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RENORMALIZED SOLUTIONS OF THE 2D EULER
EQUATIONS

GIANLUCA CRIPPA AND STEFANO SPIRITO

ABSTRACT. In this paper we prove that solutions of the 2D Euler equa-
tions in vorticity formulation obtained via vanishing viscosity approxi-
mation are renormalized.

1. INTRODUCTION

Let us consider the Euler equations for an incompressible fluid in vorticity
formulation on R? x (0,7):
Ow+u-Vw=0

u=K*xw,

(1.1)

where w € R is the vorticity, u € R? is the velocity field and the second
equation of (1.1) is the Biot-Savart law, which reads as follows:

r— )t
u(z,t) = ! / ﬂw(y,t)dy. (1.2)

T om

Rz [T~y
The system (1.1) is as usual coupled with the initial datum
w(z,0) = wo on  R*x{t=0}. (1.3)

A classical problem in fluid dynamics is the approximation in the limit of
vanishing viscosity (v — 0) of solutions of (1.1) by solutions of the Navier-
Stokes equations, which in vorticity formulation read as follows:

O’ +u” - Vw” = vAw”
uw’ = K %w” (1.4)
w”(:z;,O) = wg?

where wf is a suitable approximation of wy.

In [9], Proposition 1, the authors noted that any weak solution w of (1.1)
in L>°(0,7T; LP(§2)) with p > 2 is renormalized in the sense of DiPerna and
Lions [5], and in the case when 1 < p < 2 all weak solutions obtained as
a limit of exact smooth solutions of (1.1) are renormalized. As pointed
out in [9] these results are a direct consequence of the results contained in
Theorem I1.3 of [5], see also Section 2 Theorem 2.2 in what follows. Then, in
[9], the question whether solutions of (1.1)-(1.3) with w in L°°(0, T’; LP(R?))
obtained in the wanishing viscosity approximation are renormalized when
1 < p < 2 was posed. In this note we give a positive answer to the above
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question. Our main result is as follows, see Section 2 for the notations and
the main definitions.

Theorem 1.1. Let 1 < p < 2. Let wy € LE(R?). Let {w§}, C LE(R?)
be a sequence of smooth functions converging strongly to wqy in LP(R?) and
(u”,w") be the unique smooth solution of (1.4). Then, there exist

(u,w) € L0, T; Wyl (R?)) x L=(0,T; LP(R?))
such that, up to subsequences,

u’ — u strongly in LP(0,T; LP (R?))

loc

W’ 2w weakly* in L°°(0, T; LP(R?)).

Moreover, u = K xw for a.e. (z,t) € R? x (0,T) and the vorticity equation
1s satisfied in the renormalized sense.

In fact, in the same setting of the theorem, every weak solution of the
Fuler equation obtained as a vanishing viscosity limit is renormalized. This
problem has been raised in the paper [9] in connection with the enstrophy
defect of weak solutions of (1.1). However, the interest in proving this
result relies also in the fact that the vanishing viscosity is a very physical
approximation of the Euler equations and proving that the vorticity satisfies
(1.1)-(1.3) in a renormalized sense would imply a posteriori that solutions
obtained via vanishing viscosity are transported in a weak sense by the
characteristic of the vector field u, as it holds in the smooth setting, see
[1, 5]. Moreover, the notion of renormalized solutions is also useful when
the regularity available is not enough to state the equations in distributional
sense. This is already the case for the Euler equations, indeed when the
initial vorticity is in LP with 1 < p < % the a priori estimates available for
u and w are not enough to guarantee that the non linear term uw is in L;x.

Although a positive answer to the above question is highly expected due to
the physical meaning of the vanishing viscosity approximation, the rigorous
proof is not straightforward. Indeed, when we assume that wg is uniformly
bounded only in LP with 1 < p < 2, only a uniform bound in LP for w”
can be expected, and thus by classical result in singular integrals, only a
uniform bound in I/Vllof for v”. In order to prove that (1.1) is satisfied in a
renormalized sense we need to prove that the following equation is satisfied
in a weak sense:

OB(w) + (u-V)B(w) = 0.

Then, some strong convergence for the sequence w” would be needed. How-
ever, the strong convergence of w” is not available in a straightforward way
in our setting. Indeed, the strong convergence is usually achieved either as a
consequence of the renormalization, see [5], or by arguing in the Lagrangian
setting, see [4]. However, these arguments seem not to work here. We will
avoid this problem by using in a deeper way the theory of renormalized
solution, in particular the duality technique introduced in [5].

Finally, we want to point out that the hypothesis wy € LY, C(RQ) in Theo-
rem 1.1 can be relaxed to wg € L'(R?)N LP(R?). In this case the proof holds
with minor changes.
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2. PRELIMINARIES

Given Q C R2x(0,T), the space of compactly supported smooth functions
on  will be denoted by D(£2). We will denote with LP(R?) the standard
Lebesgue spaces and with || - ||, their norm. Moreover, LE(R?) denotes
the space of LP functions with compact support. The Sobolev space of LP
functions with distributional derivatives in L? is denoted by W1P(R?). The
spaces L (R?) and Wi’f(]@) denote the space of functions which are locally
in LP and WP, respectively.

2.1. Renormalized solutions of transport equations. In this section
we recall the main notions and results about renormalized solutions of trans-
port equations. We want to point out that these results will not be stated
in the full generality but will be adapted to our setting. For a complete
overview of the theory of renormalized solutions see for instance [2, 3] and
reference therein.

Let us consider the Cauchy problem for the transport equation:

w(z,0) = wo(z), (2.1)

with b a divergence-free vector field. The definition of renormalized solutions
of (2.1) is the following:

Definition 2.1. A measurable function w is a renormalized solution of (2.1)
if for any B € CH(R) N L>®(R) the following Cauchy problem is satisfied in
the sense of distributions:
hB(w)+b-Vp(w)=0
Bw)(x,0) = B(wo).
In [5] DiPerna and Lions proved, among other deep results, the following

theorem. In the statement p and ¢ are in (1,00) and are unrelated unless
explicitly specified.

(2.2)

Theorem 2.2. Let b be a vector field in R? such that

b(t,z) € L}0, T; WEP(R?),  divb =0,
|b(t, )|
1+ |z

(2.3)

€ LY0,T; L' (R?)) + LY(0,T; L*°(R?)).

(1) Let wy € LI(R?). Then, there exists a unique renormalized solution
in the sense of Definition 2.1 of the Cauchy problem (2.1), and it
belongs to C([0,T); L4(R?)).

(2) If % + % = 1 every distributional solution in L*(0,T; L1(R?)) of
(2.1) is a renormalized solutions and then there exists a unique dis-
tributional solution of (2.1) in such space.

A crucial tool in the proof of the Theorem 1.1 is a duality formula for the
transport equations associated to the vorticity. In particular we shall use
the following theorem again proved in [5].
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Theorem 2.3. Let b satisfy assumptions (2.3) and w € L>(0,T; LP(R?)) be
a renormalized solution of (2.1). Let ¢ € L>(0,T; L4(R?)) with % + % =1
be a renormalized solution of the following backward transport problem
—0pp — div(bp) = x
(T, x) = ¢r(z)
with x € LY(0,T;L4(R?)) and ¢7 € LI(R?). Then, the following formula
holds

(2.4)

//Xw dxdt = /(b(x,O)wo(x) dx — /cZ)T(:x)w(:c,T) dz,
where the right-hand side makes sense because of Theorem 2.2.

2.2. Vanishing viscosity limit. In this section we recall the main results
concerning the vanishing viscosity approximation of (1.1)-(1.3). We want to
point out that this is now a well-understood theory at least in the case that
there are no boundaries. The following results can be found for instance in
the monograph [10].

First, it is well know that (1.4) are globally well posed in two dimensions.

Theorem 2.4. For any smooth initial datum wg there exists a unique smooth
solution of the Cauchy problem (1.4).

Moreover, the following a priori estimate uniformly with respect to v
holds:

Lemma 2.5. Let (u”,w") be the unique smooth solution of (1.4), then for
any 1 < p < o0

sup /|w”(m,t)|pdm < /|w6’pdm. (2.5)
te(0,T)

By using the Biot-Savart law, the Calderén-Zygmund theorem for singular
integrals and (2.5) we get the following a priori estimate for the velocity field
u” uniform with respect to v.

Lemma 2.6. Let (u”,w") be the unique smooth solution of (1.4). Then for
any fired R >0 and 1 < p < o0

sup / |u” (x,t)|P dx + / |Vu”|Pdx < C(R), (2.6)
te(0,T) J Br(0)

where C(R) depends only on the the norm of the initial datum w¥ in L'(R?)
and in LP(R?).

3. PROOF OF THE THEOREM 1.1

In this section we give the proof of Theorem 1.1. We divide the proof in
several steps.

Step 1. Existence of the limit.

Since {wy¥}, is uniformly bounded in LF(R?) and strongly convergent to
wo in LP(R?) we have that

w§ — wo  strongly in L"(R?) for any r € [1, p]. (3.1)
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By using Theorem 2.4, Lemma 2.5 and Lemma 2.6 we get that for any v
there exists a unique smooth solution w” of (1.4) such that for any r € [1, p]
uniformly with respect to v we have

{w”}, € L®(0,T; L7 (R?))
{u’}, € L®(0,T; W,oP (R?)).

C

(3.2)

Then, by using (3.2) and the fact that w” solves (1.4) a standard compactness
argument implies that there exist u € L*°(0,T; VV;)? (R?)) such that up to
subsequence not relabeled

u” — u strongly in LP(0,T; L} (R?)) (3.3)
and there exists w € L°°(0,T; L'(R?) N LP(R?)) such that
w” 5w weakly* in L>(0, T; LP(R?)). (3.4)

Let n € D(R? x (0,T)), then

// un dxdt = llg%) // u”’n dzxdt
= lim //(K*w”)n dxdt
v—0
= — lim //w”(K*n) dxdt.
v—0

Because of (3.2) and since 7 is bounded and compactly supported we have
that K xn € LI(R? x (0,T)) for any ¢ > 2. Then, by choosing ¢ = S we

[f s -y [ o5 i
= —//w(K*n)dxdt
= //(K*w)n dzdt,

where in the second line we have used that w” is weakly convergent in
LP(R? x (0,T)). Then, by varying n € D(R? x (0,7T)) we have that

u(z,t) = (K «w)(z,t)  ae in R? x (0,7). (3.5)
Now we prove that u satisfies the growth condition (2.3). We decompose u
in the following way:
u=Krw=u +tu =Ky rw+ Ko*xw
where K1(7) = K(z)1|5<1(z) and Ka(r) = K(z)1j3>1(z). Then, by di-

rect computations we have that K; € L'(R?) and Ky € L°°(R?). By using
Young inequality and the fact that the w is bounded in L!(R?) we get (2.3).

Step 2. A dual problem

Let us introduce the following linear backward transport-diffusion problem
—0p" — vAQPY — div(ep"u”) = x

& (2. T) =0, (3.6)
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where x € D(R? x (0,7)) and {u”}, is the subsequence chosen in (3.3).

By standard energy estimates it is easy to prove that for any fixed v > 0

there exists a unique global smooth solution of (3.6). In the remaining of this

step we prove that the sequence {¢"}, converges to the unique distributional

solution ¢ € L>(0, T; LY(R?)) of the backward transport equation (2.4).
Indeed, by multiplying (3.6) by 2¢” we get

d v 14 14
-G+ 29918 =2 [ o da.

Note that the integration by parts can be justified with a suitable truncation
argument as in [5]. Then, by using Cauchy-Schwarz inequality, the fact that
X is smooth and taking into account that the time is reversed we have by

Gronwall Lemma that uniformly with respect to v
¢" € L*(0,T; L*(R?)) 57
VrVer € L*0,T; L*(R?)). '

Moreover, by multiplying (3.6) by g¢”|¢”[9~2 for any q € [2,00) we get
d v|q V2| 4 v|q—2 V| V|q—2
8 [1617dn +vata 1) [ 196216152 de = g [ x¥10102 da.

By using Holder inequality, Gronwall Lemma and the fact that x € D(R? x
(0,T)) we get that
¢ € L=(0,T; LY(R?)) (3.8)

uniformly with respect to v for any 2 < ¢ < oo. Finally, by using (3.8)
and the fact that ¢” satisfies (3.6) we can improve the convergence in time,
namely, we have up to subsequence that

¢ — ¢ in C([0,T); LI (R?)) (3.9)

weak

for any ¢ < oo. Let ¢ € D(R? x (0,7]), then by multiplying (3.6) by ¢ we
have that

/ by + VNV GVY + (v - Vip)¢¥ — xtp dadt = 0.
By using (3.3), (3.7) and (3.9) we get that the limiting function ¢ satisfies
// Py + (u - Vip)g — x dwdt = 0.

Since by (3.8) ¢ are uniformly bounded also in L°°(0,T; L4(R?)) for any
q > 2 we can choose ¢ = p%l and by using Theorem 2.2 we get that ¢ is the

unique renormalized solution of (2.4). Then, by uniqueness of the limit ¢”
converges to ¢ along the whole subsequence chosen in (3.3).

Step 3. A duality formula.

Let us multiply (1.4) by ¢, after integrating by parts we get

// —0p"w” — vAP"w” — div(¢"u”)w” dxdt = /¢”(m,0)w6’($) dx
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and by using (3.6) we get

/ / o’ dadt = / ¢ (z, 0)w¥ () da. (3.10)

By using (3.1), (3.4) and (3.9) we can pass to the limit in (3.10) and we get

/ / w dwdt = / 6(w, 0o (2) da, (3.11)

where ¢ is the unique renormalized solutions of (2.4).
Step 4. Renormalization.

By using Theorem 2.2 there exists a unique renormalized solution w &
L>=(0,T; LY(R?)) of the transport equation with vector field u, the limit
obtained in (3.3), and initial data wp, namely

é)tu_H-u- Vo =0
w(z,0) = wp.

By Theorem 2.3 we get that w satisfies

/ / i dzdt = / 6(x, )0 (x) dz, (3.12)

where ¢ is the unique renormalized solution of (2.4). By taking the difference
of (3.12) and (3.11) we get that

//(w — w)x dwdt = 0. (3.13)

Note that it is crucial the fact that the backward transport equation (2.4)
has a unique distributional solution in the class L°(0,T; L9(R?)). Then,
by varying x over all smooth compactly supported functions we get that
w—w =0 for a.e. (z,t) € R? x (0,7) and then w is renormalized because
it agrees almost everywhere with the renormalized solution w.

Acknowledgments. This research has been partially supported by the
SNSF grants 140232 and 156112. This work has been started while the sec-
ond author was a PostDoc at the Departement Mathematik und Informatik
of the Universitat Basel. He would like to thank the department for the hos-
pitality and the support. The authors thank Helena J. Nussenzveig Lopes
and Milton C. Lopes Filho for useful discussions.

REFERENCES

[1] L. AMBROSIO, Transport equation and Cauchy problem for BV wvector fields. Invent.
Math., 158, (2004), 227-260.

[2] L. AMBROSIO AND G. CRIPPA, Existence, uniqueness, stability and differentiability
properties of the flow associated to weakly differentiable vector fields. In: Transport
Equations and Multi-D Hyperbolic Conservation Laws, Lect. Notes Unione Mat. Ital.,
vol. 5, Springer, 2008.

[3] L. AMBROSIO AND G. CRripPA, Continuity equations and ODE flows with non-smooth
velocity. Lecture Notes of a course given at Heriot-Watt University, Edinburgh. Pro-
ceedings of the Royal Society of Edinburgh, Section A: Mathematics. In press.

[4] G. CriprA AND C. DE LELLIS, Estimates for transport equations and regularity of
the DiPerna-Lions flow. J. Reine Angew. Math., 616, (2008), 15-46.



8 G. CRIPPA AND S. SPIRITO

[5] R. J. DIPERNA AND P. L. Li1ONs, Ordinary differential equations, transport theory
and Sobolev spaces. Invent. Math., 98, (1989), 511-547.

[6] R. J. DIPERNA AND A. MAJDA, Concentrations in regularizations for 2-D incom-
pressible flow. Commun. Pure Appl. Math., 40, (1987), 301-345.

[7] R. J. DIPERNA AND A. MAJDA, Oscillations and concentrations in weak solutions of
the incompressible fluid equations. Commun. Math. Phys., 108, (1987), 667-689.

[8] R. J. DIPERNA AND A. MAJDA, Reduced Hausdorff dimension and concentration-
cancellation for two-dimensional incompressible flow. J. Am. Math. Soc., 1, (1988),
59-95.

[9] M. C. Lopes FiLHO, A. L. MAZZUCATO AND H. J. NUSSENZVEIG LOPES, Weak so-
lutions, renormalized solutions and enstrophy defects in 2D turbulence. Arch. Ration.
Mech. Anal., 179, (2006), no. 3, 353-387.

[10] A. MAJDA AND A. BERTOzz1, Vorticity and Incompressible Flow. Cambridge Texts
in Appl. Math, CUP, Cambridge, 2002.

(G. Crippa) DEPARTEMENT MATHEMATIK UND INFORMATIK, UNIVERSITAT BASEL,
SPIEGELGASSE 1, CH-4051 BASEL, SWITZERLAND
FE-mail address: gianluca.crippa@unibas.ch

(S. Spirito) GSSI - GRAN SASSO SCIENCE INSTITUTE, VIALE FRANCESCO CRISPI 7,
67100 L’AqQuiLa, ITALYy
E-mail address: stefano.spirito@gssi.infn.it


gianluca.crippa@unibas.ch
stefano.spirito@gssi.infn.it

	1. Introduction
	2. Preliminaries
	2.1. Renormalized solutions of transport equations.
	2.2. Vanishing viscosity limit

	3. Proof of the Theorem 1.1
	References

