 0, c.(ze) < —1 < 0 and 0 < EAw?(z.) = —?(z)wl(z.) < 0, a

€

contradiction. Therefore we conclude that
min(|z. — P, |z — Ps|) < Re

for some R > 0.
Without loss of generality, we may assume that |z, — Pf| < Re. (The other case is exactly the
same.) Let P be the projection point of Pf on I1%_,. That is, Pf = (Pf1,0,...,0).
Let
{E:pf+€y, Us(y) :ue(l‘)a Te :ple—'—eye‘

Set y. = (y., Yen). Then y. y > 0 and let us assume that y. y — 7, > 0,y. — y.. We claim that

n. > 0. In fact, by our assumption, PEN — s > 0. Then v.(y) — w(y — sex) in CZ (RY), where
en = (0,...,0,1). (Observe that @ — +00.) If n, = 0, then W — 28%”\,(3/;,8) <0
which contradicts to the fact that Vw?(x.) = 0. So 7, > 0. In this case, w®(x.) — w(y., 7. — ) —

w(y., =1 — s) > 0if n, > 0, for € small. A contradiction again.

Case 3: = =

This is the most complicated case.

Let B, = Bn{zy > 0}. Set N, := max,ep, |wl(z)], and let . € B, be such that |w?(Z.)| = N..
Then it is easy to see that

min(|Z, — P, |% — P5|) < Re for some R > 0.
Without loss of generality we may assume that |z, — Pf| < Re. We rescale
. 1 .
v=Pf+ey, w(y) = wl(Pf+ey). (3.7)

Ne

Let Pf = Pf + e(.ey. Then similar to the proof of Case 3 of [32], we conclude that w0 (y) — ca%”v

in CZ.(R"), for some ¢ < 0 and moreover,

Gyt < ]ff < Cy. (3.8)

Next, we let P§ be the projection point of P§ on II%_, and rescale @%(y) = N%wg(]a; + ey). As
in [32], we show that @%(y) — 73%‘; in C2.(RY) for some v < 0.
Now let z. € E. be such that (3.6) holds. Then as before,

min(|z. — P, |z — Ps|) < Re
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for some R > 0. We may assume that |z, — Pf| < Re. Let
x=PFP +ey, x.=P +e€y..

Then y. = (Y., yen) — Ys = (Y., 0x) With 1, > 0. Since w%(y.) < 0,0°(y.,0) = 0, we conclude that

7. = 0 and by the mean value theorem

o,
“(Y., &) <0
Dun (Ve &)
for some & € (0, y.n). By letting ¢ — 0, we obtain that
8?]]0 ’ 8211) ’
0> lim 22 () &) = 2Ly 0) > 0
> lim 5 (Yes &) O (4,,0)

since ¢ < 0. A contradiction.
The other case |z, — P, 5| < Re can be ruled out in the same way.
This finishes Step 1.

Step 2. Let
0y = sup {flw’ > 0forz € ¥y and 0 <0 < 6}
By Step 1, 6y > 0. By the definition of 8y, w? > 0 in Xy, and if w?(z) > 0 for some = € ¥,

then w? > 0 in ¥y, by the maximum principle. So 6y > 6. and w? = 0 on Xy,. Since P is a local
maximum point, we see that 6y < 6.. Hence 6, = 6. and wf€ () = 0 for z € 34, Since u, has
exactly one local maximum and one local minimum point, this implies that Py, Py and the origin

must lie on a line.

Step 3: By Step 2, Py, Py and the origin must lie on a line. Without loss of generality, we may
assume that this line is the z;-axis. We now claim that u, is even in xy. In fact, we prove that

w’(z) =0 on Xy.

Suppose that there exists ¢ — 0 such that

N, = sup |[w’(z)| > 0.
TEX

Let 7. € 3y be such that |w?(z.)| = N.. As before, we may assume that min(|z. — Pf|, |Z. — P5]) <
Re for some R > 0. Without loss of generality, we may assume that |z, — Pf| < Re. As in Case 3

above, w!(y) = W — c%(y) in C2_(RY) for some constant ¢ # 0. But Vu.(Pf) = 0 and

hence g%(()) =0, cg;—é”(()) = 0 which forces ¢ = 0. A contradiction.
N

Similarly we can prove that u, is even in z;,j = 2,..., N — 1.
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4. UNIQUENESS PROOF I: REDUCTION TO FINITE-DIMENSIONAL PROBLEM

In this section, Section 5 and Section 6, we shall prove the uniqueness of two-peaked nodal
solutions. Our main idea is to show that two-peaked nodal solutions are nondegenerate (in some
symmetry class) and to compute the Morse index of such solutions. We remark that the uniqueness
and Morse index of boundary spikes have been studied in [4] and [51].

We first introduce a general framework. This framework is a combination of the Liapunov-
Schmidt reduction method and the variational principle. The Liapunov-Schmidt reduction method
has been introduced and used in a lot of papers. See [1], [2], [3], [4], [5], [18], [24], [25], [27], [43],
[44], [54], [55] and the references therein. A combination of the Liapunov-Schmidt reduction
method and the variational principle was used in [3], [10], [13], [14], [24] and [25]. We shall follow
the procedure in [24].

Step 1. Choose suitable approximate functions.

Recall that Q = B. Let w be the unique solution of (2.1). We fix a point P € 2 and introduce
the following functions as suitable approximate functions — the “projection” of w in Hg(§2). This
projection was first introduced in [37] and later studied in [49]. The idea of projecting a function
has been used in other problems as well. See [3], [6], [37], [45], [54], [55] and the references therein.

Let

F(w) = [ul . (4.1)

We define w, p to be the unique solution of

EAw,p — wep + f(w(EL)) = 0 in O, @2)
wep > 01in Q, wep =0 on O '
Set
r— P
we,P - ’UJ( B )7 We p = U_}e,P(x) + ()OE,P( ) (4 3)
Then ¢ p satisfies
Ao, p—@ep=01in Q
{6 90,P7 Pe,P m 3z, (4.4)
Pep = W p o0 OF.

The asymptotic behavior of ¢, p has been studied in [37] and is related to the distance function:
For P € 2 we define

dp = d(P,0Q) = 1 — |P|. (4.5)
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For P # 0, it is easy to compute that

P
VPdP = _ﬁ7 (46)
o2 1 PP,
- L 4.
oPoR,"" = 1P (5” \PP) ’ (47)

where P = (P, ..., Py).
We state the following useful lemma about the properties of ¢, p and the computations of some

integrals. Its proof is technical and thus delayed to Appendix A.

Lemma 4.1. Let Q= B and P € Q, P # 0.
(1) For € sufficiently small, we have

wer(P+ey) =p.p(P)(1+ 0(1))6_<Vdp’y>, for P+ ey € Q, (4.8)

pep(P) = (ex +0(1)(dp(L — dp)) =7 N -te2dr/e, (4.9)

where cy > 0 is a generic constant (depending on N only), and

8 Owep
/f We p)——— wp e p(z)dx

= (1 4 (1) b (PY (V) + OfeGoNrle (.10
where (Vdp); denotes the i—th component of Vdp (which is —P;/|P| in our case) and
= /N flw)e¥dy >0, o =min(p—1,1). (4.11)
R

(2) For e sufficiently small and Py, P, € , M — +00, we have

/ f _ Gwe Py
W, p, )W,
P, )We p, P,

[P, — Py

= V(=31 + o(1))u( J(VA ([P = Baf))i+ ORI, (412)

where vy is given by (4.11).

Step 2. Finite-dimensional reduction.
We now describe the so-called Liapunov-Schmidt finite dimension reduction procedure. Most
of the material is from Sections 3, 4 and 5 in [24]. See also Sections 4, 5 and 6 in [25].

We first introduce some notations.
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We observe that solving (1.1) is equivalent to finding a zero of the following nonlinear equation:

Scfu] == Au—u+ f(u) =0,u € H* () N HY (),
where
flu) = [uftu, Q= {yley € Q}.
For any u,v € H(2), we define the inner product and the norm as follows:

< U,V > = e_N/ (2Vu - Vo +u-v)de, |ull=<u,v >
Q

Fix P = (P, P») € Q x Q. Let o(P) = p(Py, P) be defined in (1.3). We assume that
P=(P,P)cAs={PecQxQpP)>2},

where ¢ is a small but fixed positive constant.
Let

Wep = wE,Pl — We,P,-

To simplify notations, we use the following simplified symbols:
0

Ori = o
s aP]J

j=1,2,i=1,..,N.

(4.13)

(4.14)

(4.15)

(4.16)

We remark that the variable of w,p is in Q. Sometimes, we also consider w. p(ey) for y € Q.

and we denote w,p(ey) as w.p as well.

Now we define the approximate kernel and cokernel, respectively, as follows:

Kep i=span {0;w.p|j =1,2,i=1,..., N} C H*(Q.) N H (),

CE,P .= Span {8j7iw67p]j = 1, 2,7, = 1, ,N} C L2<QE)
We also need the following spaces

Kip = {ue HY Q)N H&(Q€)|/ wdywep =0,j=1,2,i=1,.., N},
) Qg

Clo= {uc LQ(QE)\/Q wdjwep = 0,5 =1,2,i=1,...,N}.
Set for the linear operators E
Lep(¢) = Ap— ¢+ [ (wep)d, Leop=7.po Lep,
for ¢ € H*(Q) N Hy (), where 7}p is the projection from L*(€) into Cp.

The following lemma can be proved along the line of Propositions 3.1 and 3.2 in [49].

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)
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Lemma 4.2. For e << 1 and P € Ay (see (4.15)) the linear operator Lcp : Klp — Clp is

one-to-one and onto. Moreover, the inverse of Lep exists and is bounded uniformly in e and P.
Next, we have

Lemma 4.3. For € sufficiently small and P € As, there exists a unique vep € ICéP such that

Se(wep +vep) € Cep. (4.22)
Moreover, v.p is C* in P and
[veplle < Cem(1Ho)ePe (4.23)
10;iveple < Ce2em(Hra)e®)/e) (4.24)
where o = min(1l,p — 1).
Proof: The proof of this Lemma is similar to that of Lemma 2.4 of [53]. 0]

Step 3. Solve the finite dimensional problem.
Fix any P € Ays. Let v p be the unique solution of (4.22) given by Lemma 4.3. Now we define

M.(P) = M.(Py, P,) := ¢ N J Jwep + vep] (4.25)

ME(P> . A25 — R,

where J, is the energy functional introduced in (1.5) of Section 1.
By Lemma 4.3, M .(P) € C*(Ay;). Then we have the following reduction theorem, whose proof
is similar to that of Proposition 4.1 of [24].

Lemma 4.4. The function ue. = wepe + Ve pe, PC € Aos is a critical point of J. if and only if P°
is a critical point of M.(P).

Therefore, to prove the existence and uniqueness of solutions of (1.1), we just need to concentrate
on the study of critical points of M,(P), which is a finite-dimensional problem. We shall compute
VM, (P) and V2M,(P) in the next two sections.
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5. UNIQUENESS PROOF II: COMPUTATIONS OF VM, (P) aND VZM,(P)

In this section, we compute the (first and second order) derivatives of M (P).

By Lemma 2.1, if Pf,j = 1,2 are the two local extrema of u., then ¢(Pf, P5) > dp for some
0o > 0. Now we choose § = %0. By Lemma 4.4, v, = w,pc + v pe is a nodal solution with two
spikes if and only if P€ is a critical point of M., since P¢ € Ag;.

The asymptotic expansion of M. (P) in Ay is given in Lemma 4.4 of [40].

Lemma 5.1. (Lemma 4.4. of [40].) For € sufficiently small and P € A, we have

2

M (P) = 2I(w) + ;(71 + 0(1))(; P (F)) + (n +o(L))w(| P — Pyl/e) (5.1)
where
I(w) = ;/RN IVl + ;/RN w? — pil [l (5.2)

and 7y 1s given by (4.11).

We now show that the asymptotic expansion in (5.1) holds true in the C? sense. Set

2
~ gl
M (P) = 51 > @ep (Py) + mw(| Py — Pal/e). (5.3)
j=1
By (4.9) of Lemma 4.1 and (2.3), we see that if |[Pf| > 55, j = 1,2, then we have
- en(n +o(1) ~va o\ ~2dpe/e
M.(P) := — 5 ¢° Zlc(Pj)e g (5.4)
J:

FAN(n +o(1))e T (|P — Py|) "7 e 1 Pele

where the distance function dp is given in (4.5), ¢y is given in (4.9) of Lemma 4.1, Ay > 0 is
given by (2.3), and
¢(P) = (dp(1 —dp)) T . (5.5)
The following lemma is our key estimate.

Lemma 5.2. Suppose that P € Ay and € is sufficiently small.
(1) If |P| > do for some j and dy > 0, then we have

9;iM.(P) = 0, ;M.(P) + O(M.(P)),j =1,2,i =1, ..., N. (5.6)
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(2) Suppose that P¢ is a critical point of M(P) such that |P§| > do,j = 1,2 for some dy > 0.

Then we have

8l7m8j7iM€(P)‘ al maj,iMe(P)‘

P=Pc " P=P¢

More precisely, we have

al,maj,iMe (P) ’P:Pe

= "2+ o(W)w(Pf = Pil/€)€§y meSyi + € (1 + 0(1)pepe (P )e5 i O

where

eé:ﬁeék:7%§_P£ ik
N

€

ki denote the i—th component of the vectors €5 and €5, respectively.

€
and €5, and e y e

The proof of Lemma 5.2 is very technical and will be presented in Appendix B.

6. UNIQUENESS OF u,

+O0(e M (P9)), 5,1 =1,2,i,m=1,...,N.

(5.7)

(5.8)

(5.9)

In this section, we prove the uniqueness of the two-peaked nodal solution u. for e sufficiently

small. Let u. be a two-peaked nodal solution whose local maximum point and local minimum

points are ﬁ’j, J = 1,2, respectively.
By MMP (Section 3), the solution u, is even in x;,j = 2,..., N. Let
HZ2(Q) = {u € H*(Q) N Hy(Q)|u is even with respect to z;,7 =2,..., N}.
Consider the following minimization problem
min Ue — We,p, + We,
(P1.Py)€Rss | o Pl

where
Aoy = {(P,Py) [P € Ags, Pj; =0,i=2,..,N,j=1,2}.
It is easy to see that the minimum in (6.2) is attained (say by P¢) and thus we have
Ue = We,pe + Pe
where P¢ € Ay, ¢. € H2(Q,). Moreover, ¢, € Klpe. Since

S[U)G,P6 + ¢6] =0e Ce,Pfu ¢6 c ’CiPea

(6.1)

(6.2)
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by Lemma 4.3, we see that

¢e = Ve, Pe, (65)

where v, pe is defined by Lemma 4.3. (Note that Pf may not be a local maximum or local minimum
point of u.. But it is easy to show that up to a permutation, Pf = 15; +o(1),7=1,2.)
For P € A, we may define L = (I, 1,), where I, = Py1,l, = P55 and

M. (L) = M.(P). (6.6)

Similar to Lemma 4.4, we have that L€ is a critical point of ME(L) if and only if u, = we pe + Ve pe
is a critical point of J..

To avoid clumsy notation, we drop the hat from now on. Thus our problem is reduced to a
two-dimensional problem. By Lemma 2.1, we only need to prove the uniqueness of the critical
point of M (L) for L in the set

1 1
w={ )l -5 <8l + 35 <3},

which is a two-dimensional problem.
We begin with the following lemma which computes how much L¢ differs from L° = (%, —%)

This is a refinement of (2.7) of Lemma 2.1. This kind of estimate is needed for the uniqueness
proof. See [5] and [51].

Lemma 6.1. Let L€ = (I$,15) be as above. Then there ezists a unique constant a such that
1 1
I = §—|—ea+0(e), l5 = —5 —ea+ ofe). (6.7)

Proof: Our main tool is (1) of Lemma 5.2. Note that P = (Pf, Ps), Pf = (5,0, ...,0) is a critical
point of M. By Lemma 2.1, I — %15 — —3. Now adding the two equations in (5.6) (and using
(5.4)), we obtain that

2 P = 2 e
S e AR L 4 o(S e 2l — . (6.8)
— | P¢| —
j= J Jj=1
which implies that
|F5| = [P] + o(e). (6.9)

Hence we deduce that

IS = —I5 + ofe). (6.10)
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Next we examine equation (5.6) at j = 1. We have

Py 0 (2dpe—|Ps—Pel)/e Py — Pf
Ly OB TIPERIDe Z2 T I
| Pr| |Ps — P

where a® > 0 is a generic constant. So we obtain

aoe(Qde—|P2€_Pf|)/€ — 14+ 0(1),
and hence
|P; — Pi| = 2dpe + eag + ofe), (6.11)

where ay = loga® is a generic constant. From (6.10) and (6.11), we see that Lemma 6.1 holds.
U
By Lemma 6.1, any critical point L¢ of M (L) in Bs(L") must satisfy L¢ = LY 4 ea + o(e) for
some fixed a = (a, —a). Let Q° = L% + ca.

Our next lemma shows that every critical point L must be nondegenerate.

Lemma 6.2. Let L¢ € Bs.(QF) be a critical point of M(L). Then for € sufficiently small, we have

2
> 00 M(L)| iy > CeN e 2P| (6.12)
Jil=1 h

where C' is independent of €, = (n1,m2), and |n|* = n? + n3.

Proof: We have by Lemma 5.2 (2) (for i =m = 1)

2
> A0M (L)

=1
= (11 + o(1)e" *[e.pe (PY)|m|* + ¢e.pg (P5) In2”] (6.13)
+(n +o()e" Pw(|Pf = Pyl /e)(1+ (1)) — naf*.
Since L€ € Bs(Q°), |L — Q°| < €, we have
pepe(Pf) ~w(lPf = Bl/e), j=1,2.
(6.13) shows that
22: 00;M(L)|

J,l=1

Lope M1

> OV 22 P)/e | 2 (6.14)

for some C' > 0 independent of .
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This proves the lemma.
O
The inequality (6.12) shows that the matrix (0;8]-M6(L)‘ _) is positive definite. Thus the

Morse index is 0.

L=L
Finally we have

Lemma 6.3. For 0 > 0 small, there exists a unique critical point of M (L) over Bs.(QF).

Proof:

By Lemma 2.2, there exists a critical point L€ of M.(L). By Lemma 6.1, L = L° + ea + o(¢)
and any other critical point of M,(L) is in Bs.(QF).

We now show that L€ is unique.

By Lemma 6.2, there is only a finite number of critical points of M.(L) in Bs(Q¢) (since each
critical point is nondegenerate). Let k. be the number of critical points. At each critical point,
we have by Lemma 6.2,

deg(VMe, B5o(QF), 0) = (=1)" = 1,

€

where 0; > 0 are small constants so that Bs,(Qf
M (L).
Hence by the additivity of the degree we have

) contains only one critical point (i.e. Qf) of

deg(V M., B5.(QF),0) = k.(—1)°. (6.15)

On the other hand, it is easy to see that M,(L) has only one critical point in Bs.(Q¢) (because

of the nondegeneracy of (V2M,(P))). For L € B;.(Q°), we have
e/ = (14 0(8))e ", w(| Py = Pyl /e) = (1+ O(8))w(|Q5 — Q5]/e),
M(L) = (14 0(5)) M(QF).

By (1) of Lemma 5.2, we have VM, (L) = VM. (L) + O(M.(L)). Note that VM. (L) # 0 and
VML) # 0 on 0Bs.(Q°). By a continuity argument, we obtain that

deg(VMo B(k(QE)? O) = deg(vMﬁ(L)7 B(Se(Qe)a O) =1 (616)

Comparing (6.15) and (6.16), we deduce that k. = 1.
O
Lemma 6.3 shows that the two-peaked nodal solution is unique, up to a rotation, provided that

€ is sufficiently small.
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7. THE NEUMANN CASE: PROOF OF THEOREM (1.2)

In this section, we consider the Neumann case. Note that in [41], the existence of a nodal
solution u, with unique local maximum point Pf € 02 (having positive value) and unique local
minimum point P§ € 92 (having negative value) is proved. Moreover, @ — 400.

We now use MMP to prove the following result.

Lemma 7.1. Let Pf, Ps be a local mazimum and a local minimum point of u., respectively. Then,
for € sufficiently small, Pf = —P5. Moreover, suppose that Pf, Py lie on the x1— axis, then u. is

even in xj,j = 2,..., N.

Proof: The proof is similar to that in Section 3. Suppose Pf, Ps, and the origin are not on

a line. Note that since Pf, Py € 0f), we may assume that Pf = (/1 —1¢2,0,...,0,t.), P =

(y/1—12,0,...,0,—t.) with t. > 0, % — 400. We may just follow the proof of Case 1 in Sec-
tion 3. The rest is exactly the same.

O

JFrom Lemma 7.1, we see that Pf = —P;5. Without loss of generality, we may assume that
Pf=(1,0,...,0),Ps = (—1,0,...,0).

Our next result shows the existence of solutions having the properties of Theorem 1.2.

Lemma 7.2. There ezists a two-peaked nodal solution G, to (1.1) such that . is even in x;,j =
2,...,N and is odd in x1. Moreover, the local mazimum point P; and the local minimum point Py
of G, satisfy: Pf = —Ps, Pf = (1,0,...,0).

Proof: Let O = BN {z; > 0} and let v, be the least energy positive solution of the following

mixed Neumann-Dirichlet problem

{ EAu—u+uP=0,u>0 in Q, (7.1)

Ju = 00n 9(Q")NI(B), u=0ond(Qy)N{z; =0}
The existence of v, is standard: We consider the following energy functional

E.Ju] = 62/ |Vul? + 1/ |u)? — b !

‘ 2 Ja+ 2 Jo+ p+1Jor T
where u; = max(u,0), u € Hj (Q%) = H'(Q")N{uis even in ;,j = 2,..., N, and u = 0 on I'},
and I' = 9(Q7) N {x; = 0}. By arguments similar to [35], there exists a mountain-pass solution v,

which satisfies (7.1). Moreover, for e sufficiently small, v, has only one local maximum which lies
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on the boundary. By the symmetry of v,, the only maximum point of v. must lie on the x;—axis
and hence equals (1,0, ...,0). Now let

. { ve(x1, T2y oy ), if 1 >0,

e = 7.2
N —v(—x1, Ta, ..., xN), if 3 <O. (72)

It is easy to see that . is a two-peaked nodal solution of (1.1) and 4. satisfies the properties of
Lemma 7.2.

O

It remains to prove that u. = .. In this case, it is easier that for the Dirichlet problem. The

proof is similar to that in [32], where the uniqueness of two-boundary (positive) solutions is proved.

8. APPENDIX A: PROOF OF LEMMA 4.1

In this appendix, we prove Lemma 4.1 of Section 4 which follows from computations done in
[52].

As in [37], set . p = e~ Yer@/¢ where U, p(x) satisfies

AV, p(z) — VU p(z)?+1=01in Q,
{ U, p _ —elogw(%) on 0f2. ®.1)
By Lemma 3.6 of [37], we see that
U, p(P) — 2dp ase— 0. (8.2)
It is also proved in [52] that
a‘l’gi(l’) - (—1—1—0(6))881/]95—]3\ _ (—1+0(e))<”|5lf_]j;|’> on 0. (8.3)

To compute the exact asymptotic expansion of ¢, p(P), we follow [52]. Let G¢(z,z) be the

Green’s function which is the unique solution of the problem

EAG(2,2) — G(z,2) +0(z —x) =0 in Q, (8.4)
Ge(z,2z) =0 on 99. '
Then we have
Yep(x) = / QG (x,2)pe p(2)dz. (8.5)
€, BQ ay € M €,

We decompose
Ge(x,z) = K (|Jz — z|) — H(x, 2)
where K,(r) is the fundamental solution of €A — 1 in RV\{0}.
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Then H, satisfies

eAH, —H.=0 in Q, (8.6)
H(x,z) = =Kz — z|) on 0%2. '
By using (8.3), it has been shown in [52] that
O0H. 0K,
5 = (—1+o0(1)) 5 (8.7)
So we have 5
por(P)= [ (2+0(1) 5 Killz = Plgerd:
<z—Pv>
_ 1 —1/ € N—1_-2|2—P|/e ) d
(en +o(1))e 8Q(|Z—P|) ‘ |z — P| -
1 <z—Pv>
_ 1 N—2/ N—1_—2|2—P|/e ) ds. '
(exy +0(1))e 8Q(|Z—P|) e o z (8.8)

Let P be such that |P| > dy for some dy > 0. Then the integral in (8.8) is a typical Laplace
integral and can computed by the classical Laplace method: namely, we let z = /ey and then
obtain

per(P) = (en +o(1)(dp(l = dp)) 7 ¢ 7 2e7/°
for some positive constant ¢y > 0. This proves (4.9) of Lemma 4.1.

Next we prove (4.8) of Lemma 4.1. To this end, we note that for x = P + ey
0
porl) = | G, 2)pp(2)dz

- — zZ—x z— —P
= ew +o(1) [ ()T ()T T A T

o0 |z — x| |z — P| |z — P|
-1 -1 =P _<2-Py>< z— P v >
=t 1 / —) O I o L |
€ (CN—I—O( )) 69(’2—1") 2 (‘Z—P‘) ze e ’Z—P’ 4
= (1 +0(1))gpe,p(P)e”<Virs>
which proves (4.8) of Lemma 4.1.
Finally, we prove (4.10) and (4.12) of Lemma 4.1.
For P € (), we define
Qep = {yley+ P € Q}. (8.9)

If P =0, we denote €2 p as (2.

For P € (), we have
aQI]e,P

S5 ) G e )
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=(-1+ O(l))@e’p(P)EN_l/ f/(w)gwe_<v‘ip’y>dy (by Lemma 4.1 (4.8))
RN Yi

= (=71 +o(1))e" e p(P)(Vdp)i + O(e”rir/e), (8.10)
where 7, is given in (4.11). This proves (4.10).
For P, P, € Q with |P, — P,|/e — +00, we have
r, awe P
/Qf (We,py ) We,py— 75— oP,.,
/ 0 P —
= (1 o) [ F )iy + Py Ofe IR
P — P
- EN_I/ Fw) Lwly+ B2y 4 o roImrirey
RN 0y;
N-1 |P1 | (14-0)|P1—Ps|/e
= (= +o(1))w (f)(vﬂﬂpl Bof))i + O(e” ). (8.11)
This proves (4.12).
U

9. APPENDIX B: PROOF OF LEMMA 5.2

In this appendix, we prove Lemma 5.2.
Proof of (1) of Lemma 5.2: Observe that

Vi M.(P) =< wep + vep, 8;4(wep + vep) >c —€ N /Q Fwep + vep)dii(wep + vep)
—< wep, ji(wep) >e — N /Q Flwep)d,i(wep)
4 < vep, Dji(wep) >c —€ N /Q F (wep)ve p0;i(wep)
< wep, ilver) e~ [ J(wep)diiver)
+ < Uep,0;i(Vep) >e —e N /Q f(wep)0;i(vep) + O(e_(2+")‘ﬁ(P)/E)
—< wep, D wep > —€ N /Q Flwep)d;:(wep) + O(e~Fe®)e)

=N /Q[(f(U_Je,Pl) - f(U_Je,PZ,) - f(u)GJD1 — wgPZ)](a”wEP) + O( (240)p(P )/€>
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2
N /Q[Z<—1>H<f(w€,pl> — fwer)) + (f (wep ) wep, — [ (we,p, ) we,p,)]0; 0 p
+0(e~EFo)eP)/e)
— e_N/ [f(we,Pj) - f(weP )]aj zweP + € -N Z/ f weP )we Pza] zweP + O( —(2+o’)(p(P)/e>
I#35
:/ f,(we,Pj)(—sog,p )0;,iWe, P, +Z/ wep Ve, 7,0, We,p; + Oe (2+a)¢(P)/6)
) 7 (9.1)

Since |P§| > dy for some dy > 0, (9.1) equals

"+ o(1))@ep, (P)(Vdp, )i + € (11 + o(1)) ;wqu — B|/e)(VIP; = Fi); 02)
by (4.10) and (4.12) of Lemma 4.1.

By using Lemma 4.1, we see that (5.6) holds.
U

Proof of (2) of Lemma 5.2: Let P¢ be a critical point of M (P) in As such that |Pf| > do,j = 1,2
for some dy > 0. We now expand,

Om05iM(P)|
=< al,m (we,P + UE,P)7 aj,i (we,P + UE,P) >e |P:P6
+ < We, P + Ve, P, 8l,maj,i(U)e,P + Ue,P) >e ’P:P6

N /Q f’ (We pe + Ve pe) O (Wep + Ve p)|p=pe0ji(Wep + Ve p)|p=pe

N /Q f(wepe + Vepe)Opm0ji(Wep + Vep)|p=pe
=< 3l,m(we,1> + UE,P), aj,i(we,P + Ue,P) > |pope

N /Q f/ (We pe + Ve,pe) O (Wep + Ve p)|p=pc0;i(Wep + Ve p)|p=pe
(since P€ is a critical point of M (P))

_ /

=< O mWep, 0j;Wep > lp_pe — € N /Q f (we,Pe + Ue,P5>al,mwe,P|P:P56j,z’we,P|P:P€
_ ’

+ < O mWep, 0jiVep >e lp_pc — € N /Q f (we,PE + Ue,Pe)al,mwe,P|P:Pﬁaj,ive,P|P:P€

_N ’
+ < OmVep, 0;,iWep >c |pope — € /Qf (We pe + Ve pe ) Opm Ve p 0j i We p|p—pe

_N /
+ < al,mve,Pa aj,i'Ue,P >e ’P:PE — € /Qf <u}e,P6 + Ue,PE)al,m'Ue,P

=L+L+1I;+1,

aj,ive,P \P:Pe
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where [;,7 =1, ...,4 are defined at the last equality.

We now estimate each term. By Lemma 4.3,

I = O(||0ymve.pe ) = O(e”Fa)e®I)/ey, (9.3)

e||3j,z‘ve,Pe
Certainly the estimate of I is the same as that of I3. We consider I5:

[2 = GiN A[f(w67pl€)al’mwe’Pl€ - f(wE’Ps + 'UG’PG)al,mweyple]aj,iwe,]?je - O(€7(2+U)§0(P€)/6). ( )
9.4

Similarly, we have
I3 = O(e~BF0¢(®)/e). (9.5)

Hence it remains to compute I; only. Without loss of generality, we may assume that j = 1.

We consider two cases separately: | =2 and [ = 1.
When [ = 2, we have by Lemma 4.1

L=eW /Q [ £ (We,ps) Do, ps + f (Wepe) O mtwe,pe)Or itwe
= = [ 1 (g Oy = (f (W) + F (Wep))Oamtig)On i g + Ofe” GFPe)
— —e_N/Q[f,(waPﬁ)az,m'lBe,PQE - fl(w67P26)82,mwe,P25]6177;2D67p1e
et /sz ! (We,pg ) Oz, mWe,ps Or iWe, P + O (e~ @+)e(P)/e)
= /Q f/(wf’Pf)almwf»Psal,i@e,Pf + O(e= BHo)e(PI/e)

PE - P€ ’ 8 € €
_ e_2w(‘ 1 2|)/ f (w)a—we_<612’y>(6§2)m + O(e—(Q-‘rU)cp(P )/5)
€ Qe,P6 yl

= ¢ 2w(|Pf — P5|/e)(m + o(1))(eSa)m(efy)i + O(e™ GHaeEI/) (9.6)
For [ =1, we have

L= /Q[f'(we,Pfﬁ?Lm@eff -/

’

(we,Pe )al,mwe,Pf]al,iwe,Pf

/

=V /Q[fl (We, P )O1,mWe,pe — f

—/Qf”(we,Pf)we,Pgal,mwe,Pfal,iwe,Pf + O(e” Gro)eP/e)
=5L,—1o.

(we,Pf )al,mwe,Pﬂauwe,Pf

For I ;, we have
Ly=¢V /9[31,mf(we,Pf) — Ot f (e, pe )] 01,iWe, p
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) (. f<we,Pf>>J<—ai ’

+ O(e~@ra)e®P9)/e)
0T, 1

2

= G_N/Q(f(we,Pf> — f@er) (55— 88 e pr) + O™ @)

2

=2 ’ pe(Pf O(e~(2Ho)p(P)/e
i S WP+ )5+ Ol )

-2 ¢ ' <Vdpey> O*w (24+o)p(P)/e
=€ we,pf(Pl)/RNf(w)e Py 5 8ymdy+o( (2+0)p(P)/c)

(by (4.8) of Lemma 4.1)

= o () [ (=)

RN

ow Ow

—<Vdpe,y> (2+0)p(P9) /e
dy+ O
0Y; OYm N Y (e7 )

e (PY)er i (11 + 0(1)). (9.7)

For I, 5, we have

I, = e N /Q fN(we,Pf)@e,P;al,m@e,Pfal,iwe,Pf + 0(6_(2+U)¢(P6)/6)

" ow Oow Pe P
_ 2 —(2+40)p(P€) /e
[ )G Sy + Sy + Ol )

P

= ¢ "w( £ )elai€1am (1 + 0(1)). (9-8)

Combining all together, we have

Om0;:Me(P)|

P=Pc¢

Pe — pe
= 2y -+ o1

+e72 (1 + 0(1)pe,pe (P5)e5 €f mdji

) jl,mej'l,i

which is exactly (5.7).
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