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Chapter 1

Introduction

We work over the field C of complex numbers. We denote by SLs the group
of complex 2x2-matrices with determinant 1. Let V,, = C[z,y], be the SLy-
module of binary forms (homogeneous polynomials in = and y of degree n), on
which SLs acts via

g ) = Flg™ "),

for g € SLy, f € C[x,y] and v € C?. The algebra of polynomial functions on
Vi, denoted by O(V;,), is a polynomial ring in n + 1 variables. The group SLo
acts on O(V,,) via the action

g-3(f)=3ilg™" - ),
for g € SLo, j € O(V,,) and f € V,,. An invariant of V,, is an element j € O(V,,)

such that g-j = j for all g € SLy. The set of invariants of V,, forms the algebra
of invariants I := O(V,,)5k2.

“The theory of invariants originated in England about the middle
of the nineteenth century as the genuine analytic instrument for
describing configurations and their inner geometric relations in pro-
jective geometry. The functions and algebraic relations expressing
them in terms of projective coordinates are to be invariant under all
homogeneous linear transformations. ”([Wey46, page 27])

In the nineteenth century mathematicians studied invariants of binary forms
motivated by the philosophy that ‘any’ property of polynomials unaffected by
linear transformations can be expressed by the vanishing of invariants. The
polynomial az? + 2bx + ¢ for example has a double root if and only if the
invariant b2 — ac of ax? + 2bzry + cy® vanishes. Consider, as another example,
the non-zero quartic q(x,y) = az*+bx3y+...+ey*; the solutions of the equation
q(z,y) = 0 correspond to 4 points on the projective line. These four points form
a harmonic division if and only if the invariant

Jaz =

(SR~
QU O o
o a0
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of the quartic ¢ vanishes (cf. Dixmier [Dix90], p.42). The invariants of binary
forms are related to the study of algebraic equations as well. For example,
the binary form ¢(x,y) of degree 5 has an invariant of degree 18 with a nice
property: if this invariant vanishes, then the equation ¢(x,1) = 0 can be solved
by radicals (cf. Dixmier [Dix90], p.43).

Early in the 1800s it was known that the invariants of V5, are spanned by
the discriminant > — ac of ax? + 2bxy + cy?, and that the invariants of V3 are
generated by the discriminant (ad — bc)? — 4(ac — b?)(bd — ¢?) of az® + 3bx?y +
3cxy? + dy®. About the binary forms ax* + 4bx3y + ... + ey* of degree 4 it
was known that the invariant j3 defined above and j, = ae — 4bd + 3¢ are
algebraically independent and generate the invariants of V. The invariants jo
and j3 were discovered in the period 1840-1850 by Boole, Cayley, Eisenstein
(cf. Dixmier [Dix90], p.41). Regarding the invariants of Vs, Hermite ([Her54])
proved in 1854 that they were generated by 4 irreducible invariants of degrees
4, 8, 12, and 18. Before that, only the invariants of degrees 4, 8, and 12 had
been known, and for a long time people believed that all invariants of V5 had
degrees divisible by 4 (cf. Dixmier [Dix90], p.41).

Cayley [Cay56] claimed in 1856 that that the algebra I of invariants of V,,
had no finite bases for the cases n = 7 and n = 8. However, twelve years later,
in 1868, Gordan [Gor68] proved the contrary: he showed that I has a finite basis
for all n.

“Im 146°t°™ Bande der Philosophical Transactions pag. 101 hat Herr
Cayley sich mit der Frage beschdéftigt, ob alle aus einer bindren
Form entstehenden Covarianten und Invarianten als ganze Functio-
nen einer begrenzten Anzahl von Former mit numerischen Coeffi-
cienten darstellbar seien; er hat gezeigt, dass bei Formen zweiten,
dritten und vierten Grades sich alles in der verlangten Weise aus-
driicken lésst. Im Folgenden gebe ich fiir binére Formen n'*" Grades
ein endliches System von Covarianten und Invarianten an, von de-
nen ich zeige, dass und wie alle aus der Form abgeleitete Formen
sich als ganze rationale Functionen derselben mit numerischen Coef-
ficienten darstellen lassen. Dieses fiir den allgemeinen Fall gegebene
System ist immer zu gross und ldsst sich in jedem besonderen Falle
reduciren; fiir Formen fiinften und sechsten Grades habe ich auch
diese Reduction ausgefiihrt und ein mdéglichst kleines System von
Grundformen geliefert.” ([Gor68])

The study of invariants of binary forms was an important part of a new disci-
pline, “die neue Algebra (the new Algebra)”, as Clebsch named it in 1872. At
that time Clebsch wrote that

“die fundamentalen Untersuchungen von Gordan iiber die Endlichkeit
der Formensysteme |[...] eine Perspective in eine neue Classe tiefer
und wichtiger Forschungen erréffnet”.[Cle72]

About twenty years later, in 1890, Hilbert [Hil90] generalised the result of Gor-
dan to a system of several homogeneous forms in a finite number of variables.
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His proof was non-constructive and did not provide any tools to determine such
finite bases. Hilbert ‘only’ proved that these finite bases existed, to which Gor-
dan reacted with the famous exclamation ([Rei96]):

“Das ist nicht Mathematik. Das ist Theologie.”

Hilbert [Hil93] returned to the problem and in 1893 gave a proof which was
this time constructive. Eventually Gordan appreciated Hilbert’s new ideas,
remarking

“I have convinced myself that Theology also has its merits.”[Rei96]

With his article from 1893 Hilbert opened a new chapter in mathematics: the
article contains famous results such as “Hilbert’s basis theorem” and “Hilbert’s
Nullstellensatz” (as they are known nowadays), without which it is hard to
imagine the mathematics of today.

It is known, hence, since the nineteenth century, that the algebra I of in-
variants of binary forms of degree n is finitely generated over C, i.e. there exist
finitely many invariants ji, ..., j,. € I, such that I = C[jy, ..., j,]. Nevertheless,
finding the generators of I is, in general, a difficult problem. Two methods were
developed in the nineteenth century: the symbolic method, and the enumerative
method.

The symbolic method was developed by Aronhold and Clebsch in the middle
of the nineteenth century. Called by Hermann Weyl “the great war-horse of
nineteenth century invariant theory”, the symbolic calculus allows the reduction
of the computations with binary forms of degree n to the special cases of the
n*™ power of a linear form (o + asy)™. The classics proved that the invariants
of binary forms have symbolic representations as products of factors of type
[af], where [af] stands for the determinant a2 — as81. The manipulation of
invariants got simplified by representing them in succinct symbolic expressions.
Kung & Rota [KR84] gave in 1984 “a rigorous and yet manageable account of the
umbral or symbolic calculus” that was performed in the nineteenth century (see
also Chap. 2.2). With the help of the symbolic method, Gordan [Gor68] proved,
in 1868, that the covariants of a binary form f of degree n are generated by a
finite number of iterated transvectants f, (f, f)a, (f, (f, f)d)e,.-.. For a modern
interpretation of Gordan’s algorithm we refer to Weyman [Wey93]. Gordan’s
proof was constructive and provided sets of generators for the invariants and
covariants of Vi ([Gor87]). Following Gordan’s method, von Gall [Gal88] found
in 1888 a set of generating covariants of V7, but this set was not minimal. In
two papers published in 1880, von Gall [Gal80] computed a set of generating
covariants of Vg, but this set was again not minimal (he did found the correct
number of the generating invariants of V3). No sets of generating invariants
of covariants of V,, for n > 9 were computed in the nineteenth century using
Gordan’s method.

The enumerative method was developed by Sylvester in the nineteenth cen-
tury and aimed to find lower bounds for the number of generators of the invari-
ants of binary forms. This method used the Poincaré series of the algebra I of in-
variants of binary forms and tamisage for finding these bounds. Tamisage meant
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the following: suppose that the Poincaré series of I is P(t) = 1+ast?>+ast3+. . ..
We look for the smallest 7 such that the coefficient a; is nonzero, as long as such
an i exists. If a; > 0, we put m; := a;, replace P(t) by P(t)(1 — t!)™, and
repeat the procedure. If a; < 0, we stop. Undefined m; are considered equal to
0. Sylvester claimed that the number of generators of I is at least ) . m; (more
precisely, that the number of generators of I; is at least m;). For illustration,
the Poincaré series of the algebra of invariants of binary forms of degree 10 is:

P(t) =1+ 12 +2t* + 6t5 + 1265 + 5% 4 24410 + 13411 4 52412 + 33¢13 4
97t + 80t'° + 177t'% + 16017 + 319¢'® 4 301¢'% 4 - - - (see Chap. 4.9)

Using tamisage we obtain the following bounds m; on the number of generators
of invariants of degree 7 of Vi (the last row contains the actual number d; of
generators of degree 4, obtained in Chap. 4.9):

1t 2468910 11 12 13 14 15 16 17 18 19 21
m; (11455 8 812151319 5 3 0 0 O
di 1114558 812151319 5 5 1 2 2

Sylvester formulated a postulate as well, which stated that in a degree ¢ one gets
either a new generator of I, or new relations among the already found generators,
but not both. This was not true: Hammond [Ham82] found a counterexample
in 1882. Assisted by Franklin, Sylvester [Sy79b] used tamisage and his postulate
for finding the number of generators of invariants of binary forms of degree up
to 10. His predictions regarding the invariants of V,, were correct for n < 6
and for n = 8. For the remaining cases, Sylvester’s numbers were correct up to
degree 18 for n = 7 and for n = 9, and up to degree 16 for n = 10.

Both techniques were not powerful enough for solving complicated cases.
Grace and Young noted in 1903:

“Theoretically then Gordan’s process gives an upper limit to the ir-
reducible systems. The enumerative method |...] gives a lower limit
to the system and when the two methods give the same result the
irreducible set has been obtained. The results even when identical
have to be received with some caution on account of the enormous
labour involved. It may be recalled in fact in connection with the si-
multaneous system of a cubic and quartic (Gundelfinger, Math.Ann.
Bd.iv.) that the two results originally agreed, but a revision of the
generating function led to a reduction of the lower limit which it
theoretically gives, and afterwards two forms included in the irredu-
cible system as derived by the methods of Gordan and Clebsch were
found to be reducible. The complete systems for the binary forms
up to the octavic may be considered as accurately determined by
the two methods combined.”(|[GY03, page 131])

In reality, the cases n = 7 and n = 8 were surrounded by a shade of doubt until
late in the 20th century. Gall’s results [Gal88] regarding the generating invari-
ants of V7 were corrected by Dixmier & Lazard [DL86] in 1986. Shioda [Shi67]
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proved in 1967 that the algebra of invariants of V5 was generated by the nine
invariants found by Gall in 1880 and also explicitly calculated the relations be-
tween these nine invariants. Regarding the covariants of V7, Créni [Cr602] and
Bedratyuk [Bed(9] indicated that Gall [Gal88] had six superfluous generatoring
covariants in his set. However, they didn’t prove that Gall’s set was indeed a
generating set for the covariants of V7 (in particular they did not give an inde-
pendent proof of the fact that there were no generators in higher degrees than
the one indicated by Gall, but instead relied on Gall’s results). Bedratyuk &
Bedratiuk [BBO8] showed in 2008 that the set of generating covariants of Vg
found by Gall [Gal80] contained a superfluous generator, confirming a result of
Sylvester [Sy79b]. Again, they did not prove that no generators will appear in
degrees higher than the one indicated by Gall, but relied on this information. In
Chap. 5.7 and 5.8 we find sets of generating covariants of V7, respectively of Vg,
independently of von Gall’s work. As for the case of the simultaneous system
of a cubic and quartic, this was settled in 2012 by Brouwer and me [BP12] (see
also Chap. 5.19).

Earlier work on the cases n = 9 and n = 10 was done by Créni [Cr602], and,
respectively by Hagedorn (unpublished). These last two cases were completed in
2010, when Brouwer and I [BP10a, BP10b] found sets of generators of O(V;,)5L2
for n =9 and n = 10 (see also Chap. 4.8 and 4.9 in this thesis). The existence
of a generator of degree 22 in the case n = 9 and the existence of a generator of
degree 21 in the case n = 10 were new. No sets of generators of O(V,,)5"2 are
known for n > 11. The bigger n is, the more difficult it is to find the generating
invariants of V,,. The computations required for finding such sets of generators
for the cases n = 11 and n = 12 are still too large.

An upper bound on the degree of the generating invariants of V,, is known
from the nineteenth century, found by Camille Jordan [Jor76, Jor79]. He proved
that the degree of the generating invariants of V,, was < n%. About a century
later, Popov [Pop81, Pop82] generalised this result and determined a bound
on the degree of the generating invariants of a G-module, where G was any
semi-simple group. However, applied to the particular case of the binary forms,
Popov’s result gives a weaker bound, compared to the one found by Jordan.
In 2001 Derksen [Der01] improved Popov’s result, but again, applied to the
particular case of the binary forms, Derksen’s bound was weaker than Jordan’s
bound.

Another direction that the classics followed in the nineteenth century was
to find the generators of the invariants and of the covariants of several binary
forms V,,, © ... @V, , with p > 2 and n; > 1. Table 1.1 contains results of
computations made in the nineteenth century, for some particular SLs-modules
(we use the notation mV,, for the direct sum ;" V,, of m copies of V,,).

The references [Bes69, El195, Gor69, Gor87, GY03, Per87] give sets of generating
invariants of mV; ®&nV; in few particular cases, with small m and n. Gordan and
Grace & Young ([Gor75, GY03]) gave an algorithm for computing the generators
of the covariants of V2@ V. Gordan (|[Gor69, Gor87]) gave good estimates on the
number of generators of the invariants of nV; and of V3 &nVs, with n > 2. Peano
([Pea82]) showed that the covariants of nV3, with n > 2, are generated by those
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module |  # generators of invariants # generators of covariants
Vs 1 ([Gor87)) 4 (|Gors7))
Vi 2 ([Gors7)) 5 ([GorsT))
Vs 4 ([Gors7)) 23 ([Gor87])
Ve 5 ([Gor87)) 26 ([Gors7])
Vr 33 ([Galss]), 30 ([DL86]) 153 ([Cialsg]), 124 ([Sy79b]),

147 ([Cr502, Bed09], Chap. 5.7)

Vi 12 ([Gal80]), 9 ([Gal80, Shi67]) 96,67,70 ([Gals0])
69 ([Sy79b, BB08], Chap. 5.8)

Vod Vs 5 ([Bes69, Gor87]) 15 ([Bes69, Gor87])
Ve Vy 6 ([GY03]) 18 ([GY03])
Vo ® Vs 29 ( [Win80]) 94 ([Win80]), 92 (Chap. 5.16)
Vo @ Vi 27 (|Gal74]) 99 ([Gal74])
2V3 7 ([Gor87, Pea82|) 26 (|Gor87, Pea82|)
V3 @ Vy 20 ([Gun69)) 64 (JCGun69]), 61 ([Sy78b, Sy78c, Sy78d]),
63 ([BP12])
2V4 8 ([You99]) 28 ([You99])
3Va 28 ([Gal94]) 98 ([CGal94]), 97 ([Sin05])
3V 25 ([You99]) 103 ([You99])
4V, 80 ([You99]) 305 ([You99])
nVi (%) ([Gor69]) ("Th) ([Gor69])
nVa ("I + (3) ([GorsT7]) n(n+ 1)+ (3) ([Gor87])

Table 1.1: Cases treated in the 19th century (the underlined entries are results that
in the first place turned out to be false and were later corrected)

of degree < 6 and order < 4. Young ([You99]) showed that the covariants of
nVy, with n > 5, are generated by those of degree < 6 and order < 6. These last
results were confirmed and proved with modern methods by Kraft & Weyman
(JKW99]) in 1999. They are extended in Chap. 5 of this thesis: we give sets of
generating invariants for mVy @ nVa, mVi @ nVs, and mV; ® nVy, with m > 2.

The difficulty of finding generators of the algebra I of invariants is captured
by the homological dimension hd I of I. If r is the minimal number of generators
of I, and m is the size of a system of parameters of I (set of algebraically
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independent elements P, ..., P, € I such that I is integral over C[Py, ..., P,]),
then m equals n — 2 for n > 3, and the homological dimension hd I equals
r —m ([Pop83, Corollary 1]). Popov [Pop83] classified in 1983 all the SLo-
modules V,,, @ ... @ V,, with hd/ < 10 for a single binary form (p = 1) and
hd I < 3 for several binary forms (p > 1). It turned out that all these cases
were known classically, as cases in which one could easily find minimal sets of
generating invariants. Brouwer and I [BP11] extended Popov’s classification
and determined for p = 1 the cases with hdI < 100 and for p > 1 the cases
with hd I < 15 (see also Chap. 6 in this thesis). In the case of a single binary
form, the homological dimension hd I rapidly increases if the degree is > 9. The
bigger the homological dimension hd [ is, the harder it is to find generating
invariants of I. The following table contains, for illustration, the values of hd I
for binary forms of degree less than 14:

degree | 1 [ 2 | 3|4 |56 | 7 |89 10 11 12 13
hd I 0O(0]O]O0]1]|1]25]3 |8 | 98 | >149 | >103 | > 491
T 1|1 (1124|530 |9]92] 106 | >158 | >113 | > 502

With his book published in 1939 Weyl [Wey46] aimed to give “a modern
introduction to the theory of invariants”, translating the problem of finding the
generating invariants of binary forms into the language of representation theory
and the study of actions of the semisimple groups. He thought it was “high time
for a rejuvenation of the classic invariant theory, which has fallen into an almost
petrified state”’([Wey46]). Parshall [Par90] talks in 1990 about a myth saying
that

“the death certificate of invariant theory effectively reads 15 February
1890. On that date, the twenty-eight-years-old David Hilbert signed
off his paper Uber die Theorie der algebraischen Formen [Hil90] and
presented his proof of the so-called finite basis theorem to the read-
ership of the mathematische Annalen, a theorem and proof that
killed an entire area. Two and a half years later, he completed
yet another invariant-theoretic work, entitled Uber die vollen Invari-
antensysteme [Hil93] and put an end to any lingering hopes of the
theory’s resurrection. Thus, after fifty years of vigorous life, one
of the nineteenth century’s major areas of mathematical research
abruptly ceased to exist.”([Par90])

This myth originated probably from Weyl’s words on Hilberts papers:

“His papers (1890/92) mark a turning point in the history of invari-
ant theory. He solves the main problems and thus almost kills the
whole subject.” ([Wey46, page 27])

But we should note the words “turning point” and “almost” in Weyl’s quote,
as Parshall [Par90] suggested. In the 1960’s Mumford [Mum65] translated pro-
blems of invariant theory into the language of algebraic geometry. One of his
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key insights was that one could analyse the geometry of group actions without
actually knowing the invariants. For instance, he proved that a vector in a repre-
sentation cannot be distinguished from zero by means of invariants if and only
if there is a one-parameter subgroup sending the vector arbitrarily close to zero.
The remarkable thing here is that a purely algebraic property (namely that all
non constant homogeneous invariants vanish on a vector) can be checked in a
purely geometric fashion (involving orbits of the vector under one-parameter
subgroups). As a consequence, we know for instance that all invariants of bi-
nary forms of degree n vanish on the forms having a root of multiplicity > %
without any a priori information on the invariants themselves. Mumford’s re-
sult generalises Hilbert’s criterion mentioned in Chap. 2.7.1, which will be used
throughout this thesis.

In the second half of the 20th century new techniques in commutative algebra
became available that can be applied to invariant theory. These techniques are
both of a theoretical nature, such as Hochster& Roberts’s result that invariant
rings of reductive group representations are Cohen Macaulay [HR74], and of an
algorithmic nature, such as the use of Grébner bases in invariant theory [DKO00]
or the computation of Poincaré series of invariant rings [Spr77, Bri82, Bro94].
Such algebraic and algorithmic techniques are the starting point of this thesis.

This thesis is organised as follows.

In Chapter 2 we introduce the definitions and notations that will be used in
this thesis. In Chapter 3 we present the computational methods that we use for
finding the generating invariants of SLe-modules. In Chapter 4 we find the basic
invariants of V,, for n € {2,3,...,10}, and give explicit systems of parameters in
all these cases (Chap. 4.8 and 4.9 are joint work with Brouwer [BP10a, BP10b]).
In Chapter 5 we review classical results regarding the invariants of V,,, & ... &
Vn,, with p > 2. We correct a result of Winter [Win80] on the generating
covariants of Vo @ V5 (see Chapter 5.16) and results of Gundelfinger [Gun69]
and Sylvester [Sy78b, Sy78c, Sy78d] on the generating covariants of V5@ Vy (see
Chap. 5.19, joint work with Brouwer [BP12]). In Chapter 6 we classify the mo-
dules V,,, ®...® YV, whose algebras of invariants have a homological dimension
< 15, extending a result of Popov [Pop83] (joint work with Brouwer [BP12]).



Chapter 2

Invariant Theory

2.1 Definitions and notation

Recall from the introduction the definition of the group SLs. Denote by V;, the
space of binary forms of degree n.

Consider a rational, finite-dimensional SLy-module V. Then there exist
(n1,...,np) such that V.~ V,,, @&...®V, as SLo-modules (cf. [Spr77, 3.2.2]).
The group SLy acts on the algebra of polynomial functions on V,,, @ ... &V,
via

g'j(fla'”afp):j(gil'flv"wgil'fp%
where g € SLy, j € O(V,,, @ ... @V, ) and (f1,...,fp) € Vi, @ ... 0V,
Definition 2.1.1. Consider V = V,,, & ... ® V,,. An invariant of V is an

element j in the algebra O(V) of polynomial functions on V such that g-j = j
for all g € SLy. The set of invariants of V' is denoted O(V)5t=.

Example 2.1.1. Consider the binary form f = agz? + 2a12y + asy® € Vs of
degree 2. The polynomial j(f) = a? — agas is an invariant of V5.
Indeed, for g = ('3 §) € SLa, mq —np =1, we have g - j(f) = j(g~"' - f) and

g f = ao(mz + ny)® + 2a1(ma + ny) (px + qy) + az(pr + qy)* =

= (apm? + 2a1mp + asp?)z? + 2(agmn + a1np + armq + axpq)Ty+
+ (aon® + 2a1nq + az¢°)y>.

It follows that

“Lef) = (aomn + a1np + a1mq + aspq)® — (aom® + 2a1mp + azp?) (agn®+
+ 2a1nq + a2q?) = (a? — agaz)(mq — np)? = a? — apas = j(f),

hence g - j(f) = j(f) for all g € SLs.

The invariant j has a geometric interpretation: j(f) = 0 if and only if f has a

double root.

ilg

15
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Example 2.1.2. Let f,/ € Vo @ Vi, with f = agz? + 2a12y + azy? € Vo and
¢ = box + by € V3. The polynomial j(f,¢) = agh? — 2a1bob; + azb? is an

mn

invariant of V5 @ V4. Indeed, for g = (5 §) € SLa, mg — np = 1, we have
g-3(f,0)=3lg7" f.g~" - £) and

g f = (apm? + 2a1mp + azp®)x? + 2(agmn + a1np + aymq + azpq)ry+
+ (aon2 + 2a1nq + a2q2)y2,
gt = (bom + bip)x + (bon + b1q)y.

It follows that

Jlg™ - f,97 ) = (aom® 4 2a1mp + azp?) (bon + brg)*—
— 2(agmn + a1np + aymq + aspq)(bom + b1p)(bon + b1g)+
+ (agn® + 2a1nq + a2q®) (bom + bip)* =
= (aobi — 2a1bob1 + azby)(mg — np)* = j(f, ),

hence g - j(f,¢) = j(f,£) for all g € SL,.
The invariant j has a geometric interpretation: j(f,¢) = 0 if and only if ¢ and
f have a common root.

Definition 2.1.2. Consider V =V, ©@...® V,, . A covariant of V of order
m and degree d of V is an SLg-equivariant polynomial map ¢ : V — V,,, which
is homogeneous of degree d. In other words, for all g € SLy we have ¢(g-v) =
g - ®(v), where v € V, and for all t € C we have ¢(tv) = t¢¢(v), where v € V.
The set of covariants of V' is denoted C(V).

Remark 2.1.1. The covariants of V' of order 0 are the homogeneous invari-
ants of V. They form the homogeneous components of the ring O(V)Sl2 =
@, 052 of invariants of V, where O(V)5"* are the invariants of V of de-
gree d. The covariants form a doubly graded ring C(V) = @, . C(V)(d,c), where
C(V)(d,e) are the covariants of V of degree d and order e.

Definition 2.1.3. For a covariant of V,, of order m and degree d we define its
co-order to be (nd —m)/2.

The main way to construct covariants is via transvectants (Uberschiebungen).
They are derived from the Clebsch-Gordan decomposition of the SLs-module
Vin @ Vi, with m > n:

Vi @ Vi 2 Vi @ Vingn—2 @ . .. @ Vi ([KP96,9.1)).

This decomposition defines for each p, 0 < p < n, an SLs-equivariant linear map
Vin ® Viu = Vingn—2p, denoted (f, h) — (f, h),, and called the p-th transvectant.
It is given explicitly by the following formula:

<m—p>!<n—p>!i(_1)i<p> oy orh

(f,h) = (f,h)p = min! 1) OxP~iOyt OztoyP—t

(2.1)
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(see [O1v99, Chap. 5]). The maps (f,h) — (f, h)p are clearly bilinear. Also, if
f =107 and h =03, with {; = apx + a1y and f2 = box + b1y, we have then

(KT,KS)I, = gqﬂipegip[gl, fg]p where [51,52] = det[zg (gll] = a0b1 — albo.

mn

Furthermore, if g = ( D q) € SLo, with mqg — np = 1, we have

(9-0",9-43)p = (g-01)" (g £2)""P[lr, £2]" (mgq — np)” =
=(g-0)" (g L2)" Pl o] = g - (6", £3) .
Because V,,, and V,, are linearly spanned by powers of linear forms, it fol-

lows that (f,h) — (f,h), are SLa-equivariant. They are also non-zero and
as Vitn, Vintn—2, - - - » Vmm—n,_are irreducible representations, it follows that

Vm ® Vn - Vm+n S2) Vm+n72 e...0 mena

n

(frh) = D (fh)y

p=0

is surjective. But V,,, ® V,, and V1 @ Vipgn—2 @ ... & V,,—,, have the same
dimension, which implies that the map is actually a bijection.

Example 2.1.3. Let f = aox® + 3a12%y + 3azxy? + azy>. The map

V3—Va,

[ =(f, f)2=2(apaz — a%)x2 + 2(apas — a1az2)ry + 2(ara3 — a%)y2 =
1R
18022 9y2 “ox0y’

defines a covariant of V3 of order 2 and degree 2. Note that the transvectant
(f, f)2 coincides, up to a constant, with the Hessian of f. This transvectant
vanishes if and only if f is the 3'" power of a linear form (see Proposition 2.7.2).

Remark 2.1.2. The covariants of V can be identified with the invariants of
Vi@ V: we have Vi @V ~ Vi* ® V as SLa-representations and the algebra of
covariants of V is isomorphic to O(Vy* © V)5%2 (see [Pro07, Chap. 15]). Each
covariant ¢ of V' of order m corresponds to the invariant of V1 ®V defined by
the transvectant (¢(v), £™),,, where £ € V.

Notation agreement. Consider f € V,,. One obvious covariant of V,, of
degree 1 and order m is the identity map on V,,. From now by “the covariant
f7 we will mean the identity map on V,,.

Given two covariants ¢, : V,,, — Vg and ¢5 : V,,, — V. of V,,, of orders d, re-
spectively e, they define the covariants v, : Vi, — Viage—p, [ — (01(f), 92(f))p.
with 0 < p < min(d,e). By “the covariant (¢1,¢2),” we will mean the map

Vm - VdJrefp: f = (¢1(f)a ¢2(f))17
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Theorem 2.1.3. (Gordan [Gor68]) Let f € V,,. Then, the covariants of V,,
are generated by a finite number of iterated transvectants

fo (s D)oy (F (Fs Pp)as - -

In particular (see [Gor68, §2]), if C is a covariant of f of degree d, then C
can be written as a linear combination of transvectants (f,C;),,, where C; are
covariants of f of degree d — 1.

This gives a method for finding the generating covariants of f: suppose
we know the generating covariants of f up to degree d — 1. In order to find
the generating covariants of degree d, we have to write down all transvectants
(f,C4-1), for suitable r, where Cy_; is a covariant of degree d — 1, namely a
generating covariant of degree d—1 or a product of total degree d—1 of generating
covariants of lower degrees. Then we select out of this set the irreducible ones
(we call a covariant C' reducible if C' is contained in the algebra generated by
all covariants of degree < degC and order < ord C, where at least one of the
inequalities is strict).

Lemma 2.1.4. [KW99] Let V =V, © ... ®V,,, be a representation of SLy
and Cy,...,C.,C covariants of V, of orders ord C; = e;. Then the transvec-
tant (C1...C,,C) is reducible if there is a strict subset S C {1,2,...,r} and
integers k; < e; such that k =3, ¢ k;.

Proposition 2.1.5. Let f € V,, and consider covariants C1,...,C, of f, with
r > 2. If the covariant C = (C1 ...C,, f)i is irreducible, then ord C < n—r. If
n is even, then ordC < n — 2r + 2.

Proof. Denote m; = ord C;. W.l.o.g. we can assume my > mo > ... > m, > 0.
From the definition of transvectants, k must be < n. From Lemma 2.1.4 we
obtain:

mi+mo+...+me_1 <k<my+ms+...+m,..

Then,

ordC =(my +mo+...+m;)+n—2k <
<(mi4+mo+...4+m)+n—-2mr+me+...+m_1+1)=
=n—(my—my+(ma+...+mp_1)+2) <

<n-—r
If n is even, then all m; will be even as well and then
n—(mi—mp+(me+...4+mp_1)+2) <n-—2r+2.
O

Example 2.1.4. Consider f € V;. Then, we have (f, f), = 0 for p # 0. The
covariants of V; are generated by f.
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Consider f € V,. The covariants of V5 are generated by f and (f, f)2; the
invariants of V5 are generated by (f, f)2 (see Chap. 4.1).
Consider f € V3. The covariants of V3 are generated by

f7 (fa f)2a (f) (f:f)2)17 ((f:f)?a (f? f)2)2 = _(f7 (f7 (f7 f)2)1)3 (See Chap 531)

The invariants of V5 are generated by ((f, f)2, (f, f)2)2 (see Chap. 4.2).
Consider f € V. The covariants of V; are generated by

f7 (fv f)Qv (f7 f)47 (f’ (fv f)Q)lv (f? (fv f)2)4 (See Chap 541)

The invariants of Vj are generated by (f, f)4 and (f, (f, f)2)a (see Chap. 4.3).
For further examples see Chap. 4 and 5.

Hilbert [Hil90] generalised Gordan’s result to a system of several homogeneous
forms in a finite number of variables. Formulated for the particular case of the
SLg-module V,,, & ... ® V,,, Hilbert’s result is:

Theorem 2.1.6. (Hilbert [Hil90]) Consider V ="V, ®...@V,, . The algebra
of invariants of V is finitely generated, i.e. there exist finitely many invariants
J1y- -y dr € O(V)SE2 such that O(V)SL2 = Cljy, ..., -

Example 2.1.5. Let f1, fo € V3. The invariants of V3 @ V3 are generated by

(f1, f2)3, ((f1, f1)2, (f1s fr)2)2, ((f2, f2)2, (fa, f2)2)2, ((f1, f1)2, (f2, f2)2)2,
((f1, fr)2, (f1, f2)2)2, ((f2, f2)2, (f1, f2)2)2, ((f1, (f1, f2)2)2, (f2, (f1, f2)2)2)1

(see Chap. 5.3.2).
Let f € V5 and g € V4. The invariants of V5 @ V, are generated by

(£2.(9.(9,9)2)1)6, (%, (9, 9)2)1, (%, 9)4: (9, (9, 9)2)4: (9, 9)a. (£, )2

(see Chap. 5.10).
For further examples see Chap. 5.

2.2 The symbolic method

The symbolic method was developed by Aronhold and Clebsch in the middle
of the nineteenth century. The symbolic calculus permits the reduction of the
computations with binary forms of degree n to the special cases of the nth power
of a linear form (ayz 4+ agy)™. The classics proved that the invariants of binary
forms have symbolic representations as products of factors of type [«3], where
[af] stays for the determinant o 82 — aeB;. The manipulation of invariants got
simplified by representing them in succinct symbolic expressions.

Kung & Rota [KR84] gave in 1984 “a rigorous and yet manageable account of
the umbral or symbolic calculus” that was performed in the nineteenth century.
We introduce in this section the symbolic calculus, closely following the ideas
of Kung & Rota [KR84].
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Consider an alphabet A = {a,f,...,w,u} consisting of an infinite num-
ber of Greek letters and the Roman letter u. The letters in A are called
umbral letters. To each Greek letter o and to u we associate two variables,
a1 and o, respectively u; and us. The ring of polynomials in the variables
ay,as, 81, B2, ... ,wi,ws, Uy, us is an infinite-dimensional vector space called the
umbral space U. We define a linear operator U from the umbral space U to the
space C[Ag, A1,...,An, X, Y] of polynomials in the variables Ag, ..., A,, X,Y
in the following way (we denote the image of an element P € U under U by
(U | P)):

; A, ifj+k=

CARSIE TR S,
0, ifj+k#n.

(U] u}) = (=Y,

(U | ug) = X7,

(U | aiahBy By ... ufud) = (U | agag){U | BYB5) - (U | uf)(U | uf).
U is called the umbral operator associated to the space of binary forms of degree
n. If f =30 (")a;z"""y’, we define the umbral functional U(f), which is a

linear map from U to C[z,y], as the composition of U with the homomorphism
C[Ap, A1,...,An, X, Y] — C[z,y] determined by

Ay — ag, A1 —ay, ..., Ap—ap, X —x,Y —y.

Every polynomial in the variables Ayp,...,A,,X,Y can be written as (U |
P(aq, ag,...)) for some polynomial P(aq,aq,...) in the umbral space Y. Indeed,
we have

do pd d, veiyes __ n_0 n. 0 n—1g1 n—1_1 es, €
APAT AT XAY S = (U | afag ... 717901 05... €1 €y .. (—u1)Pugt),

do times d; times

where the umbral letters «, ... ,7,d, ... €, ... are distinct. In general, the umbral
representation of a polynomial is not unique.
We define now

[af] = a1ffs — oy and  [au] = aqug — asu;.

We call a bracket monomial a nonconstant polynomial in ¢/ which can be written
as a product of brackets, for example [af][ad] ... [wu]. The index of a bracket
monomial M is the number of brackets in M containing only Greek symbols.
The order of a bracket monomial M is the number of brackets in M containing
the Roman letter u. The height of a bracket monomial M is the total number
of brackets in M.

A bracket polynomial is a linear combination of bracket monomials. The
bracket polynomials form a subspace B of the umbral space U.

Theorem 2.2.1. First Fundamental Theorem ([KR84, Theorem 3.1], [GY03,
Chap. II]) Consider U the umbral operator associated to the space of binary
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forms of degree n. The umbral evaluation (U | P) of a bracket polynomial of
index g is a covariant of V,, of co-order g. Vice-versa, if C is a covariant of
V. of co-order g, then there exists a bracket polynomial P of index g such that
Cc=(U|P).

Remark 2.2.2. If P =" P; is an umbral representation of a covariant of V,,
of degree d, order m, and co-order g, then the bracket monomials P; share the
following properties: in all P; will occur exactly d Greek letters o such that the
total degree of ay and oo in P; is n; the order of P; is m; the index of P; is g.

Example 2.2.1. Let f = ag2® + 3a12%y + 3aszy® + azy®. In Example 2.1.3 we
saw that

2 2

C = 2(agag — a?)x? + 2(apaz — aras)ry + 2(a1az — a3)y?

is covariant of V5 of order 2, degree 2 and co-order 2, which up to a constant
coincides with the Hessian of f.

The bracket polynomial P = [af]?[au][Bu] is an umbral representation of
the covariant C. Indeed,

({U(f) | P)=(U | a3 Boui — 2010501 F3ui + afasfyut — ajfiurus+
+a1agﬁfﬁgu1u2 + a%azﬁlﬁ%’uwz — ai”ﬁguwQ + 0410435?“%—
—20fas It ous + ai b fius) =
=aza1y® — 2a3y* + a1a3y® — azag(—xy) + aza1(—xy) + arax(—ry)—
—agaz(—zy) + azapr® — 2a32* + agasa® =
=2(ajaz — a3)y* + 2(agas — ayas)zy + 2(agay — a?)x?.

Theorem 2.2.3. Second Fundamental Theorem ([KR84, Theorem 3.3]) Let
U be the umbral operator for binary forms of degree n and let P and ) be
polynomials in the umbral space U such that (U | P) = (U | Q). Then P can be
obtained from Q by a sequence of of operations of the following kind:

(1) an application of the C-algebra azxioms in the polynomial algebra
C[O[l, 0427515 ﬁQa cee 7’[1,1,1[,2],’

(2) adding a scalar multiple of a redundant monomial (a monomial in U con-
taining a Greek letter v such that the total degree of v1 and ~y» is not equal
ton or 0);

(3) replacing any monomial M by M', where M’ is obtained from M by re-
placing all occurences of vy and ao for some Greek letter o appearing in
M by the variables 61 and 6o, where § is not appearing in M ;

(4) replacing any monomial in M by M', where M' is obtained from M by
permuting the set of umbral letters occuring in M.
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The umbral notation can be extended to several binary forms fi,..., f, €
Vo, @ ... @ V,, in the following way: we split the set of Greek letter in the
alphabet A into r disjoint infinite subsets .A; and assign each letter in A; to the
form f;. If two letters are assigned to the same form, they are called equivalent.
We define now the umbral operator U as the linear operator from the umbral
space U to the space C[A1g, A11,- -+, A1nys- ooy Aros Ary ooy A, X, Y] of poly-
nomials in the variables Aio, A11,...,A1nyy -5 Aro, Ar1, .o, App,, X, Y in the
following way (we denote the image of an element P € I under U by (U | P)):

, Age, if j+k = ni,
(U | adaky = { A BIHN=0
0, if j 4+ k # n;.
(U | ul) = (=Y,
(U | ud) = X7,
(U | alod @88 ubul) = (U | alcd)(U | BEBL) ... (U | a2\ (U | ul).

(This last multiplication rule holds even if umbral letters are assigned to different
forms.)

Theorem 2.2.4. ([You04, §3|, Grace & Young [GYO03, §265]) Any covariant
of Vi, ® ... ® Vi, is represented by a bracket polynomial in the vector space
spanned by bracket polynomials of the following three shapes

(1) bracket monomials of the form

A2 o [ nl—h[ no—A1—A2 ng—As_1

[ ] [agas] as_105] o u) asu] syl

where A\ > 2072 Xy > 2073 X\s_1 > 1, and the arrangement of the
letters ayq, ..., as is beforehand fized;

]nj—A;

(2) bracket monomials that have a factor of the form [cvo] ejou

(8) products of covariants of lower total degree.

2.3 Bounds on the degrees and orders of the gen-
erating covariants

We recall the following degree bound on generators for invariants of binary
forms.

Proposition 2.3.1. (Jordan [Jor76, Jor79|) Let f € V,,. Then the generating

covariants of f have degrees < nS.

This is the best known upper bound on the degree of the generating covari-
ants of V,,, for general n. However, in particular cases, for small n, the gap
between this bound and the highest degree of the generating covariants is still
big: for example, the covariants of Vg are generated by those of degree < 10
(see Chap. 5.8), while Jordan’s bound is 8°.



CHAPTER 2. INVARIANT THEORY 23

Proposition 2.3.2. (Jordan [Jor79]) Consider two sequences £(n) and p(n)
defined by:

2 +3) = 021 +2) + 2D

0(2i4+2) =020+ 1)+ Q[W],
and

p(1) =0, »(2) =1 »@B3)=3,

o) = (G = 1) +£0),

where © > 1 and j > 4.
Let f € V,, and consider  the greatest integer such that £(6) < 5. Then the
generating covariants of f have orders < max{n,2n — 2,néd — 2p(d)}.

Proposition 2.3.3. (Grace & Young [GY03, §271]) Let f € V,,. Write n =
2" + ny with mazimal possible r € N and define

en=r—-12"+n(r+1)+2.
Then the generating covariants of f have orders < c,,.

Proof. We start by looking at the covariants of V,,, ®...@V,,,, withnq,...,ns <
n. If C is such a covariant, then, from Theorem 2.2.4, C' can be symbolically
expressed in terms of:

(1) covariants of the form

A2 >\571[ n17/\1[ na—A1—Az ns—As—1

[ )M [asas]*? ... [as_q 0] aqu] aou] . asul

where A; > 2072 )y > 2073 . X\s_; > 1, and the arrangement of the
letters aq, ..., a4 is beforehand fixed;

(2) covariants which have a factor of the form [a;a ;] o)™ =2;

(3) products of covariants of lower total degree.

Suppose C contains terms of second kind, containing a factor [ov;a;]* o)™~

Suppose w.l.o.g. A > n;—A. Then this term can be obtained from a transvectant
of the form
([evia ] [evsu] ™ M aju] =2, O,y

where the order of [ov;ay] M ayu]™ ~*Mayu]™ = is n; + n; — 2\ < n. By intro-

ducing a new symbol for the covariant [o;or]* [eu]™ ~*aju]™ ~*, we reduce
the degree of ([a;a ;] ayu]™ = Mayu]™ =, C"),,. In this way the terms of second
kind appearing in C' are reduced in degree. Now, we apply again Theorem 2.2.4
to the reduced covariants, hence they can be expressed in terms of covariants
of the three different kinds. We reduce again the degree of the terms of second
kind and so on until we are left with:



CHAPTER 2. INVARIANT THEORY 24

(i) covariants of the form

[B182) ™ [B283)2 . . . [Bsr—1 B85/ ) = [Bru]™ ™ L [Byru]™s e 1

where \; > 2972 X\, > 253 As_; > 1, and the symbols 31, ..., Bs
are assigned either to the original binary forms or to covariants of orders
< n of these binary forms;

(ii) products of covariants of lower total degree.

For this reason, the maximal possible order of a covariant of V,,, & ... & V,,,
with nq,...,ns < n is attained by a covariant of the form

A2 n1*>\1[ n2—A1—A2 —Xe—1

[ )M [anas]?? .. [ae_1ad o] Qo] o [aeu]™e

where A; > 272 Xy > 273 .. A._; > 1. The order of this covariant is <
ne— (21 422 4 4 2) =ne—2°+2,

a maximum that is attained for n; = ny = ... = nand \; = 22 )\ =
273 . Aemr = 1.
We look now at the maximum of

n,2n—2,...,me—2°4+2 ...

If n = 2" 4+ n; with maximal possible r € N, then the maximum is attained for
e = r + 1. Hence, the order of a covariant of V,, will then be <

(r+1)2 +n) =27 +2=(r—1)2" +ny(r+1) +2.
O

Remark 2.3.4. Grace & Young [GY03, §271] claim that a generator of order
¢n always appears if n # 3.

In Table 2.1 we compare the bounds of Jordan and of Grace & Young on
the orders of the generating covariants of V,,, with n < 24:

n 2345 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24

J. 246 9 12 15 18 22 26 30 34 39 44 49 54 60 66 72 78 85 92 99 106

G&Y. |2 469 12 15 18 22 26 30 34 38 42 46 50 55 60 65 70 75 80 85 90

Table 2.1: The bounds of Jordan and of Grace & Young
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2.4 Cohen-Macaulayness

We start with recalling some properties of graded Cohen-Macaulay modules.
Let R = ®;>0R; be a finitely generated graded C-algebra with dim¢ R; < oo.
Let M = ®;M; be a finitely generated graded R-module.

A sequence rq,...,7, € R is a homogeneous system of parameters (hsop) for
M if M/(r1,...,7p)M is finite dimensional over C and p is minimal with this
property. We have p = dim M (see [Eis95, §10.1]). A sequence rq,...,7, € R
is a regular sequence on M if (rq,...,r,)M # M and for i = 1,...,p, r; is a
non-zero divisor on M/(r1,...,r;—1)M. If r1,..., 7, is a regular sequence on M,
then M is a free module over C[rq,...,r,] (see [Eis95, §18.4]). If M is Cohen
Macaulay, then homogeneous systems of parameters are regular sequences.

If M is Cohen Macaulay and r1,...,7, € R is a homogeneous system of
parameters for M of degrees di, ..., d,, denote by e, ..., es the degrees of the ge-
nerators of M as a C[ry,. .., rp]-module, ordered increasingly. Then the Poincaré

series of M is given by

St
P(t) = ERET RN
?:1(1 — 1)

This means that if we know the degrees of a homogeneous system of parameters

for M and the Poincaré series Py (t), then we also get a bound on the degrees
of the generators of M as a C[ry,...,rp]-module.

Theorem 2.4.1. (Hochster € Roberts [HR7}]) The ring O(V)5%2 of invariants
is Cohen-Macaulay.

For certain values of m, the O(V)32-module C(V),, of covariants of V
of order m are Cohen Macaulay as well. In the paper [VdB91] Michel van
den Bergh gives a sufficient criterion for the Cohen-Macaulayness of a module
of covariants of a stable representation V' of a reductive group G, based on
certain properties of the highest weight of irreducible representations of G. For
G = SLy, consider the maximal torus 7 = {(/,%) | t € C*} C SLy. The
one-dimensional representations of 7" are of the form

Xi((t) t91) = ¢!, with i € Z,
and form the character group X(T) of T, which is identified to Z. An SLo-
module V can be decomposed with respect to 7' into

V= Vi, Vyi={veV| (ét(jl) -vzx(6t91)v for all t € C*}.
XEX(T)

The characters x € X(T') such that V) # 0 are called weights of V, the non-
zero elements of V, are called weight vectors, and V, are called weight spaces.
For example, the weights of the vector space V,, of binary forms of degree n are
—n + 24, corresponding to the weight vectors £ %y?, with 0 < i < n.
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Given a one-parameter subgroup (1-PSG) X € X(T)* = Z,

A: C*—SLs,

A
L '_)(to t9’\)’
define (A, x) as
XA(t) =t

Let x1,...,xn~ be the weights of V', with multiplicities. For A € X(T')* set
L= {j {12, N} | (A ) > 0.

For example, if V = V,, and x is the weight —n + 2i, with 0 < ¢ < n, then
(A, x) = —nA + 2iA, and T, is the set of nonnegative weights of V,, if A > 0.

Definition 2.4.1. Let A € X(T)*. A character o € X (T') is called good for
(T, V,)\) if « is not of the form Zj n;x;, with n; € Z, n; < 0 for j € I, and
n; > 0 otherwise.

A character o € X (T) is called good for (T,V) if it is good for (T, V, A) for all
A#0.

Definition 2.4.2. Consider x the highest weight of an irreducible representa-
tion W of G. Then x is called good for (G,V) if x + p is good for (T,V) for
every p which is a sum of distinct roots of G.

In our case G = SLyp and V =V, & ... ®V,,. Consider m the highest
weight of V,,, (irreducible representation of SLs). Then, m is good for (SLs, V)
if m,m 4+ 2,m — 2 are good for (T, V'), because the roots of SLy are 2 and -2.

Denote by N = -7 |28 |[28] the sum of nonnegative weights of V.
From Definition 2.4.1, a is good for (T, V) if « is good for (T, V, A) for all A # 0.
If )\ is negative, then I is the set of negative weights of V. If a < N, then the
coefficients of the positive weights in o can’t be > 0 and the coefficients of the
negative weights in « can’t be < 0, hence « is good for (T, V, A). If A is positive,
then I is the set of positive weights of V. If « > —N, then the coefficients
of the positive weights in « can’t be < 0 and the coeflicients of the negative
weights in a can’t be > 0, hence « is good for (T, V, \).

In conclusion, m is good for (SLo, V) if m < N — 2.

Theorem 2.4.2. ([VdB91, Thm. 1.2 applied to G = SLy] Let V a representa-
tion of SLo of dimension > 2 which does not contain the trivial representation.
If m is good for (SLo, V), i.e. if m < N — 2, then the O(V)S“2-module C(V),,
of covariants of V of order m is Cohen Macaulay.

For the case V = V,, we obtain:

Proposition 2.4.3. For n > 2, the O(V,,)5"2-module C(V,,) of covariants of
Vy, of order m is Cohen-Macaulay if m < [ 2| [24H] — 2,
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Consider now M = O(V)S"2 and dy, .. ., d, the degrees of a homogeneous system
of parameters of M. Then the Poincaré series of M can be written as
Dt
Py (t) = = ;
M() ?:1(1*td1)
where the sequence ey := 0,eq,...,e, is a palindrome, i.e. e; + es_; = e4 for

all ¢ and e, < Z?Zl d; — dim(V//SLs) ([Kno89, Satz 4]). The Poincaré series
of O(V)3L2 gives us some information about the degrees of the generators of
the invariants of V. In the examples considered in this thesis we will use the
following result:

Proposition 2.4.4. Let V be a SLy-module. Consider di,...,d, the degrees
of a homogeneous system of parameters of O(V)5“2 and the Poincaré series of
O(V)St2 given by

DY
Po(v)SL2 (t) — 57:1(1 — tdj) .
Then the invariants of V are generated in degree < max(es,d1,...,dp).

2.5 The Poincaré series

The Poincaré series of the algebra O(V)5"2 of invariants of V' is defined as

t)=> dimcO(V){"2¢'.

For the case V = V,,, a closed expression of P(t) as a rational function was given
by Springer [Spr77]:

(1 — )7+

Pt)= > (-1)¢n s <<J in .21 ) (cf. [BCT9]),

0<j<%

where for d € N the notation (d,t)! stands for the polynomial function (d,t)! =
(1 —1)(1 —#2)...(1 —t%) and the operator ¢4 transforms a rational function f
in ¢ to a rational function ¢4 f, with

d
1 ﬂ‘l
(af)(t?) = gz T

Example 2.5.1. Consider n = 3. Then:

P(t) = ¢3 (M) — ((ltzilt‘*» -

1 t2 1

T A-2)2(1+2) 1-2)1-tY)  1-*
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Springer’s formula was implemented by Brower & Cohen [BCT79]. Littelman &
Procesi [LP90] also used this formula for the computation of Poincaré series of
binary forms of even degrees < 36. The webpages [Bro09] list the results of the
Poincaré series computations for n < 30.

While a closed form for the Poincaré series of V,, was found late in the
twentieth century, one has a formula for computing dimg¢ (Q(Vn)iSL2 since the
nineteenth century. Cayley [Cay56] gave in 1856 an (unproved) formula for the
number of linear independent covariants of V,, of degree i and order j. This
formula was proved by Sylvester [Sy78a] in 1878. Formulated for the particular
case of invariants, this formula states:

dime O(Vn)ZSLQ _ {(’; :n,i) — (5 —1) :n,i), ?f m %s even,
0, if ni is odd,
where (j : n,4) denotes the number of ways in which j can be written as the sum
of 7 integers that are > 0 and < n (see [Sy78a]). Equivalently, Springer [Spr77]
gave the formula:

dime O(V,,)5%2 = V4,0, B = y(n 0 5 - 1), ?f m ?s even,
0, if ni is odd,

Ot 00 when 0 < i < d,

respectively 1 if i = j = 0, respectively 0 if i =0 and 7 > 1 or 0 < n < i (see
[Spr77, Thm. 3.3.4]). It follows then that

where (d,i,7) is the coefficient of ¢/ in

. ni . (17tn+1).”(17tn+i) . L.
coefficient of t2 in =) (=) if ni is even,

0, if ni is odd.

dime O(V,,)5%2 { (2.2)

Example 2.5.2. Let n = 8. We apply the formula 2.2: dim¢ (9(V8)SL2 =1
because the coefficient of ¢® in

=1 -) B+t + 2+ 1)

is 1. Also, dime O(Vg)5™ = 1 because the coefficient of 12 in

(1 —t2)(1 —t10)(1 — ¢11)
(1—=t2)(1—-13)

=1t + 2+ )+ 1)

is 1. In a similar way dime O(V)5%2 = 2, dime O(V5)5™2 = 2, dime O(Vg)§H2 =
4, dimg¢ O(Vg)§L2 = 4, and the Poincaré series of the algebra of invariants of Vg
is
Pit) =1+ + 3+ 264 4265 + 0 + 44" + ..
which can be written as well as
1+ 8+ 4 ¢10 4 ¢18 ([
A=) 1 =831 —tH(1 =) (1 —t5)(1 —¢7)

P(t) = BC79, Results]).
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A closed expression of P(t) for the general case was given by Brion [Bri82].
Bedratyuk [Bed10] found formulas for the computation of Poincaré series of the
joint invariants and covariants of two binary forms. The webpages [Bro09] list
some Poincaré series computations due to Bedratyuk and Brouwer.

2.5.1 A result of Broer and Poincaré series

In the paper [Bro94] Bram Broer presented a new method for calculating Poincaré
series of the algebra of covariants of modules of covariants of G-modules, where
G is a reductive group. His method consists of writing down a solvable system
of linear equations between the Poincaré series of various modules of covariants,
and then use linear algebra to solve this system and compute the Poincaré series.

In this section we adapt Broer’s method to the case G = SLy and the SLo-
modules V = V,,, & ... & V,,,. Denote N = Y7 [2t [[21] the sum of
nonnegative weights of V. With this method we compute the Poincaré series of
the O(V)5F2-module of covariants C(V),, with m < N — 2.

Consider the standard maximal torus 7' C SLy. For each character u €
X(T), define the Z[t]-linear operator B : Z[t,e,e~ '] — Z[t,e, e~ 1] by

ek, if u>0,
B(et) =<0, if u = —1, ([Bro94, §2])
—e M2 if w< =2,

Let S = {0,1,...,N — 2}. Collect in S’ the weights of V that are < 0, with
multiplicities. For A, u € S we define the matrix (o) es in the following way:

Ble' [T (1= €'t) =) ahe*([Bro94, §3)).

1€S’ AES

Theorem 2.5.1. ([Bro94, Thm, 4.1 with G =SLy andV =V, &...®V, [)
With the notations above we have:

(1) the matriz (o) ues is invertible as a matriz with coefficients in Q(t);

(2) if P is the column vector (Py(t), ..., Pn_2(t)), where P;(t) is the Poincaré
series of the O(V)SL2-module C(V);, then

P = [(O‘i)k,ues]_l
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Example 2.5.3. Consider V =V;. We have N =6, S’ = {—4,—2,0}, and:

p=0: BEA—e )1 —e )1 —1t)) =1 —1t")e’ — > —t)e® — (t* —t*)e";

p=1: Bl'@—-e")1—e?t)(1—1)=1—t}e' — (* -t}

p=2: BEA—-e )1 —e )1 —1))=(1—t—t>+1t°)e*

p=3: BE1—e )1 —e?t)(1—1t)) =1 —t)e’ + (=t +t*)e";

p=4: Bl*Q—e )1 —e )1 —1)) =1 —t)e* + (> —t)e* + (=t + t*)e.
It follows that
_ - _ - —1 ~ o - -
Po(t) 1-#* 0 —t* +t 0 -+ 1 =S
Pi(t) 0 1-4¢ 0 24+t 0 0 0

Pt)| = 0 0 (1-tHa-—-t) 0 0 0| = 0
Ps(t) 0 —t+t 0 1—t 0 0 0
Pat)] |—t+E 0 2t 0 1-t | |0o] |=Fi)

2
Hence Py(t) = m and Py(t) = %

Example 2.5.4. Consider V = V5 & V. We have N =4, S' = {-2,-2,0,0},
and:

0: B(e"(1—e?t)*(1—t)%) =1 -3t — %t +2t° + 2°% — %t

1: Be'(1—e?)*(1 —1t)%) = e — 2et + 2et® — et?;

2: B(e®(1—et)°(1 —t)?) = €® — 2t — 2e°t + 3t° + *t* — .

T T T
I

It follows that

—1

Po(t) 1— 3t + 2t 0 —t* 263 — ¢4 1 aes
P(t)| = 0 1—2t42t2 —¢* 0 0| = 0
Py(t) —2t 4312 — ¢* 0 1—2t+¢2 0 s

Hence Py(t) = ~—53 and Py(t) = %

A=)

2.6 The quotient variety and nullforms

We define V//SLy the affine variety corresponding to the ring of invariants
O(V)St2, We have

0, ifn <1,
dim(V,,//SLs) =< 1, if n =2, [Bri96,Chap. 3]
n—2, ifn>3.
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One defines the nullcone N'(V) of V as the fibre 7=!(7(0)) of the quotient map
7 :V — V//SLsy, dual to the inclusion O(V)5t2 — O(V) or, equivalently, as
the set of elements of V' on which all invariants of V' of positive degree vanish.

One can show that N(V;,) coincides with the set of binary forms of degree
n with a root of multiplicity > & ([Bri96, Chap. 3]).

In a similar way, the nullcone N'(V,,, @ ... ® V,,) is the set of binary forms
f1,- -+, fp of degrees ny, ..., n, with a common root that has multiplicity > %
in fyforalli=1,...,p.

If the equations of the nullcone A (V},) are known, one can find the equations
of the nullcone N (mV,,) of m copies of V,, using polarizations. Consider an
element j in the algebra O(V,,) of polynomial functions on V,,. For m > 1,
fi,---, fm € Vi, and arbitrary parameters t1,...,t, we write

Jtfr+tafat oA tmfm) =D Pi i d (s f) 2t

The regular functions P; j defined on mV,, are called polarizations of j.

1yeeesbm

Example 2.6.1. Consider f € V and the invariant j(f) = (f, f)s4 of V4. The
polarizations of j defined on two copies of Vy are (f1, f1)a, (f1, f2)4 and (fa, f2)4,
where fl, f2 e Vy.

Theorem 2.6.1. [KW10, Theorem 4] Consider the set V,, of binary forms of
degree n > 1. Assume that the invariants ji,...,J, of Vi, define the nullcone
NWV,), i.e. N(V,,) =V(j1,...,Jp). Then the polarizations of the f;’s for any
number m of copies of V,, define the nullcone N'(mV,,) of mV,.

2.7 Finding a hsop

Finding a homogeneous systems of parameters (hsop) of O(V)5!2 or at least the
degrees of such a system is the first step in finding the generators of the algebra
of invariants of V', as we will see in Chap. 3.1. Recall that a system of parameters
of O(V)SL2 is a set of algebraically independent elements P, ..., P, € O(V)5L=
such that O(V)52 is integral over C[P, ..., P,,], and m = dim(V// SLs).

One finds a hsop of the algebra of invariants of V' by finding a set of invariants
of the right size, that defines the nullcone of V' (Hilbert’s criterion 2.7.1).

One finds the degrees of a hsop of the algebra of invariants of V' using
Dixmier’s criterion 2.7.5.

2.7.1 Hilbert’s criterion

The following result, due to Hilbert [Hil93], gives a characterisation of homoge-
neous systems of parameters of O(V)5"2 as sets that define the nullcone of V
(V(J) stands for the vanishing locus of the ideal J):

Proposition 2.7.1. (Hilbert [Hil93]) Let V be a rational finite-dimensional
SLy-module, I = O(V)52, and m = dim(V// SLy). Consider a set {P;, ..., Py}
of homogeneous elements of I. The following are equivalent:
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(1) {Py,..., Py} is a system of parameters of I,
(2) V(Pi,...,Pn)=N(V).

Example 2.7.1. Consider f € V. Denote jo = (f, f)a and js = (f, (f, f)2)a-
One can prove that if jo = j3 = 0, then f has a root of multiplicity at least 3
(see Proposition 2.7.2). It follows that V(ja,73) C N (V4). On the other hand,
both js and j3 vanish on forms of degree 4 with a root of multiplicity at least
3, hence V(ja2,j3) = N(V4). From Proposition 2.7.1 it follows that {jo,j3} is a
hsop of the algebra of invariants of V.

The following results will be used for finding sets of invariants that define
the nullcone of V:

Proposition 2.7.2. (Weyman [Wey93]) Let f € V,. If n > 4k — 4 and all
(f, Dok, (fy ak+2, ... vanish, then f has a root of multiplicity at least n—k+1.

Ifn=4k -4, and ((f, f)2k—2, F)ns (fs )2k, (f, f)2k+2, ... vanish, then f has a
root of multiplicity at least n — k + 1.

Example 2.7.2. Consider f € V5. We apply Proposition 2.7.2.
If (f, f)2, (f, f)a, and (f, f)e vanish, then f has a root of multiplicity 6.
If (f, f)a and (f, f)e vanish, then f has a root of multiplicity at least 5.

Lemma 2.7.3. Let f € Vap41, n > 1. Denote c1 = (f, f)an and c2 = (f,c1)2.
If c1 # 0 and (c1,¢2) € N(Va ® Vop,_1), then f has a root of multiplicity at least
n+ 1, hence f is a nullform.

Proof. Let f = apz®" ™ + (2n + 1)a1z®y + ... + agn1y*" L.

If (c1,¢2) € N(Va & Vap—q), then ¢; and ¢ have a common root that has
multiplicity 2 in ¢1, and multiplicity n in co. Without loss of generality we can
suppose ¢; = z2. Then:

ca = (f,2%)2 = bpaox® ! + brazz® 2y + ... + bay_1a2011y>" 7,

where b; are non-zero coefficients. Because ¢, is divisible by z", we get a,12 =
Apt3 = ... = aons1 = 0. If we substitute these in (f, f)2,, then the coefficient of
y? becomes (—1)" (2:) a2 ,,. This coefficient must vanish, because we assumed
c1 = x2. Therefore we get a,+1 = 0, which implies 2" +1|f. O

Example 2.7.3. Consider f € V5. Denote ¢; = (f, )4, c2 = (f,c1)2, and
suppose c¢; # 0. We apply Lemma 2.7.3: if (c1,c0) € N(Vo & V3), then f has a
root of multiplicity at least 3.

Lemma 2.7.4. Let f € Va,, n > 2. Denote jo = (f, f)an, c1 = (f, f)on—2, and
co=(f,c1)a. If c1 #£0, jo =0, and (c1,¢c2) € N(Vy @ Vay,_4), then f has a root
of multiplicity at least n + 1, hence f is a nullform.

Proof. Let f = agx®® + 2na12® Yy + ... + 2nasn—12y>" 1 + agny?".

If (c1,c2) € N(Vy ® Vap_4), then ¢; and c3 have a common root that has
multiplicity 3 in ¢1, and multiplicity n» — 1 in ¢o. Without loss of generality we
consider the following two cases:
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Case 1: ¢; = z*. Then ¢; becomes:

ca = (f,2*)s = boaaz®™ ™ + brasz®™ Py + ... + bap_sa2,y*" Y,

where b; are non-zero coefficients. Because we assumed ¢ divisible by "1, we

get apyo = Gpys = ... = ag, = 0. If we substitute these in (f, f)2n—2, then
the coefficient of y* becomes (—1)"~1 (277__12) a2 1. Because we assumed ¢; = x?,

this coefficient must vanish, and hence a,;1 = 0. But then, the coefficient of
22y in (f, f)2n_2 becomes (—2)"(2??:12) 212 Because of our assumption, this
coefficient must again vanish, hence a,, = 0. It follows then that z"*!|f.

Case 2: ¢; = z3y. Then ¢y becomes:

2n—4 4

ca = (f,2%y)4 = boazx +b1asz®" Py + ..+ bay_gag,—1y?" Y,

where b; are non-zero rational numbers depending on n. Because we assumed
¢y divisible by "7, we get an 1 = anyo = ... = azp,_1 = 0. From our
assumptions, the invariant jo and the coefficient of 2%y? in (f, f)2,_2 are both
equal to zero, which gives us the system:

(—l)n (2,:)61% + 2apa2, = 07
2(71)"71 (2n—2) nTHa2 + 2apasz, = 0.

n—1 n

The matrix of this system has the determinant equal to 12(—1)"(**~?), which
is non-zero for all n > 1. We obtain, in consequence, a,, = 0. But then the
coefficient of 23y in (f, f)2,_2 will also vanish, which contradicts our assumption

¢ = 23y, O

Example 2.7.4. Consider f € V5. Denote ¢; = (f, f)a, ca = (f,c1)4, and
suppose ¢; # 0. We apply Lemma 2.7.4: if (f, f)¢ = 0 and if (¢1,c2) € N (V4 &
V3), then f has a root of multiplicity 4.

2.7.2 Dixmier’s criterion

In some cases it is enough to have the degrees of a system of parameters in order
to find the generating invariants. The following result, due to Dixmier [Dix85],
can be used for finding the degrees of a hsop of I:

Proposition 2.7.5. (Dixmier [Dix85]) Let G be a reductive group over C, with
a rational representation in a vector space V of finite dimension over C. Let
O(V) be the algebra of complex polynomials on V., I := O(V) the subalgebra
of G-invariants, and 14 the subset of homogeneous polynomials of degree d in I.
Let m = dim(V//G). Let (dy,...,dn) be a sequence of positive integers. As-
sume that for each subsequence (ji,...,Jp) of (di,...,dn), the subset of points
of V/ /G, where all elements of all I;, with j € {j1,...,jp}, vanish, has codi-
mension at least p in V//G. Then I has a system of parameters of degrees
di,...,dm-
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When applying this criterion it is convenient to have a notation for ‘the
codimension of the subset of V//G defined by the vanishing of all invariants
with degree in {j1,...,5,}. We use [j1,...,jp)-

Note that for e > 1 an invariant ¢g¢ vanishes if and only if g vanishes. It
follows that if jp|7;, h # ¢, then [j1,...,Jp] = [J1,-- s Jh—1,Fnt1, - - -+ Jpl-

2.8 Schur modules

Consider an n-dimensional vector space W. In this paragraph we are looking
at the m-fold tensor product W®?, on which the general linear group GL(W)
and the symmetric group S, are acting via:

g(w; ® ... wy) :=gw; ... gwy, where g€ GL(W),
0(w1 ... wd) = We-1(1) @ -+ @ We—1(qa), where o € Sy,

extended linearly to the entire tensor product. There is a correspondence be-
tween the irreducible representations of GL(W) and the irreducible representa-
tions of Sy, which was discovered by Schur. We first introduce the exterior and
symmetric powers of W.

Exterior powers ([FHO04, Appendix B.2]). The ezterior power A®W of
the vector space W is the quotient space of W®9 by the subspace spanned by
all w1 ® ... @ wg — (=1)%"w,(1) ® ... @ wy(q) With 0 € S4. We denote the
coset of w1 ® ... @ wg by w1 A ... A\ wy. Define /\0 W to be the ground field.
If {bi},_77 is a basis for W, then {bj, A... Ab;, | i1 < ... <iq} is a basis for
N w.

Symmetric powers ([FH04, Appendix B.2]). The symmetric power SW
of the vector space W is the quotient space of W®? by the subspace spanned
by all w; ® ... ® wg — We(1) ® ... ® Wy(q) With 0 € S5. We denote the coset of
w1 ®...@wg by wy - ... -wg. Define SW to be the ground field. If {b;}, 1 is
a basis for W, then {b%* -...-bin | iy +...+1i, = d} is a basis for S?W, hence
we can see this space as the space of homogeneous polynomials of degree d in
the variables b;.

Schur modules ([FHO04, Chap. 6]). Consider an integer d > 1. We call A =
(AM,..., ) apartitionof dif Ay > ... A\p > 1and d = A1 +...+ ;. The number
of irreducible representations of S; coincides with the number of partitions of d
([FHO4, Chap. 4]). One can associate to each partition A = (A1,...,Ax) of d a
diagram of type

| n
A2
A3
A4
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with \; boxes in the i-th row. For example, the diagram above corresponds to
the partition (4, 3,2,1) of 10. These kind of diagrams are called Young diagrams.
The number of rows in the Young diagram of the partition A of d is called the
height of A and denoted |A|.

By numbering the boxes in a Young diagram by the integers 1,2,...,d, we
obtain a tableau of shape the given Young diagram. For example, with the Young
diagram above we get

2[3]4]
67
9

ot
|OOOO1|—A

Given a partition A\ of d and a tableau of the Young diagram associated to A,
one can define the following two subgroups of Sy:

Py, = {0 € 8, | o preserves each row}

Qx = {0 € 84| o preserves each column}

Each o € S, is associated to basis element e, in the group algebra of S; (the
structure of algebra is given by e,, - €5, = €5,4,). Define

ex = ( Z es) - ( Z sgn(o)ey), and S\W =Im(cy|wea).

ocEP cEQ
The subspaces SyW of W®? obtained in this way are called Schur modules.

Example 2.8.1. If A = (2,1) is a partition of 3, the tableau associated to it is

1]2]
3

We have ¢y = (61 + 6(12)) . (61 — 6(13)) = €1+ €e(12) — €(13) — €(312) and S\W is
the subspace of W®3 spanned by all

W) @ w2 @ws + w2 @w; Qwsz —ws @ wy ®wy —ws Q@ w @ wa.

If A\ = (d), then SyW is the subspace of W®? spanned by Zaesd Wo) @ ... @
Wg(q), hence S\W = SAWw.

If A\ =(1,...,1) with |\| = d, then S,W is the subspace of W®% spanned by all
> oes, S(0)Ws(1) @ ... @ Wo(a), hence SHW = AW,

Theorem 2.8.1. ([Pro07, Chap. 8.1]) Consider a finite-dimensional complex
vector space W with dim W =n. Then:

(1) The list of irreducible representations of GL(W) is

SWe (N W), N<n-1, kel
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(2) The list of irreducible representations of SL(W) is
S\W, Al <n-—1.
Theorem 2.8.2. ([FH04, Chap. 6]) Consider a finite-dimensional complex
vector space W with dim W = n. Then:

(1) S\W is zero if the partition X\ is of the form (A1,...,Aq), with d > n.
Otherwise
Xi—XAj+j—i

dimS)\W: H j—i

1<i<j<n

In particular, dim STW = ("+371) and dim /\dW =(7)-

(2.3)

(2) If my is the dimension of the irreducible representation of Sy corresponding
to A, then

W®d ~ @mAS)\VV.
A

Example 2.8.2. We have the following decompositions:
2 3
WeWw=Wa  \N'W, WeWeW==S5Wa2S, W /\'W,
(see [FHO4, Chap. 6]). With the formula 2.3, dim S*W = ("£?), dim S(2 )W =
2(";1), and dim \*W = (%)

Theorem 2.8.3. ([FHO04, Chap. 6]) Consider two finite-dimensional complex
vector spaces W1 and Wy. Then,

S eW,) = @ (S“W1 @ S°Wa);
a+b=d

/\d(Wl & Wy)= @ (/\aW1 ® /\bwz);

a+b=d

S WL Wa) = €D SHW @ SaWh;
|A|=d

d
/\ (W, @ Wa) = @ SA\W1 @ Sy Wa,
IA|=d

where X' is the conjugate partition of A\, obtained by interchanging rows and
columns in the Young diagram corresponding to \.

Example 2.8.3. If W; and W5 are two finite-dimensional vector spaces,

S2Wy @ Wy) =S*Wo @ (W) @ Wa) @ S2W;
2 2 2
N WieWs) =\ (W e W) e \ Wi
2 2
Sy @ Wa) =(S°W1 @ S*Wa) & (\ W@ /\ Wa);

N @) = (52w 0 N Wa) @ (N W @ s2Ws).
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Remark 2.8.4. Consider the vector space V,, of binary forms of degree n. Then
we identify V,, with S"W*, where W = C%. The modules S?V,, = S*(S"W*)
and NV, = N (S"W*) decompose into irreducible representations of SLa. For
example,

S*Ve = 2V + 2Vy + Vs + 3Vs + Vi + 3Via + Vig + 2Vig + Vig + Voo + Vau,
4
N\ Vo=Vo+Vi+Vs+Vs+ Vo

(We computed these decompositions using the program LiE [LCL92].)

Proposition 2.8.5. [Pro07, Chap. 15] The space of covariants of V,, of degree
d and order e is the sum of all irreducible representations of SV* of type V..
In particular, the dimension of the vector space of covariants of degree d and
order e of V,, equals the multiplicity with which V. appears in the decomposition
of STV,

Example 2.8.4. Consider f € V3. We have:
§'(Vs) = Vs, S*(Vs) = Va+ Vs,
S3(V3) =V + Vs + Vo, S*(V3) = Vo + Vi + Ve + Vs + Vaa.

(We computed these decompositions using the program LiE [LCL92].)

In other words, the vector space of covariants of V3 of degree 1 and order 3
has dimension 1 (spanned by f itself), the vector space of covariants of V3 of
degree 2 and order 2 has dimension 1 (spanned by (f, f)2), the vector space of
invariants of V3 of degree 2 has dimension 1 (spanned by ((f, f)2, (f, f)2)2), etc.

2.9 The type of the generating covariants

Denote by nV;, the direct sum @;_, V,,, of m copies of V,,. The space nV,, can
be identified with the GL,, x SLy module C** ® V,,.
The covariants of nV,, are coupled with GL,-subspaces of

OC™ @ V) = P SUC™ @ Vi) = D P Sr(C™) ® Sx(Vim)
d d |\=d

Example 2.9.1. The generating covariants of nV; are the linear forms them-
selves [; € Vi, with 1 < ¢ < n, and the invariants (I;,1;), with 1 <i < j < n.
O(C™™ ® V1) decomposes in the following way:

OC"™ @V =C"" @V,
2 2
OC™ @), =5C" e Vie \'C"e A=
2
=S’C" oo \ CV e V.

(We used the program LiE [LCL92| to decompose S4V; and A%V1.)
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The generating covariants of nV; of degree 1 and order 1 are of type C"* @V,
and the vector space of covariants of nV; of degree 1 and order 1 has dimension
n = dim C"".

The generating invariants of nV; of degree 2 are of type /\Z(C”* ®Vp, and the
vector space of invariants of nV; of degree 2 has dimension (}) = dim /\Q(C"*.



Chapter 3

Computational methods

3.1 The method

In this chapter we describe the computational approach to finding the generating
invariants of SLo-modules V :=V,,, ®...®V,,, with n; > 1 and p > 1. Denote
I := O(V)SL2 and by I; the vector space of invariants of V of degree i. We
start by giving a short description of our approach, followed in the second part
of this chapter by examples and computational details.

The strategy used for finding the generating invariants of V' combines math-
ematical results proved in the last two centuries. We start by determining an
upper bound on the degree of the generating invariants of V: we find the de-
grees di, ..., d, of a homogeneous system of parameters of I and we compute
the Poincaré series of I; then by Proposition 2.4.4 we obtain an upper bound on
the degree of the generating invariants of V. Once we have this bound, called b,
we construct a set of generators of I in the following way: we start with i = 2;
if dimc I; # 0, then we look first at the set of invariants of degree ¢ generated
by invariants in smaller degrees, to see what part of I; is known. If the known
invariants don’t span yet this vector space, we construct further invariants of
degree 7, until we have a set of invariants spanning I,. Then, we increase i by
1 and repeat the procedure. We stop when ¢ is greater than the upper bound b
on the degree of the generating invariants.

As a remark, the hard part of the computational work involved in finding
the generating invariants of V' consists of finding a homogeneous system of
parameters for the algebra of invariants I or the degrees of such a system (which
gives us an upper bound b on the degree of the generators) and of investigating
the existence of generators up to degree b. For example the generating invariants
of Vy have degrees < 22, while the upper bound on the degree of the generating
invariants is 66 (see Chap. 4.8). This means that we had to prove that no
generators occured in degrees > 22 and < 66, which required computing a
basis of vector spaces of dimension at most dim O(V)35? = 99074. The entire
computation was done in less than one month (see [BP10a]).

39
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3.2 The computation of invariants and covariants

The main tool for computing invariants and covariants of binary forms are the
transvectants. We implemented the formula 2.1 (Chap. 2.1), computing the
p-th transvectant of two binary forms (in Mathematica [Wol10], see Chap. A.1
for details about implementation).

Example 3.2.1. For f = apz? + 4a123y + ... asy* € Vi, we compute (f, )4,
(f, f)2, and (f, (f, f)2)a (with Mathematica [Wol10]):

In[]:=ff=Table[a[4-i]lBinomial[4,i],{i,0,4}]
Out[1={a[4],4a[3],6a[2],4a[1],a[0]}
//this corresponds to the binary form
x~4a[0]+4x~3yal[1]+6x~2y~2a[2]+4xy~3al[3]+y~4a[4]
In[]:=Transvectant [ff,ff,4]
Out[]={6a[2]~2-8a[1]a[3]+2a[0]al4]}
In[]:=Transvectant [ff,ff,2]
Out[1={-2a[3]1~2+2a[2]al4],-4al[2]a[3]+4al1]al[4],-6a[2] ~2+4a[1]al[3]+2a[0]al4],
-4a[1]a[2]+4a[0]a[3],-2a[1]~2+2a[0]a[2]}

Hence:
(.f7 f)2 = 6a§ - 8&1(13 + 2a0a47
(f, (f, [)2)a = 22" (apaz — ai) + 42°y(aoas — ara2) + 22°y*(2a1a3 + apas—

— 3a3) + 4xy®(aras — agas) + 2y* (azas — a3).

3.3 The computation of the Poincaré series

We implemented an algorithm computing the Poincaré series of modules of
covariants of V' =V, @...®V,, , based on a result of Broer [Bro94| (see Chap.
2.5.1). The function poincare[{n_1,...n_p}] returns a closed expression as a
rational function for the Poincaré series of the O(V)SL2-module of covariants
C(V)m, with m < JT?_, | 2L | [2E] — 2 (in Mathematica [Wol10], see Chap.
A.1 for details about implementation).

Example 3.3.1. We compute the Poincaré series of
O(V?)SL2’ O(V3)SL2’ O(V4>SL2’ O(V2 S VQ)SL2a O(Vl D V3>SL2 :

(with Mathematica [Wol10])

In[]:= poincare[{2}]

Out[]1= {1/(1 - t"2)}

In[]:= poincare[{3}]

Out[1= {1/(1 - t°4), 0, t~2/(1 - t"4)}

In[]:= poincare[{4}]

Out[]1= {1/(1 - t2 - "3 + £°6), 0, 0, 0, t/((-1 + £)~2 (1 + t + t~2))}
In[]:= poincare[{2, 2}]

Out[]= {-1/(-1 + t°2)"3, 0, -t(2 + t)/(-1 + t~2)"3}

In[]:= poincare[{1, 3}]

Out[l= {(-1 + t°2 - £74)/((-1 + t72)"3 (1 + t~2)72),-t/((-1 + t°2)"3 (1 + t~2)),
-3t72/((-1 + t72)73 (1L + £°2)°2),t(-1 - 2 £72 + t~4)/((-1 + t~2)~3 (1 + t~2))}
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Hence:

1
Powys2(t) = g

1
Powgst2(t) = 1@

/2
Peva), (1) R

1
Powysa(t) = (1—)(1—13)
t+t2

Pevy),(t) Sa—ea—)

1
PO(V2®V2)SL2 (t)= m’

1— %+ ¢ 1+

Powevs )=y 1oy = T

The computation of dim¢ (’)(V)iSLZ. These dimensions can be computed
directly from the Poincaré series of V: the coefficient of ¢’ in the Poincaré series
of V equals dimg O(V)5%2,

Example 3.3.2. The Poincaré series of the algebra of invariants of Vg is

P (t)i 1+t8+t9+t10+t18
OV = (T 282) (1 — 83) (1 — t4) (1 — ) (1 — ) (1 — 7))

Then we have (with Mathematica [Wol10]):

In[]:=sp=poincare[{8}][[11];

In[]:=Series[sp,{t,0,22}]

Out [1=1+t "2+t~ 3+2t"4+2t ~5+4t~6+4t " 7+7t " 8+8t~9+12t~10+13t~11+20t~12+22t~13+31t "~ 14+
36t"15+47t"16+54t~17+71t"18+80t~19+102t~20+117t~21+144t~22+0[t] 23

Hence
Pogysis (8) =1+ 82 + ¢ + 2t + 207 + 41 + 447 + 713 + .
and
dich(Vg)§L2 =1, dimc(’)(V8)§L2 =1,
dimcO(VR)5%2 =2,  dimcO(5)5™2 = 2,
dimcO(Vs)g™* = 4,

Another way of computing dime O(V;,)$%? is using the formula 2.2 (Chap. 2.5).
The function CoefficientPoincare [k_,r_] returns the dimension dime O(V;)3™2
of the vector space of invariants of V;. of degree k (in Mathematica [Wol10], see

Chap. A.1 for details about implementation).
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Example 3.3.3. Consider n = 8. Then we have (with Mathematica [Woll0]):

In[]:
Out[]
In[]:
Out[]
In[]:
Out []

CoefficientPoincarel[8, 4]
oefficientPoincare[8, 5]

oefficientPoincare[8, 6]

2
C
2
C
6

Hence

dimcO(Vp)5™2 =2,  dimcO(V5)5™2 = 2,
dimcO(Va)g"* = 4,

Alternatively, dimc (’)(V);-QJL2 equals the multiplicity of Vy in the decomposi-
tion of the i-th symmetric power S*(V,,) as an SLs-module (see Proposition
2.8.5). This decomposition can be computed using LiE [LCL92] or Mathematica
[Wol10].

Example 3.3.4. We have dime O(Vg)5™ = 4 because the multiplicity of V; in
the decomposition of S%(Vy) is 4.

With LiE [LCL92]:

>sym_tensor(6, [8],A1)

4X[0] +1X[2]+7X[4]+5X [61+11X [8]1+7X [10]1+13X [12]+9X [14]+13X[16]+10X [18]+12X [20]+

8X[22]1+11X[24]+7X[26]+8X [28]+5X [30]+6X [32]+3X [34]+4X [36]+2X [38]+2X [40]+1X[42]+
1X[44]+1X[48]

With Mathematica [Woll0]:

In[]:=SymTensor[8,6]
Out[1=4v[0]+v[2]+7v[4]+5v[6]+11v[8]+7v[10]+13v[12]+9v[14]+13v[16]+10v[18]+
12v[20]+8v[22]+11v[24]+7v[26]+8v[28]+bv[30]+6v[32]+3v[34]+4v[36]+2v[38]+2v[40]+
v[42]+v[44]+v[48]

3.4 Linearly independent invariants

One situation that will often occur is the following: given a set listinv of
invariants of V' of degrees listdeg and i € N, decide whether listinv spans the
vector space I; of invariants of V' of degree i. We check this in the following
way.

The first step is to write down all invariants of degree ¢ spanned by the
elements of 1istinv. Then we evaluate these invariants at dime I; random points
in V, and calculate the rank of the resulting matrix. If the rank coincides with
dimc I;, then listinv spans I;.

For the case V' = V,, we implemented the function Dim[n,i,listinv,listdeg],
which does the following:

e computes and returns dimg I;;

e computes the set M of all monomials of degree i spanned by the elements
of 1listinv of degree < i; returns the size of M;
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e evaluates all the elements of M at dimc I; random points in V'; returns
the rank of the resulting matrix (because the rank computations are made
modulo a prime, we obtain a lower bound on the dimension of the subspace
of I; spanned by the elements of M);

e if listinv contains invariants of degree i, these invariants are added to
M then, all the elements of the new M are evaluated at dim¢ I; random
points in V; returns the rank of the resulting matrix (because the rank
computations are made modulo a prime, we obtain a lower bound on the
dimension of the subspace of I; spanned by the elements of 1istinv).

Example 3.4.1. Let f € Vg. Consider the invariants

j2:(faf)83 j3:(f7(f7f)4)8a
Ja= ((fa f)ﬁ)(fa.f)b’)‘la Je = (((f7 f)ﬁv(fv f)6)27(f7 f)6)47

and listinv= {2, j3,js}- Then the invariants of degree 6 spanned by listinv
are {43, joja, 73 }. After evaluating {j3, j2js, j3, jo} at 4 random points in Vg, we
obtain a matrix of rank > 4. On the other hand we know that 4 = dim O(V)5"2,
from the Poincaré series of O(Vg)5"2, hence it follows that {ja,js, /4, 76} span
the vector space of invariants of Vs of degree 6 (with Mathematica [Woll0]):

In[]:=ff=Table[Binomial[8,i]*a[8-i],{i,0,8}]

Out [1={a[8],8a[7],28a[6],56a[5],70a[4],56a[3],28a[2],8a[1],a[0]}
In[]:=j2=Transvectant [ff,ff,8].{1};
In[]:=j3=Transvectant[ff,Transvectant[ff,ff,4],8].{1};

In[] :=j4=Transvectant[Transvectant [ff,ff,6],Transvectant [ff,ff,6],4].{1};
In[]:=ccl=Transvectant[ff,ff,6];cc2=Transvectant[ff,ccl,4];
In[]:=j6=Transvectant[ccl,Transvectant[ccl,cc1,2],4].{1};
In[]:=Dim[8,6,{j2,j3,j4,j6},{{2,1},{3,1},{4,1},{6,1}}]

OQut[]=

<<The dimension of 0(V_8)"SL2_6 is 4

<<There are 3 invariants of degree 6 spanned by the input invariants
of degrees <6

<<The subspace of 0(V_8)"SL2_6 spanned by the input invariants of
degrees <6 has dimension >=3

<<The subspace of 0(V_8)"SL2_6 spanned by the input invariants of
degrees <=6 has dimension >=4

3.5 The example of the binary octavic

In this chapter we illustrate our computational methods by finding a set of
generating invariants of the binary octavic. First we look for an upper bound
on the degree of the generating invariants of the binary octavic. The algebra of
invariants of Vg has a homogeneous system of parameters of degrees 2,3,4,5,6,7
(see Proposition 4.7.1).

We compute the Poincaré series of this algebra (in Mathematica [Woll0]):

In[]:=sp=poincare[{8}][[11];
In[]:=Simplify[sp*(1-t~2)(1-t~3)(1-t"4)(1-t"5)(1-t"6) (1-t"7)]
Out [1=1+t"8+t~9+t~10+t"18



CHAPTER 3. COMPUTATIONAL METHODS 44

In[]:=Series[sp,{t,0,22}]
Out [J=14+t "2+t~ 3+2t"4+2t "5+4t"6+4t~7+7t"8+8t"9+12t"10+13t~11+20t"12+22t~13+31t " 14+
36t 15+47t"16+54t"17+71t"18+80t719+102t"20+117t~21+144t~22+0[t] 23

Hence the Poincaré series can be written as:
1+t8+t9+t10+t18

PO=a—ma—ma-—ma-—ma-®a -

and
Pt) =1+t 413+ 2t 4265 4 4® + 4t 4765 487 +12¢1° + . 471418 4.

The highest degree in which we have to look for generators is 18. We start with
degree 2 and take jo = (f, f)s, which spans the vector space of invariants of
degree 2:

In[] :=ff=Table[Binomial[8,i]*a[8-i],{i,0,8}]

Out []={a[8],8a[7],28a[6],56a[5],70a[4],56a[3],28a[2],8a[1],a[0]}
In[]:=j2=Transvectant [ff,ff,8].{1};

In[]:=Dim[8,2,{j2},{{2,1}}]

Out[1=

<<The dimension of 0(V_8)"SL2_2 is 1

<<There are 0 invariants of degree 2 spanned by the input invariants
of degrees <2

<<The subspace of 0(V_8)"SL2_2 spanned by the input invariants of
degrees <2 has dimension >=0

<<The subspace of 0(V_8)"SL2_2 spanned by the input invariants of
degrees <=2 has dimension >=1

In degree 3 we take j3 = (f, (f, f)a)s, which spans the vector space of invariants
of degree 3:

In[]:=j3=Transvectant[ff,Transvectant [ff,ff,4],8].{1};
In[]:=Dim[8,3,{j2,j3},{{2,1},{3,1}}]

Out[1=

<<The dimension of 0(V_8)"SL2_3 is 1

<<There are 0 invariants of degree 3 spanned by the input invariants
of degrees <3

<<The subspace of 0(V_8)"SL2_3 spanned by the input invariants of
degrees <3 has dimension >=0

<<The subspace of 0(V_8)"SL2_3 spanned by the input invariants of
degrees <=3 has dimension >=1

In degree 4 we take ju = ((f,f)s,(f,f)e)a- We evaluate {js,j3} at 2 =
dimc¢ (9(1/8)2]“2 random points in V3 and obtain a matrix of rank 2. It follows
that the vector space of invariants of degree 4 is spanned by {jo, js}:

In[]:=j4=Transvectant[Transvectant [ff,ff,6],Transvectant [ff,ff,6],4].{1};
In[]:=Dim[8,4,{j2,j3,j4},{{2,1},{3,1},{4,1}}]

Out[]=

<<The dimension of 0(V_8)"SL2_4 is 2

<<There are 1 invariants of degree 4 spanned by the input invariants

of degrees <4

<<The subspace of 0(V_8)"SL2_4 spanned by the input invariants of
degrees <4 has dimension >=1

<<The subspace of 0(V_8)"SL2_4 spanned by the input invariants of
degrees <=4 has dimension >=2
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Denote ¢1 = (f, f)¢ and c2 = (f, c1)a.

In degree 5 we take j; = (c1,c2)s. We evaluate {js, jojs} at 2 = dimg¢ O(Vg)§L2
random points in Vg and obtain a matrix of rank 2. It follows that the vector
space of invariants of degree 5 is spanned by {j2, js, j5}:

In[]:=ccl=Transvectant[ff,ff,6];cc2=Transvectant[ff,ccl,4];
In[]:=jb=Transvectant[ccl,cc2,4].{1};
In[]:=Dim[8,5,{j2,j3,j4,3j5},{{2,1},{3,1},{4,1},{5,1}}]

Out[1=

<<The dimension of 0(V_8)"SL2_5 is 2

<<There are 1 invariants of degree 5 spanned by the input invariants
of degrees <5

<<The subspace of 0(V_8)"SL2_5 spanned by the input invariants of
degrees <5 has dimension >=1

<<The subspace of 0(V_8)"SL2_5 spanned by the input invariants of
degrees <=5 has dimension >=2

In degree 6 we take jg = (c1,(c1,c1)2)s. We evaluate {je, j3, j2js, 73} at 4 =
dim¢ (Q(Vg)(SSL2 random points in V3 and obtain a matrix of rank 4. It follows
that the vector space of invariants of degree 6 is spanned by {32, j3, j4, j6 }:

In[]:=j6=Transvectant[ccl,Transvectant[ccl,cc1,2],4].{1};
In[]:=Dim[8,6,{j2,j3,j4,35,j6},{{2,1},{3,1},{4,1},{5,1},{6,1}}]
Out[1=

<<The dimension of 0(V_8)"SL2_6 is 4

<<There are 3 invariants of degree 6 spanned by the input invariants
of degrees <6

<<The subspace of 0(V_8)"SL2_6 spanned by the input invariants of
degrees <6 has dimension >=3

<<The subspace of 0(V_8)"SL2_6 spanned by the input invariants of
degrees <=6 has dimension >=4

In degree 7 we take jr = (c1,(c1,c2)2)a. We evaluate {jr, 1273, jsja, j2js} at
4 = dim¢ (’)(Vg)gL2 random points in V3 and obtain a matrix of rank 4. It follows
that the vector space of invariants of degree 7 is spanned by {32, j3, ja, j5, j7 }:

In[]:=j7=Transvectant[ccl,Transvectant[ccl,cc2,2],4].{1};
In[]:=Dim[8,7,{j2,33,j4,35,j6,37},{{2,1},{3,1},{4,1},{5,1},{6,1},{7,1}}]
Out[]=

<<The dimension of 0(V_8)~SL2_7 is 4

<<There are 3 invariants of degree 7 spanned by the input invariants

of degrees <7

<<The subspace of 0(V_8)"SL2_7 spanned by the input invariants of
degrees <7 has dimension >=3

<<The subspace of 0(V_8)"SL2_7 spanned by the input invariants of
degrees <=7 has dimension >=4

In degree 8 we take jg = (c2, (c1,¢2)2)a. We evaluate {Jjs, j5, j3 4, j2J6, 273+ J3J5,
j2} at 7 = dime O(Vg)5™2 random points in Vg and obtain a matrix of rank
7. It follows that the vector space of invariants of degree 8 is spanned by

{j23j3;j47j57j67j8}:

In[]:=j8=Transvectant[cc2,Transvectant[ccl,cc2,2],4].{1};
In[]:=Dim[8,8,{j2,j3,j4,j5,j6,37,j8},{{2,1},{3,1},{4,1},{5,1},{6,1},{7,1},{8,1}}]
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Out[]=

<<The dimension of 0(V_8)"SL2_8 is 7

<<There are 6 invariants of degree 8 spanned by the input invariants
of degrees <8

<<The subspace of 0(V_8)"SL2_8 spanned by the input invariants of
degrees <8 has dimension >=6

<<The subspace of 0(V_8)"SL2_8 spanned by the input invariants of
degrees <=8 has dimension >=7

In degree 9 we take .j9 = (027 (825 C2)2)4- We evaluate {j97.j2j77 j22j57j§.j37 j3.j67.j§‘a
JaJs, jojsja} at 8 = dimg O(VS)§L2 random points in Vg and obtain a matrix of
rank 8. It follows that the vector space of invariants of degree 9 is spanned by

{72, 73, 34, Js, Jes J7, Jo }:

In[]:=j9=Transvectant[cc2,Transvectant[cc2,cc2,2],4].{1};
In[]:=Dim[8,9,{j2,j3,j4,35,36,j7,38,j9},{{2,1},{3,1},{4,1},{5,1},4{6,1},{7, 1},
{8,1},{9,1}}]

Out[]=

<<The dimension of 0(V_8)"SL2_9 is 8

<<There are 7 invariants of degree 9 spanned by the input invariants
of degrees <9

<<The subspace of 0(V_8)"SL2_9 spanned by the input invariants of

degrees <9 has dimension >=7

<<The subspace of 0(V_8)"SL2_9 spanned by the input invariants of

degrees <=9 has dimension >=8

In degree 10 we take ji0 = ((¢1,¢1)2, (¢c2,¢2)2)4. Using invariants of degree < 9
we construct a set of 11 monomials of degree 10. We evaluate these monomials,
together with jig, at 12 = dimg¢ (’)(Vg)%2 random points in Vg and obtain a
matrix of rank 12. It follows that the vector space of invariants of degree 10 is
spalu1ed by {j27j37~--7j10}:

In[]:=j10=Transvectant [Transvectant[cc2,cc2,2],Transvectant[ccl,ccl,2],4].{1};
In[]:=Dim[8,10,{j2,j3,j4,j5,j6,j7,38,39,j10},{{2,1},{3,1},{4,1},{5,1},{6,13},
{7,1},{8,1},{9,1},{10,13}]

Out[]=

<<The dimension of 0(V_8)"SL2_10 is 12

<<There are 11 invariants of degree 10 spanned by the input

invariants of degrees <10

<<The subspace of 0(V_8)~SL2_10 spanned by the input invariants of

degrees <10 has dimension >=11

<<The subspace of 0(V_8)~SL2_10 spanned by the input invariants of

degrees <=10 has dimension >=12

Using invariants of degree < 10 we construct 73 monomials of degree 18. We

evaluate these monomials at 71 = dimc¢ O(Vé)%z random points in Vg and

obtain a matrix of rank 71. It follows that the vector space of invariants of
degree 18 is spanned by {j2, 43, ..., j10}:

In[]:=Dim[8,18,{j2,j3,j4,j5,36,j7,38,39,j10},{{2,1},{3,1},{4,1},{5,1},{6,13},
{7,1},{8,1},{9,1},{10,1}}]

Out[1=

<<The dimension of 0(V_8)"SL2_18 is 71

<<There are 73 invariants of degree 18 spanned by the input
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invariants of degrees <=10
<<The subspace of 0(V_8)"SL2_18 spanned by the input invariants of
degrees <=10 has dimension >=71

Then; the generating invariants of VS are {j?aj37j47j57j67j7ajSan»le}‘

47



Chapter 4

Invariants of binary forms

In this chapter we find the basic invariants of V,, for n € {2,3,...,10}, and
give explicit systems of parameters in all these cases. The sections 4.8 and 4.9
are based on joint work with Brouwer [BP10a, BP10b]. The main result of this
chapter is summarised in the following proposition.

Proposition 4.0.1. Let I = O(V,,)32, with n € {2,3,...,10}. Denote by r
the minimal number of generators of I, and by d; the number of generators of
degree i. Then we have:

i |2
n=2: r=1, a1
1 | 4
n=3: r=1, 41
i 23
n==4: 7"—27 dzﬁ
i | 481218
n=5: r=4, T 111 1
i | 2461015
n=0: r=95 T T 111
- g 0| 4812 14 16 18 20 22 26 30
"= TV L7136 4 2 9 1 2 11
8. g i 12345678910
tEes =S g 111111111
_ gy [ 48101214 16 18 20 22
"= T=Y5 25 5 1417 21 25 2 1
0. s—106 2468910111213 14151617 18 19 21
"= TEY 114558 8 121513195 5 1 2 2

48



CHAPTER 4. INVARIANTS OF BINARY FORMS 49

Moreover, I has a system of parameters (hsop) of the following degrees:

n hsop degrees

2 2

3 4

4 2,3

5 4,8,12

6 2,4,6,10

7 4,8,12,12,20

8 2,3,4,5,6,7

9 | 4,8,10,12,12,14,16
10 | 2,4,6,6,8,9,10,14

4.1 The invariants of the binary quadratic

Let f € Vs,
f= a0x2 + 2a12y + a2y2.

and consider the following invariant of Va:
J2 = (f»f)Q = 2(01% - aoag).

Proposition 4.1.1. The set {j2} forms a homogeneous system of parameters
of the algebra O(V5)32 of invariants of the binary quadratic.

Proof. We have N'(V3) = V(j2), and, from Proposition 2.7.1, it follows that {js}
forms a system of parameters of O(V5)5bz. O

The Poincaré series of the algebra O(V3)5"2 is

1
P(t) = 1 =1+ +t4+. ..

We apply the strategy described in Chap. 3.1. From the Poincaré series, the
maximal degree in which we have to look for generating invariants is 2. There-
fore, the invariants of the binary quadratic are generated by {ja}.

4.2 The invariants of the binary cubic

Let f € Vs,
f= apx® + 3a1x2y + 3a2xy2 + a3y3,

and consider the following covariants and invariants of Vj:
caa=(f,fl2,  Jja= (c1,¢1)2

Proposition 4.2.1. The set {j4} forms a homogeneous system of parameters
of the algebra O(V3)SY2 of invariants of the binary cubic.
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Proof. We have N(V3) = V(j4): if j4 = 0, then ¢; is a nullform. If ¢; = 0,
then f has a triple root (Proposition 2.7.2), i.e. f is a nullform. If ¢; # 0 is a
nullform, then f has a root of multiplicity 2 (Lemma 2.7.3), i.e. f is a nullform.

Then, from Proposition 2.7.1, it follows that {j4} forms a homogeneous
system of parameters of O(V3)52. O

The Poincaré series of the algebra O(V3)S™2 is

P(t) =1+t +¢5+...

Tt

We apply the strategy described in Chap. 3.1. From the Poincaré series, the
maximal degree in which we have to look for generating invariants is 4. There-
fore, the invariants of the binary cubic are generated by {j4}.

4.3 The invariants of the binary quartic
Let f € Vy,
f = apz® + da 23y + 6as2?y? + dasxy® + agy®,

and consider the following covariants and invariants of Vj:

ci=(f. )2, Jo=(f.f)a, Js = (f.c1)a

Proposition 4.3.1. The set {jo, j3} forms a homogeneous system of parameters
of the algebra O(Vy)S“2 of invariants of the binary quartic.

Proof. We have V(ja2,j3) = N(Vy): if jo = j3 = 0, then f has a root of multi-
plicity 3 (see Proposition 2.7.2). From Proposition 2.7.1, it follows that {jo, j3}
forms a system of parameters of O(V;)Sb2. O

The Poincaré series of the algebra O(V;)S"2 is

1

e =14+ Pt L
T R

P(t) =

We apply the strategy described in Chap. 3.1. From the Poincaré series, the
maximal degree in which we have to look for generating invariants is 3. There-
fore, the invariants of the binary quartic are generated by {j2,j3}.

4.4 The invariants of the binary quintic

Let f € Vs,
f =aox® + 5arzty + ... + bagxy* + asy®,
and consider the following covariants of Vs:

C1 :(faf)‘l’ C2:(faf)23

C3 = (f, 01)2, Cq4 = (03,03)27
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and the following invariants of Vj:

j4 = (01,01)2, j8: (04761)2;

Ji2= (04, C4)2~

Proposition 4.4.1. The invariants j4, js, ji2 form a homogeneous system of
parameters of the algebra O(Vs)S™2 of invariants of the binary quintic.

Proof. First, we show that N (Vs) = V(ja, js, j12)-
If j4 = 0, then ¢ is a nullform. We distinguish the following two cases.

Case 1: ¢; = 0.
Then, from Proposition 2.7.2 it follows that f has a root of multiplicity 4, i.e.
f is a nullform.

Case 2: ¢; # 0.
We show that (c1,¢3) € N(Va @ V3): in Chap. 5.9 we prove that N'(Va @ V)
is the zero set of the invariants j4, js, ji2, and j|,, where ji5 := (c3,c%)s. But,
modulo j4, we have

3j12 + j12 = 0.

Therefore, (c1,c3) € N (Vo @ V3), if j4 = jg = j12 = 0. Then, from Lemma 2.7.3
it follows that f has a root of multiplicity 3, i.e. f is a nullform.

We apply now Proposition 2.7.1: if N'(V5) = V(ja, Js, j12), then {ja, Js, j12}
forms a homogeneous system of parameters of O(Vs)St2. O

Proposition 4.4.2. The algebra of invariants of the binary quintic is generated
by 4 invariants. The nonzero numbers d; of basic invariants of degree i are

i [481218
di [11 1 1

Proof. The Poincaré series of the algebra O(Vz)5!2 is

1+¢'8
PO=G=ma—ma e -

=14+t 428 312 4416 418 4 .

We apply the strategy described in Chap. 3.1. From the Poincaré series, the
maximal degree in which we have to look for generating invariants is 18. The
vector space of invariants of degree 4 is spanned by {j4}. The vector space of
invariants of degree 8 is spanned by {j%,js}. The vector space of invariants of
degree 12 is spanned by {33, j1js, j12}- The vector space of invariants of degree
18 is spanned by {jlg}, where j18 = (CI, f(Cg, f)1)14.

Then, the invariants of V5 are generated by ja, js, ji2, and jis. O
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4.5 The invariants of the binary sextic

Let f € Vg,
f=aox® + 6a12%y + ... + 6aszy’® + agy®,

and consider the following covariants and invariants of Vj:

c1=(f, f)a, J2 = (f: fes
ca= (£, f)2, Ja = (c1,¢1)4,
cz3= (f,c1)a, Je = (ca,c1)a,
ca=(c1,c1)2,  jro= (c4,63)a
Cs = (f, C1)1

Proposition 4.5.1. The set {ja2,j4,76,J10} forms a homogeneous system of
parameters of the algebra O (Vi)Y of invariants of the binary seatic.

Proof. First, we show that N'(V5) = V(j2, ja, Js, j10)-
If j4 = j6 = 0, then ¢; is a nullform. We distinguish the following two cases.

Case 1: ¢; = 0.
In this case, because jo vanishes as well, from Proposition 2.7.2 it follows that
f has a root of multiplicity 5, i.e. f is a nullform.

Case 2: ¢1 #0.
We show that (c1,c3) € N(Vy @ Vz): in Section 5.10 we prove that (Vo @ Vj)
is the zero set of the invariants j4, js, js, Js, and jio, where

J6 = (cs,c3)2, js= (c1,¢3)s.

But, modulo j2, we have j; = 6js. Also, an easy Grobner basis computation
shows that js € (j2,7a, J6,J10). Therefore, (c1,c3) € N(Va @ Va), if jo = js =
je = j10 = 0. Then, from Lemma 2.7.4 it follows that f has a root of multiplicity
4,i.e. fis a nullform.

We apply now Proposition 2.7.1: if N'(Vs) = V(j2, j4, J6, J10), then it follows
that {42, 74, js, j10} forms a homogeneous system of parameters of O(V)S2. O

Proposition 4.5.2. The algebra of invariants of the binary sextic is generated
by & invariants. The nonzero numbers d; of basic invariants of degree i are

i 2461015
4 (1111 1
Proof. The Poincaré series of the algebra O(Vg)5"2 is

1+t B
(1—2)(1 — t4)(1 — 15)(1 — t10)
=142+ 2t* +3t5 + 468 + 6610 + 812 + 10614 + 15 + ...

P(t)=
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We apply the strategy described in Chap. 3.1. From the Poincaré series, the
maximal degree in which we have to look for generating invariants is 15. The
vector space of invariants of degree 2 is spanned by {j2}. The vector space of
invariants of degree 4 is spanned by {j3,j4}. The vector space of invariants of
degree 6 is spanned by {j3, j2j4,js}. The vector space of invariants of degree
10 is spanned by {43, j374, 7276, j2J3, jajes jio}. The vector space of invariants
of degree 15 is spanned by {ji5}, where ji5 = (c3, c5)s.

Then, the invariants of Vi are generated by js, ja, Jje, j10, and jis. O

4.6 The invariants of the binary septic

Let f € V7,
f=aox” 4+ Ta1z®y + ... 4 Tagry® + azy’.

Consider the following covariants of V7:

c1= (f, fe. ca = (f, )

C3 = (f>f)27 C4 = (f701)27

5= (c2,¢2)a, c6 = (f,c2)s,

cr = (ca,cq)4, cs = (cq, (Ca,c4)a)2,
co = (C6,Ce)2; c10 = (cs,¢6)3,

Lemma 4.6.1. If ¢c; = 0, cg # 0, and ca € N(Vg), then f has a root of
multiplicity at least 5.

Proof. If ¢y is a nullform, then ¢ has a root of multiplicity at least 4. Without
loss of generality we suppose z* | co. Also, by letting (% (1)) act on f, the
coefficient of xy® in f becomes zero, and z* still divides c;. We have ¢; = 0
and the coefficients of z3y>, 22y*, 2y°,4°® in ¢, also vanish, which gives us the
following equations:

10a? — 15a3a5 — azaz; =0,  3a2 + azar —0,
Sagas — Yasas —apar =0,  2asas + asaz =0,
10a3 — 15a9a4 + 6ajas =0,  5aj — 5azas + ajar = 0,

15as3a4 — 21asas + agar = 0.

If a; = 0, it follows a5 = a4 = az = 0, and then 2° | f. If a; # 0, suppose
a7 = 1, which implies:

az = —3a2, az = —2aas,
a1 = —5a3 — 15a3, ap = 3asa?,
and a3 + 4a3 = 0. But then we have
co = —902*(—asy® — agry + atz?)(ai + 4a}) = 0,

which contradicts our assumption co # 0. O
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Consider now the following invariants of Vz:

ja = (c1,61)2, Jjsi = (e7,¢1)2,
J121 = ((cs,¢5)2,¢5)4, J1z.2= ((ca,ca)2,¢})6,
j20 = ([(c2,¢5)a)?, (c5,¢5)2)4-

Proposition 4.6.2. The set {ja, js.1,j12,1, J12,2, j20} forms a homogeneous sys-
tem of parameters of the algebra O(V7)5Y2 of invariants of the binary septic.

Proof. First we show that

N (V) = V(ja, Js .1, 312,15 J12,2, J20)-
If j4 =0, then ¢ is a nullform. We distinguish the following two cases.

Case 1: ¢; = 0.

In this case we have (ca,c2)s ~ js = 0 (we use ”~* for equalities up to a nonzero
constant). A simple Grobner basis computation shows that (cs,c5)s vanishes
modulo the ideal generated by the coefficients of ¢;. As ji2,1 and jao also vanish,
we obtain the equations of Ny, (see Chap. 4.5), hence co is a nullform. Then,
from Lemma 4.6.1 it follows that f has a root of multiplicity 5, i.e. f is a
nullform.

Case 2: ¢; # 0 and without loss of generality c¢; = 22.

In this case we have (¢1,c4) € N (Vo @ Vs): in Chap. 5.11 we show that j4, js.1,
and ji2,2, together with the following invariants, define the nullcone of V5 & V5:
Ji2,3= (cr,¢7)2, J16,1 = (ci, )10,
Joa = ((cs,c8)2,c7)2, Jse = ((cs,cs)2, (c8,c8)2)2-
We prove that j4 = jg,1 = ji12,2 = j12,1 = j2o0 = O implies that jio3 = jig1 =
Jaa = jze = 0. By letting (% ?) act on f, we bring the coefficient of ag in f to

zero, and z? still divides ¢;. Then, we obtain (we use "~ for equalities up to a
nonzero constant):

, . 2
Ji2,2 ~ asar, Jjs,1 ~ 3az + asary.

If a7 = 0, then as = 0 and, then, j12,3 = j16,1 = j24 = j36 =0.
If a7 # 0, then a5 = az = 0. Suppose a7 = 1. In this case ¢; becomes

1~ — (1063 — a1)y* + apzry + 15a0a42°,

and, because we supposed x? | ¢1, we have ag = 0, a; = 10a% and as, a4 # 0.
Then we have:

Jao ~ a3(—779446800a7° — 4828896a3a;" + 67068a5a;’+

+ 252a39a5 + a3?),

Ji2.1 ~ a3(7290a;° + 5dajal + al).
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Because ag, ay # 0, we obtain,

_779446800a2° — 4828896a3al® + 67068aSal’ + 252aa] + a}? = 0,
7290a3° + 54a3aj + a§ = 0.

But a?® belongs to the ideal generated by this two polynomials, hence we get a
contradiction with our assumption ¢; # 0.

Therefore, (c¢1,c¢4) € N (V2 @ Vs). Then, from Lemma 2.7.3 it follows that f
has a root of multiplicity 4, i.e. f is a nullform.

We apply now Proposition 2.7.1: if N(Vz) = V(ja, js 1, 12,1, J12,2: J20), then
it follows that {ju, js 1, 12,1, J12,2, j20 } forms a homogeneous system of parame-
ters of O(V7)Stz, O

Proposition 4.6.3. The algebra of invariants of the binary septic is generated
by 30 invariants. The nonzero numbers d; of basic invariants of degree i are

i | 4812 14 16 18 20 22 26 30
di|136 42 9 1 2 1 1

Proof. The Poincaré series of the algebra O(V5)SP2 is:
P(t) = a(t) _
(L—t4)(1—8)(1 —t12)2(1 — t20)
=1+ t* + 4% 4 10812 + 44 418410 4 1318 + 35620 4 26122+
+ 62t%1 + 52¢26 4 9778 + 92430 4 153¢3% 4 144131 4 229130 4-
4223138 + 325¢40 4 .. 4 62418 +

with

a(t)= 1+ 2t% + 4t'2 + 4t + 516 + 9618 4 6¢2° + 9122 + 8¢** + 90+
4 6t28 4 9t30 4 5t32 4 4t34 4 4t36 4 2t40 4 t48
We apply the strategy described in Chap. 3.1. From the Poincaré series, the

maximal degree in which we have to look for generating invariants is 48. Up to
degree 30 we find the following 30 invariants:

degree generators
4 Ja = (c1,¢1)2,
: Jjs,1 = (c7,c¢1)2, Js,2 = (cs,¢5)4,

jg,3 = (c5,¢2)4,

J12,1 = ((c5,¢5)2,¢5)a,  ji2,2 = ((ca,ca)2,¢3)6,
12 J12,3 = (e7,¢7)2, j12,4 = (2,3,

J12,5 = ((co,c2)2,¢2)a,  jiz,6 = (co,c9)2,
" J14,1 = (fes, €310, J1a,2 = ((c2,¢5)1,¢h)s,

J1a,3 = ((co,c2)1,¢3)a,  j1a,a = (c6c10,¢3)a,
16 J1e,1 = (3, )10, j16,2 = (g, c1)2,
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degree generators

J18,1 = ((c3,¢2)1,¢))14, J1s,2 = (f - (c2,¢6)2, 512,
jis,3 = (6 - (fc2)2, )12, Jis,a = (c6 - (c2,¢6)1,¢3)10,

18 j1s,5 = (c6 - (€5,¢6)1,C5)s, J1s,6 = (c6 - (c6,¢9)1,¢3)6,
J1s,7 = ((c2,¢6)2 - c10,¢3)s6, 718,8 = (((c5,¢6)1,¢€10)1,¢2)a,
jig,9 = (((cs, (c6,¢6)2)1,C10)1,€1)2,

20 d20 = ([(c2,¢5)4]?, (c5,¢5)2)4,

22 j22,1 = (c10 - (c10,¢5)1,¢2)a, j22,2 = (c10 - (c10,¢9)1,¢1)2,

26 J26 = (c10 - (c10, (€10,¢6)1)1,C1)2,

30 430 = ((¢c6,¢9)1,¢30)3.

Then we prove that no generators are needed in degrees 32, 34, 36, 40, and
48 by showing that for each i € {32, 34,36, 40,48} the vector space O(V7)§L2
is spanned by monomials of degree ¢ generated by the 30 invariants found in
degrees < 30. For details about the computations see Chap. A.2. O

4.7 The invariants of the binary octavic

Let f € Vg,
f=aox®+8a1x"y+ ...+ 8arxy” + agy®.

Consider the following covariants of Vs:

1= (fa f)ﬁa Co = (f,cl)4a
cs= (f, s, ca= (f, f)2
C5 = (01,01)2; Ce = (02702)2,

and the following invariants of Vg:

J2= (f, f)s, Ja= (f,c3)s,
Ja= (c1,¢1)4, Js = (c1,¢2)4,
je= (c5,¢1)4, Jr= ((c1,¢2)2,1)a.

Proposition 4.7.1. The set {ja, Js, Ja, J5, J6, J7} forms a homogeneous system
of parameters of the algebra O(V3)S“2 of invariants of the binary octavic.

Proof. First, we show that
N(‘/8) = V(j?vjfiv e 7j7)~

If j4 = j¢ = 0, then ¢ is a nullform. We distinguish the following two cases.

Case 1: ¢; = 0.
In this case, because jo and j3 vanish as well, it follows, from Proposition 2.7.2,
that f has a root of multiplicity 6, i.e. f is a nullform.

Case 2: ¢; # 0.
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In this case we have (c¢1,c2) € N(V,®Vy): from Proposition 5.4.4 it follows that
the nullcone N (Vy & Vy) is generated by j4, js, J6, j7, together with

J6 = (c2,¢2)a, Jo= (ce,C2)4,
Js= ((c1,¢2)2,€2)a.

The vector space of invariants of degree 6 is spanned by j3, j2, j2j4, and jg. It
follows, then, that j; is a linear combination of these invariants, hence j; = 0,
if jo =js =js = 0.

We introduce now the invariant j10 = (c5,c6)s. Using the invariants of
degrees < 10, we built a list of forty-seven monomials of degree 16, each of them
divisible by one of the invariants jo, 73, j4, j5, Jjg, Or j7- We evaluated these

monomials at dime O(Vg)552 = 47 random points in Vg, and this resulted in
a matrix of rank 47. It follows, then, that js = 0if jo = js = ... = jr = 0.

Using the invariants of degrees < 10, we built a list of seventy-two monomials
of degree 18, each of them divisible by one of the invariants jo, js, 74, j5, 76,
jr, or js. We evaluated these monomials at dimg¢ (’)(‘/'8)%];2 = 71 random points
in Vg, and this resulted in a matrix of rank 71. It follows, then, that jo = 0 if
J2=Js=...=jr=0.

Therefore, if jo = j3 = ... = j7; = 0, then (c¢1,c2) € N(Vy @ V). But then,
from Lemma 2.7.4, it follows that f has a root of multiplicity 5, i.e. f is a
nullform.

We apply now Proposition 2.7.1: if N'(Vg) = V(ja,Js3,---,J7), then the set
{j2,73,- -, j7} forms a homogeneous system of parameters of O(Vg)St2. O

Proposition 4.7.2. The algebra of invariants of the binary octavic is generated
by 9 invariants. The nonzero numbers d; of basic invariants of degree i are

i 23456780910
di 111111111

Proof. The Poincaré series of the algebra O(Vg)52 is:
L+t% 17 +¢10 418 _
1= =)L —tH(1 —9)(1 = t0)(1 —17)
=1+ 432 265 4t 4"+ 78 8% 12610 ..
AT TS

P(t)=

We apply the strategy described in Chap. 3.1. From the Poincaré series, the
maximal degree in which we have to look for generating invariants is 18. Up to
degree 10 we found the following 9 invariants:

degree generators
degree generators p - ( )
Jje = (¢5,¢5)a,
2 j2 = (f7 f)8: "
P s = (/,ca) 7 g7 = ((e1,¢2)2,¢1)4,
3 = (f,c3)s, -
- 8 Jjs = ((c1,¢2)2,c2)4,
’ de = (1, 01)a, 9 Jo = (c6,c2)4
5 | js=(c1,c2)a, : —
10 Jjio = (cs5,¢6)4-
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In degree 18 there are no generators: we show that the vector space O(Vg)35>2

is spanned by monomials of degree 18 generated by the nine invariants found in
degrees < 10. The required computations can be seen in Chap. 3.5. O

4.8 The invariants of the binary nonic

This chapter is based on joint work with Brouwer [BP10a].
Let f € Vg,

f=apx® + 9a12%y + ... + Yagxy® + agy®.

Consider the following covariants of Vy:

a = (f,[)s, c2 = (f,f)e;
cs = (f, f)a, ca = (f, f)2,
cs = (f,c1)2, ce = (f,c2)e,
Cr = (62,62)4, Cg = (05705)6,
cg = (¢5,¢5)a, c10= (c5,¢8)2,
c11 = (co;o)a, c12= (cg,C11)4,
c13= (c2,¢7)4, c1a = (c6,¢6)2,
Ci5 = (62, 64)6, C16 = (62704)4,
c1r = (c2,¢3)6, c18 = (c5,¢6)3,
c19 = (c1,¢3)2, c20= (f,c1)2,
Co1 = (f’ 02)2, Ca2 = (f, CS)Ga
co3 = (f,c3)s, cos= (f,ca)s,
ca5 = (€4, ¢4)10, ca6 = (c3,¢3)6,
Cor = (03,06)37 c28 = (¢3,¢4)10,
Co9 = (62, 64)2, C30 = (63764)8-

Lemma 4.8.1. If¢; =0, ca #0, and (ca,c3) € N(V3 & V), then f has a root
of multiplicity at least 6.

Proof. From (cg,c3) € N (Vs @ V3) it follows that both c¢o and c3 are nullforms
and have a common root that has multiplicity 4 in ¢ and multiplicity 2 in cs.
Without loss of generality, we consider the following 3 cases: co = 2°
and ¢y = rty(x + y).

— 5
, C2 = XY,

Case 1: ¢g = 28. Then

cs=(f,2%)6 =agy® + 3aszy® + 3arx?y + aga®,
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and 22 must divide c3. We obtain ag = ag = 0, and substitute that in ¢y and
Cy:

co=(f, )6 =(—20a¢ + 30asar)y® + (—30asag + 5dasar)ry®+
(— 90(152 + 114a4a6 — 12aza7)2’y*+
(—T2a4a5 + 124aza6 — 60azar)xy>+
(=90a? + 114asas — 12azas — 18aya7 )z y?+
(—30a3a4 + 54azas — 30a1ag + 6agar)z y+
(— 20a§ + 30asa4 — 12a1a5 + 2a0a6)x6,
c1=(f, f)s =(70a2 — 112a4a6 + 56azar)y*+
(28a4a5 — 56azas + 40aza7)ry+
(70a} — 112asas + 56aza6 — 16a1a7)2>

Since we suppose ¢z = % and ¢; = 0, the coefficients of xiy5~?
27y?> T inec are0for 0<i<5and 0 < j < 2.

If a7 = 0, then it follows that ag = a5 = a4 = 0, and then 2° | f, so f will have
a root of multiplicity 6. If a7 # 0, then

in co, and of

2a¢ 10ag Sag
052?17, a4=m, a3=m7

Tad 28a8 4a67
2781l T 729457 0T 24345

but then we have cs = 0, contrary to the assumption.

Case 2: ¢co = 2°y. Then,
c3=(f,c2)e = — asy® — 3arwy® — Bagz’y — asa®,
and 22 must divide c3. We obtain ag = a7 = 0, and substitute this in co and ¢;:

20ag + 2azag)y® + (—30asag + 6asag)ry®+
90&5 + 114a4a6 + 6a1a9)1‘2y4 4+t

c2=(f,fls =(-
(-
(—90a} + 114azas — 12aza6 )z y*+
(—
=

30azay + 5dasas — 30ayag)z’y + - - -

C1 = ( ) 70&5 — 112&4@6 —|— 2&10,9) + e

Since we supposed co = x®y and ¢; = 0, the coefficient ¢ of 32 in ¢;, and the
coefficients d; of x’y5~% in ¢y vanish for 0 < i < 4, while d5 # 0. Now

5dsag = —Tbasdg + 4basdy — a6(90 + 22d2) =0,

so that ag = 0, and then also ag = a5 = a4 = 0, d5 = 0, contradicting ds # 0.



CHAPTER 4. INVARIANTS OF BINARY FORMS 60

Case 3: c3 = 2*y(z + y). Then:
c3=(f,c2)6 = (ar — as)y® + 3(ag — a7)wy® + 3(as — ag)z’y + (a4 — as)a®,
and z2 must divide c3. We obtain ag = a7 = ag which we replace in ¢ and ¢;:

ca=(f,f)e

6asag — 15asa¢ + 10(162 — agag)y6—

Saszas — 9a4a6 + Sasag — asag)ry° —

_—1
—6(
— 6(15a2 + 3asag + 2azas — 19a4a6 — ajag)x’y* —
— 2(36a4as — 3aia¢ + 30azas — 62azas — agag)r>y® —
— 6(15a2 — 19asas — agas + 3aiag + 2aza6)z y*—
— 6(basaq — 9azas — apag + 5a1a6)x5y—
- 2(10a32 — 15aca4 + 6ajas — aoag)x6,
c1=(f, f)s =2(35a2 — 8asag + 28asas — 56a4a6 + aag)y+
2(14aq4as — Taias + 20aza6 — 28azas + apag)ry—+
2(35a; — 56azas + agag — Saiag + 28asag)x>.
As we supposed cp = zty(z + y) and ¢; = 0, the coefficients of 3¢, xy®, 2y?,
2z3y3, 2% in ¢y and all coefficients of ¢; must vanish. We denote by J the ideal
generated by these coefficients. Also, we denote by py, po the coefficients of
zty? and 2%y in cs:
p1 = 15a42 — 19asas — apag + 3a1a6 + 2a2a¢,
pa = dasayg — Yasas — agag + Haiag.

A Grébner basis computation shows that p, p? € J so that p; and p, vanish,
contradicting the assumption ¢y = x4y (x + y). O

Consider now the following invariants of Vy:

Jaq = (c1,¢1)2, jsa = (c2,¢d)s,
Ji2,1= ((c7,¢7)2, ¢7)a, j12,2= (c9,¢3)s,

Jian = (c2,¢27)3)6, j16,1= ((cs,¢5)2,¢})10,
J1o1 = (((e25, f)6,c21)5,C2)6-

Proposition 4.8.2. The seven invariants j4, jg)l, le,l; j12)1, j1272, j14)1, j16,1
form a homogeneous system of parameters for the algebra O(Vy)S“2 of invariants
of the binary nonic.

Note that Dixmier (1985) proved the following.

Proposition 4.8.3. (Dixmier [Dix85]) The algebra O(Vy)S™ has a homoge-
neous system of parameters of degrees 4, 8, 10, 12, 12, 14, 16.
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Proposition 4.8.2 gives an explicit system of parameters for O(Vy)5"2 with these
degrees. Brouwer & Popoviciu ([BP10a]) proved the existence of systems of
parameters for certain further sequences of degrees in the following.

Proposition 4.8.4. (|[BP10a, Proposition 7.2]) The algebra of invariants of Vo
has systems of parameters with each of the five sequences of degrees 4, 8, 10,
12, 12, 14, 16 and 4, 4, 10, 12, 14, 16, 24 and 4, 4, 8, 12, 14, 16, 30 and 4, 4,
8, 10, 12, 16, 42 and 4, 4, 8, 10, 12, 14, 48.

Before proving Proposition 4.8.2, we give the following lemma.

Lemma 4.8.5. Let s € Vi, ¢ € V3 be two non-zero binary forms. If both s and
¢ are nullforms and if

0=((s*,5)6,*)6 = ((5,5)2, )1, )12 = (5,¢%)6 = (5, (¢, 0)5)6 =

= (87 (CS, 6)3)&
then (s,c) € N (Vs @ V3).

Proof. Suppose that (s,c¢) ¢ N(Vs @ V3). This means that s and ¢ have no
common root which has multiplicity 4 in s and multiplicity 2 in ¢. Without loss
of generality we consider two cases:

s = xt(biz? + bozy + b3y?), and s =zt (biz? + bowy + b3y?),
c=1y5 c=xy?.

Case 1: ¢ = g3,
In this case we have ("~ is used for equalities up to a nonzero constant):
0 (S 75)6362)6Nb§)7
0= (((8, 8)27 8)1,64)12 ~ b2(5b22 — 18b1b3),
0= (5762)6 = by,
and it follows that by = by = b3 = 0, which implies s = 0, contradicting the
assumption s # 0.
Case 2: ¢ = x7°.
In this case we have ("~ is used for equalities up to a nonzero constant):
0= (S,(C,C);)ﬁ ~ bl, 0= (8,62)6N bg,
0= (S, (63,6)3)6 ~ bg.

and it follows that b; = by = b3 = 0, which implies s = 0, contradicting the
assumption s # 0. O
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Proof of Proposition 4.8.2. We introduce the invariants

Ja2 = (c2,¢2)6, Jjs2 = (c7,¢7)4,
Js,3 = (cs,¢1)2, j20,3= (cis, (c7,¢7)2)4,

j204= (c3,¢])1a.
First we show that

N (Vo) = V(Ja,Ja2, 78,2, 98,35 J12,15 J12,25 J14,15 J16,15 J20,35 J20,4)-

If j41 =0, then ¢; € V5 is a nullform. Without loss of generality, we consider

the following two cases: ¢; =0 and ¢; = x2.

Case 1: ¢; = 0.
If j4,2 = j8,2 = j1271 = j2073 = 0, then C2 is a nullform.

If ¢o vanishes as well, then from Proposition 2.7.2 it follows that f has a
root of multiplicity 7, i.e. f is a nullform.

If co # 0, without loss of generality, we suppose x* | c2. Modulo the ideal
generated by the coefficients of ¢; and the coefficients of z3y%, z2y*, zy°, 4% in
co we have

Js,1 = J12,3 = J12.4 = j18,1 = j20,1 = 0

where

J12,3= (c14,c¢14)2, j12,a= ((c3,¢2)6,¢8)6:
jisa = (((cayc2)2,c2)1,6)12, J201 = (ca,c3y)6.

It follows, then, from Lemma 4.8.5, that (c2,c) € N(Vs & V3), and then, from
Lemma 4.8.1, that f has a root of multiplicity 6, i.e. f is a nullform.

Case 2: ¢ = x2.

Here we have ("~ is used for equalities up to a nonzero constant):
. 2 . 2
0 =J204 = ag, 0 =J161 ~ ag,
. 2 . 2
0 =Ji22 ~ a7, 0= Jss ~ag.

It follows that ag = ag = a7 = ag = 0, and, if we combine this with ¢; = 22, we
get a5 = 0 too, and then f is a nullform.

This shows that N (Vo) = V(ja,1,Ja,2, J8,2: J8,3: J12,1, 12,25 J14,15 J16,1, 120,35 J20,4)-

We introduce now the following invariants:

Jsa = (cr,¢})a  Jss = (cr,c17)a,
J1o2= (c18,¢7)a,  j10,a= ((cs,c22)3, (c3,¢3)8)4,

j10,3 = (CISaC%)% le,S = (((0267f)67020)3702)6-
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The invariants jg1,Js2,...,Js,5 are linearly independent and, together with
jﬁl, jﬁz, and ja,1ja4,2, span the vector space of invariants of degree 8 which is of
dimension 8. (This can be seen, e.g., by a small computation in Mathematica.)
In a similar way it can be seen that the vector space of invariants of degree 10
is spanned by jio.1,710,2, - - - j10,5. Using invariants of degree < 16 we built a list
of 219 monomials of degree 20, each of them dividing one of the invariants j4 1,
Ja,2, Js,1,--+»J8,55 J10,5, and jio 1, to which we added

J201 = (ciy,c2)6, J202= ((car,c2)4, (C2a,C23)3)a.

Denote I be the algebra O(Vy)S"2 of invariants, and I; its i-th graded part.
We evaluated the monomials at dimc Isg = 217 random points in Vg, giving as
result a matrix of (full) rank 217. Adding jao,3, j20,4, Jio.2> Jio.s, and jip 4 to
the list of monomials and repeating the evaluation step gave (of course) again
matrices of rank 217. From the nullspaces of these matrices we obtained the
relations

. . .2 .2 ] . . . . . . .
J20,3,J20,45 710,25 J10,3> J10,4 € (Ja15Ja.2, 78,15 08,25 - - - » J8,5, J10,1, J10,5)

(that is, j20,1 and jao,2 are not needed to span the elements mentioned). Using
invariants of degree < 20 we built a list of 3561 monomials of degree 32, each of
them dividing one of the invariants js 1, js 1, J8,5, J10,1, J10,5, J12,1, J12,2;, J14,15
or jie,1- We evaluated the monomials at dimc I32 = 2082 random points in Vy,
and this resulted in a matrix of rank 2082. The rank computations were made
modulo 32003, but as we obtained the maximal rank, these monomials must
span I3o. It follows that

J8,2: 78,3, 78,45 J4,2 € \/(j4,1,j8,17j8,5;j10,1,j10,5,j12,17j12,27j14,17j16,1),
and then we get

N (Vo) =V (ja,78,1, 78,5, 710,15 J10,55 512,15 12,25 J14,1, J16,1) -

In the same way one can show that

N (Vo) = V(ja,2, 78,1, 78,5, 710,1 10,55 J12,1, 12,25 J14,15 J16,1) -

It remains to remove two elements from one of these two sets of generators.

Let H = (ja1,Js,1,J10,1, J12,1, J12,2, 14,1, J16,1). We computed dime I; N H
for i < 60 and found dim¢ Igo N H = 59107 = dimc g9, so that Igg C H. But
then H contains powers of all invariants of degrees 4, 10, 20, so that in particular
Ja2,J105 € VH. Now let H' = (ja,1,J4,2,78,1,710,1, 12,1, J12,2, J14,1, J16,1). We
computed dimg I; N H' for ¢ < 40 and found dimg¢ Iy N H' = 6612 = dimc 140,
so that I4o € H'. But then H' contains powers of all invariants of degree 8, so
that in particular jss € vV H’. But then vVH = vVH’' = I. Thus,

N (Vo) =V (ja,78.1:J101, 912,15 J12,25 J14,1, J16,1)-
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Then, from Proposition 2.7.1, it follows that the set

{Ja1, 78,1, J10,15 J12,1, J12,2, J14,1, J16,1 }
is a system of parameters of O(Vj)5!2. O

Proposition 4.8.6. The algebra of invariants of the binary nonic is generated
by 92 invariants. The nonzero numbers d; of basic invariants of degree i are

i | 481012 14 16 18 20 22
di |25 5 14172125 2 1

Proof. The Poincaré series of O(V4)S2 is

a(t)
(1 — (1 — 15)(1 — £10)(1 — £12)2(1 — ¢14)(1 — £16)

P(t) =

with
a(t) =1+ t* + 565+ 4t"0 + 17" + 206" + 47¢'0 4 61" 4 97670+
120122 + 16574 + 189t26 + 2238 4- 241130 + 25432 4 254134+
2412%° + 223t%° 4 189t + 165¢"% + 120t** + 97t + 611+
ATE0 4 206%% 4 1787 4 41%° 4 5¢°% + 192 + 19,
so that
P(t) =1+ 2t* + 8% 4+ 5¢10 + 2842 + 274 + 8446 + 99¢'® + 2174204
27372 + 506t%* + 64720 4 1066t*® 4- 1367t30 4 2082132 + 2649t3* +
381136 + 4796138 4 661210 + 82282 + 10960t** + 1348346+
17487¢* + 21274450 + 26979t°2 + 32490t + 404431°¢ + 48242¢°% +
59107t% + 69885t5% + 8447054 4- 990741%6 + ...

We apply the strategy described in Chap. 3.1. From the Poincaré series, the
maximal degree in which we have to look for generating invariants is 66. Up to
degree 22 we found the following generators:

deg generators

Ja2 = (c2,¢2)6,
Js,2 = (c7,¢7)a,
Js,a = (c7,¢3)a,

4 Ja = (c1,c¢1)2,
js,1 = (c2,c2)s,
8 Jj8,3 = (cs,c1)2,
Js,5 = (c7,c17)4,

J12,11 = (3, (c7,¢3)4)s6,
J12,13 = ((¢ce,¢5)2, (c7,¢2)2)s,

Jro,1 = (((c25, f6,c21)5,¢2)6,  Jio,2 = (c18,¢7)4,

10 | jio,3 = (c18,¢3)a, Jj1o,4a = ((ce,c22)3, (3, ¢3)8)4,
J1o,5 = (((c26, f)e:c20)3, c2)s,
Jiz2,1 = ((e7,e7)2,¢7)4, J12,2 = (c9,c3)s,
Jji12,3 = (c14, c14)2, J12,4 = ((c2,¢c2)6,c2)6,
Ji12,5 = (cs,c8)2, ji2,6 = (cs8,c13)2,

12 | ji2,7 = ((e7,c2)2, (c7,¢3)4)6, Ji2,8 = ((¢7,¢3)2, (c7,ca)4)10,
J12,9 = (c14,¢8)2, Jji2,10 = (c14,c13)2,

Jji2,12 = (cscs, (c7,¢3)2)10,
d12,14 = ((c8,ca)2,c3)12,
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deg generators
j1a,1 = (c2,¢27)3)6, j1a,2 = (c2, (ca8c17,c102)5)6,
Jj14,3 = (c4, (c15¢19,C1€4)9)14, j14,4 = (c1, (c15¢19,C1€4)15)2,
j1a,5 = (c2, (c15¢19,c1€4)13)6, j1a,6 = (c3, (c15¢19,c1€4)11)10,
J1a,7 = (c1, (cagcr7, c1c2)7)2, j1a,8 = (c3, (ca8c17,c102)3)10,
14 | jia,9 = (ca, (c28c17,C102)1)14, j14,10 = (((c165 c19)6, €2)5, %),
J1a,11 = (((c16,€19)4, €1)1,€3)12, J1a,12 = (((c16, c19)2, €2)1,¢3)20,
J14,13 = ((c20c19,c2)1,¢3)28, J14a,14 = ((c16,€19)7, €36,
J14,15 = ((c16,€19)1,¢3)18, J14,16 = ((c2ca, c13)1,¢3)30,
J1a,17 = ((c20,¢3)1,¢3)24,
J16,1 = ((c5,¢5)2,¢3)10, Jjie,2 = (cres, c2)s,
J16,3 = ((c1,c4)2,c3)12, jie6,4 = ((e2,¢3)2,¢3)12,
j16,5 = ((c2,¢3)2, cg)12, J16,6 = ((c1,c4)2, cd)12,
j16,7 = (cact, ¢, Jjie,8 = ((cacs, c1c2)s, ct)s,
j16,9 = ((c2c3, c3c4) 16, ¢1)s, Ji6,10 = ((c%, caca)20,¢})s,
16 | jie,11 = ((c2,czca)20,¢2)s, Ji6,12 = ((c3ca, c2¢c3)16,¢2)s,
j16,13 = ((csc2, c2c1)s, c2)s, j16,14 = (((c1,¢3)2,c16)6,c2)s,
j16,15 = (((c1, ¢3)2, c16)6, c})s, ji6,16 = (((c2,¢3)4,c30)4, c})s,
J16,17 = (((c2, ¢3)4,¢30)4, c2)s, ji6,18 = ((c29,c19)8, c2)s,
j16,19 = ((c29,c19)8,c?)s, Jj16,20 = (c29c19, ¢3)24,
J16,21 = (c2c2, (c16,¢19)2)16,
Jjis,1 = (((62,62)2702)1703)12, Ji8,2 = (057018)47
18 Jj1g,3 = ((c7,c1¢8)2, c18)4, J1s,4 = (c2, (c30, (c3, (f, (f,c2)3)6)4)4)8,
jis,5 = (¢, ((c29,¢3)1,¢3)22)4, J18,6 = (¢}, ((caca, c1¢3)1,¢3)28)4,
Jjis,7 = (¢}, ((c16,€10)1, ¢3)16)4, Jjis,s = (c1cz, ((c16,c10)7,¢3)2)s,
jis,9 = (2, ((ca9c19, €2)1,¢2)26) 4, j1s,10 = (c2, (((c16,c19)2,€2)1,¢2)18)4,
Jis,11 = (2, (((c16,€19)4;¢1)1, ¢2)10)a,  Jis,12 = (c1cz, ((c16,c19)6, C2)5 - €3)s,
J18,13 = (2, (ca, (cage17, c1¢2)1)12)4, J1s,14 = (c2, (c3, (c28c17,c102)3)8)4,
J18,15 = (2, (c2, (c15¢19, c1€4)13)4) 45 j18,16 = (c1c2, (c2, (c15¢19,c1¢4)13)2)8,
18 | jis,17 = (2, (ca, (c15c19, c1€4)9)12)4, jis,18 = (2, (c2, (case17, c1¢2)5)4)4,
Jis,19 = (c1c2, (c2, (casci7,c1c2)5)2)s,  jis,20 = (c1ce, (¢4, (c15¢19,C1¢4)9)10)s8,
Jis,21 = (c1c2, (c3, (c2gc17,c1¢2)3)6)8,  jis,22 = (c1c2, (ca, (casci7,c1¢2)1)10)s8,
J1s,23 = (¢34, c18)a, Jj1s,24 = (c2cs, (((c16,c19)2,¢2)1,¢3)12)16,
J18,25 = (cacs, ((c29c19, €2)1,¢2)20)16,
20 | joo,a = (ciy.c2)s, j20,2 = ((ca7, c2)4, (ca4, c23)3)4,
22 | joz = (2, (cacs, ((c29c19,¢2)1,¢2)20)14)4-

Then we prove that no generators are needed in degrees 24,26, ..
by showing that for each i € {24,26,. ..

.58, 62, 66

58,62,66} the vector space O(Vy)5>

is spanned by monomials of degree i generated by the 92 invariants found in
degrees < 22. The required computations for ¢ < 32 can be seen in Chap. A.3.
The computations in degrees > 34 were performed by A.E. Brouwer, with his
own software ([BP10al).

O

4.9 The invariants of the binary decimic

This chapter is based on joint work with Brouwer [BP10b]
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Consider f € Vi,
f = apz'® +10a12% + ... 4+ 10agxy® + a1oy™®

and the following covariants

gz = (f, o, e = (f, f)ss
ca = (f, f)e ez = (f, )
ca = (f, )2, cs = (f,c1)a,
ce = (fc)s, cr = (ca, c2)e,
g = (C5,C5)4, cg = (c2,c7)4,
Ci0 = (C1,C1)2, C11 = 04,04)14,

Lemma 4.9.1. If jo =0, ¢; =0, ca # 0, and ca € Ny, then [ has a oot of
multiplicity at least 7.

Proof. The covariants c1, co and the invariant j, are:

Jo= — 252(152 + 420a4a¢ — 240aszar + 90asag — 20a1a9 + 2apaqg,
(70a6 — 112asa7 + 56a4as — 16asag + 2aza10)y*+
(56asas — 112a4a7 + 80azag — 28asag + 4ajaig)ry>+
(168@5 — 252a4a6 + 96azar — 6azas — Sajag + 2apar0)r y>+
(56agas — 112a3ag + 80azar — 28a1ag + 4agag)x>y-+
(70a4 — 112asas5 + 56asag — 16aia7 + 2a0a8) ,
= (—20a? + 30agas — 12aza9 + 2a4a10)y>+
(—40agay + 72asas — 40asa9 + Sazayo)ry’ +

(—140ad + 168asar — 40azag + 12aza10)x 2y°+

(—168asas + 280asar; — 120azas + 8aiaig)z>y’+

(— 252a5 + 280a4ag + 40asza; — 90asasg + 20a1a9 + 2a0a10)x vt

(—168ayas + 280azag — 120aza7 + Sagag )z y>+

(—140a} + 168azas — 40a1a7 + 12apag)x5y>+

(—40azay + 72a2a5 — 40a1ag + Sagar)z y+

(—20ai + 30aza4 — 12a1a5 + 2apag)z®.
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Without loss of generality we suppose x° | co. We denote by J the ideal gener-
ated by 7o, the coefficients of ¢;, and the coefficients of a: yt23y5, ..., y® in co.
Denote also by p1, p2 and ps the coefficients of 27y, 2%y and x®y3, respectively,
in co. We have

pi,ps.p3 € J,

which implies that 2% | cz.
Consider now the ideal J generated by ja, the coefficients of ¢; and the

coefficients of ="y, z%y2,...,y® in co. Denote by po the coefficient of 28 in cs.
We have a;py € J for i = 10,9,8,7,6,5,4. Because c3 # 0 we find a1 = ... =
ay = 0. This means that 27 | f, so f will have a root of multiplicity 7. O

Consider now the following invariants of Vjy:

=(c1,¢1)4, =(cs5,¢5)6
Je2 =(ce,C6)2, :(0170 )

= (c19,¢1)s, J10.1= (c16, ¢1)s,
J1a,1 = (ca5,¢0)4, J14,2 (010, C16)8-

Proposition 4.9.2. The eight invariants j2, jai1, Je,1, J6,2, 48,1, J9o,1, J10,1;
J14.1 + 142 form a homogeneous system of parameters of the ring O(Vi0)SL2 of
invariants of the binary decimic.

Proof. We introduce the following invariants:

jes=(ci5,¢2)8, Joa=(c10,¢1)a, J12.2= (%, c})ia-

First we prove that

N(Vio) = V(j2, ja,1:J6,15 76,3, 76,4 38,15 9,15 J10,15 J12,25 J14,15 J14,2)-

If ju1 = jo,a =0, then ¢ is a nullform. Without loss of generality, we consider
the following three cases.

Case 1: ¢; = 0.

In this case we have co € N'(Vg): in Chap. 4.7 we proved that the nullcone of Vg
is the vanishing locus of the the invariants j4 2, j63, J8,2, J10,2, Ji2,3, and ji4,1,
where:

Ja2=(c2,c2)8, jio2=1(Co,C7)4,

Js2=(cr,¢7)a, J12,3=1{(C25,¢7)a.

We show that these invariants vanish: denote by J = (js, ¢1) the ideal generated
by jo and the coefficients of ¢;. Easy Grobner basis computations show that
Ja2:Js,2,J102 € J and jizz € (J,je3). Hence if j2» = je3 = c1 = 0, then
Ja2 = Js2 = jio2 = jiz,3 = 0. Because ji4 1 vanishes as well, it follows that
co is a nullform. Then, we apply Lemma 4.9.1, and obtain that f has a root of
multiplicity 7, i.e. f is a nullform.
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Case 2: ¢; = x*. In this case we have ("~ is used for equalities up to a nonzero
constant):

Jiz,2~ 01207

j101~ — ag + asaio,

js1 ~ 3ag — dazag + agayo,

Jea ~ — 1Oa72 + 15agag — 6asag + agaqp.
If ji2,2 = j10,1 = Js1 = je1 = 0, then it follows that @19 = ... = a7 = 0. If we
substitute this in ¢, we obtain

c1 =T0ady* + 56asagry® + (168a2 — 252a4a6) 2>y +
(56a4as — 112aza6)2z>y + (70a; — 112azas + 56asae)x?,

4

and, as we supposed ¢; = x
a nullform.

, we get also ag = a5 = 0, which implies that f is

Case 3: ¢; = 23y. In this case we have ("~ is used for equalities up to a nonzero
constant):

Jo1 ~ ag,

Jia2 ~ arag — ag,

jio1~ —5a? + 2agas + 3asag,

Jjea ~ — 10a62 + 15asa7 — 6agasg + asag.

If j9,1 = j14)2 = le,l = jG,l = 07 then ag = ... =dag = 0. If we substitute this
in ¢; and jo, we obtain:

c1 = 2a2a10y4 + 4a1a10xy3 + (1680452 + 2a0a10)x2y2 + 56a4a5x3y+
+ (7002 — 112azas)z?,
Jo = — 252a2 + 2apai0

From 168a2 + 2aga10 = —252a2 + 2apai9 = 0 we find a5 = 0, which contradicts
¢ = 23y,
Therefore, we have

N (Vig) =V (2, Ja,1, 76,15 96,35 6,4, 38,15 9,15 J10,15 J12,2, J14,15 J14,2)-

So far, we defined the nullcone using 11 invariants, but we need a definition using
8 invariants. As a first step, replace the two invariants of degree 14 by a single
one. Now for f = 22y(2a127 + 9agy”) all the invariants above defining N'(Vio)
will vanish, except jis1. And for f = y3(120a3z” + a10y”) all the invariants
above vanish, except ji42. That means that the single invariant of degree 14
cannot be either ji41 or ji4,2. However, it turns out that we can use ji4,1+J14,2.

The final part of the construction of the system of parameters was done by
computer. These computations were performed by A.E. Brouwer, with his own
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software ([BP10b]). All computations were carried out in the ring R generated
by the 106 invariants found in Proposition 4.9.3. Or, more precisely, in the
quotient @ = R/jaR, reduced mod p, where p = 197 (the different p has no
significance), and a4, a7 and ag were taken to be zero. It was checked that the
graded parts of the resulting ring have the expected dimension (for degree up
to 54), so that no collapse occurred as a consequence of the reduction mod p or
the substitution of variables.

The ideal generated in this ring by all invariants of degrees 4, 6, 8, 9, 10,
14 has full dimension 542 for its graded part of degree 24. We know that
dime O(Vip)5k2 = 1429 and dime O(Vig)55? = 887 and multiplication by j, is
an injection. Therefore we have 542 = dime O(Vig)5x2 /j20(Vio)552. Tt follows
that the ideal generated by the invariants of degrees 4, 6, 8, 9, 10, 14, together
with jo, contains all of (’)(Vlo)gff, so that no invariants of degree 12 are needed
to define the nullcone (since their squares are in O(Vig)5r2, and they themselves
are in the radical).

With only ji4,1 + ji4,2 instead of all invariants of degree 14 in the set of
generators of the ideal, one finds full dimension 1148 for the graded part of
degree 28, so this single invariant of degree 14 suffices.

With only ji0,1 instead of all invariants of degree 10, one finds full dimension
221 in degree 20, so this single invariant of degree 10 suffices.

With only jg 1 instead of all invariants of degree 9, one finds full dimension
890 in degree 27, so this single invariant of degree 9 suffices.

With only js 1 instead of all invariants of degree 8, one finds full dimension
2279 in degree 32, so this single invariant of degree 8 suffices.

That only leaves the invariants of degree 6. After some work it turned out
that with only js1 and jgo one finds full dimension 37892 in degree 54, so
these suffice, and we have constructed the promised homogeneous system of
parameters. O

Proposition 4.9.3. The algebra of invariants of the binary decimic is generated
by 106 invariants. The nonzero numbers d; of basic invariants of degree i are

i‘246891011121314151617181921
d¢‘114558 8§ 12151319 5 5 1 2 2

Proof. The Poincaré series of O(V10)5" is
P(t)=a(t)/(1 = 2)(1 =) (1 = 1°)*(1 = £%)(1 — £°) (1 — ¢'°) (1 — ¢')
where

a(t) =14+ 210 4+ 448 + 4% + 7610 4 8¢ 4 15¢12 + 15613 4- 2041 + 274154
29¢16 4+ 35¢17 4 40t18 + 4441 4 4720 4+ 5521 + 52t22 + 5723 4 56124+
57125 + 52t26 4 5527 4 47t?8 + 44t + 4030 4 35631 + 2932 4 2713+
206% + 156 + 15¢%0 4 877 4+ 7% 4+ 4t 4 460 + 2672 4 4%%,
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so that

P(t) =1+ t% + 2t* +6t5 + 125 4+ 5% 4+ 24¢10 + 13¢1! 4+ 52¢12 4+ 33¢13 + 97414+
80t + 177¢0 + 1607 + 319" + 3011 + 540¢%° + 5471 + 887t*2 +
926173 + 1429t 4 1512t% 4 2219t%¢ 4 2402t%7 + 3367128 + 3681t%°+
5015t30 4+ 5502t31 + 7294t3% + 8064133 + 10419t3* + 11550354
14664135 + 1625337 4 202873 + 22531437 + 276820 4 30738t +
37319t*% + 41378t*% 4 49671¢** + 55060t + 65390t + 72391¢*7 +
85250148 +

We apply the strategy described in Chap. 3.1. From the Poincaré series, the
maximal degree in which we have to look for generating invariants is 48. Up to
degree 21 we found the following generators:

deg generators

2 | j2=(f o,

4 | ja=(c1,c1)4,

6 | Jo.1 = (cs,e5)6, Je,2 = (c6,¢6)2,

Je,3 = (c15,¢2)s8, Je,a = (c10,¢1)4,
Jjs,1 = (c1,c8)4, Jjs,2 = (c7,¢7)4,

8 | js,3 = (c12,¢7)4, Js,a = (c10,c11)4,
js,5 = (c11,c11)4,

Jjo,1 = (c19,¢2)s, jo,2 = (c20,¢2)16,

9 jo,3 = (c21,c1¢2)16, jo,a = ((c5,c4)1,c2¢3)20,
jo.5 = ((ce,c4)1,¢3)16,

Jjlo,1 = (016aC1)87 Jj1o,2 = (c9,c7)4,

10 J1o,3 = (c7,¢2)4, j10,4 = (c9,c12)4,
j1o,5 = ((c23,c22)6, C2)8, Jjio,6 = (cscs, f)io,

Jro,7 = (((c1,¢3)2,c17)12, €1)4, Jj1o,8 = (((c1,c¢3)2,c18)8, c4)16,
J11,1 = ((c19,¢2)a, c2)s, J11,2 = ((c19,¢%)2, c3)12,

11 J11,3 = (01901704)167 Ji1,4 = ((020763)14,01)47
j11,5 = ((e20,¢2)12, c2)s, j11,6 = ((c20,¢3)10,€3)12,
d11,7 = ((c20,¢2)s, ca)16, J11,8 = ((ca1, c1¢2)10,€1)4,
J12,1 = (cs8,¢8)4, J12,2 = (2, )12,
j12,3 = (c25,¢7)4, J12,4 = ((01670%)6701)4:

19 ji12,5 = (c24,¢1)4, J12,6 = ((c16,¢2)a,c2)s,
d12,7 = ((c16,¢3)2, c3)12, J12,8 = (c16¢2,ca)16,

J12,0 = ((e7,¢2)2,c1)4, J12,10 = (c7c2, c2)s,

ji2,11 = ((co, c12)2,¢1)4, J12,12 = (((c23, c22)6,C2)6, C1)4,
j13,1 = (((c19,¢2)4,c2)6, C1)4, j13,2 = (((c19,¢2)a, c2)a, c2)s,
713,38 = (((c19,¢3)4,c2)2, c3)12, J13,4 = (((c19,¢2)2,¢3)10,€1)4,
713,5 = (((c19,¢2)2,c3)8, c2)s, 713,6 = (((c19,¢2)2,¢3)6,3)12,

13 j13,7 = (((c20,€3)14, ¢1)2, ¢1)4, J13,8 = (e1 - (c20,¢3)14,¢2)8,
J13,9 = (((c20,¢3)12, c2)6,¢1)a4, 713,10 = (((c20,¢3)12, c2)4, c2)s,
d13,11 = (((c20,c2)12:c2)2,¢3)12,  j13,12 = (((c20,¢2)10,¢3)10,C1 )4,
j13,13 = (((c20,c2)10,¢3)8,c2)8, 713,14 = (((c20,¢3)10,¢3)6, C3)12,
j13,15 = (((c20, ¢3)8,ca)14,¢1)4,
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deg generators
j1a,1 = (c25,¢9)4, J1a,2 = (c3g, c16)8,
j14,3 = ((cs,¢8)2,c1)4, J1a,a = (2, c2)s,
J14,5 = ((c2,¢$)10, c1)4, d1a,6 = ((c2,¢3)s, c2)s,
14 | jia7 = ((c2,c3)6,c3)12, J1a,8 = ((c2,¢3)4, ca)16,
J1a,9 = (c1 - (c16,¢3)6, €2)s8, j1a,10 = ((c24,¢1)2,¢1)4,
jia,11 = (c1c24,¢2)8, j1a,12 = (((c165¢2)a,c2)6,¢1)a
J14,13 = (((c16,¢3)4, c2)4, €2)s,
J1s,1 = ((((c19,¢2)a, c2)6,¢1)2, C1)a, jis,2 = (c1 - (c19,¢2)a,2)6,C2)s8,
J15,3 = ((((e19,¢2)a, c2)a, 2)6, C1)a, j1s,a = ((((e19,¢3)a, c2)4, €2)4,c2)s,
J15,5 = ((((c19,¢2)4,c2)a,c2)2,¢3)12,  j15,6 = ((((c19,¢2)4,c2)2,¢3)10,C1)4,
J15,7 = ((((c19,¢2)a, c2)2, c3)8, C2)s, jis,8 = ((((c19,¢?)a, c2)2,¢3)6,€3)12,
15 J15,0 = ((((c19,¢2)2,¢3)10,€1)2,¢1)a,  Jis,10 = (1 - ((c19,¢2)2,¢3)10,C2)s,
J15,11 = ((((c19,¢%)2,c3)8, c2)6, C1)4 j15,12 = ((((c19,¢2)2, c3)8, c2)4, c2)s,
J15,13 = ((((c19,¢%)2,c3)8,c2)2,¢3)12,  j15,14 = (c1 - ((c20,€2)14,€1)2,€2)s,
J15,15 = ((((c20, ¢2)12,¢2)6,¢1)2, ¢1)a,  Jis,16 = ((c1 - (c20,¢3) 14, ¢2)6, €1 )4,
J15,17 = ((c1 - (e20,¢3)14, c2)4, C2)8, d15,18 = ((c1 - (c20,¢3)14,c2)2, €3)12,
J15,19 = ((((c20,€2)12,2)2, c3)s, c2)8,
ji6,1 = ((c25,¢9)2,c¢1)a, ji6,2 = (cocas, c2)8,
16 | jie,3 = (((cs,c8)2,c1)2,¢1)a, Ji6,4 = ((c2, c2)6,c1)4,
Jie,5 = (((c3,¢})s, c2)6, c1)a,

J171 = ((e1 - ((c19,¢2)a, c2)6, c2)6, €1)4,
Ji7,2 = (((((619,C%)4,02)4762)2,63)10701)47
17 | ji7,3 = (((((c19,¢2)a, c2)2, c3) 10, €1)2, €1)4,
J17,4 = (((((c20, ¢2)12, c2)2, €3)8, €2)4, c2)8,
ji7,5 = (((c1 - (020,02)14,62)2,03)8,62)87
18 | jis = (ca - (c3,c)a, (f2, f*)a)32,
J19,1 = (c3 - (((c19,¢2)a, c2)2, c3)6, (F2, f2)8)24,
J1o,2 = (c2a - (f, (((f?,ca)s, f)5, f)10)s, c2)s,
21 | joi,1 = ((f,e25)1, )12, 21,2 = (((((f,¢¥0)s: £)4, [, c19)2, f)1o-

19

Then we prove that no generators are needed in degrees 4,6,8,9,...,40,42, 48,
by showing that for each i € {4,6,8,9,...,40,42,48} the vector space O(‘GS()L"’)Z-
is spanned by monomials of degree i generated by the 106 invariants found in
degrees < 21. The required computations for ¢ < 26 can be seen in Chap. A.4.
The computations in degrees > 27 were performed by A.E. Brouwer, with his
own software ([BP10b]). O



Chapter 5

Invariants of several forms

In this chapter we review classical results regarding the invariants and the co-
variants of V,,, & ... @&V, with p > 2.

Most of the cases that we treat in this chapter were considered in the nine-
teenth century as well. We certify the “classical” results (i.e. obtained in
the nineteenth century) with our computations and correct those results that
turned out to be wrong. Table 5.1 contains results of computations made in
the nineteenth century (the underlined entries are results that in the first place
turned out to be false and were later corrected). In this chapter we concen-
trate on these cases and correct a result of Winter [Win80] regarding the co-
variants of V, @ V5 (see Chap. 5.16) and results of Gundelfinger [Gun69] and
Sylvester [Sy78b, Sy78c, Sy78d] regarding the covariants of V3 @ Vj (see Chap.
5.19; joint work with Brouwer [BP12]).

Further, we give a set of generating invariants of mV; @ nV, with m > 2
and n > 3 (see Chap. 5.2). Using results of Peano [Pea82], Young [You99] and
Kraft & Weyman [KW99], we give a set of generating invariants of mV; ® nVs
with m > 2 and n > 2 (see Chap. 5.3) and a set of generating invariants of
mVy @ nVy with m > 2 and n > 5 (see Chap. 5.4).

For the cases considered in the coming sections, we give systems of parame-
ters or, in some of them, only the degrees of a system of parameters, and a set
of generators of their invariants. Table 5.2 gives an overview on the degrees of
systems of parameters (hsop) in the cases that we consider. As a remark, not
all these systems of parameters are multihomogeneous. In fact, such multiho-
mogeneous hsop only exist in few cases:

Proposition 5.0.4. (Brion [Bri82]) Consider V an SLy-module and O(V)SL2
the algebra of invariants of V. There exist multihomogeneous systems of param-
eters of O(V)St2 iff V is one of the following modules: 2Vy, Vi & Vo, Vi & Vs,
Vl @ ‘/ZL; 2‘/2: V2 ® ‘/3; V2 S ‘/4; 2V3; 2V4; 3V1, 2‘/vl 2 ‘/2; Vl S 2‘/2; or 3V2

Whenever the classics looked for the generators of the covariants of V & W,
with V and W two SLy-modules, they used the information they had about the

72
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module # generators of invariants # generators of covariants
Vs 1 ([Gors7]) 4 ([Gor87])
Vi 2 ([Gor87]) 5 ([Gors7])
Vs 4 ([Gor87]) 23 ([Gor87])
Vs 5 ([Gor8T]) 26 ([Gor87]))
Vi 33 ([Calss]), 30 ([DL86]) 153 ([Galss]), 124 ([Sy79b]),
147 ([Cr502, Bed09], Chap. 5.7)
Vs 12 ([Gal80]), 9 ([Gal80, Shi67]) 96,67,70 ([Gals0])

69 ([Sy79b, BB08], Chap. 5.8)

Voad Vs 5 ([Bes69, Gor87]) 15 ([Bes69, Gor87])
Vo ® Va 6 ([G'Y03]) 18 ([G'Y03])
Vo ® Vs 29 ( [Win80]) 94 ([Win80]), 92 (Chap. 5.16)
Vo @ Vs 27 ([Gal74]) 99 ([Gal74])
2V3 7 ([Gor87, Pea82]) 26 ([Gor87, Pea82])
VsV, 20 ([Gun69]) 64 ([Gun69]), 61 ([Sy78b, Sy78¢c, Sy78d]),
63 ([BP12], Chap. 5.19)
2V, 8 ([You99]) 28 ([You99])
3V 28 ([Gal94]) 98 ([Gal94]), 97 ([Sin05])
3Va 25 ([You99]) 103 ([You99])
4V, 80 ([You99]) 305 ([You99])
nVi (3) ([Gor69)) (") (Gor69])
nV ("3 + (5) ((GorsT]) n(n +1) + (5) ([Gors7])

Table 5.1: Cases treated in the 19th century

covariants of V' and the covariants of W. The following result, due to Clebsch,
plays an important role:

Proposition 5.0.5. ([Cle72, §54],[KW99, Proposition 7]) Let V and W be
two SLa-modules whose covariants are finitely generated. Then the covariants
of V& W are also finitely generated. If Py,..., P, are the generators of the
covariants of V., and Q1,...,Qs are the generators of the covariants of W, then
a finite generating system can be chosen from the set of all transvectants [P, Q);,
1 >0, where P is a monomial in the P;’s and () a monomial in the Q;’s.

Remark 5.0.6. More precisely, a (finite) generating system for the covariants
of V& W will be given by the non-irrelevant transvectants [P, Q);.

(A transvectant [P, Q); is called irrelevant if there exist Py, Py, Q1,Q2 and
lhlg such that | = ll + 12, P = P1 . PQ, Q = Ql . Qz, and ll S OI'dPl,Ol"dQl,
Iy < ord Py,ord Q)2)

Gordan and Grace & Young ([Gor75, GY03]) gave an algorithm for computing
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module hsop degrees module hsop degrees
mVy 2( x(2m — 3)) nVa 2(x(3n — 3))
Vievs 4,4,4 VieVy 2,3,5,6
VieVs 4,4,6,8,12 VieVe 4,5,6,6,7,10
Vo®d V3 2,3,4,5 Vod Vy 2,2,3,34
Vo Vs 3,4,5,7,8,12 Vo Ve 2,2,4,4,6,6,10
Vs & Va 2,3,4,5,6,7 2V3 2, 4(x4)
2Vy 2( x3), 3(x4) Vie2Vs 4 (X7)
2Vi @ V3 2, 4 (x4) Vi@2Vy 2,2,2,3,3,5,5,6,6
2Vi @ Vy 2,2,3,5,5,6,6 VieVad Vs 3,3,4,4,4.5
VievadVy 2,2,3,3,4,5,6 VieVseVy 3,4,4,5,5,6,6,7

Table 5.2: Degrees of hsop

the generators of the covariants of V5 @ V. Their result will be used as well in
this chapter:

Proposition 5.0.7. (Gordan, Grace & Young [Gor75, GY03])

Consider q € Vo a quadratic form and V an SLy-module whose covariants are
generated by {C1,...,C\}. The set of generators of the covariants of Vo &V
will contain q, (¢,q)2, and the generators C1,...,Cx. The rest of the generators
belong to one of the following three classes:

(Ci,4")2r-1,(Ci,4")2r, (C;Cl, q")ar,
where the orders of C; and Cy, are both odd.

Proposition 5.0.7 gives us a set of generators of the covariants of Vo & V.
However, this set might not be minimal, as some of the transvectants belonging
to these three classes could be reducible. Nevertheless, we obtain an upper
bound on the degree of the generators of the covariants of V5 @& V' by applying
this algorithm.

5.1 The invariants of mV; @ W

Proposition 5.1.1. ([Cle72, §55], [GY03, §138A]) Consider W an SLa-module
with the generating covariants Ci,...,Cy, of orders ny,...,n, respectively.
Then, the generating covariants of V1 @ W are

Cl, ey Cp,f, and {(Cz',[y)fy}1gry§m,

with £ € V1 and i = 1,p.
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Proof. We apply Proposition 5.0.5.

The transvectants of type (C{*...Cp",£*)., with s > ~, will contain a factor
£, so they can’t contribute to a generating set.

We look now at transvectants of type (C{*...Cp",¢7),. Suppose there exist
r,q such that a,, a4 # 0. Then we can write

(Cor ... Co ), = (Cp - C ™ 0T

with n, < ord C,.,ord ¢ and v—n, < ord C,ord £~ hence the transvectants
(C{...Cy?, £7), are irrelevant in this case. In the same way, the transvectants
(C{,07),, with a; > 1, are irrelevant as well, for all i = 1, p.

Therefore, the covariants of of V; @ W are generated by Cy,...,Cp, £, and
{(Ci,g’y),y}lgvgm with £ € V; and i = 1, p. O

Proposition 5.1.2. Consider W an SLo-module with the generating covariants
Ch,...,Cy, of orders ni,...,n, respectively. Consider {q,...¢0n, € V1.
The generating invariants of mVy & W are the

invariants of W, {(€;, £;)1}iz; and {(Ci, (1" .. 00" ) n, st ypn=ns -

Proof. If m = 1, we apply Proposition 5.1.1 and obtain that the invariants of
Vi @ W are generated by {(C;, ™)y, }i=1,p, with £ € V4 and ¢ = 1, p and by the
invariants of .

We look now at the case m = 2. Consider ¢1,¢> € V;. From Proposition
5.1.1 we know that the covariants of Vi @ W are generated by Ci,...,Cp, ¢,
and {(C;, )y }1<y<n,- We apply again Proposition 5.1.1 for Vi & (Vi & W) and
obtain that the covariants of 2V; & W are generated by

Ciy.ot, Cp by la, (01, 02)1, {(Cis £7)y Fi<y<ng s {(Ci, €3) 7 F1<y<nis
{((Ci’£¥1)717632)72}"/1+’Y2§ni'

But ((Ci, 61" )4y, 43 )y, = (Ci, €7 437 ), 1+, , hence the invariants of 2V; & W are
generated by the invariants of W, (¢1,¢2)1 and by {(Cy, 67037 ), }y1 +ys=n.-
We proceed now by induction. Using the equality

((CMEI“ o ‘E:r:fll)w%wmflvQ{n)vm = (Civ @1 : "amm)w%..vm’

it follows that the invariants of mV;®W are generated by {(Ci, " ... #3m ). Yic1

m

with ji1 + ... 4w = n4, by {(¢;,4;)1}ix;, and by the invariants of W. O

Example 5.1.1. The algebra of invariants of 2V; @ V3 is generated by 13 in-
variants. We can see this in the following way: the generating covariants of
c € Vs are ¢, (c,c)2, (c,(c,¢)2)1, and ((c,¢)2, (¢,¢)2)2. Then, the invariants of
(¢,c) € Vi @ V3 are generated by (c,£3)s, ((c,c)2,0?)2, ((c,(c,¢)2)1,£2)3, and
((C’ 6)2’ (Cv 0)2)2'

By polarization, the invariants of (¢1,¢3,c¢) € 2V; @ V3 are then generated by

(076113)3 ((C, 0)276%)2 ((C> (Cv 0)2)17Zz1)))3 ((Cv 0)27<C7 0)2)2 (€17€2)1
(e, 6302)3 | ((c,¢)2,b1l2)2 | ((c,(c,0)2)1,fil2)s
(676163)3 ((Cv C)Qvﬁgb ((( 7( 70)2)174163)3

C
C,(C
(Cv 63)3 (C> (C7 0)2)17 Zg)B
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One finds in a similar way the following results (r stays for the number of the
generating invariants):

module r module r module r
2Vie Vs 13 ] 2VieVy 20 | 3Vi®Vs 30
2VieVa® Vs 35 | 2VA@2Vy 103 | 3VigVy 63
2Vi Vo Vs 57
Table 5.3: The number of the generating invariants

5.2 The invariants of mV; ® nl,

The cases 2V, 3V, 4V;, Vs, 2Va, 3V, Vi @ Vh, Vi @ 2V5, Vi @ 314, 2V; & Vs,
2V; @ 2V3, and 3V; @ 2V4, are classically treated in the references [Bes69, E1195,
Gor69, Gor87, GY03, Per87]. Gordan and Kraft & Weyman [Gor87, KW99]
proved that the covariants of nV, are generated by those of order < 2 and
degree < 2.

Theorem 5.2.1. (Gordan, Kraft & Weyman [Gor87, KW99]) Let q1,...,q, €
Va, with n > 3. The covariants of nV, are generated by

1) n covariants of type C"* @ Va, of degree 1 and order 2; these are the forms
themselves q;, with i =1,...,n;

2) (";1) invariants of type S?C"*®Vy, of degree 2; these are the transvectants
3) (%) covariants of type A2C”* ® Vo, of degree 2 and order 2; these are the
transvectants (q;, q;)1, with ¢ < j;
4) (g) invariants of type /\3(3"* ® Vo, of degree 3; these are (qi,(q;,qx)1)2,
with i < j < k;
Theorem 5.2.2. Let tq,...,0,, € Vi and qq,...,q, € Vo, with m > 2,n > 3.
The invariants of mVy @ nVs are generated by
1) (72”) invariants of type /\Z(Cm*®V0, of degree 2; these are the transvectants
(&763‘)1; with 1 < j,’

("3 invariants of type S’C"*@Vy, of degree 2; these are the transvectants
(¢i,q5)2, with i < j;
(

4) n("f") invariants of type S?C™* @ C"* @ Vp, of degree 3; these are the
transvectants (qx, lil;)2, with i < j
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5) (m;l) (2) invariants of type S?C™" ® /\2((:”* ® Vo, of degree 4; these are

the transvectants ((gi,q;)1,xlm)2, with i < j, k < m.

Proof of Theorem 5.2.1. The covariants of ¢ € V5, are generated by ¢ itself
and the invariant (g, q)2. We apply Proposition 5.0.7:

o if (q1,92) € 2Vh, then the covariants of 2V5 are generated by qi, ¢o,
(q1,92)1, (q1,01)2, (92,G2)2, and (q1,q2)2-

o if (q1,92,q3) € 3Va, then the covariants of 3V; are generated by {¢; }1<i<3.
{(9i,qj)2}1<i<ji<3, {(4i,q5)1}1<ici<s, {(a, (45, qk)1)1 1<i<j<k<s, and re-
spectively {(q:, (¢;,qr)1)2 h1<i<j<k<s-

But, for any three quadratic forms g1, ¢2, g3 € Vo we have

((q1,92)1,93)1 = %(qz(ql,q:s)z — q1(q2,43)2).

Then, the generators (g;, (¢;,qx)1)1 are superfluous. Therefore, the covariants
of 3V, are generated by the following covariants: {g; }1<i<s, {(¢,¢j)1}1<i<j<s,
{(gisq5)2}1<i<j<s, and {(qi, (¢j,qr)1)2}1<icj<k<3-

By induction, the covariants of nV; are generated by the following covariants:

{aih1<i<n, {(@i, @)1 h<icj<n, {(@i, @5)2 h<i<j<n, and {(i, (5, @k )1)2 b1 <i<j<k<n-
We look now at the type of the generating covariants. We have:

O(C" @ V)1 =C" @ Vs,
2 2
O(C™ @ Va)y=85C" @ >y \'C™ e \ Vi
2 mk 2 n*
=’ Ce(ieVy) e \ C e,
3 3
O(C™ @ V3)3=5°C"™ ® $*1h @ S(o.1)C"* ® Sy V@ \ C @ \ Vo
3
=SC @ (Vs @ Vo) @ SeC @ (Vie V) e \ C e V.

(We used the program LiE [LCL92] to obtain the decompositions of S\V3.)

The generators {¢;} correspond to C"* @ V5. There are n such generators.

The generators {(g;, ¢;)1} correspond to A\*C"*®V,. There are () = dim A’Cr
such generators.

The generators {(g;, g;)2} correspond to S2C"*®@V;. There are (") = dim S>C™*
such generators.

The generators {(¢, (¢j,qxr)1)2} correspond to A*C™* @ V;. There are (%) =
dim A*C"™* such generators.

(We used Theorem 2.8.2 for computing these dimensions.) O

Proof of Theorem 5.2.2. We apply Proposition 5.0.5 with V' = mV; and
W = nV,. The covariants of mV; are generated by the ¢; themselves, and the
invariants (¢;,¢;); for i < j. The covariants of nV, are generated by the ¢;
themselves, the covariants (g;,q;)1 for ¢ < j, and the invariants (g;,q;)2 for
i <jand (q;, (¢;,qx)1)2 for i < j < k.
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Then, the invariants of mV; @ nVa will be generated by the generators of
O(mV1)5L2, the generators of O(nV2)52, the invariants (g, ¢;¢;)2 for i < j,
of degree 3, and the invariants ((¢;, q;j)1,4klm)2 for i < j, k < m, of degree 4.
Given that (~ is used for equalities up to a nonzero constant)

(qr---qp, 1. Aap)ap ~ Z(thilgwh oo (apy by, liny)2,

there are no other irreducible invariants.
We look now at the type of the generating covariants.
Denote W = C™* @ V; @ C** ® V5. Then:

OW)y=S?(C™* @ V) o C™ @V, @C"" @ Vo ® S*(C"* @ V) =

2 m* 2 Mk
=..o\NC"ehe. . asC eVieVe...,
O(W)3=S*(C™ @ V)& S*(C™ @) eC” @ heC™ @ e

@S (C™ @ Vo) ® S3(C™* @ Vo) =
3
:,..@Sgcm*®<C"*®(V4@VO)@.../\ C* Vo d...

O(W),=S*(C™ @) @ S}C™ & 11) @ C** @ V2 & S (C™ @ V1)®
RS (C Vo) ®C™ @ V1 ® S} (C** ®@ Vo) @ S*(C™* ®@ k) =

2
=..o8fC"e N C"e (oW e...

(We used the program LiE [LCL92] to obtain the decompositions of Sx\Vs; and
of S)\‘/l)

The generators {(¢;,¢;)1} correspond to A’C™*®Vj. There are (7)) = dim A’ Cm*
such generators.

The generators {(g;, g;)2} correspond to S?°C™*®V;. There are ("}') = dim S2C"*
such generators.

The generators {(¢;, (gj,qx)1)2} correspond to A’C™ @ V. There are (%) =
dim A\*C™* such generators.

The generators (g, £;¢;)2 correspond to S?C™*@C"* @ Vp. There are n(mg'l) =
dim(S2C™* ® C™*) such generators.

The generators ((gi,q;j)1, {klm)2 correspond to S2C™* @ A\°C"* @ Vj. There are
("I (3) = dim(S?C™* @ A’C™*) such generators.

(We used Theorem 2.8.2 for computing these dimensions.) O

The following result proved by Brouwer ([BP11]) gives the degrees of a system
of parameters of the algebra O(mV; @ nVy)Slz:

Proposition 5.2.3. Let V = mV; @ nVa, and let I = O(V )52,

If 2n 4+ 1 > m, then I has a system of parameters consisting of m + 2n — 2
invariants of degree 2 and m + n — 1 invariants of degree 3.

If 2n + 1 < m, then I has a system of parameters consisting of m + 2n — 2
invariants of degree 2 and 3n invariants of degree 3, and m — 2n — 1 invariants
of degree 6.
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If n =0, then I has a system of parameters consisting of 2m — 3 invariants
of degree 2.

If m =0, then I has a system of parameters consisting of 3n — 3 invariants
of degree 2.

5.3 The invariants of mV; @ nVs

The generating invariants and covariants of V3, 2V [Pea82, Gor87, El195, GY03],
and of V; @ V3 [Ell95] can be found in the classical literature. Von Gall found
28 generating invariants of 3V3 and respectively 98 generating covariants of
3V [Gal94]. His result was corrected later by Sinigallia, who found 97 generating
covariants of 3V3 [Sin05]. Peano and Kraft & Weyman [Pea82, KW99| proved
that the covariants of nV3 are generated by those of order < 4 and degree < 6.

Theorem 5.3.1. (Peano, Kraft & Weyman [Pea82, KW99]) Consider the cubics
C1,.-.,¢n € V3, with n > 2. The generators of the covariants of nVs are of the
following types:

1) n covariants of type C"* @ V3, of degree 1; these are the cubics c; € V3
themselves;

2) (72’) covariants of type /\Q(C”* ®Vy, of degree 2 and order J; these are given
by the transvectants (c;,c;)1, with i # j;

3) (";1) covariants of type S*C"* ® Vs, of degree 2 and order 2; these are
gwen by the transvectants (c;,c;)2;

4) (5) invariants of type /\2(C"* ® Vb, of degree 2; these are given by the
transvectants (c;,c;)s, with i # j;

5) (";2) covariants of type SPC™* ® Vi, of degree 3 and order 3; these are
given by the transvectants (c;, (¢j, ck)2)1;

6) 2(";1) covariants of type S(21)C"* @ V1, of degree 3 and order 1; these
are given by the transvectants (c;, (¢j,cx)2)2;

7) ("1'3) invariants of type S*C"* @ Vi, of degree 4; these are given by the
transvectants ((c;, ¢j)2, (Ck,c1)2)2;

8) 3("1‘2) covariants of type S31)C"" ® Va, of degree 4 and order 2; these
are given by the transvectants ((c;, ¢j)2, (ck,c1)2)1;

9) 4(";‘3) covariants of type S, 1)C"" ® Vi, of degree 5 and order 1; these
are given by the transvectants ((c;, cj)2, (ck, (¢ Cm)2)2)1-

10) i(”z{l) (";2) invariants of type S(3,3C"" @ Vp, of degree 6; these are given
by the transvectants ((c;, (¢j,ck)2)2, (¢, (Cm,cn)2)2)1-

(We used Theorem 2.8.2 for computing these dimensions.)
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Remark 5.3.2. Peano [Pea82] estimated correctly the number of the generating
covariants of nVz, except the number of those in degree 6. In an article from

1899, Young [You99] mentions a result “due to Peano”, which states that the
generating set of covariants of nVs contains (nJﬁr4) invariants of degree 6. How-

ever, the correct number of these generators is %(";‘1) ("+2) = dim 53 3) cn*

Theorem 5.3.3. Let tq,...,0,, € Vi and cy1,...,c, € V3, with m > 2,n > 2.
The invariants of mVy @ nVs are generated by

1) (7”) invariants of type /\ C™* @V, of degree 2; these are given by the
transvectants ({;,4;)1, with i # j;

2) (%) invariants of type /\2((3"* ® Vb, of degree 2; these are given by the
transvectants (c;,c;)s, with i # j;

3) (m+2) invariants of type SPC™* ® C™* ® Vi, of degree 4; these are given
by the transvectants {(c;, £j€rl;};

4) (mgl) (”;rl) invariants of type S?°C™* ® S2C™* @ Vy, of degree 4; these are

given by the transvectants {((c;, ¢j)2, ll1)2};
5) 2m("}f1) invariants of type C™* @ S(51)C"* @ Vo, of degree 4; these are
given by the transvectants ((c;, (¢, cx)2)2,41)1;

6) ("1'3) invariants of type S*C"* @ Vi, of degree 4; these are given by the
transvectants ((c;, ¢;)2, (Ck, €1)2)2;

7) (m+3)( ) invariants of type S*C™* ® /\2(C”* ® Vo, of degree 6; these are
given by the transvectants ((c;, cj)1, llilply)a;

8) (m3+2) (”;2) invariants of type S3C™* ® S2C™* @ Vy, of degree 6; these are
given by the transvectants ((c;, (¢, cx)2)1, £ilplq)s;

9) S(mgrl) (”12) invariants of type S?C™* @ S3,1)C"* @ Vy, of degree 6; these

are given by the transvectants (((ci,c;)2, (ck, ci)2)1,€plq)2;

10) 4m("‘£3) invariants of type C™* @ Siu 1)C"* @ Vo, of degree 6; these are
given by the transvectants (((c;,¢j)2, (ck, (ci,¢p)2)2)1,4g)1;

11) (”‘H) (";2) invariants of type S(3 3yC"" @ Vp, of degree 6; these are given
by the transvectants ((c;, (¢;, ck)2)2, (¢1, (Cm,€n)2)2)1.

Proof. We obtain the invariants of V3 @ nV3 in the following way: we replace
each covariant C of nV3 of order s > 0 by the invariant (C, £*),. These invariants
together with the invariants of nV3 will generate the invariants of V3 @& nVs.
The invariants of mV; @ nVs are then obtained by polarisation (see Proposition
5.1.2).

We give the type of the generating covariants.
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Denote W = C™* @ V; & C"* ® V3. Then:

OW)e=S*(C™* @V1) @ (C™* @ V1) ® (C™* @ V3) & S32(C™* @ V3) =
e NC"ehe. .o N'C"e (Ve Ve

OW)=S*HC™ @) & S} (C™ 2 V) @ (C™* @ V3) & SQ((Cm* ® Vi)
RSHC @ V3) ® (C™ @ Vi) ® S°(C™ @ Vs) @ S1(C"" ® V3)
=08 C™"C RV ®... 852 C RS C RV @ ...
BC™ @ SeC" @V ®...85'C" @V ®...,

O(W)g=S(C™ @ V1) & S°(C™ @ V1) ® (C™* @ V3) @ S*H(C™ @ V)
RS3(C @ V3) ® S3(C™ @ Vi) ® S3(C™* @ Va)
OS2 (C™ @ V) @ SHC™ @ V3) @ (C™* @ V1) ® S*(C™* ® V3)
®S(C™ @ Vs) = ...®S4Cm*®/\2(€”* Ve...

BSPC™ R SPC RV @ ... B S C™ @ S CTT R Ve @ ...
eC™* ® 5(471)(:"* RVoEDd... 5(373)(Cn* QVL®D...

(We used the program LiE [LCL92] to obtain the decompositions of S\V3 and
of S)\Vvl)
The generators {(¢;,£;)1} correspond to A°C™* @V;. There are (') = dim A Cm
such generators.
The generators {(c;, ¢;)3} correspond to A’C*®Vy. There are (7) = dim A*C™*
such generators.
The generators {(c;, €;¢l;)3} correspond to S3C™* @ C"* @ Vy. There are
n(m;'2) = dim S3C™* @ C"* such generators.
The generators {((c;,c;)2, lxli)2} correspond to S?C™* ® S2C™* ® V. There
are (1) (") = dim S2C™* ® S2C"* such generators.
The generators ((c;, (¢j, cx)2)2, 1)1 correspond to C™* ® S(5 1)C™* @ Vj. There
are 2m("3") = dim C™* ® S(2,,)C™* such generators.
The generators ((c;, ¢;)2, (ck, ¢1)2)2 correspond to S*C™*®@Vy. There are ("}°) =
dim S*C"* such generators.
The generators ((¢;, ¢;)1, lilily! )4 correspond to S*C™* @ A*C™* ® Vy. There
are ("?) (%) = dim S4C™* ® A°C™* such generators.
The generators ((c;, (¢j,cx)2)1,lilplq)s correspond to S3C™* @ S3C™* ® V.
There are (%) ("+?) = dim S°C™* ® S3C"* such generators.
The generators (((cz,c])g, (ck,c1)2)1,4plq)2 correspond to S2C™" ® Sz 1HC"* ®
("3
(e

Vy. There are 3(™F "+2 = dim S?C™* ® S(3,1)C"" such generators.

The generators (((¢;, cj)g, (¢, (c1,¢p)2)2)1,£q)1 correspond to C™* ® S(4,1)C"* ®
V. There are 4m (”;3) = dim C™" ® S(4,1)C"" such generators.

The generators ((c;, (¢j,cx)2)2, (¢, (¢m,€n)2)2)1 correspond to S(33)C** @ V.
There are 7("“) ("‘3"2) = dim S3,3yC™" such generators.

1\ 3
(We used Theorem 2.8.2 for computing these dimensions.) O
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5.3.1 The invariants of V; © V3

Proposition 5.3.4. The algebra of invariants of V1 ® V3 has systems of param-
eters with each of the two sequences of degrees 4, 4, 4 and 4, 4, 6.

Proof. Let £ € V; and ¢ € V3,
{=apx + a1y, ¢ = boz® + 3by 22y + 3bazy? + bsy®,
and consider the following invariants:

Jaa = ((c,¢)2, (¢, ¢)2)2, jaz= ((c,c)2,0%)2,
jaz= (c,6%)s, je = ((c,(c,¢)2)1,£%)3.
First we show that N (V1 @ V3) = V(ja1, a2, J4.3) = V(ja1, a3, Jo)-

Indeed, if js; = 0, then c is a nullform, and without loss of generality we can
suppose 22 | ¢, i.e. b3 = by = 0. Then

. 212 - 313
Jaz~ aiby, Je ~ ayby,
. 2

J4,3 = a7 (a1b0 — 3@0[)1),

where ~ denotes equalities up to a nonzero constant. If a; = 0, then £ ~ z and
it follows that (¢,c) € N (V1 & V3). If a; # 0, then we get by = by = 0, and again
(£,c) e N(VL & V3).

We proved that N (Vi @ V3) = V(ja1,Ja,2,Ja,3) = V(Ja1,Ja,3, Js). From Propo-
sition 2.7.1 it follows that {ja1,J4,2,ja,3} and {ja1,ja3, 76} are two systems of
parameters of O(V; @ V3)5t2, O

Let £ € V1 and ¢ € V5. The generating invariants of V3 @ V3 are:

deg generators
4 ((e;€)2, (c;0)2)2 ((070)2762)2
(Cr Z3)3
6 ((C, (070)2)1783)3

5.3.2 The invariants of 2V;
Let ¢1,c0 € V3.

Proposition 5.3.5. The algebra of invariants of 2V3 has systems of parameters
of degrees 2, 4, 4, 4, 4.

Proof. We apply Dixmier’s criterion (Proposition 2.7.5). First we show that
[4] = 5. Indeed, if all invariants of degree 4 vanish, then (c1,c2) € N(2V3):
these invariants are the polarizations of ((c,¢)s, (¢, ¢)2)2 with ¢ € V3. Because
((¢,¢)2, (c,¢)2)2 defines the nullcone of A (V3), it follows that its polarizations
define the nullcone of 2V (see Theorem 2.6.1). Hence [4] = 5. Because [2] > 1,
if follows that O(2V3)52 has a system of parameters of degrees 2,4,4,4,4. [0
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The generating invariants of 2V3 are:

deg generators
2 (c1,c2)3
((c1,c1)2,(c1,c1)2)2 ((c2,c2)2, (c2,¢2)2)2
4 ((c1,c1)2, (c2,¢2)2)2 ((e1,c1)2, (c1,¢2)2)2
((c2,c2)2, (c1,¢2)2)2
6 | ((c1,(c1,c2)2)2,(c2,(c1,¢2)2)2)1

5.3.3 The invariants of V| & 2V;
Let / € V7 and c1,co € V3.

&3

Proposition 5.3.6. The algebra of invariants of V1 ® 2V3 has systems of pa-
rameters with each of the two sequences of degrees 2(x1),4(x6) and 4(X7) re-

spectively.

Proof. We apply Dixmier’s criterion (Proposition 2.7.5).

From Propositions

5.3.4 and 5.3.5 it follows that if all invariants of degree 4 vanish, then (¢, ¢, c2) €
N (Vi @ 2V3). Then, we have [4] = 7, which implies that O(V; @ 2V3)5"2 has a
system of parameters of degrees 4(x7). Because [2] > 1, if follows that there is

also a system of parameters of O(V; @ 2V3)52 of degrees 2(x1),

The generating invariants of V3 @ 2V3 are:

4(x6).

deg generators

2 (c1,¢2)3
((e1,¢1)2, (c1,¢1)2)2 ((c2,¢2)2, (c2,¢2)2)2
((e1,¢1)2, (c2,¢2)2)2 ((e1,¢1)2, (c1,¢2)2)2

4 ((c2,c2)2, (c1,c2)2)2 ((c1,e1)2,€%)2
((c2,c2)2,€%)2 ((c1,¢2)2,€%)2
(c1,03)3 (co,03)3
((e1, (c1,2)2)2, 01 ((c2;, (e1,c2)2)2, )1
((e1, (€15 ¢2)2)2, (c2, (e15c2)2)2)1 (e, (e1,¢1)2)1,6%)3
((c1,(c2,¢2)2)1,0%)3 ((e1, (e, 2) )1, 6%)3
((c2,(c2,¢2)2)1,0%)3 ((e1,¢1)2, (e2,¢2)2)1,£%)2

6 | ((c1,¢1)2, (c1,¢2)2)1,£%)2 ((e2,€2)2, (c1,¢2)2)1,6%)2
((c1,c2)1,€%)4 (((c1,c1)2, (c1, (e2,c2)2)2)1,0)1
(((e1,e1)2, (1, (c1,2)2)2)1, 01 (((e2, €2)2, (c1, (e1, c2)2)2)1, 01
(((c2,c2)2, (c1, (c2,¢2)2)2)1,£)1

5.3.4 The invariants of 2V; © V3

O

Proposition 5.3.7. The algebra of invariants of 2V, & V3 has systems of pa-
rameters of degrees 2, 4, 4, 4, 4.
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Proof. Let ¢1,05 € V1 and ¢ € V3,

li=apr + ary, ¢ = cox3 + 3clx2y + 302xy2 + c;),y?’7
Ly =box + bry.

and consider the following invariants:

j2 = (l1,L2)2, Ja1=((c;0)2, (¢, ¢)2)2,
jaza=((¢,¢)2, 7)o, Jaz=((c,¢)2,63)2,
J44*( s, Jas = (c, 03)s,

=((c, )2, l1l2)2, Jar=(c,(302)3,
Jas=(c, 0103)s.

We prove that {j2, ja,1, 4,2 + Ja,3,Ja,4 + a6, Jas + jac} forms a system of pa-
rameters of the algebra of invariants of 2V; & V3.
First we show that

N@VI © V3) = V(ja, jar, jaz + jas, jaa + Jae, Jas + Jae)
We consider the following cases:

Case 1: /1 = 0.

In this case ja1 = ja3 = jas = 0 implies that (¢2,c¢) € N (Vi @& V3), see
Proposition 5.3.4.

Case 2: ¢, = 0.

In this case js1 = ja2 = jaa = 0 implies that (¢1,c) € N(V4 & V3) (the proof is
similar to Case 1).

Case 3: {1 =45 =0.

In this case j4; = 0 implies that ¢ € N(V3).

Case 4: ¢ = 0.

In this case jo = 0 implies that (¢1,03) € N'(2V7).

Case 5: £1,05,¢c# 0.

In this case js,; = 0 implies that c is a nullform. Without loss of generality we
suppose z2 | ¢, i.e. cg = c3 = 0. Also, jo = 0 implies that ¢; and /5 have a
common root. Suppose that this root is y, i.e. ag = by = 0. Then:

Jag +jas ~ci(af +07),
Jaa+ jae =ai(afcy — 2bicl),
jas + jae = bi(bico — 2a1c}),
If ¢ = 0, it follows either ¢g = 0, or a; = by = 0, which both contradict the
assumption £1,0s,¢c # 0. If ¢; # 0, then we get a; = —by, which together with
a? +b? = 0 implies a; = b; = 0, and contradicts the assumption 1, fo # 0.
Therefore, N'(2V1 @ V3) = V(jo, ja,1, a2 + Ja,3, Jaa + Jaes jas + jas). From

Proposition 2.7.1 it follows that {j2, ja1,Ja,2 + ja,3, 4,4 + Ja6,Ja,5 + Jae} 1S a
system of parameters of O(2V; @ V3)St2. O
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Let ¢1,¢5 € V; and ¢ € V3. The generating invariants of 2V, @ V3 are:

5.4

deg generators
2 (ﬁl,fg)g
((e;0)2, (e, ¢)2)2 ((e,€)2,63)2
4 | (& €)2,3)2 ((c, )2, €142)2
(¢, 69)3 (c.83)3
(e, 8%62)3 (c,fﬂ%)g
. | (@ ()1, Bla)s
( (

(07 (C, 0)2)174?)3
(

q (c, c)2)1,€1€§)3 (¢, (c, c)g)l,fg)g

The invariants of mV; ® nVj

The generating invariants and covariants of 2V, 3V, [Ber77, You99|] and of
Vi @ V4 [ENl95] can be found in the classical literature. Young and Kraft &
Weyman [You99, KW99| proved that the covariants of nV, are generated by
those of order < 6 and degree < 6.

Theorem 5.4.1. (Young, Kraft & Weyman [You99, KW99]) The generating
covariants of nVy, n > 2, are:

1)

2)

3)

4)

5)

6)

7)

8)
9)
10)

11)

n covariants of type C** @ Vy, of degree 1 and order 4; these are the
quartics q; € Vy themselves;

("3") invariants of type S°C™* ® Vo, of degree 2; these are given by the
transvectants (¢;, q;j)a;

(72’) covariants of type /\2([:”* ®Va, of degree 2 and order 2; these are given
by the transvectants (¢;,q;)3, with i # j;

(";1) covariants of type S?°C"* ® V4, of degree 2 and order 4; these are
giwen by the transvectants (g;, q;)2;

(g) covariants of type /\Q(C”* ® Vs, of degree 2 and order 6; these are given
by the transvectants (¢;,q;)1, with i # j;

(":{2) invariants of type SPC™* ® Vq, of degree 3; these are given by the
transvectants (q;, (¢;,qr)2)4;

(3)+ 2(”;1) covariants of type (S(2,1)C"* @ /\S(C"*) ® Vs, of degree 3 and
order 2;

Q(n;rl) covariants of type Si21)C"* @ Vy, of degree 3 and order 4;
("+?) covariants of type S?C™* ® Vs, of degree 3 and order 6;
(nf) + (nf) invariants of type S(2.9)C"" @ Vo, of degree 4;

3(”1’2) +3("Il) covariants of type (S3,1)C"" @ S(2,1,1)C"") @ Va, of degree
4 and order 2;



CHAPTER 5. INVARIANTS OF SEVERAL FORMS 86

12) 3(”1‘1) covariants of type S(21,1)C"* ®@ V4, of degree 4 and order 4;

13) ( ) + 2("“) + 3(”+2) invariants of type (Si2,21)C"" @ /\ C"™) @ Vo, of
degree 5;

14) 3(";2) + 2(”;3) covariants of type S(3.9)C"" @ Va, of degree 5 and order
2;

15) 10(”22) invariants of type S3.1.1,1)C"" @ Vo, of degree 6.
(We used Theoremn 2.8.2 for computing these dimensions.)
Theorem 5.4.2. The generating invariants of mVy ®nVy, m > 2, n > 2, are:
1) (") invariants of type /\Q(Cm* ® Vo, of degree 2;
("H) invariants of type S?°C™* @ Vy, of degree 2;
(”+2) invariants of type S?C™* @ Vy, of degree 3;
4) ("3 () invariants of type S*C™* ® N’C™ @ Vo, of degree 4;
("Il) (nf) invariants of type S(22C"* @ Vp, of degree 4;
6) n(m2'3) invariants of type S*C™* @ C™* @ Vi, of degree 5;

7) (m+1) [(g) + 2(”;‘1)] invariants of type S?°C™* ® (S2,HC™* EB/\3(C"*) @ Vo,
of degree 5;

8) ( ) + 2("“) + 3("+2) invariants of type (S(2.2,1)C"" @ /\ C"™) @ Vo, of
degree 5;

9) (m4+3) (”;rl) invariants of type S*C™* ® S2C"™* ® Vg, of degree 6;

10) S(m;l)((”f) + (”Il)) invariants of type S?°C™* ® (S 1nHC"" ®8S21,1))®
Vo, of degree 6;

11) 10(”2{2) invariants of type S3.11,1)C"" ®@ Vo, of degree 6;
12) 2(m13) (”;1) invariants of type S*'C™* @ S21\C™"* @ Vp, of degree 7;

13) (m+1)[3("§2) + 2(";‘3)] covariants of type S*C™* ® S3C™* @ Vo, of
degree 7;

14) (m%)( ) invariants of type SSC™* /\2(C”* ® Vb, of degree 8;
15) 3(m13) (”11) invariants of type S*C™* ® S21,1)C"" @ Vo, of degree 8;
16) (mg'5) (";2) invariants of type S°C™* ® S3C™* @ Vi, of degree 9.

(We used Theorem 2.8.2 for computing these dimensions.)
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Proof. We obtain the invariants of V3 @ nV} in the following way: we replace
each covariant C of nVj of order s > 1 by the invariant (C, £*),. These invariants
together with the invariants of nV, will generate the invariants of V3 @& nVj.

By polarization we obtain now the invariants of mV; @ nV, (see Proposition
5.1.2). O

5.4.1 The invariants of V; @V}

Proposition 5.4.3. The algebra invariants of V1 ®Vy has systems of parameters
of degrees 2, 3, 5, 6.

Proof. Let £ € V1 and q € Vy,
{ = apx + a1y, q = box* + 4b1 2%y + . .. dbszy® + by,
and consider the following invariants:

J2= (¢, Q)4 J3=(q,(¢,9)2)4,
js= (q,0%)4, jo= ((¢:9)2, ")

We first show that
N(Vl S5 ‘/4) - V(anj3aj57.j6)'

Indeed, if jo = j3 = 0, then ¢ is a nullform, and without loss of generality we
can suppose z° | ¢, i.e. by = bg = by = 0. Then jg ~ a}b?, where ~ denotes
equalities up to a nonzero constant. If a; = 0, then £ ~ x and it follows that
(¢,q) € N(Vi & Vi) If a3 # 0, then we have b; = 0, which implies js ~ a}bo,
and we obtain by = 0.Hence g = 0 and, again, (¢,q) € N(V; ® Vy).

We proved that N (Vi & Vy) = V(Jo, js, Js, Je). From Proposition 2.7.1 it follows
that {jo, js, js, j6 } is a system of parameters of O(V; @ V;)Stz, O

Let £ € V1 and q € V4. The generating invariants of Vi @ Vy are:

deg generators
2 | (¢,9)4
3 (9, (g:9)2)a
5 | (@04
6 | ((g,9)2,0%)a
9 | ((¢,(9,9)2)1,4)6

5.4.2 The invariants of 2V,

Proposition 5.4.4. The algebra of invariants of 2V, has systems of parameters
of degrees 2(x3),3(x4).
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Proof. Let q1,q2 € V4. Consider the following invariants:

=(q1,q1)4, J2.2=(q2,42)4,

= (q1,q2)4, gz =(q1,(q1,q1)2)4,

= (q2, (92, q2)2)a, J33=(q1,(q1,92)2)a,
73,4 =(q2, (q1,92)2)4-

In Chap. 4.3 we saw that (¢, ¢)4 and (q, (¢, ¢)2)4, with ¢ € Vj, define the nullcone
of V4. Theorem 2.6.1 implies that the polarizations of these two invariants de-
fine the nullcone N (2V}), hence N'(2Vy) = V(j21,- .., 52,3, J3.15---,73.4). Then,
from Proposition 2.7.1, it follows that {j21,...,72,3,73.1,---,J3.4} iS a system
of parameters of O(2V;)5Lz. O

Let ¢q1,92 € V. The generating invariants of 2V, are:

deg generators
5 | (ara)4 (92, 92)4
(q1,92)a
3 (g1, (q1,q91)2)4 (g2, (q2,q2)2)a
(g1, (q1,92)2)4 (g2, (q1,92)2)a
4 ((q1,491)2,(q2,92)2)a

5.4.3 The invariants of V| & 2V}

Proposition 5.4.5. The algebra of invariants of invariants of Vi ® 2V, has
systems of parameters of degrees 2(x3),3(x2),5(x2),6(x2).

Proof. Let | € V1, and ¢1, g2 € V. Consider the following invariants:

J21 = (q1,q1)4, = (g2, 92)4,
J2.3 = (q1,92)4, =(q1,(q1,91)2)1,
J3.2 = (g2, (92, 92)2) 4, =(q1,(q1,92)2)1,
J3.a = (a2, (q1,92)2)4, = (q1,0")4,
Js.2 = (g2, €*)s, = ((q1,q1)2,0*)a,
o2 = ((q2,q2)2, *)a-
Propositions 5.4.3 and 5.4.4 imply that if jo1 = ... = ja3 = j31 =

J34=Js1 = Js2 = J6,1 = j6 2, then (4, q1,92) € ./\/(Vl 6]9 2Vy) . A Grobner ba51s
computations shows that j3 ; and 33 2 are in the ideal generated by ja 1, j2.2, 52,3,
J3,3,J3,4,J5,1, J5,2, J6,1 +]3 25 J6,2 +33 1, which implies that

N(Vi @ 2Vy) = V(ja,1. 2,2, 52,3, 3,3, 3,4, 5,15 35,25 J6,1 + J3.9: 6,2 + Ja.1)-

From Proposition 2.7.1, it follows that these invariants form a system of param-
eters of O(V; @ 2V;)5t2. O
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Let g1,q2 € V4 and ¢ € V;. The generating invariants of V; @ 2V, are:

deg generators

9 (q1,q1)a (g2,92)a
(q1,92)a

5 | (@ (@,a1)2) (a2, (92,92)2)4
(q1,(q1,92)2)4 (92, (q1,492)2)4

4 ((q1,91)2, (92,92)2)a ((q1,92)3,£%)2

5 (g1,£)4 (g2,£%)4
((Q1»(Q1,t12)1)4, )2 (g2 (g1,92)1)4,£%)2
((gq1,q1)2,£*)a ((g2,92)2,£%)a

6 | ((q1,q2)2,¢*)4 (((q1,91)2, (g2, 42)2)3,£%)2
(((q1,491)2, (q1,92)2)3,£2)2 (((q1,492)2, (g2, 92)2)3,£2)2

7 ((q1, (q1,92)2)2,€*)4 (g2, (q1,92)2)2,€*)4
(((q1, (q1,92)2)2, (91, 92)2)3,€%)2 (g2, (q1,92)2)2, (g1, q2)2)3,£)2

8 ((q1,92)1,¢%)6

g | (ar,(a1,a1)2)1,¢ %)6 (g2 (g2,42)2)1,£%)6
((q1, (q1,492)2)1,€%)6 (g2, (q1,92)2)1,£5)6

5.4.4 The invariants of 2V, &V,

Proposition 5.4.6. The algebra of invariants of 2V, & V4 has systems of pa-
rameters of degrees 2, 3, 5, 5, 6, 6.

Proof. Let £1,05 € V1 and g € Vy. Consider the following invariants:

J21=(4,q)4, Jo2 = (1, 42)1,

s =(4,(¢,9)2)a, Jsa = (g, 01)a,
Js.2=(q,05)1, o1 =((q:q)2, 1)1,
Je.2=((q, q)zygz)

We prove that {j2,1 + j2.2,73, 5.1, 5,2, J6,1, J6,2} forms a system of parameters
of the algebra of invariants 2V; @ V,. First we show that

N@2VI @ Vi) = V(jo2,1, 52,25 3+ J5,15J5,25 J6,15 J6,2)-

Indeed, j2,2 =0 implies that (51,32) S N(2‘/1) AISO, j2,1 = j3 = j571 = j5,2 =
Je1 = Jje,2 = 0 implies that (¢1,q) € N (V4 & V) and ({2,q) € N (V1 & Vi), see
Proposition 5.4.3. Therefore, N'(2V; & V) = V(j271,j272,j3,j5,1,j572,j6717j672).
A Grébner basis computation shows that 32 1) j292 are in the ideal generated by
Ja,1  J2.2, J3 5,1+ 95,2+ J6,1, Jo,2- Then, we have

N@VL & Vi) =V (2,1 + J2,2, 73, J5,15 05,25 J6,1, J6,2)-

From Proposition 2.7.1 it follows that these invariants form a system of param-
eters of O(2V; @ Vj)St2. O
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Let ¢1,¢5 € V; and g € V4. The generating invariants of V; & 2V} are:

deg generators
2 | (@94 (€1,42)1
3 | (¢:(g,9)2)4
(g, €1)4 (¢,€3)a
5 | (¢,63¢2)4 (¢,£363)a
(q,£103)4
(g, )2, £1)4 ((¢,9)2,43)a
6 | ((g:9)2,£3¢2)a ((q,9)2,€303)4
((q,9)2,£143)4
(0 (¢, 2)2)1,60)6 (4, (a,9)2)1, 6326
o | (@(09):2 )1,0468)6 (4, (2, 9)2)1,663)6
((9: (¢, 9)2)1,£363)6  ((4,(9,9)2)1,0163)6
((g,(g:9)2)1,3)6

5.5 The invariants of V; & V5

This case is treated in [Gor87, GYO03].
Let £ € V] and ¢ € V5,

(= apzr + a1y, q = box® + 5bizty + .. . 5byxy® + bsy®.

Consider the covariants ¢1 = (¢, q)4, c2 = (¢,9)2, c3 = (¢, ¢1)2, and the following
invariants:

Jaq = (c1,¢1)2, Jaz = (c1,0%)a,
jea = (q,0%)s, Js,1 = (c1,(c3,¢3)2)s5,
Ji2,1= ((c3,¢3)2, (c3,¢3)2)2, Ji2,2= ((g,¢2)1,%)9.

Proposition 5.5.1. The set {ju,1, ju,2, J6,1,J8,1, J12,1 + ji2,2} forms a system of
parameters of the ring of invariants of V1 @& V.

Proof. We show that N'(Vi @ V5) = V(ja1, ja2, J6,1, 8,1, J12,1 + Ji2,2). We con-
sider the following cases:

Case 1: £=0.
In this case we have j41 = js1 = jiz,1 = 0, which implies that ¢ € N'(V5) (see
Chap. 4.4).

Case 2: £ # 0.
If j,1 = 0, then ¢; is a nullform.
Subcase 2.1: ¢; = 0.
In this case we can suppose without loss of generality that a; = 0. Then we
have jg 1 ~ a3bs, where ~ denotes equalities up to a nonzero constant. Because
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¢ # 0, we obtain b5 = 0. But then we have ji21 + ji2,2 ~ agbi, which implies
by = 0. Then we have

0 =c; = (6b3 — 8bybs)x? + 8babzry + 6b3y?,

which implies b3 = by = 0. Therefore we have ¢ ~ x and z* | ¢, i.e. (¢,q) €
N(Vi & Vs).

Subcase 2.2: ¢; # 0.
In this case we can suppose without loss of generality that ¢; = 22. Then, we
have js » = a?, which implies a; = 0. Then we obtain js 1 ~ aibs, which implies
bs = 0. Then we have js 1 ~ b3, which implies by = 0. Then we have

2?2 = ¢; = (603 — 8bybg)x? 4 8bybzxy + 6b3y2,

which implies b3 = 0. Therefore, we have £ ~ z and 2° | ¢, i.e. (I,q) €
N((Vi @ Vs).

We proved that N (Vi @ V5) = V(ja,1,Ja,2: J6,15 J8,15 J12,1 + Ji2,2). From Propo-
sition 2.7.1 it follows that {j471,j472,j6,1,j871,j1271 + j12)2} forms a system of
parameters of O(V; @ Vs)Ste, O

Proposition 5.5.2. The algebra of invariants of Vi & V5 is generated by 23
invariants. The nonzero numbers d; of basic invariants of degree i are

6 8 10 12 14 18
373 6 1 1

i |4
di |2

Proof. The Poincaré series of O(V; @ V5)52 is

P(t) = al?)
(1= 21)2(1 = 19)(1 = %) (1 = #12)
with
a(t) =1+ 215 4+ 6t5+3¢'0 + 7¢'% + 7t 4 310 4 61'° + 26°0 + 126
so that

P(t) = 14 2t* 4 3t% 4 108 + 910 4- 20¢12 4 3141 4+ 61¢1¢ 4+ 756184+
+ 12570 4+ 144172 + 229¢%% 4 26412 + . ..
We apply the strategy described in Chap. 3.1. From the Poincaré series, the

maximal degree in which we have to look for generators is 26. Up to degree 18
we find the following 23 invariants:
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deg generators

4 (c1,c1)2 (c1,€?)2

6 (¢ £%)5 (c3,€3)3
((c1,¢3)2,0)1
(c1,(c3,¢3)2)s5 (c2,€%)

g | (20365 ((e1,¢3)1,€%)3
((e1,¢2)2,€%)a (1, c2)4,£%)2
((¢},9)5, )1

1o | ((ere2)1, 66 ((c},c2)3,£)4
((c},¢2)5,£%)2
((c3,c3)2, (c3,e3)2)2  ((q,¢2)1,€%)9

12| (((gre2)1,e1)2:60) 7 (((g,¢2)15¢9)a, £%)5
(((g,¢2)1,9)6,6%)3  (((g,¢2)1,¢D)8,H)1

14 | (((g:e2)1,¢0)9, 01

18 | (cf,q-(g,c2)1)14

Then we prove that no generators are needed in degrees 20 and 26 by showing
that for each ¢ € {20,26} the vector space O(V4 GBVg,)ZSL"’ is spanned by monomi-
als of degree i generated by the 23 invariants found in degrees < 18. For details
about the computations see Chap. A.5. O

5.6 The invariants of V] @ V;

This case is treated in [Gor87, GYO03].
Let £ € V1 and s € Vg,

{=apx + a1y, s = box® + 6b12%y + ... 6bsay® + bey®.

Consider the covariants ¢; = (s, $)4, ca = (8,5)2, ¢3 = (s,¢1)4, ca = (c1,¢1)2,
¢5 = (s,c1)1, and the following invariants:

J2.1 (s,8)65 Ja1 = (c1,c1)4,
jsa = (c3,0%)a, Jea = (c1,¢4)4,
Jeo = (c1,0%)4, jr1 = (5,0%s,
j10,1 = (c4,€3)4, Jro2= (c2,£%)s

Proposition 5.6.1. The set {ju,1, 5,1, 46,1, J6.2 + 31, 47,1, J10,1 + 10,2} forms a
system of parameters of the ring of invariants of V1 ® Vi.

Proof. We first show that

N(Vl 5> V6) = V(jQ,laj4,17j6,17j6,27j7,17j10,17j10,2)~

Indeed, if jo1 = ja1 = Js,1 = jio,1 = 0, then s is a nullform (see Chap. 4.5).
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Without loss of generality suppose bg = b5 = by = b3 = 0. Then, we have:

jeo ~ aib3,
j771 ~ a%(a%bo — 60,0&11)1 + 15(1%[)2),

j10.2~ a$(ab? — alboby — 4aga;biby + 10a3b3),

where ~ denotes equalities up to a non-zero constant. If a; = 0, then (¢,s) €
N(WVi@Vg). If a; # 0, then by = by = by = 0, i.e. s=0and (¢,s) € N (V1 D V).
Now we show that

N(Vi @ Ve) =V(ja1, Js,1,J6,1, J6,2 + Jo1, dr.1, 4101 + Jro.2)-
Indeed, if js1 = je,1 = 0, then ¢; is a nullform. We consider the following cases:

Case 1: ¢; = 0.

In this case we have jg2 = ji02 = 0, which implies jo1 = ji02 = 0. We
obtain j271 = j471 = j6,1 = jg,g = j771 = j1071 = j1072 = 0, and this implies
(63 5) EN(Vi @ VG)

Case 2: ¢; = z*.

In this case we have

2t = cp = 2(31)3 — 4b1b3 + b0b4).’1,’4 + 4(2b2b3 — 3b1by + 4b0b5)l‘3y+
+ 2(8b3 — 9boby + bobs)2*y? + 4(2b3bs — 3babs + bibg)xy>+
+ 2(3b2 — 4bsbs + babg)yt.

A Grobner basis computation shows that bg, b, by, b3 are in the ideal generated
by 6b3 — 8b1b3 + 2boby — 1, 2babs — 3b1by + 4bobs, 8b3 — 9baby + bobg, 2b3by —
3b2b5 + ble, and 3bi - 4b3b5 + b2b6. If b6 = b5 = b4 = bg = 0, then we obtain
je,2 + j5 1 = af, so ay will vanish as well. Then, 2 | £ and 2* | s, and therefore
(t,s) e N(V1 @ V).

Case 3: ¢; = z3y.
In this case we have

23y = ¢; =2(3b3 — 4b1bs + boby)x? + 4(2bybs — 3byby + 4bobs )z y+
+ 2(81)3 — 9byby + b0b6)$2y2 + 4(2b3b4 — 3bobs + b1b6)l‘y3+
+ 2(3b3 — 4bzbs + babg)y*.

A Grobner basis computation shows that bg, by, b3, ba, —1+16bybs are in the ideal
generated by 3b% — 4b1b3 + boby, 4(2b2b3 —3b1by + 4b0b5) -1, 8b§ —9byby + bybg,
2b3by — 3bobs + b1bg, and 3()421 — 4b3bs + bobg. If bg = by = b3 = by = 0, then we
obtain js1 ~ adbs. Because b5 # 0, we have ag = 0. Then, j71 ~ b3b3, which
implies b; = 0. But then, j101 + j10.2 ~ b2, which leads to a contradiction.

We proved that N'(Vi @& Vs) = V(ja1, 5,15 J6,1, J6.2 + Jb 1, 47,1, J10,1 + J10,2)-
From Proposition 2.7.1 it follows that {j4,17j5717j6,1;j6,2 +j§17j7,1aj10,1 —|—j10)2}
forms a system of parameters of the ring of invariants of V7 & V5. O
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Proposition 5.6.2. The algebra of invariants of Vi @ Vi is generated by 26
invariants. The nonzero numbers d; of basic invariants of degree i are

i [24567891011 1213 14 15
di]11122134 2 3 2 2 2

Proof. The Poincaré series of O(V} @ Vi)52 is

) a®)
P(t) = (1 —t4)(1 — t5)(1 — t5)2(1 — ¢7) (1 — £10)

with
a(t) =14+ 42 10 17 4+ 265 + 4% + 5610 + 61 812 4 713 ot pot!5 4

+ 7t16 + 8t17 + 6t18 + 5t19 + 4t20 + 2t21 + t22 + t23 + t25 + t27 + t29
so that

P(t) =142 42t + 15 + 4% + 367 + 665 + 77 + 131 + 13t + 2312 + 2313+
+ 38tM + 431" + 6116 + 69617 + 94¢"® + 10817 4 143¢%0 + 16412+
+ 209t2% + 236123 + ... 4+ 3395 4+ ..+ 472t2T + ..+ 641170 +

We apply the strategy described in Chap. 3.1. From the Poincaré series, the

maximal degree in which we have to look for generators is 29. Up to degree 15
we find the following 26 invariants:

deg generators

2 (s,8)6

4 (c1,c1)a

5 (cs,02)2

6 (c1,c4)a (c1,0%)4

7 (s,€5)6 ((c1,c3)2,1%)2

8 ((s,c3)2,1%)4

9 | ((s,¢1)2,£6 ((e1,¢3)1,0%)4
((s,¢3)a,£%)2

10 (04,c§)4 (co, £3)s
((s,¢3)1,£%)6 ((61,83)3732)2

11| (e5,0%)s ((s:¢3)3,£)a

12| (((s;e1)2,¢3)1,%6  (((s,c1)15¢3)2,£%)6
((5,¢3)5,£%)2

13 ((c2,c3)1,£8)8 ((65,63)4,44)4

14 ((c1,¢2)1,1'9)10 ((05,c§’,)6,l2)2

15 (05,c§)8 ((s,¢2)1,£2)12

Then we prove that no generators are needed in degrees 16, . ..,23, 25,27, 29 by
showing that for each i € {16, ...,23,25,27,29} the vector space O(V; & VG)ZSL"’
is spanned by monomials of degree i generated by the 26 invariants found in
degrees < 15. For details about the computations see Chap. A.6. O
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5.7 The covariants of 1~

In 1888 von Gall [Gal88] computed a set of 153 generating covariants of V7, of
order < 15 and degree < 30. This set was not minimal: in 1879 Sylvester [Sy79b]
found 124 generators; about ten years ago Croni [Cro02] found 147 generators
and this result was (independently) confirmed by Bedratyuk [Bed09] seven years
later. However, both Croni and Bedratyuk relied in their proofs on Gall’s state-
ment, saying that no generating covariant occurs in degree > 30.

In this chapter we show that V7 has 147 generating covariants of order < 15
and degree < 30. We prove, independently of von Gall’s work, that the maximal
degree of the generators is indeed 30. We are working with the covariants
mentioned by Gall [Gal88] in his paper, after removing the superfluous ones.
Tables 5.4 and 5.5 show the orders and the degrees of these covariants. We use
the following notations:

l_(fvf)ﬁa H:(f,f)% H:(f7f)27 T:(fv‘%)& €:(f7’<‘)27
’Y*(fa/i)h T:(f7H)17 p:(“@ﬁ)‘h A:(/@H?v C:(H7H)17
g= (Tv K/)Qa n= (7‘, 5)17 T= (Tv 7')2, B = (pa “i)l) o= (pv T)37
19:(}9,7")1, H:(T,H)% )‘:(Tvﬁ)la Q:(r77—)17 V:(T,Oé)l,
(P:(p,a)h p:(Tva)lv w:(197a)17 U:( 7a)17 U.):(I/,Oé)l.
0 1 2 3 4 5 6
1 - -
2 1 K
3 - ™ - (f, D)2 -
4 (1, Do - - P, (K, 1)a - (k, D1
5 - (r, D2 (r, )1 g
(f,1%)4 (f,1%3
T - (r,12)3 - (H,12)4
6 (1, 12)4 (p, )1 (A, 1)y
(p, )2
a 5,195 9
; %6 (9.2 (14
(r,1%)3 (1,02
(9,1
(r,13)¢ (r,1%)5 w - A
8 (124 (»,1%)3 (H,1%)6 (H,1%)5
(. D2 (r, 01 (A1), B, 12
- (f 147 - Q - (36 -
(9:1%)4 (.16 (e, 135
9 (e, 1)1 (n,12)4
(g.1%)3
(9, )2
10 v, (H,1%)g - (H, %7, (8,1%)y
(2,136, (1, D2 N Doy (1, D1
(.18, (1, 1%)g - (v, g, (6,17 -
1 (9,195, (9,1%)4 ®
(Q,1)2
(r, ™2, (H, 1)1 - (H,1%)g, (a,1h)7 (¢, 1hg
12(a,1hg, (r2,13)g B,13)6, (A 1)y
1,13y, (1, D (1,13, (v, 0y
- p. (7, 1%)10 - (e, 1)1 (T,1%)10
13 (e,1%)g, (n, 1%)7
(9,1%)5,(Q,1%)3




CHAPTER 5. INVARIANTS OF SEVERAL FORMS 96

0 1 2 3 4 5(6
13 (v, )2
12| )10, (818 - - - w0l
3 2
(X1 (ra, 1%)y
15 - (v, 1%)11 - (1,1%)12 - - |-
2
(2,193, (P, D1
16 <f2,217>14 - o (b o - - -1
(a®, D)o (¢, 17)12
17 - w, (T,17)14 - - - -]-
(€114, (0, D)2 - - - - -|-
(£9,1%)12, (¥, 1%)4
18 |(er, 16)12, (9o, 13)g
(r9,1M)g, (rQ, 13)g
(rn,1%)10
19 - (w, D1 - - - -1-
20 (r,a?)y - - - - -[-
29 (pa, 12)y - - - - -|-
(pa, l)g
23 - (o, )1 - - - -l
24 - - - - - --
25 - - - - - --
26 (aw, 1)y - - - - -
27 - - - - - --
29 - - - - - --
30|  ((o,a)1,a)y - - - - |-

Table 5.4: The generating covariants of V7 of orders <7

7 8 9 10 11 12 13 14|15
1 f - - -
2 - - H -
3 (5,01 - c - Y - EEE
4 - A (H D] - [(H 1) - ¢
5 n - (e, 1)1 - - - (T, )2 -

(e, D2 (v, D2
. - 5 - - - v - -
(H,1%)3

70 Pa e 1P| - - - @ - - |-
8 - - EGGENEE -
0 - (T, 13| - - - e
10 ©. %) - -
11 - - -
31 - - -

Table 5.5: The generating covariants of V7 of orders > 7

Proposition 5.7.1. The generating covariants of V7 are the 147 covariants
contained in Tables 5.4 and 5.5.

Proof. The generating covariants of V7 have order < 15 (this follows from Propo-
sition 2.3.3).

First we show that the covariants from Tables 5.4 and 5.5 generate the
vector space of covariants of order m and degree d with m < 15 and d < 24
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(with Mathematica, for details about the computations see Chap. A.7).

The invariants of V; are generated by those of degree < 30 (see Chap. A.7).
If there are generators of degree > 24 and order > 1, then they are of the form
C=(Cy...Cp, f)i, where C1,Cs, ..., C, are covariants of lower degrees. If this
transvectant is irreducible, from Proposition 2.1.5 it follows that

(1) =1, 0r

(2) r=2and ordC <5, or
(3) r=3and ordC <4, or
(4) r=4and ordC < 3, or
(5) r=5and ordC < 2, or

(6) r =06 and ordC' < 1.

We first find sets of generators for the covariants of V7 of order m, with m €
{1,2,...,5}. These five modules of covariants (over the invariant ring of V7)
are Cohen-Macaulay, from Proposition 2.4.3. Then, from their Poincaré series,
using Proposition 2.4.4, we know the highest degree in which we have to look
for generators. Here are the Poincaré series of these modules (we already know
from Chapter 4.6 that O(V%)%" has a homogeneous system of parameters of
degrees 4,8,12,12,20):

pi(t)
(1 —t4)(1—5)(1 — £12)2(1 — ¢20)
pi(t) =17 +3t" + 367 + 56" 4+ 9t + 96" 4 126" + 156" 4 1487 + 1767 + 1767+
+ 14677 4+ 1562 + 12631 +96%% 4 9t% 4 56%7 4 3¢%0 + 3! 4+ 1%,

p2(t)
(T =) (1 —¢8)(1 — t12)2(1 — ¢20)’

pa(t) =7 +3t° + 3% + 76" 4+ 9t + 13t + 186"% 4+ 196" + 2310 + 23t + 26671+
423670 + 23> + 196%° 4+ 18t% + 1363 + 960 + 763 4 3¢6%0 3" 5.

p3(t)
= )(1 = )(1 - 2)2(1 — )’

pa(t) =7 + 267 + 37 + 87 + 114" + 14" + 21¢"° 4 24¢'7 + 28t + 326" + 32673+
+ 3267 + 32677 + 2877 4 2443 + 216 + 14675 + 11637 + 8¢ + 3¢t + 2P + ¢,

pa(t)
(1 —t4)(1 —#8)(1 — t12)2(1 — ¢20)

pa(t) = 3t* + 2t° + 76% + 116'° 4 16" + 22¢™* + 28¢'¢ 4 33t"% + 37420 4 4217+
+38¢% 1+ 42675 4 3778 + 3330 + 28432 4 2263 + 1650 + 11438 + 710 4+ 2412 4 3.

ps(t)
(T 00(1 = )(1 — £12)2(1 — 20)

ps(t) = 3 +3t° + 6t + 10t° 4 16" + 23t + 30¢™° + 37" + 426 + 47t%" + 49t +

order 1: where

order 2: where

order 3: where

order 4:

, where

order 5:

, where

+49t%° + 47827 4+ 4279 4+ 37631 + 30633 + 23635 4+ 16657 + 10657 + 6t 4 3¢5 4+ ¢*5.
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Then C(V7); is generated in degree < 43, C(V7)2 is generated in degree < 46,
C(Vz7)s3 is generated in degree < 45, C(V7)4 is generated in degree < 44, and
C(V7)s is generated in degree < 45. We prove that the covariants from Tables
5.4 and 5.5 generate the vector space of covariants of V7 of order 1 and degree
d with d < 43, the vector space of covariants of V7 of order 2 and degree d with
d < 46, the vector space of covariants of V7 of order 3 and degree d with d < 45,
the vector space of covariants of V7 of order 4 and degree d with d < 44, and
the vector space of covariants of V7 of order 5 and degree d with d < 45 (with
Mathematica, for details about the computations see Chap. A.7).

Finally, there is no irreducible covariant of the form (C, f)x of degree >
24: there are no generators in degree 24 and any other irreducible covariant
(C1...Cy, f)k, with r > 1, should have order < 5 and there are none in degree
> 24. This concludes our proof. O

5.8 The covariants of V4

In two papers published in 1880, von Gall [Gal80] computed a set of 70 gen-
erating covariants of Vg, of order < 18 and degree < 12. This set was not
minimal: Sylvester [Sy79b] found 69 generating covariants in 1879; few years
ago Croni [Cro02] and Bedratyuk & Bedratiuk [BB08] independently found 69
generating covariants of Vz. However, both of them relied in their proofs on
Gall’s statement saying that no generating covariant occurs in degree > 13.

In this chapter we show that Vg has indeed 69 generating covariants of or-
ders < 18 and degree < 12. We prove, independently of Gall’s work, that no
generator has degree > 13. Table 5.6 contains the generators.

0 2 4 6 8 10 12 14 18
1 , , , f B
2 (f, Hg - k= (f He - i=(ffal - |h=(fFa - -
3 (f,i)g - (f, kg (f, k)3 (f, k)2 |(fik)1|p=(fi)2|0 =(f9)1|(fh)1
4 (k,k)gq - A= (k, k)g (i, k)3 (i, k)2 | (i, k)1 | (h, k)2 (h, k)1 | (h,i)1
(4, k)g (h, k)3
(f. k%) (£, k)g: k)3 ((f R)gs K)o | ((Fok)a k)1 | (F, D)2 |(f,B)1 - (p, k)1
5 (f, D)y (f, A)3 (p, k)3
(0, k)g
(i, k%)g ((i, k)4, k)3 ((isk)as k)g | ((5, kg, k)1 | (3, A)2 [(d,A)
6 (i, &)y (i, A)3
T =(k,A)q
((f1k)a, D)y ((f1 k)a, D)3 ((fs kg, D)o [((f, k), D)1
7 (f,m)e (f, ™5 (f,m)a
(0, k%)s

g | (6 R)g, D)y (i, k)g, D)3 (i k) g, )2 | (i, k)g, D)7

(i, 76 (i, )5 (i, m)g

(f.A%)g (£, k)g, T)a ((f, 8)g,A)2
9 ((f,A)q,4)3
(8, k)4, kg
ol G a%s (i k)4.7)a
(3, 8)g, D)3
M - (5, B)4; s
(8, k)4, k)5, K)o

12 - (3, D)g,7)a

13

Table 5.6: The generating covariants of Vg
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Proposition 5.8.1. The generating covariants of Vg are the covariants con-
tained in Table 5.6.

Proof. The generating covariants of Vg have order < 18 (this follows from Propo-
sition 2.3.3).

First we show that the covariants from Table 5.6 generate the vector space of
covariants of order m and degree d with m < 18 and d < 13 (with Mathematica,
for details about the computations see Chap. A.8).

If there are generators of degree > 13, then they are of the form C =
(C1...Cy, f)k, where Cq,Co,...,C, are covariants of lower degrees. If this
transvectant is irreducible, from Proposition 2.1.5 it follows that

(1) r=4and ordC < 2, or

(2) r=3and ordC <4, or
(3) r=2and ordC <6, or
(4) r=

(5) C is an invariant.

The invariants of Vg are generated by those of degree < 10 (see Chap. 4.7).
This settles case (5).

We consider now the cases (1), (2) and (3). The modules of covariants of
Vg of order m, with m € {2,4,6} are Cohen-Macaulay (as modules over the
invariant ring of Vg), from Proposition 2.4.3. Then, from their Poincaré series,
using Proposition 2.4.4, we determine the highest degree in which we have to
look for generators. Here are the Poincaré series of these modules (we already
know from Chapter 4.7 that O(Vg)3"2 has a homogeneous system of parameters
of degrees 2,3,4,5,6,7):

t° 4+ 10 4+ 267 + 265 + 3% + 2610 4 ottt 4 412 413
(1—t)1—-3)(1—tH(1 =) (1 — %) (1 —¢7) ~’

p(t)
(T—2)(1—3)(1 —t4)(1 —5) (1 — t5)(1 — ¢7)

p(t) = > + 3 + 2" + 267 + 20 + 247 +26% + 17 + 2610 4 2 421 p 2! p oty
+ "+ 10

order 2:

, where

order 4:

q(t)
(1—2)(1 =) (1 —t4)(1 = 15)(1 — 1) (1 — ¢7)’

q(t) =%+t +26° + 3t° + 4" +46® +56° + 46" + 4" £ 3" 4 2" 4 M 41

where

order 6:

Then C(Vg) is generated in degree < 13, C(Vg)4 is generated in degree < 16,
and C(V3)e is generated in degree < 15. We already know that no generators
occur in degree 13, hence there are no generating covariants of Vg of order 2
and degree > 13. In Chapter A.8 we show that the covariants from Table 5.6
generate the vector space of covariants of Vs of order 4 and degree d with d < 16
and the vector space of covariants of V3 of order 6 and degree d with d < 15
(with Mathematica, for details about the computations see Chap. A.8).
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Finally, there is no irreducible covariant of the form (C, f), of degree >
13: there are no generators in degree 13 and any other irreducible covariant
(C1...Cr, f)g, with r > 1, should have order < 6 and there are none in degree
> 13. This concludes our proof. O

5.9 The invariants of V5, @& V4

This case is treated in [Bes69, El195, Gor87, GY03].
Let ¢ € V5 and ¢ € V3,

q= apz? + 2a1zy + a2y2, ¢ = box® + 3b1$2y + 3b233y2 + b3y3,

and consider the following invariants:

J2 = (¢, 9)2, Ja = ((¢,¢)2, (¢, ¢)2)2,
Js = ((Ca C)%Q)Qv Jjs = (02>q3)6-

Proposition 5.9.1. The invariants jo, js, ja, j5 form a system of parameters of
the ring of invariants of Vo @ V3.

Proof. First we show that N'(Va @ V3) = V(jo, J3, J4, J5)-

Indeed, if jo = j4 = 0, then ¢ and c¢ are nullforms. Suppose ¢,¢ # 0 and
(q,¢) ¢ N (Vo @ V3). Without loss of generality we can then suppose ¢ = z? and
y? | c. This implies j; = —2b3 and j5 = b3. But then j; = js = 0 will imply
¢ =0, which contradicts our assumption ¢ # 0.

We proved that N'(Va @ V3) = V(j2, Js, J4, J5). From Proposition 2.7.1 it follows
that {jo, j3, ja, j5 } forms a system of parameters of O(V5 @ V3)St2. O

Proposition 5.9.2. The algebra of invariants of Vo @ V3 is generated by 5
invariants. The nonzero numbers d; of basic invariants of degree i are

(23457

di|11111

Proof. The Poincaré series of O(Va @ V)52 is
1+1¢"

P(t)= =
®) (I —=2)(1—=t3)(1 —t4)(1—1t%)
=1+ 2+ 83+ 241 265 + 30 + 47 + ..
We apply the strategy described in Chap. 3.1. From the Poincaré series, the

maximal degree in which we have to look for generators is 7. We find the
following 5 invariants:

deg generators

)

N[Ot W N
AAAA/\
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For details about the computations see Chap. A.9. O

5.10 The invariants of V5, ® V}

This case is treated in [GY03]
Let ¢ € V5 and f € V4,

q=aoz® + 2012y + azy’,
f=boxt + 4bix3y + ... + 4bsxy® + byyt.
Consider the following invariants:

J21=(q,9)2, J22=(f,fa,
Jz1=((f; f)2; f)a, js2=(f,q")a
j4 = ((fv f)27 q2)4~

Proposition 5.10.1. The invariants j21, j2,2, J3,1, J3,2, j4 form a system of pa-
rameters of the ring of invariants of Vo & Vy.

Proof. We first show that N'(Va & Vi) = V(ja.1, J2.2, 3.1, J3.2, J4)-

Indeed, if jo 1 = j2,2 = j31 = 0, then ¢ and f are nullforms. Suppose ¢, f # 0

and (g, f) ¢ N (V@ Vy). Without loss of generality we can then suppose ¢ = z2

and y* | c. This implies j3o = by and j; = —2b3. But then j3o = j4 = 0 will

imply f = 0, which contradicts our assumption f # 0.

We proved that N (Vo @ Vi) = V(ja.1, J2.2, J3.1, Js.2, ja). From Proposition 2.7.1

it follows that {j2.1, j2.2, 73,1, j3.2, ja } is a system of parameters of O (V@ Vy)St2,
O

Proposition 5.10.2. The algebra of invariants of Vo & V4 is generated by 6
invariants. The nonzero numbers d; of basic invariants of degree i are

t 12346
di 12211

Proof. The Poincaré series of O(Va @ V)52 is

1+1°
P(t)=
®) (1 —12)2(1 —3)2(1 — t%)
We apply the strategy described in Chap. 3.1. From the Poincaré series, the

maximal degree in which we have to look for generators is 6. We find the
following 6 invariants:

=14+22 + 2683 + 4t + 4> +10¢5 + . ..

deg generators
2 (¢;9)2 (f, fa
3 | ((f, N2, /)4 (f,4%)a
4 | ((f, 2,454
6 | (¢ (f,(f; F)2)1)s

For details about the computations see Chap. A.10. O
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5.11 The invariants of V5, @ Vj

This case is treated in [Win80].
Let ¢ € V5 and f € V5,

q=aoz® + 2a12y + azy?,
f=box® + bbizty + ... + bbyxy* + bsy®.

Consider the covariants ¢1 = (f, f)a, c2 = (f,¢1)2, ¢3 = (f, f)2, ca = (f, 1)1,
¢s = (f,c3)1, and the invariants:

j2 :(Q7q)2a j3 :(017Q)2a
j4 :(01701)27 j5 :<637q3)67
f2,4°)o, Js1=((c2,c2)2,¢1)2,

jra =(

J12,1 = ((c2, c2)2, (2, €2)2)2-
Proposition 5.11.1. The set {js, ja+3j3, j5,j7.1, Js,1 — 3, 12,1} forms a system
of parameters of the ring of invariants of Vo ® Vs,
Proof. We first show that N' (Vo @ Vs5) = V(j3, j3 + Ja, Js, 7.1, Js.1 — Ja,J12,1)-
We consider the following cases:

Case 1: ¢ = 0.
In this case we have j4 = jg1 = ji2,1 = 0, and this implies that f is a nullform
(see Proposition 4.4.1), i.e. (¢, f) € N (Vo & V3).

Case 2: ¢ # 0 and ¢ € N(V2).

In this case we have j, = 0, and then we get js = js1 = ji12,1 = 0, hence f is
a nullform as well (see Proposition 4.4.1). Suppose, without loss of generality,
that 2% | ¢ and 3 | f, i.e. ag = a; = by = by = by = 0. Then we have:

js ~ agh3, s ~ aj(bj — bsbs), Jra ~ agb,

where ~ denotes equalities up to a nonzero constant. Because ¢ # 0, we obtain
f =0. Then we have (g, f) e N (Vo & Vs).

Case 3: ¢ # 0 and q ¢ N (Va).
In this case we can suppose without loss of generality that zy | g. We obtain:
Jjg o~ a1(2b2b3 — 3b1by + bob5),
j5 ~ a?(8b2b3 — 7b1b4 — b0b5),
j771 ~ a?(lOObgbg + 25b1bs + bob5)7
Because we supposed q # 0, we get baobs = b1by = bobs = 0. If bs = by = b3 = 0,
then f is a nullform, and then js = js 1 = ji12,1 = 0, which implies j, = 0. This
contradicts our assumption g ¢ N'(V2). If bs = by = by = 0, then we have
ja+js ~aj —24bib3,

s — ja ~af — 9b7bS,
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which implies a; = 0. This contradicts the assumption ¢ # 0. If b5 = by = by =
0, then we have

ja+j3 ~aj+ 6byb3ba,

Js.1 — Jz ~aj — 9b3bsbi + byb3,

Jioq  ~bRb3(27b5 — 14bobsbi + 3b305),
and b2bi?* lies in the ideal generated by these three polynomials. Then, we get
a1 = 0, hence ¢ = 0, which contradicts the assumption ¢ # 0. If b5y = b; = b3 =
0, then we have

Ja +]§ Nazll — 24b§b4 — 8bob2bi,

Js.1 — ja ~at — 9bSh3 + 19bgbabi — 11b3b3b3 + bibs,

Jroq ~babi (b5 — boba)?,
and bi3b3 lies in the ideal generated by these three polynomials. Then, we get
a1 = 0, hence g = 0, which contradicts the assumption ¢ # 0.
Therefore, we have N'(Va & V5) = V(js, j3 + ja, 5, j7.1, Js.1 — J3,j12,1). From

Proposition 2.7.1 it follows that {j3, j3+j4, js, 7.1, J8.1—Jj3, j12,1} forms a system
of parameters of O(Va @ V5)Stz. O

Proposition 5.11.2. The algebra of invariants of Vo @ Vs is generated by 29
invariants. The nonzero numbers d; of basic invariants of degree i are

z"23456789101112131415161718
di‘111113332 33 211111

Proof. The Poincaré series of O(Va @ V5)S2 is

- a(t)
P(t) = (1—3)(1 —t4) (1 —2)(1 —¢7)(1 — 8)(1 — t12)

with

a(t) =14+ t* +t* 4+ 260 + 267 + 44 + 567 + 6610 4 8ttt + 812 4 10t + 8¢t +
+10t1° + 816 + 10817 + 818 4 8¢9 + 6120 + 5¢2! 4 472 + 273 4 262+
+ 2526 + t28 4 t30

so that

P(t) = 1412 + 13+ 2t* + 2% + 4% + 6t7 4 95 4+ 1267 + 17410 + 244 4 33112+
+ 42t 4+ 56t 4+ 73t1° + 94416 + 117417 4 148418 + 183t 4 226120+
+ 27447 + 332¢%2 + 400t%% 4 47987 + 566t + 669t%° + 7877 + 920¢*5+
+ 10672 + 123830 + ...

We apply the strategy described in Chap. 3.1. From the Poincaré series, the

maximal degree in which we have to look for generators is 30. Up to degree 18
we find the following 29 invariants:
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deg generators
2 | (¢,9)2
3 (c1,9)2
4 (01701)2
5 (c3,4%)6
6 | ((c1,¢3)2,4%)a
. | (a0 ((f;¢a)2,9%)e
((},¢3)4,9)2
g | ((care2)2,e1)z ((c2,¢3)3,4%)a
(fez2,q*)s
9 (f- (1, N, 46 ((c},¢3)5, )2
(¢®, fea)1o
10 | (c2-(cf, f)a,4%)a (caca, q*)s
1 (fes,d")a (f- (e}, Ds.4%)6
([(cF, f)al?, @)2
19 | ((e2se2)2(c2,e2)2)2 (c2-(c}, )5, 9%)a
(f - (e1,¢5)2,4%)12)6
13 | (¢, s (], N2 (F-(F,e5)a,9%)10
14 | (f-(c},e5)6,4")8
15 | (f-(ct c5)8,0%)6
16 (e2 - (c‘ll,05)g,q2)4
17 | (1, f)a - (1, ¢5)8,9)2
18 (cz7 fes)ia
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Then we prove that no generators are needed in degrees 19, ...,24, 26,28, 30 by
showing that for each i € {19, ...,24,26,28,30} the vector space O(V, ® V5)isL2
is spanned by monomials of degree ¢ generated by the 29 invariants found in

degrees < 18. For details about the computations see Chap. A.11.

5.12 The invariants of V5, ® Vj

This case is treated in [Gal74].

Let ¢ € V5 and s € Vg,

q= a0x2 + 2a12y + ang,

s=box% + 661x5y +...+ 6b5my5 + bﬁyﬁ.

O

Consider the covariants ¢; = (s, )4, ca = (8,8)2, ¢3 = (8,¢1)4, ca = (¢1,¢1)2,
¢ = (s,¢1)1, and the invariants:

J2,1=(s,5)s, J2,2=(4,9)2,
j4,2 - (017 q2)47

Jea=(c1,c4)a,

j4,3 - (87 (13)6>
o2 =(c2,q")s,

Jjaq=(c1,c1)a,
Jaa=(c3,q)2,

j10 = (ca,¢3)a.
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Proposition 5.12.1. The set {j2,1, j2,2,Ja,1 + Ja,2 — 2ja.a, Ja,2 — Ja3 + Ja4s J6,1
J6.2, J10} forms a system of parameters of the ring of invariants of Vo @ V.

Proof. We first show that

N(Vo® Vi) = V(ja1,J2.2, a1 + Jaz — 2Ja4, a2 — Jaz + Jaa, Jo.1, 96,25 J10)-
If joo =0, then ¢ is a nullform. We distinguish the following two cases.

Case 1: ¢ = 0. In this case we obtain jo 1 = ja1 = J6,1 = jio = 0, which implies,
from Chap. 4.5, that s is a nullform, and then (g, s) € N(Va @ Vg).

Case 2: g # 0. In this case we can suppose without loss of generality that
q =%

If bg = 0, then jgo ~ bZ, where ~ denotes equalities up to a nonzero constant.
It follows that b5 = 0. Then, jso — jas + jaa + 2baja1 ~ b3, and it follows
that by = 0. Then, ja; ~ b3, and it follows that b3 = 0. We obtain that
(g,8) e N(Va @ V).

If bg # 0, then without loss of generality we can suppose bg = 1, and then
Je.2 ~ by — b2, hence by = b2. We replace this in jo1,ja1 + jao — 2ja4,ja2 —
Ja3+3ja4,J6.1, 10, and, using Singular [DGPS], we show that the Grébner basis
of the ideal generated by these polynomials is 1, which leads to a contradiction.
We proved that NV (Va @ V) is the vanishing locus of the ideal generated by
the invariants jo 1, j2,2, 4,1 + Ja,2 — 2Ja,4, a2 — Ja,3 + Jaa, J6,1, 76,2, J10- From
Proposition 2.7.1 it follows that these invariants form a system of parameters
of O(‘/Q > Vﬁ)SLz. O

Proposition 5.12.2. The algebra of invariants of Vo @ Vi is generated by 27
invariants. The nonzero numbers d; of basic invariants of degree i are

i [24678910111315
d 2453171 2 1 1

Proof. The Poincaré series of O(Va @ Vg)5L2 is

a(t)
(1 —12)2(1 — t4)2(1 — 5)2(1 — t10)

P(t) =

with
a(t) =142t +3t5 + 367 + 445 + 7% + 4410 + 71! 4 6412 4 718 4 414
+ Tt 4 416 4 3¢1T 4 3418 4 2420 4424

so that

P(t) =142t + 7t* + 17t + 37 + 38¢% + 137 + 7810 + 36t + 15142+
+ 86t13 + 271t 4 180t° + 469t16 + 341¢17 4 774 4+ 60710 + 1233t20+
+ 2857t + ...
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We apply the strategy described in Chap. 3.1. From the Poincaré series, the
maximal degree in which we have to look for generators is 24. Up to degree 15
we find the following 27 invariants:

deg generators

2 (s,8)6 (4,9)2

4 | (e (c1,4)4
(5:4%)s (c3,9)2
(c1,c4)a (c2,q%)s

6 | ((c1,¢3)2,9)2 ((syc1)2,4%)6
((s:¢3)2,4%)4

7 ((c1,¢3)1,0%)4 ((s;e3)1,4%)6
((sse1)1,4%)s

8 | ((s,3)4,9)2
((c1,¢3)3,9)2 ((s,¢3)3,4%)a

g | (((ssen)zea)n,a®)s (((sien)1se3)2,0%)e
((c2,¢3)1,9")8 ((c2,¢1)1,4%)10
((s,¢2)1,4%)12

10 (04,03)4

11| ((5,¢3)5,9)2 (((s,c1)1,¢3)4,4%)a

13 | (((s,e1)1,¢3)6,9)2

15 (05,03)8

Then we prove that no generators are needed in degrees 16,17,18, 20,24 by
showing that for each i € {16,17,18,20,24} the vector space O(Va @ V)52
is spanned by monomials of degree i generated by the 27 invariants found in
degrees < 15. For details about the computations see Chap. A.12. O

5.13 The invariants of V3 &V}

This case is treated in [Gun69].
Let c € V3, and ¢ € V,

c = aoac3 + 3a1x2y + 3a2xy2 + a3y3,
q = box* 4 4by 23y + 6bozy? + 4dbsxy® + byy.

Consider the covariants ¢; = (¢, ¢)a, 2 = (¢, ¢)2, and the following invariants:

(qvq)47 j3 :(627Q)4a
Ja =(c1,¢1)2, g5, =((q,c2)1,*)s,
(

j5,2: (q702>2702)67 j6,1:(0%702>47
4

Proposition 5.13.1. The invariants jo, j3, ja, J5,1 +J5.2, J6,1, J7,1 form a system
of parameters of the algebra of invariants of V3 ® Vy.
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Proof. We first show that N'(Va @ Vi) = V(ja, js, ja, j5,1 + Js,2: J6,1, J7,1)-
Indeed, if jo = j3 = js = 0, then ¢ and ¢ are nullforms. If ¢ or g vanish
identically, then (¢, q) € N(Vs @ V).

If ¢,q # 0, suppose without loss of generality, that x? | ¢ and 3® | ¢, i.e.
a3 = ay = by = by = by = 0. Then, jg; ~ a1bz, where ~ denotes equalities
up to non-zero constants. If a; = 0, then j51 + jso ~ agbs, and j7 ~ agby,
which implies either ¢ = 0, or ¢ = 0, and contradicts the assumption ¢, ¢ # 0.
If b3 = 0, then j51 + js2 ~ aiby, and j7 ~ agbs, which implies either ¢ = 0, or
q = 0, and contradicts again the assumption ¢, g # 0.

We proved that N (V3 @& Vy) = V(j2, js, ja. js,1+75.2: J6,1, J7,1). From Proposition
2.7.1 it follows that {ja, j3, 4, j5,1 + Js,2, J6,1, j7,1} forms a system of parameters
of O(%@VUSLQ‘ O

Proposition 5.13.2. The algebra of invariants of V3 @ Vy is generated by 20
invariants. The nonzero numbers d; of basic invariants of degree i are

i 234567891011
di|11122334 2 1

Proof. The Poincaré series of O(Vz @ V)52 is

P(t) = 1485 +15 + 267 + 3% + 47 + 3810 + 201 4 412 413 4418
o (1 —2)(1 —3)(1 — t4)(1 — t3)(1 — t6)(1 — ¢7) -
=142 +3+ 264 +36° + 565 + 77 + 1168 + 16t + 22¢1° + 30t +

+ 42t12 £ 55¢13 4+ 4+ 193¢ +

We apply the strategy described in Chap. 3.1. From the Poincaré series, the
maximal degree in which we have to look for generators is 18. Up to degree 11
we find the following 20 invariants:

deg generators

2 | (94

3 | (c2,9)4

4 (c1,¢1)2

5 (g, c2)1,¢)6 ((g,¢*)2,c)e

6 | (F,c2)a (((g,¢1)2,¢*)2,9)a

. | () (((g,¢1)2,¢?)2,c2)a
((g; c2)1, c(e, c1)1)e

g | ((@en)z (e en)i)2,9)4 (c*, c2g?)12
(((c1,c2)2,¢%)2,c2)4

g | (((erse2)2,¢(e e)1)2,9) (c*,q¢3)12
(e, e1)1,6%)12 (((g; c1)25 ¢(c,c1)1)2, c2)a

10 | (((e1,¢2)2,¢(c e1)1)2,¢2)a ((¢*(e,e1)1,4%)10,9)4

1| (e e1)154%)10,9)2, 9)a

Then we prove that no generators are needed in degrees 12, 13,18 by showing
that for each i € {12,13,18} the vector space O(Vs @ V3)°* is spanned by
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monomials of degree i generated by the 20 invariants found in degrees < 11.
For details about the computations see Chap. A.13. O

5.14 The invariants of V, ® Vo @ V4

This case is classically treated in [Bes69, El195, Gor87, GY03].
Let £ € V1, q € Vs, and c € V3,

{=apr + a1y,
q= boz? + 2byxy + b2y2,
c=cox® + 301x2y + 3623:3/2 + 03y3.

Consider the covariants ¢; = (¢, ¢)a, ca = (¢, ¢1)1, and the following invariants:

=(4,9)2, =(q,€ )2
Js2=1(q,c1)2, = (c1,¢1)2,

=(c, A )3, :(01,€ )a,

= (% ¢%)s, 52=(((¢,0)1,9)1,0%)2,

Proposition 5.14.1. The set {js 1,32, 4,1, Ja,2+J3, ja,3—J3,J5,1+Js,2} forms
a system of parameters of the algebra of invariants of V1 & Vo & V3.

Proof. First we show that

N(VL @ Vo ® V3) = V(s ds2: a1, a2 + 3. da3 — Ja,J5,1 + Js.2)-
We distinguish the following four cases:

Case 1: £ =0.
In this case we obtain jo = js1 = Jjs2 = Jjs,1 = 0, which implies (¢,¢) €
N (Vo @ V3) (see Proposition 5.9.1).

Case 2: ¢ =0.
In this case we obtain js1 = ji2 = ja,3 = 0, which implies (¢,¢) € N (V1 & V3)
(see Proposition 5.3.4).

Case 3: ¢ =0.
In this case we obtain j> = js 1 = 0, which implies (¢, q) € N'(V; @ Va).

Case 4: {,c,q # 0.

In this case we have j4; = 0, which implies that c is a nullform. Without loss
of generality we suppose that 22 | ¢, i.e. c2 = c3 = 0. Then, j32 ~ bac?, where
~ denotes equalities up to a nonzero constant.

If ¢; = 0, then we have js 3 = 0, hence jo = jso = 0. But jyo ~ ajcy, which
implies a1 = 0, as ¢ # 0. Then, j51 + js2 ~ b3c3, which implies by = 0, as
¢ # 0. Then, j, ~ b2, which implies b; = 0. But then ¢ ~ z, 22 | ¢, and ¢ ~ 22,
therefore (¢,¢,q) € N(Vi & Vo @& V).
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If b2 = 0, then j371 = a1(a1b0 — 20,0[)1). If a; = 0, then j4,2 -|—j§ ~ b%, which
implies b = 0. Hence, we obtain ({,¢,q) € N (V1 & Vo & V3). If a; # 0, then
a1b0 — 2(10[)1 = 0, and then we obtain j571 +j5,2 = a%bl ((1100 — 3(1001). If bl = 0,
then it follows by = 0 as well, and we get a contradiction with the assumption
q#0. If ajco — 3aper = 0, then jy o + j3 ~ b2, hence by = 0, and we get again
a contradiction.

We proved that the invariants js 1, js.2,ja1,ja2 + j3,Ja3 — j3,J51 + Js.2 de-
fine the nullcone of Vi & V5 & V3. From Proposition 2.7.1 it follows that
{J3.1,73,2,J4,1,Ja2 + J3,J43 = J3,J5,1 + js,2} forms a system of parameters of
the algebra of invariants of Vi & V5 @ V3. O

Proposition 5.14.2. The algebra of invariants of Vi, & Vo @ V3 is generated by
15 invariants. The nonzero numbers d; of basic invariants of degree i are

i 234 7
di [134 1

Proof. The Poincaré series of O(V; @ Va @ V3)5L2 is

1462 + % + 201 + 445 + 560 4 617 + 5% + 417 + 2010 11 4412 4414
P(t) = : ( =
(1 —3)2(1 —1)3(1 — 5)
=142+ 33 +5t* + 765 + 13¢5 + 20¢7 + 314 + 44¢° + 63¢10+

+ 88t 412312 .. 4+ 213tM +

We apply the strategy described in Chap. 3.1. From the Poincaré series, the
maximal degree in which we have to look for generators is 14. Up to degree 7
we find the following 15 invariants:

deg generators

2 | (g,9)2

5 | (@82 (¢,c1)2
(c,q0)3

4 (e1,c1)2 (c, £3)3
(c1,0%)2, (ct,4%)a

5 | (%) (((C 01,9)1,0%)2
(q,(c2,0)1)2 ((e1,9)1,£%)2

6 | (e, (e, be)2)a ((e1,9)1, (g, 0)2)2
(¢, c20)6

Then we prove that no generators are needed in degrees 8, ..., 12, 14 by showing

that for each 7 € {8,...,12,14} the vector space O(V; @ Vo @ V3)$™? is spanned
by monomials of degree i generated by the 15 invariants found in degrees < 7.
For details about the computations see Chap. A.14. O
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5.15 The invariants of V; &V, & V)
Let £ € Vi, q€ Vs, and f € Vy,

l=aox + a1y,
q="boz” + 2byzy + by,
f=cox* +dciz®y + ... + deszy® + cayt

Consider the covariants ¢; = (f, f)2, c2 = (f, ¢1)1, ¢c3 = (¢, f)2, and the following
invariants:

J2,1=1(q,9)2; =(f, )1,

Jaa=(f,c1)a, =(f,4%)a,
Jsa=1(q,0%)2,  jaa=(c1,q")s,
sa=(f0") jea=(c1, ).

Proposition 5.15.1. The set {j2 1, j2,2, j3,1+73,2, J3,3—J3,1, Ja,1, J5,1, Je,1 } forms
a system of parameters of the algebra of invariants of V1 ® Vo @ V.

Proof. We first show that
NWVL@ Vo @ Vy) =V(j2,1,52,2, 3,1 + 3,2, 3,3 — 3,1, J4,1, J5,1, J6,1)

Consider the following three cases.

Case 1: £=0.

In this case we obtain jo1 = jao = Jjs1 = j32 = Jjs1 = 0, which implies
(g, f) € N(Va @ Vy) (see Proposition 5.10.1).

Case 2: £ # 0.

Without loss of generality we suppose [ ~ z, i.e. a; = 0. This implies:
Jsa~agcs, jea~ag(c3 — cacy),

hence ¢y = c¢3 = 0. But then, js o ~ 3, which implies co = 0. Therefore 23 | f.
In this case 0 = j33 ~ a%bg, which implies b = 0. Then 0 = jo 1 ~ b%, which
implies b; = 0 as well. Therefore 22 | q. Then (¢,q, f) € N(V1 @ Vo @ Vj).

We pI‘OVQd that the invariants j271,j272,j371 + j372,j3,3 — j3,1,j4717j5,1,j671 de-
fine the nullcone of V; & Vo & V. From Proposition 2.7.1 it follows that
J2,1, J2,2, J3,1 + J3,2, 93,3 — 73,1, 34,1, 5,1, J6,1 form a system of parameters of the
algebra of invariants of V3 & Vo @ V. O

Proposition 5.15.2. The algebra of invariants of V1 @ Vo @ Vy is generated by
18 invariants. The nonzero numbers d; of basic invariants of degree i are

i [234567809
d 23234211
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Proof. The Poincaré series of O(V; @ Vo @ V)52 is

1483 + ¢ 4 25 + 415 + 367 4 3t% 4+ 47 + 2010 + ¢ + 12 4415
(1—2)2(1 = 3)2(1 =) (1 — t5)(1 — 19) B

=1+ 2%+ 3t3 + 5t* + 9¢t° + 18¢° + 23t7 + 43¢% + 63t° + 93¢0+

+ 136t 4+ 20062 + ... +510t1° + . ..

P(t) =

We apply the strategy described in Chap. 3.1. From the Poincaré series, the
maximal degree in which we have to look for generators is 15. Up to degree 9
we find the following 18 invariants:

deg generators

2 | (¢,9)2 (f, fa

g | (fres (f,4%)a
(9:£%)2

4 | (c1,4%)a (c3,£%)2

5 (f,f4)4 (c1,9€%)a
((g,0)1,¢3)2

6 | (1t (c2,4%)6
((9:€%)1,(g,c1)2)2 (g )1,£%)a
((g,¢1)1,6)a ((c2,4%)a,£%)2

8 | (((gyc1)2, 01,64

9 | (c2,6

Then we prove that no generators are needed in degrees 10, 11,12, 15 by showing
that for each ¢ € {10,11,12,15} the vector space O(V; &V, & V4)§L2 is spanned
by monomials of degree i generated by the 18 invariants found in degrees < 9.
For details about the computations see Chap. A.15. O

5.16 The invariants of V; ® V5, @ V;

In a paper from 1880 Winter [Win80] found 94 generating covariants of V5 & V5.
We prove that the actual number of generators is 92.

The algebra of invariants of V5 @& V5 is generated by 29 invariants, see Chap. 5.11.
Let q € ‘/25 f € V57 and ¢ = (faf)4a C2 = (fvcl)Qa C3 = (f7f)27 C4 = (f’cl)la
c6 = (f,c3)1, 1 = (c1,¢3)2, 8 = (c1,¢3)1, co = (¢6,¢1)2, €10 = (¢6,¢1)a, €11 =
(c2,c3)3. Using Proposition 5.0.7 we obtain a not minimal set of generating
covariants of Vo @ Vi, shown in Table 5.7 (we excluded the invariants).

order

deg

1 2 3 4 5 6 7 9
1 - q - - f
2 - c1 (f, @2 - (fs @)1 c3
3 [ (fraDa| (e1,0)1 |ea, (F,a%)3] (e3. )2 cs  |(eg @) - <6
4 | (2, D2 (e3,aD)a | (cqr )2 cr (eq, D)1 cg (cgra)2 | (c6,a)1

(f.4%)s (c2, )1 (c3,4%)3
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des order
1 2 3 4 5 6 7
(e1,c2)2 (e7,>a)2 (e1,e2)1 (es, )2 | (ce,a2)a | (cs, @)1 cg
5 (eqra®)a (c3. )5 (cq,4d®)3 (e7, @)1 (c6:a%)3
(c2.4%)3
((e1,e2)1, D)2 (3, ¢3)a (c6.4%)6 c11 (cg,a)2 (cg, )1
6 (cq.a%)5 (G (1, ep)1, @)1 | (eg.a®)3 | (cg,a®)s
((c15¢2)2: D1 (e7:4%)3
(3. s (e11,9)2 (cgra?)y (e11, D1 c10
7 (cg.ah)s (cs.a®)s (cg.ah)7 (cg.a%)3
((e1,e2)1,4%)3 | ((cF, e3)a, D)1
(cg, a*)g (¢}, ea)s (c1059)2 (c10, 91
8 (c6.a%)9 (c11,4%)3 (cg,4%)s5
(3, s, )1
o | (cr0-aPa |l ea)s 1| (g ePe
(cg.ab)7 (c10:9%)3
10 ((c6> c$)6» )2 ((c6: c$)6, D)1
(c10:4%)s
T o ehs
((cg-<$)6, a3
12 | ((c65cP)gs @)1
13 [
14 | ((cq. D)o, @)1

Table 5.7: A (not minimal) set of generating covariants of Vo2 @ Vs, of ord > 1

Each covariant C of V5 @ Vi of order s corresponds to the invariant (C,1%)s of
Vi ® V3 & V5. We obtain in this way a (not minimal) set of generators for the
invariants of V; &V, ®Vs: the (known) invariants of Vo @ Vs, of degrees < 18 (see
Chap. 5.11), and the set of invariants derived from Table 5.7, of degrees < 15.
For each i < 18 we look now for a set of invariants that spans the vector space
of invariants of V1 @ Vo @ V5 of degree i. The dimensions of these vector spaces
are known from the Poincaré series of the algebra of invariants of V; & V5 @ Vs:

P(t) = t* 4 263 4 4t* 4 7t5 4 155 + 25¢7 + 455 + 70t7 + 112610 + 175¢1 4
+ 270t 4 38513 4 566t + 80015 + . ..

After isolating the superfluous generators (underlined in Table 5.7), we con-
cluded that the generating invariants of V3 @& Vo @ V5 had the following degrees
(7 denotes the degree of the generators and d; the number of generators that are
needed in degree 7):

i |0

56 7 8 9 10 11 12 13 14 15 16 17 18
d; |29 58

1214129 8 9 3 2 1 1 1 1

For details about the computations see Chap. A.16.
It follows that the algebra of invariants of V; & V5 @ V5 has 92 generators.
Therefore the algebra of covariants of V5 @ V5 has 92 generators as well.
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5.17 The invariants of 2V5; @ V;

Denote our binary forms q1,¢q2 € Vo, and f € Vj:
q1 = aox? + 2012y + asy?,
g2 =boz® + 2b1zy + bay?,
c =cor® + 312’y + 3eaxy® + c3y®.

Consider the covariants ¢; = (¢, ¢)a, c2 = (¢, ¢1)1, and the following invariants:

J2,1=(Q1,Q1)27 J2,2=(Q1,QQ)27
J2,3= (92, q2)2, Jsa=(c1,q1)2,
Ja2=(c1,q2)2, Jaq=(c1,c1)2,
g1 = (% q})a, js2=(c*43)2,
doa=((q1,0)z2 (q7,0)3,q2)2.

Proposition 5.17.1. The set {ja.1,j2,3,j3,1 43,2, Ja,1, J5,1, J5,2: 6,1+ 750 — 751}
forms a system of parameters of the algebra of invariants of 2V, & V3.

Proof. We first show that
N(@2Vo & V) = V(j2,1, 52,3, J3,1 + 73,25 4,15 J5,15 5,2, J6,1 +j§,2 - J’§,1)-

Consider the following cases:

Case 1: ¢; = 0.
In this case we have jo3 = Jjso = ja1 = Js,2
N (Vo @ V3) (see Proposition 5.9.1).

0, which implies (g2,c) €

Case 2: g2 = 0.
In this case we have jo1 = j31 = ja1 = Js1 = 0, which implies (¢1,¢) €
N (Vo @ V3) (see Proposition 5.9.1).

Case 3: ¢ = 0.
In this case we have jo1 = jo2 = ja,3 = 0, which implies (q1,¢2) € N (2V2).

Case 4: q1,q2,¢ # 0.

In this case we have js ; = 0, which implies that c is a nullform. Also, js 1 =0
implies that ¢; is a nullform. If (q1,¢2,¢) ¢ N(2V2 & Vi), then, without loss
of generality, we can suppose that 22 | ¢, i.e. co = ¢3 = 0, and y? | ¢, i.e.
ap = a; = 0. Then, j51 = ajc3, which implies ¢g = 0, as ¢g; # 0. Then,
Ja1 + Ja2 ~ ci(az + be), where ~ denotes equalities up to a nonzero constant.
This implies by = —as, as ¢ # 0. Then, we have

J2,3~ b? + agby,

Js,2 ~ asci (47 — azbo),
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which implies by = b; =0, as ¢, g1 # 0. But then, jg 1 —|—j§’2 —jg_’l ~ a3c}, which
leads to a contradiction with the assumption ¢, g; # 0.

We proved that the invariants ja1,J2,3,J31 + J3,2,Ja,1, 75,1, J5,.2, J6,1 + Joo —
j§71 define the nullcone of 2V, & V3. From Proposition 2.7.1 it follows that
{J2,1: 72,3, J3,1 + J3,20Ja.1, J5,1, 5,2, J6,1 + Jao — j3.1} forms a system of parame-
ters of the ring of invariants of 2V5 @ V5. O

Proposition 5.17.2. The algebra of invariants of 2Vo @ V3 is generated by 18
invariants. The nonzero numbers d; of basic invariants of degree i are

i [234567
di 322434

Proof. The Poincaré series of O(2V, @ V3)52 is

_ a(t)
PO = a—epa—ma—ma-era—n)

with
a(t) =1+ t2 + 13 42t 4365 + 510 4 8¢7 + 7% 4 747 + 810 4 5¢11 ¢
4 3t12 + 2t13 + t14 + t15 + t17,
so that
P(t) = 1+ 3t + 2t + 8t* + 10> + 22¢° + 327 + 55¢% + 80t + 128"+
+ 178t 4 26812 4 362t13 4 515t 4 68610 4 ... + 121817 + ...

We apply the strategy described in Chap. 3.1. From the Poincaré series, the
maximal degree in which we have to look for generators is 17. Up to degree 7
we find the following 18 invariants:

deg generators

5 | (a2 (q1,92)2
(g2, q2)2
(c1,q1)2 (c1,q92)2
(e1,¢1)2 ((q1,0)1,92)2

5 | (¢had)z (c*,45)2
(143,26 (g2, )6

6 ((Q1,C)2 . (Q%C)&QQ)Q ((Q1,C)2 . (Q1,C)17Q§)4
(c- ((11,0)1,43)6

- (a3, cc2)e (43, ce2)e
(9193, ce2)o (4792, cc2)6

Then we prove that no generators are needed in degrees 8, ..., 15,17 by showing

that for each i € {8,...,15,17} the vector space O(2V @ V3)>™2 is spanned by
monomials of degree i generated by the 18 invariants found in degrees < 7. For
details about the computations see Chap. A.17. O
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5.18 The invariants of 2V, @V}

Denote our binary forms ¢1,qs € Vo, and f € Vy. Consider the covariants ¢; =
(f, )2, 2= (f,c1)1, 3 = (q1, f)2, ca = (ga, f)2, and the following invariants:

=(q1,q1)2, ]22—((12,612)
:(fh,(Jz)zv =(f, )1,
31=(f,c1)a, =(f, Q1>4,
:(f7q2)4a :(C Q1)4,
12=(c1, a3)a;

Proposition 5.18.1. The set {jo1 + jo,3, J2.2 + J2.a, J2,1 — J2.4, J3.1, J3.2,
Js.3, a1, and jao} forms a system of parameters of the algebra of invariants of
2Va & Vy.

Proof. We first prove that
N@2Va @ Vi) =V(jo -5 J2,4: 03,15 - - J3,3: 415 Ja,2)-

Indeed, j271 = j272 = j273 = O 1mphes that (ql,qg) S N(Q‘/Q), and j271 = j272 =
J2.4 = J31 = J32 = J33 = jaa1 = jao = 0 implies that (qi, f) and (qq, f) are
both in the nullcone NV'(V, @ Vj) (see Proposition 5.10.1). Then, it follows that
(01,42, [) € N(2V2 © V).

Using Singular [DGPS], we found that jJ ,,...,j , are in the ideal generated
by jo1 + Jja2,3, J2,2 + J2,45 J2,1 — J2,4, J3,15 J3,25 J3,3, Ja,1, and ja 0. It follows that
these invariants generate the nullcone of 2V, @ Vy, and then, from Proposition
2.7.1, it follows that they form a system of parameters of O(2V, @ V;)5t2. O

Proposition 5.18.2. The algebra of invariants of 2V, ® Vy is generated by 19
invariants. The nonzero numbers d; of basic invariants of degree i are

i 23456
di |44524
Proof. The Poincaré series of O(2V, @ V,)5"2 is
1+ 6% 4+ 83 4 4t* + 3t° + 615 + 37 + 415 4 19 10 4 ¢12
P(t) = -
(L=2)3(1 = 3)3(1 — 1)
= 1+ 4% + 4¢3 + 15¢* + 18t° + 53t° + 65¢7 + 148¢° + 198t +
+ 371410 4 ... 4 853t1% +

We apply the strategy described in Chap. 3.1. From the Poincaré series, the
maximal degree in which we have to look for generators is 12. Up to degree 6
we find the following 19 invariants:
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deg generators
9 q1,q1)2 (g2, 92)2
q1,92)2 (fs f)a
3 fie1)a (f,43)a
f,45)a (9192, f)a
c1,47)4 (c1,43)a
(

(c3,q1)1,92)2

(c4,92)1,q1)2
(

(
(
(
(
(
4 (c1,q192)4
(
(
(
(

5 c1,q192)3,q1)2  ((c1,9192)3, g2)2
6 c2,43)6 (c2,43)6
2,4792)6 (c2,9143)6
Then we prove that no generators are needed in degrees 7, ..., 10, 12 by showing

that for each i € {7,...,10,12} the vector space O(2Va ® V4)5* is spanned by
monomials of degree i generated by the 19 invariants found in degrees < 6. For
details about the computations see Chap. A.18. O

5.19 The invariants of V, & V; @V}

This chapter is based on joint work with Brouwer [BP12].

In a paper from 1869 Gundelfinger [Gun69] found 64 generating covariants of
Vs @ Vy. In a series of papers from 1878 Sylvester [Sy78b, Sy78¢c, Sy78d] claimed
that there were only 61 generating covariants for V3 @ V4. We prove that the
actual number of generators is 63.

We identify the covariants of V3@V, with the invariants of V3 & V5 ®Vy and show
that a minimal set of generators for the algebra of invariants of this module has
size 63. Denote our binary forms £ € V1, ¢ € V3, and ¢ € Vy:

{=cox + 1y,
_ 3 2 2 3
c=apzr” + 3a12°y + 3aszy” + asy”,
q = box* + 4b1 23y + 6baa’y? + dbszy® + bayt.

Consider the covariants ¢; = (¢, ¢)2, c2 = (¢, q)2, ¢z = (¢, q)2, and the following
invariants:

2 =(q,9)4, =(c2, )4,
41=(c1,c1)2, ]422(50 le)q,
13=(c,t ) 51=((g,c2)1,¢ )67
:((%C )2, ¢ )6, 5,3= (4, 54)4,

6.1 =(c3,c2)a, 6.2=((le, lc)z, be)a,
6,3 =(c2, "), 71=(c" q%)12
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Proposition 5.19.1. With the notations above, the invariants
pL=Jjs1,  P2=ja1+J3, p3=Jaz+jas—Js,  Pa=Js1+ 52
Ps=Js3,  DP6=J61 T J62,  P7=1J63, P8 =771,
form a system of parameters of the algebra of invariants of V1 & Vs & Vy.
Proof. We show that V(p1,...,ps) = N (V1 & V3 & V). Consider three cases.

Case 1: ¢ =0.

In this case, the vanishing of py, ..., ps reduces to js1 = jao2 + ja3 = je,2 = 0,
which implies that (¢,c) € N (Vi @ V3) (see Proposition 5.3.4).

Case 2: £=0.

In this case, the vanishing of p, ..., ps reduces to jo = jz1 = ja1 = Js,1+ks2 =
Je1 = jra = 0, which implies that (c,q) € N (V3 @ Vy) (see Proposition 5.13.1).
Case 3: ¢, £ #£ 0.

In this case, p5 = 0 implies that ¢ and ¢ have a common root (up to a constant,
ps is the resultant of ¢ and £). Without loss of generality, we can suppose that
the common factor of ¢ and / is z, i.e., ¢ = by = 0 and ¢ # 0. Then p; ~ b3cd,
which implies b3 = 0. Then p; ~ b3, which implies b, = 0. Then a3 becomes
a factor of ps. If a3 = 0, then p3 ~ a3cZ, which implies az = 0, and then
(lye,q) e N(Vi & V3 @ Vy). If ag # 0, we may take ag = ¢g = 1. Now

p3 ~ Sag —3a1 — 2,
and it follows that a; = a3 — 2. Then

pe ~ 27as — 5dag — 27ag — 25607,
and it follows that ag = a3 — 2a2 — 222b%. Then

ps ~ 36by — 144asb; — 94903,
and it follows that by = 4asb; + %b?. Then

py ~ 27 — 2048b%,
pg ~ b5(33205248 — 4273351745b7).
But ps = pg = 0 has no solution. This settles Case 3.

By Proposition 2.7.1, it follows that these eight invariants form a hsop of
the ring of invariants of V; & V3 & V. O

Proposition 5.19.2. The algebra of invariants of V1 @ Vs @ Vy is generated by
63 invariants. The nonzero numbers d; of basic invariants of degree i are

i‘23456 7 8 9 10 11
di‘1248101311103 1
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Proof. The Poincaré series of O(V; @ Vz @ V)52 is

P(t) =1+ t2 + 263 + 5t* +10t5 + 185 + 31¢7 + 55¢° + 9269+
144110 4 223t 4 341412 + 499¢13 + 725¢1 4 1031415+
1436t'6 + 197817 + 2685¢'% 4 359219 + 4761t%° 4 6235t%1 +
8078122 + 10379t* + 13226t%* + 16698t%° + 20937t*°+
26069t27 + 32230t%® 4 39614t>° 4 4840130 +

_ a(t)
T o)1 — )21 — 5)2(1 — t6)2(1 — 1)

where

a(t) =1+ t2 + 3 4+ 3t* + 765 + 1265 + 2147 + 32t + 4719+
5810 + 7241 4+ 8312 + 89413 4+ 944 4 9441° 4+ 8910+
83¢17 4+ 72618 4 58¢19 + 4710 4 321 4 21472 + 121334
7t24 4 3_[:25 + t26 + t27 4 t29
We apply the strategy described in Chap. 3.1. From the Poincaré series, the

maximal degree in which we have to look for generators is 29. Up to degree 11
we find the following 63 invariants:

deg generators

2 | (494

3 | (c2,9)4 (g,4c)4

4 (c1,c1)2 (Le, le)a
(¢, 0%)3 (c2,€c)4
((g:¢2)1,¢*)6 ((g,¢®)2,¢*)6

5 | (@ )4 (g2, c*)s
((g,¢1)2,€)2 (c3,6%)3
(- (c,c1)1,9)4 ((4,c1)1, (9, ¢)3)1
( ,C2)4 ((Le, be)2,Le)a
(c2,4%)4 (e2,€- (c,c1)1)4

6 | (((c1,9)2,¢*)2,9)4 (e2,¢- (£, c1)1)4
(P2c2,c?)s ((e2,¢1)2,£%)2
(e, ) )3 ((¢*,4%)6, (¢, 0)1)2
(¢t g¥)2 (((c1,9)2,¢%)2,c2)4
((027(1)1, (¢ e1)1)6 ((e1,€)1, (g, (e1,0)1)3)1
((¢®,qe2)6, (¢, 0)1)2 (((e1,9)1,9)2,£%)3

7| (g% ¢ (c1,0)1)6 (g, (c1,£%)1)2,£2)2
(€%, (e, a)1)5 (((e3, (g, 0)1)2,3)1,0)3
(((c3,0)2, (¢, 0)1)1, (@, 1)z (£*(g,¢1)1,¢)s
((e35 (2, 0)1)2, (¢,£%)2)2
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deg generators
((¢®,4%)6, ((e;e1)1,0)1)2 (ql-(c;q)3,¢- (c,c1)1)6
(((61#1)2, (e, c1)1)2,9)4 (¢, c2¢?)12

g | ((ez er)z,)2,e2)a ((¢®; c29)6, (c3,0)1)2
((c1,0)1, (g, (c1, (q,£)1)1)3)1 (((e1,¢3)1,9)2,€%)3
(((e15 (g, 1)1, )2, £%)3 (¢f%,¢- (c1,¢3)1)6
(g, (¢, (g:©)1)2,€%)1)2, £%)2
(((e2;c1)2,¢- (c,e1)1)2, )4 (c*,qc3)12
(c3(e,e1)1,4%)12 (((g,c1)2, ¢ (c,c1)1)2,c2)a

9 | ((g,e1)2;¢- ((g,0)1,¢1)1)2,9)a (2, cc2)s, (3, 0)1)2
(¢, ec20)6, ((4,0)1,6)1)2 ((((a, (g: ¢b)2)25 ¢1)2,¢*)2,9)a
(((¢,91,¢2)1,£°)5 (((g,¢2)1,¢*)4,€%)a

10 | ((easen)z, e (e 1)z, c2)a (((3(c, e1)1,4*)10, )4
((e; (¢, (e, (e, (g c2)1)3)1)3 - (¢, 9)2)3, )1

11| (3 (e, e1)1,4%)10,9)2, 9)a

Then we prove that no generators are needed in degrees 12, . .., 27,29 by showing

that for each i € {12,...,27,29} the vector space O(V; @ V3@ V3)5™? is spanned

by monomials of degree i generated by the 63 invariants of degrees < 11.

The computations in degrees > 16 were performed by A.E. Brouwer, with his

own software ([BP12]). The computations in degrees < 16 are in Chap. A.19.
O



Chapter 6

Homological dimension

6.1 The main results

This chapter is based on joint work with Brouwer [BP11].

Consider V an SLp-module and I := O(V)5"2 the algebra of polynomial
functions on V invariant under the action of SL,. The algebra I is finitely
generated ([Hil90]), i.e. there exist a finite number of invariants ji,...,j, of V
such that I = C[jy,...,j.]. Denote by 7 the minimal number of generators of I
and by m the size of a system of parameters of I (set of algebraically independent
elements Py,..., P, of I, such that I is integral over C[Py,..., Py]). Then m
equals dimV//G, and the homological dimension hd I of I equals r — m (see
[Pop83, Corollary 1]).

Popov [Pop83| classified the modules V' with the property that hd I < 3 (see
Table 6.1), and noticed that all of these were known classically.

|4 hd I

Vi, Vo, V3, Vi, 2V1, Vi @ Vs, 2Vh, 3V 0
Vs, Vs,

VioVs, VioVy, Vad Vs, Va®dVy, 2V) 1
2V1 @ Vo, V1 @ 2Va, 3Vh, 4V

2V3 2

Vs, &Vi 3

Table 6.1: Popov’s classification of SLa-modules with small hd I

We extend Popov’s classification by finding the modules V' with the property
that 4 < hdI < 15. The two main results of this chapter are:

Theorem 6.1.1. Let I := O(V,,)5"2 and suppose that hd I < 100. Thenn < 10.

120
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Theorem 6.1.2. Let I := O(V)52 where V. =V,, & ... 8V, , and suppose
that 4 < hdI < 15. Then we have one of the following:

ni,...,Nnp | hd | m| hsop degrees r |do|ds|dy|ds|dg|d7|dg|dg|dio|di1
1,1,1,2 | 46| 2(3x),3(3x) [10| 4|6
1,2,2,2 | 5|8 2(5%),3(3%x) |13|/6|4]3
2,2,2,2 | 519 2 (9%) 14|10 4
1,1,2,2 | 6| 7| 2(4%x),3(3%x) (13|46 3
1 (6x%) 69 2 (9%) 15]15
1,1,3 8|5 2,4 (4%) 13| 1 8 4
1,2,3 916 3,3,4,4,4,5 |15 1|34 ]4]|2]|1
1,1,1,1,2| 9 | 8 |2 (4%), 3 (3%x), 6/17| 7 |10
1(7x) |10|11 2 (11x) 21|21
1,2,4 11171 2,2,3,3,4,5,6 |18/ 23|23 |4 |2|1]|1
2,2,3 11|71 2,2,3,4,5,5,6 |18/ 32|24 |3 |4
2,2, 4 11] 8 (2,2,2,3,3,3,4,4(19| 4 | 4|5|2 |4
1,2,2,2,2 13 |11| 2 (7x), 3 (4x) [24[10| 8 | 6
2,2,2,2,2 13|12 2 (12x) 25(15(10
4,4,4 13 12| 2 (6x), 3 (6x) |25 6 |10| 6 | 3
1,1,4 14| 6 2,3,5,5,6,6 [20] 2 |1 515 7
3,4 14| 6 2,3,4,5,6,7 |20 1| 1(1]2]|2|3|3|4|2]|1
1(8x) |15]13 2 (13x) 28 | 28
1,1,1,2,2[15] 9 | 2 (5x), 3 (4x) (24| 6 |12] 6

Here V' has a minimal set of generators of size r, with d; generators of degree
i (2 < i< 11). The size of any homogeneous system of parameters (hsop) is
m, and the degrees for one particular such system are as given. The column hd
gives hd I.

6.2 Bounds on hd O(V)¢

Consider a group G acting on a set V.

If v € V,then Gv = {g-v | g € G} is called the orbit of v, and G, =
{9 € G| g-v = v} is called the stabilizer of v. If the orbit Gv of a point
v € V is closed, then the stabilizer G, is reductive and the tangent space of
V at v decomposes into the direct sum of the tangent space of Gv at v and a
complementary G,-module N,. The corresponding representation (G, N,) is
called slice-representation (cf. [Pop83]).

If S C G, then Ng(S) ={g € G| gSg~! = S} is called the normalizer of S,
and Zg(S) = {g € G| gsg~! = s for all s € S} is called the centralizer of S.

Consider the group T = {(8 t91) | t € C*} C SLa. Then the normalizer of
T is

Nsp,(T) = {(},%). (_ 21 §) [teC)

Lemma 6.2.1. ([Pop83, Lemma 1]) Consider v = 2™y"™ € Va,, n > 0. Then:
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a) SLawv is closed in Va,.

T if n =1 modulo 2,

b) SLo, = )
) SLs {NSL2 (T) if n =0 modulo 2.

Proposition 6.2.2. ([Pop83, Proposition 4]) Consider G a reductive group of
rank 1 and V a G-module. Consider T' a mazimal torus of G and suppose that
p,n,r are the dimensions of the T-weight subspaces of V' which have positive,
negative, zero weight respectively.

If pn > 0, then hd O(V)% > (p — 1)(n — 1).

Proposition 6.2.3. ([Pop83, Proposition 4|) Consider G a reductive group
of dimension 1, T a mazimal torus of G, with Zg(T) diagonalizable and with
Zg(T) # G. Consider and V a G-module, and V', V=, VO the sum of those T-
weight subspaces of V which have positive, negative, and zero weight respectively.
Then, there exist bases of Zg(T)-weight vectors x1,...,zp and y1,...,Yp
in (VT)* and in (V7)* respectively, such that the T-weights of x; and y; are
inverse of each other, and g{(x;) = (y;) and g(y;) = {x;), if g ¢ Za(T).
If p >0, then, hdO(V)¢ > @=1@=2)
Proposition 6.2.4. ([Pop83, Propositions 6 and 7])

—92)2 . is odd
@) If n > 2, then hd O(Van)3"* > {((Z—z)(z—?)) o s odd,

5 if n is even.

b) If n >3, then hd O(Va,_1)%2 > n? —2n — 2.
7””'2*'1"'5 if n is even,
Vd+2 if n is odd.

d) IfhdO(Va,_1)%2 =d and n > 3, then n < /d+ 3 + 1.

Theorem 6.2.5. ([Pop83, Theorem 2]|) (A monotony theorem.) Consider G a
reductive group and V a G-module. We have the following:

¢) If hdO(Va,)%%2 =d and n > 2, then n < {

a) Ifv €V and Gu is closed in V. Denote by (G, N,) the slice-representation.
Then hd O(N,))%» < hd O(V)“.

b) If V=Wi&...0W,, then > 7_ hdO(W;)¢ <hdO(V)“.
¢) If W is a submodule of V', then hd O(W)% < hd O(V)€.

One can use the Poincaré series of the algebra I of invariants of an SLo-
module V to obtain a lower bound on the number of generators of I, and hence
on the homological dimension of this algebra. The following result was proved
by Brower [BP12]:

Proposition 6.2.6. (Brouwer [BP12]) Table 6.2 contains lower bounds on the
homological dimension of the algebra of invariants of several SLo-modules. In
the table are listed the modules, the Poincaré series of the algebra I of invariants

of these modules, and lower bounds on the number of generators r of I and on
hd I:
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module Poincaré series r> |hdl >
Vi1 1+ 2t* 4+ 13t% + 13t10 + 73t72 + 11061 + . .. 158 | 149
Via 14+ t2 4¢3 4+ 3t* + 3t° + 80 + 10¢7 + 20t8+
2817 + 5210 + 7311 + 127412 4 181413 4. .. 113 | 103
Vis 14 2t 4+ 22¢% +33t10 4 181412 + 375¢M + ... | 502 | 491
Via 14+ t2 + 3t + 10t6 + 4¢7 + 3148 + 277+
97¢10 + 110t + . .. 182 | 170
Vis 1+ 3t* + 15 + 368 + 8010 + 418¢12 + . .. 425 | 412
Vie 1+ t2 43 4+ 3t + 415 + 135 4+ 18t7 + 4718+
84t% + 17710 4 . .. 198 | 184
Vis 14124+ 4t* + 5 + 165 + 13¢7 + 7142 +99t°+ | 161 | 145
Vao 1+ t2 + 3 + 4¢* 4+ 565 + 20t0 + 35¢7 + 102t5+ | 123 | 105
Voo 1+ 2 + 4t* + 5 4 24¢5 4 267 + 14418 + . .. 164 | 144
Vau 1+ t2 + 3 4+ 5t4 4+ 765 + 2910 + 627 + 20145+ | 242 | 220
Vog 1462 4+ 3 4+ 5t* 4 8¢5 + 4010 + 97¢7 + 365t5+ | 440 | 414
Vao 142+ 3 +6t* + 10t° + 545 + 153t7 + ... 201 | 171
Vo @ Vg 1+ 212 + 3 + 517 + 565 + 1515 + 177+
41t8 4 54t° + 10810 + . .. 35 26
Vs & Vs 14+2 4+ 3+ 3t +4t5 + 95 + 167 +30t3+ ... | 37 27
Vi Vs 1+ 2t2 + 4¢3 + 8t* 4+ 16t° + 3515 +60t" + ... 42 31
Vs @ Vg 142 4+t3 4+ 3t* + 65 + 15t + 3147 + . .. 43 31
Vs @ Vs 14 2t2 4 263 + 10t* + 1485 + 46t +82t7 +... | 88 75
Vi @2V 14+t24+13t* +26t5 + ... 26 19
Vo @ 2V3 14 2t% 4 3t3 + 9t* + 12t° 4 26¢0 + 447 + . .. 26 18
Vi@2Ve @ V| 14 32+ 6t3 + 15t* + 30t° 4+ 65t° + . .. 34 25
Vo @ Vs @ Vy | 14262 + 363 + 7t1 + 147 + 29t° + 527 + ... 43 34
Vi®2Va @ V| 1+ 42 +6t3 + 184 4+ 3315 + ... 27 17
3V @ V4 14 7t% + 83 + 42t* + 64¢° + . .. 37 26
Vs eV, 14262 4+ 263 + 9t* + 16t° + 37¢0 + 717 + . .. 69 59
Vs @2V, 14 3t2 + 4¢3 + 10t* 4+ 22t° + 495 + 96t" + ... | 45 34
Vs & Vs 1+6t1+7t5 + 3665 + ... 28 21
Vi Vs 1462+ 13 4 2t% 4 485 + 816 + 12¢7 + 2218+
37t% 4+ 56110 4 . .. 59 51
2V5 1462 + 7t + 1410 + 728 + 16810 + ... 105 | 96
Vs @ Vg T+ 2+ 43t 44> + 80 1207 213 + ... | 24 16
Vi Vs 1+ 262 + 263 + 7t* 4 85 4 2416 + 31¢7 + 683+ | 33 24
Vs ® Vs 14+t2 4+ 3 4+ 3t2 + 55 + 126 +22¢7 + . .. 31 21
2Vs 14 3¢2 + 12t* + 6t° + 44¢0 + 40t" + 150t8 + ... | 29 18

Table 6.2: Bounds from the Poincaré series

6.3 The proofs of the main results

Proof of Theorem 6.1.1. Consider the SLo-module V,, and denote by I the
algebra of invariants of V,,. We want to determine n such that hd I < 100.
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By Proposition 6.2.4, if n is even and hd I < 100, then n < 24 or n € {28, 32}.
By [Kac83, p.106], if n is odd, then r > p(n —2) 4+ ¢(n —2) — 1, where p() is the
partition function and ¢() is Euler’s totient function. It follows that hd I > 168
for odd n > 17. For n < 10, hd I takes the following values:

n |1]2]3[4]|5[6| 7 [8]| 910
hdI |O|O|O|O|1|1|25]3 |8 |98

(This follows from Proposition 4.0.1.)
For the remaining cases we have hd I > 103 from Table 6.2. This proves Theo-
rem 6.1.1. O

Proof of Theorem 6.1.2. Consider V =1V, @ ...®V,, withn; > 1 for all
i and p > 1. Let I := O(V)52 be the algebra of invariants of V. We want to
determine V such that hd I < 15.

We follow Popov’s proof ([Pop83, Theorem 4]), in which he determined V' with
hd I < 3.

By the monotony theorem 6.2.5 it follows that if V.= W & W’, then hd Il >
hd O(W)St2 4+ hd O(W')St2. Therefore, all n; belong to {1,2,3,4,5,6,8}, and
direct summands W have hd O(W)5k2 < 15.

If all n,; are either 1 or 2, so that V = mV; @nVs, then we have explicit formulas

for the number of generators of I and for the size of a system of parameters of
I (see Chap. 5.2). Therefore we have the following table:

n\nm|{ O 1 2 3 4 5 6 7 8 9
0 o o o o 1 3 6 10 15 21
1 o o0 1 4 9 16 25

2 0O 1 6 15 28

3 1 5 16 34

4 5 13 32

5 13 26

6 26

We investigate the remaining possibilities.

Case 1: One of the n;, say ny, is equal to 8.

Let v = 2*y* € Vz. From Lemma 6.2.1 it follows that the orbit SLy -v is closed
and SLo, = Ngr,(T). We apply Proposition 6.2.3 for G = SLs, and for the
slice-representation (SLs,, N, ) of SLo, for the module V.

We obtain hd O(N,,)St2e > (17—1)2&7 where b = dim N,;F. By the monotony
theorem 6.2.5 it follows that hd I > W. We determine b. We have:

(SLay, Ny) = (SLay, Ny vg) @ (SLay, Vi, @ ... D Vi),

Now dim(Vy, ®... @V, )" = [=2H] + .. + ["p;l], where [¢] is the maximal

integer < a. The positive weights of Nyny» are 4,6, ...,2n, hence dim N;fvs =3.
Therefore,

ng + 1 np—i—l
s PR Rt

b=3+]
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and hd I > %2(1’72) If b> 8, then hd I > 21. We check the cases with b < 7.
By monotony it suffices to look at V,,, Vg for m =1,2,3,4,5,6. HV =V, V3
then I is the algebra of covariants of Vg, generated by 69 elements ([BB0§]),
and hd I = 61. In the other cases hd I > 26 by Table 6.2.

Case 2: One of the n;, say n1, is equal to 2.

Let v = zy € Vo. From Lemma 6.2.1 it follows that the orbit SLs-v is
closed and SLy, = T. We apply Proposition 6.2.2 for G = SLy, and for the
slice-representation (SLo,, NV,) of SLo,, for the module V.

We obtain hd O(N,)%%2» > (¢ — 1)2, where ¢ = dim N;7. By the monotony
theorem 6.2.5 it follows that hd I > (¢ — 1)2. We determine c. We have:

(SL2v7 Nv) = (SLQUa N’U,Vg) 3] (SLzm Vo, @ ... Vnp)~

Now dim(Vy, & ... @&V, )T = [2H]+ ...+ ["’jl], where [a] is the maximal
integer < a. The positive weights of Nyny» are 4,6, ...,2n, hence dim N;fw = 0.

Therefore,

ng +1 n, + 1
c=[——l++ [T

and hd I > (¢ —1)2. Since n; > 2 for some i, we have ¢ > 2. We have hd I > 16
for ¢ > 5. We therefore check the cases ¢ € {2,3,4}.

If c=2,then Vis Vo® V5 or Vo @V and hd I = 1 (this follows from Chap.
5.9 and 5.10).

If c =3, then Visone of Vi ® Vo @& V3, Vi & Vo @ Vy, 2Vo B V3, 2V @ Vg,
Vo @ Vs or Vo @ V. In these six cases one has hd I = 9,11,11,11,23,20 (this
follows from Table 5.1).

If ¢ = 4, then by monotony and the above V' does not have a direct summand
Vs or Vg, so that V is one of Vo @ 2V3, Vo @ V3 @ Vi, Vo @ 2Vy, 2V, @ Vo @ Vs,
2V o Vo @ Vy, Vi@ 2V & V3, V1 @2V, & Vy, 3Vo @ V3, 3V @ V. If Vs
Vi@ Vo V3 or 2V3 @ Vo @ Vg, then hd I = 27 or 48 by Table 5.3. Explicit
generation of invariants for V5 @ 2V, and 3V, @ V3 shows that » > 29, 49 so that
hd I > 19, 39 in these cases. By Table 6.2 hd I > 17 in the remaining five cases.

Case 3: All of the n; equal 1, 8, 4, 5 or 6.
HVisVie Vs, ViV, 2Vs, V3® Vy, 2Vy, Vi @ Vs, or Vi @ Vg, then hd I equals
1,1, 2, 14, 1, 18, 20, respectively (this follows from Table 5.1). If V is V3 & V5,
Vi@ Vs, 2Vs, Va® Vs, Va® Ve, V5 © Vs, 2V, 2V3 D Vy or V3 @2V, then hd I > 16
by Table 6.2.

KVis2VieVs, 2Vi@Vy, Vi ®2Vs, VieVsaVy, Vi &2V, 3V, 3V, 3V & Vs,
3V1 @ Vg, 4Vy, then hd I equals 8, 14, 19, 55, 19, 19, 13, 23, 55, 63, respectively
(this follows from Tables 5.1 and 5.3). By monotony we are done.

This finishes the determination of the V with hd I < 15.



Appendix A

Computations

A.1 TImplemented functions

The function Transvectant[111,112,r] implemented in Mathematica [Wol10]
returns the coefficient list of (££1,f£f2) _r, where ££1 is a binary form with the
coefficient list 111 and ££2 is a binary form with the coefficient list 112:

<<Combinatorica®

Transvectant[111_,112_,rr_]:=Module[{wl,w2,yy,xx,tt,zz},

wi[nn_]:=Table[yy~(nn-i)*xx~i,{i,0,nn}];

w2[mm_] :=Table[tt~ (mm-i)*zz~i,{i,0,mm}];

Coefficient[ Expand[((Length[111]-1-rr)!*(Length[112]-1-rr)!x*
Sum[(-1)~i#Binomial[rr,i]*
D[D[111.wi[Length[111]-1],{xx,rr-i}]1,{yy,i}]*
D[D[112.w2[Length[112]-1],{tt,rr-i}],{=zz,i}],{1,0,rr}1)/
((Length[111]-1)!'*(Length[112]-1)!)/.{zz->xx,tt->yy}]/ . {yy->1},xx,#]
&/@Range [0,Length[111]+Length[112]-2% (rr+1)1]1;

Example:

In[]:=ff=Table[Binomial[3,il*a[3-i],{i,0,3}]
Out[1={al3],3a[2],3al1],al0]}

In[]:=Transvectant [ff,ff,2]
Out[1={-2a[2]~2+2a[1]al[3],-2al[1]a[2]+2a[0]a[3],-2a[1]~2+2a[0]al[2]}

The function TransvectantPoly [ff1,ff2,r] implemented in Mathematica [Wol10]
returns the transvectant (f£f1,ff2)_r, where £f1 and ££2 are two binary forms:

<<Combinatorica®
TransvectantPoly[ff1_,ff2_,rr_]:=Module[{wl,w2,yy,xx,tt,2zz,LL,pp,111,112},
111=CoefficientList[ff1/.y->1,x];
112=CoefficientList[ff2/.y->1,x];
wilnn_]:=Table[yy~(nn-i)*xx~i,{i,0,nn}];
w2[mm_] :=Table[tt~(mm-i)*zz~i,{i,0,mm}];
LL=Coefficient [Expand[((Length[111]-1-rr)!*(Length[112]-1-rr)!*
Sum[(-1)~i*Binomial[rr,i]*

D[D[111.w1[Length[111]-1],{xx,rr-i}],{yy,i}]1*
D[D[112.w2[Length[112]-1],{tt,rr-i}],{=zz,i}],{1,0,rr}1)/

126
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((Length[111]-1)!'*(Length[112]-1)!)/.{zz->xx,tt->yy}]/ . {yy->1},xx,#]
&/CRange[0,Length[111]+Length[112] -2 (rr+1)];
pp=Length[LL];
If[pp==1,LL.{1},LL.Table[y~(pp-1-i)*x~1,{i,0,pp-1}111;

Example:

In[]:=ff=al[0]x"~3+3a[1]x~2y+3a[2]xy~2+a[3]y~3;
In[]:=TransvectantPoly[ff,ff,2]
Out[1=x"2(-2a[1]~2+2a[0]a[2])+ xy(-2al[1]a[2]+2a[0]a[3])+y~2(-2a[2]~2+2a[1]a[3])

The function prod[1f_,1g_] implemented in Mathematica [Wol10] returns the
coefficient list of fg, where f is a binary form with the coefficient list 1f and g
is a binary form with the coefficient list 1g:

<<Combinatorica‘
prod[1f_, 1g_] := Transvectant[1lf, 1lg, 0]

Example:

In[]:=f={al1],a[0]3};

In[]:=g={b[2],2b[1],b[0]};

In[]:=prodlf,gl
Out[1={al[1]1b[2],2al1]b[1]+a[0]1b[2],a[1]1b[0]+2a[0]b[1],a[0]b[0]}

The function exp[1f_,m_] implemented in Mathematica [Woll0] returns the
coefficient list of f™, where f is a binary form with the coeffient list 1f:

<<Combinatorica®
exp[1f_,2] :=prod[1f,1£f];
exp[1f_,m_]:=Transvectant[ff,exp[ff,m-1],0]

Example:

In[]:=f={a[1],a[0]};
In[]:=expl[f,4]
Out[J={al1]"4,4a[0]a[1]"3,6a[0]~2a[1]"2,4a[0]~3a[1],a[0]~4}

The function poincare[listdeg_] returns for listdeg={n1, ..., n,} the Poincaré
series of the modules of covariants of V,,, &...®V,, of order < [[¢_, | 2oth |2t —
2 (in Mathematica [Wol10]):

<< Combinatorica‘
poincare[listdeg_] := Module[{N,pp,qq,rr,LL,rules,matr,n,ww},
N =Sum[Ceiling[(listdeg[[i]]+1)/2]*Floor[(listdeg[[i]l]+1)/2],
{i,1,Length[listdegl}]-2;
n =Sum[listdeg[[i]], {i, 1, Length[listdegl}];
matr = {};
ww = Sort[Flatten[
Table[Table[i,{i,-1istdegl[j]],0,2}],{j,1,Length[listdeg]}],11];
For[mu = 0, mu < N + 1, mu++,
pp = Expand[e mu*Product[1-te~ww[[i]],{i,1,Lengthlww]}]];
rules = Table[e~(-i)->-e~(i - 2),{i,2,4N}];
qq = pp /. rules /. e~ (-1)->0 /. e~(-2)->-e"0;
rr = PadRight[CoefficientList[qq,e],N+1];
matr = Flatten[{matr,{rr}},11];
LL = PadRight[{1}, N + 1];
Simplify[Inverse[matr].LL]]
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Example:

In[]:= poincare[{2, 3}]

Out[]= {(1-t+t"2-t"3+t"4-t"5+t"6)/(1-t-t"3+t"6+t"7-t"10-t~12+t~13),
t°2/(1-t-t~ 2+t~ 4+t~ 7-t"9-t~10+t~11),
t(1-t+t72))/((-1+t) "4 (1+2t+3t"2+4t~3+4t"4+3t"5+2t"6+t"7)),
(t+t73) /(1-t-t "2+t~ 4+t~ 7-t"9-t~10+t"11),
(t72+t74-t"5)/ ((-1+t) "4 (142t+3t~2+3t~3+2t"4+t"5) )}

The function CoefficientPoincare[k_,r_] returns the dimension of the vector
space of invariants of V,. of degree k (in Mathematica [Woll0]):

CoefficientPoincare[k_,r_]:=Module[{x,p},p=kr/2;
If[EvenQ[k r]==True,Coefficient[Series[
Product[(1-x"1i),{i,k+1,k+r}]/Product[(1-x~1),{i,2,r}],{x,0,p + 1} ,x,p],
Print["There are no invariants of degree ",r,"!"]]]

Example:

In[]:

CoefficientPoincare[10, 8]

Out[l= 12
In[]:= CoefficientPoincare[10, 10]
Out[]= 24

The function SymTensor [k,r] returns the decomposition of the k-th symmetric
power S¥(V,.) of V. as an SLy-module (Mathematica [Woll0]):

SymTensor [k_,r_] :=Module [{x},Sum[Coefficient[Series[
Product[(1-x~1i),{i,k+1,k+r}]/Product[(1-x~1),{i,2,r}],{x,0,p+1}],x,pl*v[kr-2p],
{p,0,IntegerPart [kr/2]}1];

Example:

In[]:=SymTensor[10, 8]

Out [J=12v[0]1+10v[2]+32v[4]+30v[6]1+51v[8]1+48v[10]1+66v[12]+61v[14]+77v[16]
+70v[18]+83v[20]+74v[22] +84v[24]+74v[26]+80v[28]+69v[30]+74v[32]+62v[34]
+64v [36]1+53v[38]+54v[40]+43v[42]+43v[44]1+33v[46]+33v[48]+25v[50]+24v[52]
+17v[54]+17v[56]+11v[58]+11v[60]+7v[62]+7v[64]+4v[66]+4v[68]+2v[70]+2v[72]
+v[74]+v[76]+v[80]

The function Dim[n,N,listinv,listdeg] takes as input n, a list listinv of
invariants of V,,, and a list 1istdeg of the degrees of the elements of listinv,
together with their multiplicities, and returns:

e the dimension of the vector space of invariants of V,, of degree N;

e the size of the vector space of invariants of degree N spanned by the ele-
ments of listinv of degree <N.

e a lower bound for the dimension of the subspace of invariants of degrees
N spanned by the elements of listinv of degree <N.

e a lower bound for the dimension of the subspace of invariants of degree N
spanned by the elements of listinv of degree <N (in the case listinv
contains elements of degree N).
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This has been implemented in Mathematica [Woll0] as follows:

<<Combinatorica®
Dim[n_,N_,listinv_,listdeg_]:=
Module[{old,inv,matrl,rl,matr2,r2,invariants,jj,listdegl,p, invariantsN,MM, var,ss},
var=Variables[listinv[[1]]] ;ss=CoefficientPoincare[n,N];
If[ss==0,Print["There are no invariants of degree",N,"!"],
MM=Table[listinv/.Table[var[[j]1]->Random[Integer,{-10,10}],{j,1,Length[var]}],
{i,1,ss+1}];
If[Dimensions[MM][[1]]<ss,Print["<<The evaluation matrix is too small"],
listdegl=Table[listdeg[[i]]1[[1]],{i,1,Length[listdegl}];
invariants=Table[Table[jj[listdeg[[i11[[1111[j],{j,1,1listdeg[[1110[211}],{1i,1,
Length[listdegl}];
inv=Flatten[invariants];old=listmonomials[N,invariants,listdegl];
matri=Table[old/.Table[inv[[j1]1->MM[[i1]1[[j1],{j,1,Length[inv]}],{i,1,ss+1}];
r1=If[0ld=={},0,MatrixRank[matri,Modulus->32003]];
p=0;For[i=1,i<Length[listdeg]+1,i++,If[listdeg[[i]]1[[1]]==N,p=1i]1];
If[p=!=0,invariantsN=invariants[[pl];
Print["<<The dimension of 0(V_",n,")~SL2_",N,"is",ss];
Print["<<There are",Lengthl[old],"invariants of degree",N,
"spanned by the given invariants of degrees<",N];
Print["<<The subspace of 0(V_",n,")"SL2_",N,"spanned by the given invariants
of degrees<",N,"has","dimension>=",r1];
matr2=Table[Union[old,invariantsN]/.Table[inv[[j]1]->MM[[i]1]1[[j]1],
{j,1,Length[inv]}],{i,1,ss+1}];r2=MatrixRank[matr2,Modulus->32003];
Print["<<The subspace of 0(V_",n,")~SL2_",N,"spanned by the given
invariants of degrees<=",N,"has dimension >=",r2],
Print["<<The dimension of 0(V_",n,")"SL2_",N,"is",ss];
Print["<<There are",Length[old],"invariants of degree",N,"spanned by
the given invariants of degrees<=",listdeg[[Length[listdeg]]][[1]11];
Print["<<The subspace of 0(V_",n,")~SL2_",N,"spanned by the given invariants
of degrees<=",listdeg[[Length[listdeg]]]1[[1]],"has","dimension>=",r1];]11]]

Example:

In[]:=ff=Table[Binomiall[3,il*a[3-i],{i,0,3}];

j4=Transvectant [Transvectant [ff,ff,2] ,Transvectant[ff,ff,2],2].{1};
In[]:=Dim[3,4,{j4},{{4,13}]

<<The dimension of 0(V_3)"SL2_4 is 1

<<There are 0 invariants of degree 4 spanned by the given
invariants of degree <4

<<The subspace of 0(V_3)"SL2_4 spanned by the given invariants
of degree <4 has dimension >=0

<<The subspace of 0(V_3)"SL2_4 spanned by the given invariants
of degree <=4 has dimension >=1

In[]:= Dim[3,8,{j4},{{4,1}}]

<<The dimension of 0(V_3)"SL2_8 is 1

<<There are 1 invariants of degree 8 spanned by the given
invariants of degree <8

<<The subspace of 0(V_3)"SL2_8 spanned by the given invariants
of degree <8 has dimension >=1

The function Dim2[n,N,matr,listdeg] takes as input n, a matrix matr, which
contains the evaluations of a "input“ set of invariants of V,,, and a list 1istdeg
of the degrees of these invariants, together with their multiplicities, and returns:

e the dimension of the vector space of invariants of V,, of degree N;
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o the size of the vector space of invariants of degrees N spanned by the input
invariants of degrees <N.

e a lower bound for the dimension of the subspace of invariants of degrees
N spanned by the input invariants of degrees <N.

e a lower bound for the dimension of the subspace of invariants of degrees
N spanned by the input invariants of degrees <N.

This has been implemented in Mathematica [Wol10] as follows:

<<Combinatorica‘

Dim2[n_,N_,MM_,listdeg_]:=

Module[{old,inv,matrl,rl,matr2,r2,invariants,jj,listdegl,p,invariantsN,ee},

ee=Coefficient[SymTensor[n,N],v[0]];

If[Dimensions[MM] [[1]]<ee,Print["<<Theevaluationmatrixistoosmall"],
listdegl=Table[listdeg[[i]]1[[1]],{i,1,Length[listdegl}];
invariants=Table[Table[jj[listdeg[[i11[[1111[j],{j,1,1listdegl[111[[2]1]13}],

{i,1,Length[listdegl}];
inv=Flatten[invariants];old=listmonomials[N,invariants,listdegl];
matri=Table[old/.Table[inv[[j]1]->MM[[i]J]1[[j]1],{j,1,Lengthl[inv]}],{i,1,ee}];
ri1=If[old=={},0,MatrixRank[matrl,Modulus->32003]];

Print["<<The dimension of 0(V_",n,")"SL2_",N,"is",ee];
Print["<<The set of invariants of degree",N,"spanned by the given
invariants of degrees <",N,"has size",Length[old]];

Print["<<The subspace of 0(V_",n,")"SL2_",N,"spanned by the given

invariants of degrees <",N,"has","dimension >=",rl1];
p=0;For[i=1,i<Length[listdeg]+1,i++,If[l1istdeg[[1]][[1]1]==N,p=i1];

If [p=!=0,invariantsN=invariants[[pl];

matr2=Table[Union[old,invariantsN]/.Table[inv[[j]11->MML[i]1ILC311,

{j,1,Length[inv]}],{i,1,ee}];

r2=MatrixRank[matr2,Modulus->32003];

Print["<<The subspace of 0(V_",n,")"SL2_",N,"spanned by the given

invariants of degrees <=",N,"has dimension >=",r2]]1]]

Example:

In[]:=ff=Table[Binomial[3,i]*a[3-i],{i,0,3}];

In[] :=matr={};For[i=1,i<10,i++,

j4=Transvectant [Transvectant [£ff,ff,2],Transvectant [ff,ff,2],2].{1}/.

Table[a[j]->Random[Integer,{-10,10}],{j,0,3}] ;matr=Append[matr,{j4}1];

In[]:Dimensions[matr]
Out[1={9,1}

In[]:=Dim2[3,4,matr,{{4,1}}]

<<The dimension of 0(V_3)"SL2_4 is 1

<<The set of invariants of degree 4 spanned by the given

invariants of degree <4 has size 0

<<The subspace of 0(V_3)~SL2_4 spanned by the given invariants

of degree <4 has dimension >=0

<<The subspace of 0(V_3)~SL2_4 spanned by the given invariants

of degree <=4 has dimension >=1

A.2 The invariants of the binary septic

Here are the Mathematica computations supporting the proof of Proposition
4.6.3. We first compute the invariants found in Proposition 4.6.3:
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In[]:=Timing[ff=Table[Binomial[7,il*a[7-1],{i,0,7}];

ccl=Transvectant [ff,ff,6]; cc2=Transvectant[ff,ff,4];

cc4=Transvectant [ff,ccl1,2]; cc3=Transvectant[ff,ff,2];

ccb=Transvectant [cc2,cc2,4]; ccb6=Transvectant[ff,cc2,5];
alpha=Transvectant[cc6,cch,3];j4=Transvectant[ccl,ccl,2].{1};

j81=Transvectant [Transvectant[cc4,cc4,4],ccl,2] .{1};
j82=Transvectant[cc5,cc5,4].{1};j83=Transvectant[cc5,explccl,2],4].{1};
j121=Transvectant [Transvectant[cc5,cc5,2],cc5,4].{1};

jl122=Transvectant [Transvectant[cc4,cc4,2] ,explccl,3],6].{1};

j123=Transvectant [Transvectant [cc4,cc4,4] ,Transvectant [cc4,cc4,4],2].{1};
j124=Transvectant [exp[cc6,2] ,explcc1,3],6].{1};

jl256=Transvectant [Transvectant [Transvectant[cc6,cc6,2],cc2,2] ,explccl,2],4].{1};
j126=Transvectant [Transvectant[cc6,cc6,2] ,Transvectant [cc6,cc6,2],2].{1};
jl41=Transvectant [prod[cc6,ff],explccl,b5],10].{1};
jl42=Transvectant[Transvectant[cc2,cc5,1],exp[ccl,4],8].{1};

j143=Transvectant [Transvectant [Transvectant[cc6,cc6,2],cc2,1] ,explccl,3],6].{1};
jl44=Transvectant [prod[cc6,alpha],explccl,2],4].{1};
j161=Transvectant [exp[cc4,2] ,explccl,5],10].{1};

j162=Transvectant [exp[alpha,2],cc1,2].{1};
j181=Transvectant[Transvectant[cc3,cc2,1],explccl,7],14].{1};

j182=Transvectant [prod[ff,Transvectant[cc2,cc6,2]],explccl,6],12].{1};
j183=Transvectant [prod[cc6,Transvectant[cc2,ff,2]],explccl,6],12].{1};
j184=Transvectant [prod[cc6,Transvectant[cc2,cc6,1]],explccl,b],10].{1};
j18b=Transvectant [prod[cc6,Transvectant[cc6,cc5,1]],explccl,4],8].{1};
j186=Transvectant [prod[cc6,Transvectant[cc6,Transvectant[cc6,cc6,2],1]1],
explcc1,3],6].{1};

j187=Transvectant [prod[Transvectant[cc2,cc6,2],alphal ,explcc1,3],6].{1};
j188=Transvectant [Transvectant [Transvectant[cc6,cc5,1],alpha,1],explccl,2],4].{1};
j189=Transvectant [Transvectant [Transvectant[cc6,

Transvectant[cc6,cc6,2],1] ,alpha,1],ccl,2].{1};

j20=Transvectant [Transvectant[cc5,cch,2] ,exp[Transvectant[cc2,cch,4],2],4].{1};
j221=Transvectant [prod[alpha,Transvectant [alpha,cc5,1]],explccl,2],4].{1};
j222=Transvectant[ccl,prod[alpha,Transvectant[alpha,
Transvectant[cc6,cc6,2],1]1],2].{1};
j26=Transvectant[ccl,prod[alpha,Transvectant[alpha,

Transvectant [alpha,cc6,1],1]],2].{1};

j30=Transvectant [Transvectant[cc6,Transvectant[cc6,cc6,2],1],exp[alpha,3],3].{1};]
Out[1={1466.9,Null} // the computation took 1466.9 seconds

Here are the rank computations:

In[]:=listinv={j4,j81,j82,383,;121,j122,j123,j124,j125,j126,j141,j142,j143,j144,
ji61,j162,j181,j182,j183,j184,j185,j186,3187,j188,j189,320, j221,j222,j26, j30};
In[]:=1listdeg={{4,1},{8,3},{12,6},{14,4},{16,2},{18,9},{20,1},{22,2},{26,1},{30,1}};
In[]:=For[1=1,1<49,1++,pp=Timing[Dim[7,1,listinv,listdeg]l];

Print["Computation time: ",pp[[1]1]1];Print["=============="]]

Out[1=
There are no invariants of degree 1!

Computation time: 0.384024

There are no invariants of degree 2!
Computation time: 0.396025

There are no invariants of degree 3!
Computation time: 1.21608

<<The dimension of 0(V_7)"SL2_4 is 1
<<There are 0 invariants of degree 4 spanned by the given invariants
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of degrees <4

<<The subspace of 0(V_7)"SL2_4 spanned by the given invariants of
degrees <4 has dimension >=0

<<The subspace of 0(V_7)"SL2_4 spanned by the given invariants of
degrees <=4 has dimension >=1

Computation time: 19.7492

There are no invariants of degree 5!
Computation time: 0.400025

There are no invariants of degree 6!
Computation time: 0.408025

There are no invariants of degree 7!
Computation time: 1.21608

<<The dimension of 0(V_7)"SL2_8 is 4

<<There are 1 invariants of degree 8 spanned by the given invariants
of degrees <8

<<The subspace of 0(V_7)"SL2_8 spanned by the given invariants of
degrees <8 has dimension >=1

<<The subspace of 0(V_7)"SL2_8 spanned by the given invariants of
degrees <=8 has dimension >=4

Computation time: 46.0509

There are no invariants of degree 9!
Computation time: 0.396024

There are no invariants of degree 10!
Computation time: 0.408026

There are no invariants of degree 11!
Computation time: 1.24808

<<The dimension of 0(V_7)~SL2_12 is 10

<<There are 4 invariants of degree 12 spanned by the given
invariants of degrees <12

<<The subspace of 0(V_7)"SL2_12 spanned by the given invariants of
degrees <12 has dimension >=4

<<The subspace of 0(V_7)"SL2_12 spanned by the given invariants of
degrees <=12 has dimension >=10

Computation time: 99.4462

There are no invariants of degree 13!
Computation time: 0.416026

<<The dimension of 0(V_7)"SL2_14 is 4

<<There are 0 invariants of degree 14 spanned by the given
invariants of degrees <14

<<The subspace of 0(V_7)"SL2_14 spanned by the given invariants of
degrees <14 has dimension >=0

<<The subspace of 0(V_7)"SL2_14 spanned by the given invariants of
degrees <=14 has dimension >=4

Computation time: 45.2508

There are no invariants of degree 15!
Computation time: 0.396025
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<<The dimension of 0(V_7)"SL2_16 is 18

133

<<There are 16 invariants of degree 16 spanned by the given

invariants of degrees <16

<<The subspace of 0(V_7)"SL2_16 spanned by the given
degrees <16 has dimension >=16

<<The subspace of 0(V_7)"SL2_16 spanned by the given
degrees <=16 has dimension >=18

Computation time: 173.035

There are no invariants of degree 17!
Computation time: 0.396025

<<The dimension of 0(V_7)"SL2_18 is 13

<<There are 4 invariants of degree 18 spanned by the
invariants of degrees <18

<<The subspace of 0(V_7)"SL2_18 spanned by the given
degrees <18 has dimension >=4

<<The subspace of 0(V_7)~SL2_18 spanned by the given
degrees <=18 has dimension >=13

Computation time: 127.624

There are no invariants of degree 19!
Computation time: 0.396025

<<The dimension of 0(V_7)~SL2_20 is 35

invariants of

invariants of

given
invariants of

invariants of

<<There are 36 invariants of degree 20 spanned by the given

invariants of degrees <20

<<The subspace of 0(V_7)"SL2_20 spanned by the given
degrees <20 has dimension >=34

<<The subspace of 0(V_7)"SL2_20 spanned by the given
degrees <=20 has dimension >=35

Computation time: 320.972

There are no invariants of degree 21!
Computation time: 0.400025

<<The dimension of 0(V_7)~SL2_22 is 26

invariants of

invariants of

<<There are 25 invariants of degree 22 spanned by the given

invariants of degrees <22

<<The subspace of 0(V_7)"SL2_22 spanned by the given
degrees <22 has dimension >=24

<<The subspace of 0(V_7)"SL2_22 spanned by the given
degrees <=22 has dimension >=26

Computation time: 247.499

There are no invariants of degree 23!
Computation time: 0.392025

<<The dimension of 0(V_7)"SL2_24 is 62

invariants of

invariants of

<<There are 74 invariants of degree 24 spanned by the given

invariants of degrees <24

<<The subspace of 0(V_7)"SL2_24 spanned by the given
degrees <24 has dimension >=62

Computation time: 569.244

There are no invariants of degree 25!

invariants of
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Computation time: 0.392025

<<The dimension of 0(V_7)"SL2_26 is 52

<<There are 78 invariants of degree 26 spanned by the given

invariants of degrees <26

<<The subspace of 0(V_7)"SL2_26 spanned
degrees <26 has dimension >=51

<<The subspace of 0(V_7)"SL2_26 spanned
degrees <=26 has dimension >=52
Computation time: 478.346

<<The dimension of 0(V_7)~SL2_28 is 97

<<There are 135 invariants of degree 28
invariants of degrees <28

<<The subspace of 0(V_7)~SL2_28 spanned
degrees <28 has dimension >=97
Computation time: 884.471

<<The dimension of 0(V_7)"SL2_30 is 92
<<There are 171 invariants of degree 30
invariants of degrees <30

<<The subspace of 0(V_7)"SL2_30 spanned
degrees <30 has dimension >=91

<<The subspace of 0(V_7)"SL2_30 spanned
degrees <=30 has dimension >=92
Computation time: 832.364

<<The dimension of 0(V_7)"SL2_32 is 153
<<There are 270 invariants of degree 32
invariants of degrees <32

<<The subspace of 0(V_7)"SL2_32 spanned
degrees <32 has dimension >=153
Computation time: 1392.58

<<The dimension of 0(V_7)"SL2_34 is 144

<<There are 335 invariants of degree 34
invariants of degrees <34

<<The subspace of 0(V_7)~SL2_34 spanned
degrees <34 has dimension >=144
Computation time: 1304.78

<<The dimension of 0(V_7)"SL2_36 is 229
<<There are 513 invariants of degree 36
invariants of degrees <36

<<The subspace of 0(V_7)"SL2_36 spanned
degrees <36 has dimension >=229
Computation time: 2080.95

<<The dimension of 0(V_7)"SL2_38 is 223

<<There are 679 invariants of degree 38
invariants of degrees <38

by the given invariants

by the given invariants

spanned by the given

by the given invariants

spanned by the given
by the given invariants

by the given invariants

spanned by the given

by the given invariants

spanned by the given

by the given invariants

spanned by the given

by the given invariants

spanned by the given

of

of

of

of

of

of

of

of
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<<The subspace of 0(V_7)"SL2_38 spanned by the given invariants of
degrees <38 has dimension >=223
Computation time: 2015.41

<<The dimension of 0(V_7)"SL2_40 is 325

<<There are 940 invariants of degree 40 spanned by the given
invariants of degrees <40

<<The subspace of 0(V_7)"SL2_40 spanned by the given invariants of
degrees <40 has dimension >=325

Computation time: 2927.34

<<The dimension of 0(V_7)"SL2_48 is 624

<<There are 3262 invariants of degree 48 spanned by the given
invariants of degrees <48

<<The subspace of 0(V_7)"SL2_48 spanned by the given invariants of
degrees <48 has dimension >=624

Computation time: 5661.69

A.3 The invariants of the binary nonic

Here are the computations supporting the proof of Proposition 4.8.6. We first
write a matrix MM with 4000 evaluations at random points in Vg of the 92 in-
variants found in Proposition 4.8.6:

In[]:=MM={}; For[p=1,p<4001,p++,
ff=Table[Binomial[9,i]*a[9-i],{i,0,9}1/.{
a[9]->Random[Integer,{-10,10}],a[8]->Random[Integer,{-10,10}],
a[7]->Random[Integer,{-10,10}],a[6]->Random[Integer,{-10,10}],
a[b]->Random[Integer,{-10,10}],a[4]->Random[Integer,{-10,10}],
a[3]->Random[Integer,{-10,10}],a[2]->Random[Integer,{-10,10}],
a[1]->Random[Integer,{-10,10}],a[0]->Random[Integer,{-10,10}]1};
ccl=Transvectant [ff,ff,8] ;cc2=Transvectant [ff,ff,6];
cc3=Transvectant [ff,ff,4] ;cc4=Transvectant [ff,ff,2];
ccb=Transvectant [ff,cc1,2];cc6=Transvectant[ff,cc2,6];
cc7=Transvectant [¢cc2,cc2,4] ;cc8=Transvectant[cc5,cc5,6];
cc9=Transvectant [cch,cch,4] ;ccl0=Transvectant [cc5,cc8,2];
ccli=Transvectant[cc9,cc9,4];ccl2=Transvectant[cc9,ccll,4];
ccl3=Transvectant[cc2,cc7,4];ccld=Transvectant[cc6,cc6,2];
cclb=Transvectant[cc2,cc4,6];ccl6=Transvectant[cc2,cc4,4];
ccl7=Transvectant[cc2,cc3,6];ccl8=Transvectant[cc5,cc6,3];
ccl9=Transvectant[ccl,cc3,2];cc20=Transvectant [ff,cc1,2];
cc21l=Transvectant [ff,cc2,2] ;cc22=Transvectant [ff,cc3,6];
cc23=Transvectant [ff,cc3,8] ;cc24=Transvectant [ff,cc4,8];
cc2b=Transvectant[cc4,cc4,10] ;cc26=Transvectant[cc3,cc3,6];
cc27=Transvectant [exp[cc6,3],cc6,3];cc28=Transvectant [cc3,cc4,10];
cc29=Transvectant [cc2,cc4,2] ;cc30=Transvectant[cc3,cc4,8];
j41=Transvectant[ccl,ccl,2].{1};j42=Transvectant[cc2,cc2,8].{1};
j82=Transvectant[cc7,cc7,4].{1};j83=Transvectant[cc8,cc1,2].{1};
j81=Transvectant[cc2,explcc6,2],6] .{1};
j84=Transvectant[cc7,explccl,2],4].{1};
j85=Transvectant [cc7,cc17,4].{1};j102=Transvectant[cc18,cc7,4].{1};
j103=Transvectant[cc18,explccl,2],4].{1};
j104=Transvectant [Transvectant[cc6,cc22,3] ,Transvectant[cc3,cc3,8],4].{1};
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j105=Transvectant [Transvectant [Transvectant[cc26,ff,6],cc20,3],cc2,6].{1};
j101=Transvectant [Transvectant [Transvectant[cc25,ff,6],cc21,5],cc2,6].{1};
j121=Transvectant[Transvectant [cc7,cc7,2],cc7,4].{1};
j122=Transvectant[cc9,explccl,3],6].{1};j123=Transvectant[cc14,cc14,2].{1};
j124=Transvectant [Transvectant[exp[cc2,2],cc2,6],explcc6,2],6]1.{1};
j12b=Transvectant[cc8,cc8,2] .{1};j126=Transvectant[cc8,cc13,2].{1};
j127=Transvectant [Transvectant[cc7,cc2,2] ,Transvectant[cc7,cc3,4],6].{1};
j128=Transvectant [Transvectant[cc7,cc3,2],Transvectant [cc7,cc4,4],10].{1};
j129=Transvectant[cc14,cc8,2].{1};j1210=Transvectant [cc14,cc13,2].{1};
j1211=Transvectant [exp[cc6,2],Transvectant[cc7,cc3,4],8].{1};
j1212=Transvectant [prod[cc6,cc5],Transvectant [cc7,cc3,2],10].{1};
j1213=Transvectant [Transvectant[cc6,cc5,2] ,Transvectant[cc7,cc2,2],6].{1};
j1214=Transvectant [Transvectant[cc8,cc4,2] ,explcc2,2],12].{1};
jl41=Transvectant[cc2,cc27,6].{1};
j142=Transvectant[cc2,Transvectant [prod[cc28,ccl17] ,prod[ccl,cc2],5],8].{1};
j143=Transvectant [cc4,Transvectant [prod[cc15,cc19],prodlccl,cc4],9],14].{1};
jl44=Transvectant[ccl,Transvectant [prod[cc15,cc19],prod[ccl,cc4],15],2].{1};
j145=Transvectant [cc2,Transvectant [prod[cc15,cc19],prodlccl,cc4],13],6]1.{1};
jl46=Transvectant[cc3,Transvectant [prod[cc15,cc19],prodlccl,ccd],11]1,10].{13};
jl47=Transvectant[ccl,Transvectant [prod[Transvectant[cc3,cc4,10],ccl7],
prod[cel,cc2],7],2].{1};
j148=Transvectant[cc3, Transvectant[prod[cc28,ccl17],prodlccl,cc2],3],10].{1};
j149=Transvectant [cc4,Transvectant [prod[cc28,ccl17],prodlccl,cc2],1],14]1.{1};
j1410=Transvectant [Transvectant [Transvectant[cc16,cc19,6],cc2,5],
explccl,2],4].{1};
jl411=Transvectant [Transvectant [Transvectant[cc16,cc19,4],ccl,1],
explcc2,2],12] .{1};
jl412=Transvectant[Transvectant [Transvectant[cc16,cc19,2],cc2,1],
explce3,2],20].{1};
j1413=Transvectant[Transvectant [prod[cc29,cc19],cc2,1],explcc4,2],28].{1};
jl414=Transvectant[Transvectant[cc16,cc19,7],explccl,3],6].{1};
jl41b=Transvectant[Transvectant[cc16,cc19,1],exp[cc2,3],18].{1};
jl416=Transvectant [Transvectant [prod[cc2,cc4],prod[ccl,cc3],1],explcec3,3],30].{1};
j1417=Transvectant [Transvectant [cc29,cc3,1],expl[cc2,4],24] .{13};
jl61=Transvectant [Transvectant[cc5,ccb,2],explccl,5],10].{1};
j162=Transvectant [prod[cc7,cc8],explcc6,2],6].{1};
j163=Transvectant [exp[cc7,3],Transvectant[ccl,cc4,2],12].{1};
j164=Transvectant[explcc7,3],Transvectant [cc2,cc3,2],12] .{1};
j165=Transvectant [exp[cc6,4] ,Transvectant[cc2,cc3,2],12].{1};
j166=Transvectant[exp[cc6,4],Transvectant [ccl,cc4,2],12] .{1};
j167=Transvectant [prod[exp[ccl,4],cc2],explcch5,2],14].{1};
j168=Transvectant [exp[ccl,4] ,Transvectant [prod[cc2,cc3],prod[cc2,cc1],8],8].{1};
j169=Transvectant[explccl,4],Transvectant [prod[cc2,cc3],prod[cc3,cc4],16],8]1.{1};
j1610=Transvectant[exp[ccl,4],Transvectant [exp[cc4,2],prod[cc2,cc4],20]1,8].{1};
j1611=Transvectant[exp[cc7,2],Transvectant [exp[cc4,2] ,prod[cc2,cc4],20],8].{1};
j1612=Transvectant[exp[cc7,2],Transvectant [prod[cc3,cc4],prod[cc2,cc3],16],8].{1};
j1613=Transvectant [exp[cc7,2],Transvectant [prod[cc3,cc2],prod[cc2,cc1],8],8].{1};
j1614=Transvectant[exp[cc7,2], Transvectant[cc16,Transvectant[cc3,cc1,2],6],8].{1};
j1615=Transvectant [exp[ccl,4],Transvectant[ccl16,Transvectant [cc3,cc1,2],6],8].{1};
j1616=Transvectant[exp[ccl,4],Transvectant [cc30,Transvectant[cc3,cc2,4],4],8].{1};
j1617=Transvectant[exp[cc7,2],Transvectant [cc30,Transvectant[cc3,cc2,4],4],8].{1};
j1618=Transvectant[exp[cc7,2],Transvectant [cc29,cc19,8],8].{1};
j1619=Transvectant[exp[ccl,4],Transvectant[cc29,cc19,8],8].{1};
j1620=Transvectant [exp[cc2,4],prod[cc29,cc19],24].{1};
j1621=Transvectant [prod[exp[cc2,2],exp[ccl,2]],Transvectant[cc16,cc19,2],16].{1};
j181=Transvectant [Transvectant [Transvectant[cc2,cc2,2],cc2,1] ,explcc6,4],12].{1};
j182=Transvectant [exp[cc8,2],cc18,4].{1};
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j183=Transvectant [Transvectant [cc7,prod[ccl,cc8],2],cc18,4].{1};
j184=Transvectant [exp[cc7,2] ,Transvectant [cc30,Transvectant[cc3,
Transvectant [ff,Transvectant [ff,cc2,3],6],4],4],8].{1};
j18b=Transvectant[exp[ccl,2] ,Transvectant [Transvectant[cc29,cc3,1],
explcc2,4],22],4].{13};
j186=Transvectant[explccl,2],Transvectant [Transvectant[
prod[cc2,cc4],prod[ccl,cc3],1],explcc3,3],28]1,4].{1};
j187=Transvectant[explccl,2],Transvectant[
Transvectant[cc16,cc19,1],explcc2,3],16],4].{1};

j188=Transvectant [prod[ccl,cc2],Transvectant [
Transvectant[cc16,cc19,7],explccl,3],2],8].{1};
j189=Transvectant[exp[ccl,2],Transvectant [

Transvectant [prod[cc29,cc19],cc2,1] ,explcc4,2],26],4].{1};
j1810=Transvectant [exp[ccl,2],Transvectant [Transvectant[
Transvectant[cc16,cc19,2],cc2,1],explce3,2],18],4].{1};
j1811=Transvectant[exp[ccl,2],Transvectant [Transvectant[
Transvectant[cc16,cc19,4],ccl,1],explcc2,2],10],4].{1};

j1812=Transvectant [prod[ccl,cc2],prod[Transvectant [
Transvectant[cc16,cc19,6],cc2,5] ,explccl,2]],8].{1};

j1813=Transvectant [exp[ccl,2],Transvectant[cc4,

Transvectant [prod[cc28,cc17],prod[ccl,cc2],1],12],4].{1};
j1814=Transvectant[exp[ccl,2],Transvectant[cc3,

Transvectant [prod[cc28,cc17],prod[lccl,cc2],3]1,8],4].{1};
j18156=Transvectant [exp[ccl,2],Transvectant[cc2,

Transvectant [prod[cc15,cc19],prodlccl,cc4],13],4],4].{1};
j1816=Transvectant [prod[ccl,cc2],Transvectant[cc2,

Transvectant [prod[cc15,cc19],prod[ccl,cc4],13]1,2],8].{1};
j1817=Transvectant[exp[ccl,2],Transvectant[cc4,

Transvectant [prod[cc15,cc19],prod[ccl,cc4],9],12],4].{1};
j1818=Transvectant[exp[ccl,2],Transvectant[cc2,

Transvectant [prod[cc28,ccl17],prod[ccl,cc2],5],4],4].{1};
j1819=Transvectant [prod[ccl,cc2],Transvectant [cc2,

Transvectant [prod[cc28,cc17],prod[ccl,cc2],5],2],8].{1};
j1820=Transvectant [prod[ccl,cc2],Transvectant [cc4,

Transvectant [prod[cc15,cc19],prodlccl,cc4],9],10]1,8].{1};
j1821=Transvectant [prod[ccl,cc2],Transvectant[cc3,

Transvectant [prod[cc28,cc17],prod[ccl,cc2],3]1,6],8].{1};
j1822=Transvectant [prod[ccl,cc2],Transvectant[cc4,

Transvectant [prod[cc28,cc17],prod[ccl,cc2],1],10]1,8].{1};
j1823=Transvectant [exp[ccl4,2],cc18,4].{1};

j1824=Transvectant [prod[cc2,cc3],Transvectant [Transvectant[
Transvectant[cc16,cc19,2],cc2,1] ,exp[cc3,2],12],16].{1};
j1826=Transvectant [prod[cc2,cc3],Transvectant[

Transvectant [prod[cc29,cc19],cc2,1] ,explcc4,2],20],16] .{1};
j201=Transvectant[cc2,prod[explccl4,2],cc14],6].{1};

j202=Transvectant [Transvectant[cc2,cc27,4] ,Transvectant [cc24,cc23,3],4].{1};
j203=Transvectant[exp[cc13,2],Transvectant[cc7,cc7,2],4].{1};
j204=Transvectant [exp[cch5,2] ,explccl,7],14].{1};

j22=Transvectant [exp[ccl,2],Transvectant [prod[cc2,cc3],Transvectant [
Transvectant [prod[cc29,cc19],cc2,1] ,explcc4,2],20],14],4] .{1};

MM=Append [MM, {j41, 42,381,182, j83,j84,3i85,7101,j102,103,§104,j105,§121,j122,
j123,j124,7125,j126,1127,1128,§129,§1210,j1211, 1212, j1213,j1214, j141, j142,
j143,j144,145,7146,1147,3148,j149,11410,j1411,j1412, 1413, 1414, j1415, j1416,
j1417,1161,1162, 163,164, j165, 166,167, j168,j169,j1610,§1611,j1612, 1613,
j1614,3j1615,j1616,j1617,j1618,1619,11620,j1621,j181,§182,1183, j184, 185,186,
j187,3188,3189,31810,j1811,j1812,11813,j1814, 1815, j1816,§1817, j1818, §1819,
31820, j1821,j1822,3j1823,j1824,31825,§201,j202,203,3204,322}1]
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Here are the rank computations:

In[]:=listdeg={{4,2},{8,5},{10,5},{12,14},{14,17},{16,21},{18,25},{20,2},{22,1}};
In[]:=For[l = 1,1<31,1++,pp = Timing[Dim2[9,1,MM,listdegl];

Print["Computation time: ",pp[[1]1]]; Print["=============="]]

Out[]=

There are no invariants of degree 1!

Computation time: 0.

There are no invariants of degree 2!
Computation time: 0.004001

There are no invariants of degree 3!
Computation time: 0.

<<The dimension of 0(V_9)"SL2_4 is 2

<<The set of invariants of degree 4 spanned by the given invariants
of degrees <4 has size 0

<<The subspace of 0(V_9)"SL2_4 spanned by the given invariants of
degrees <4 has dimension >=0

<<The subspace of 0(V_9)"SL2_4 spanned by the given invariants of
degrees <=4 has dimension >=2

Computation time: 0.008001

There are no invariants of degree 5!
Computation time: 0.

There are no invariants of degree 6!
Computation time: 0.008001

There are no invariants of degree 7!
Computation time: O.

<<The dimension of 0(V_9)"SL2_8 is 8

<<The set of invariants of degree 8 spanned by the given invariants
of degrees <8 has size 3

<<The subspace of 0(V_9)"SL2_8 spanned by the given invariants of
degrees <8 has dimension >=3

<<The subspace of 0(V_9)"SL2_8 spanned by the given invariants of
degrees <=8 has dimension >=8

Computation time: 0.024002

There are no invariants of degree 9!
Computation time: 0.

<<The dimension of 0(V_9)"SL2_10 is 5

<<The set of invariants of degree 10 spanned by the given invariants
of degrees <10 has size 0

<<The subspace of 0(V_9)~SL2_10 spanned by the given invariants of
degrees <10 has dimension >=0

<<The subspace of 0(V_9)~SL2_10 spanned by the given invariants of
degrees <=10 has dimension >=5

Computation time: 0.028002

There are no invariants of degree 11!
Computation time: 0.

<<The dimension of 0(V_9)~SL2_12 is 28
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<<The set of invariants of degree 12 spanned by the given invariants
of degrees <12 has size 14

<<The subspace of 0(V_9)"SL2_12 spanned by the given invariants of
degrees <12 has dimension >=14

<<The subspace of 0(V_9)~SL2_12 spanned by the given invariants of
degrees <=12 has dimension >=28

Computation time: 0.060003

There are no invariants of degree 13!
Computation time: 0.004

<<The dimension of 0(V_9)~SL2_14 is 27

<<The set of invariants of degree 14 spanned by the given invariants
of degrees <14 has size 10

<<The subspace of 0(V_9)"SL2_14 spanned by the given invariants of
degrees <14 has dimension >=10

<<The subspace of 0(V_9)"SL2_14 spanned by the given invariants of
degrees <=14 has dimension >=27

Computation time: 0.064005

There are no invariants of degree 15!
Computation time: O.

<<The dimension of 0(V_9)"SL2_16 is 84

<<The set of invariants of degree 16 spanned by the given invariants
of degrees <16 has size 63

<<The subspace of 0(V_9)"SL2_16 spanned by the given invariants of
degrees <16 has dimension >=63

<<The subspace of 0(V_9)"SL2_16 spanned by the given invariants of
degrees <=16 has dimension >=84

Computation time: 0.296018

There are no invariants of degree 17!
Computation time: 0.

<<The dimension of 0(V_9)~SL2_18 is 99

<<The set of invariants of degree 18 spanned by the given invariants
of degrees <18 has size 74

<<The subspace of 0(V_9)~SL2_18 spanned by the given invariants of
degrees <18 has dimension >=74

<<The subspace of 0(V_9)"SL2_18 spanned by the given invariants of
degrees <=18 has dimension >=99

Computation time: 0.428027

There are no invariants of degree 19!
Computation time: 0.

<<The dimension of 0(V_9)"SL2_20 is 217

<<The set of invariants of degree 20 spanned by the given invariants
of degrees <20 has size 225

<<The subspace of 0(V_9)~SL2_20 spanned by the given invariants of
degrees <20 has dimension >=215

<<The subspace of 0(V_9)~SL2_20 spanned by the given invariants of
degrees <=20 has dimension >=217

Computation time: 2.28014

There are no invariants of degree 21!
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Computation time: O.

<<The dimension of 0(V_9)"SL2_22 is 273

<<The set of invariants of degree 22 spanned by the given invariants
of degrees <22 has size 326

<<The subspace of 0(V_9)"SL2_22 spanned by the given invariants of
degrees <22 has dimension >=272

<<The subspace of 0(V_9)"SL2_22 spanned by the given invariants of
degrees <=22 has dimension >=273

Computation time: 5.63635

<<The dimension of 0(V_9)"SL2_24 is 506

<<The set of invariants of degree 24 spanned by the given invariants
of degrees <24 has size 700

<<The subspace of 0(V_9)~SL2_24 spanned by the given invariants of
degrees <24 has dimension >=506

Computation time: 9.88062

<<The dimension of 0(V_9)~SL2_26 is 647

<<The set of invariants of degree 26 spanned by the given invariants
of degrees <26 has size 1098

<<The subspace of 0(V_9)"SL2_26 spanned by the given invariants of
degrees <26 has dimension >=647

<<The dimension of 0(V_9)"SL2_28 is 1066

<<The set of invariants of degree 28 spanned by the given invariants
of degrees <28 has size 2040

<<The subspace of 0(V_9)~SL2_28 spanned by the given invariants of
degrees <28 has dimension >=1066

Computation time: 74.5487

<<The dimension of 0(V_9)~SL2_30 is 1367

<<The set of invariants of degree 30 spanned by the given invariants
of degrees <30 has size 3231

<<The subspace of 0(V_9)"SL2_30 spanned by the given invariants of
degrees <30 has dimension >=1367

Computation time: 173.235

<<The dimension of 0(V_9)"SL2_32 is 2082

<<The set of invariants of degree 32 spanned by the given invariants
of degrees <32 has size 5614

<<The subspace of 0(V_9)~SL2_32 spanned by the given invariants of
degrees <32 has dimension >=2082

Computation time: 563.463

A.4 The invariants of the binary decimic

140

Here are the computations supporting the proof of Proposition 4.9.3. We first
write a matrix MM with 3000 evaluations at random points in Vig of the 106
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generating invariants from Proposition 4.9.3:

Timing [MM={};For[p=1,p<3001,p++,ff=Table[Binomial [10,i]*a[10-i],{i,0,103}1/.
Table[a[i]->Random[Integer,{-4,4}],{i,0,10}];
ccl=Transvectant [ff,ff,8] ;cc2=Transvectant [ff,ff,6];
cc3=Transvectant [ff,ff,4] ;cc4=Transvectant [ff,ff,2];

ccb=Transvectant [ff,ccl,4];cc6=Transvectant[ff,cc2,8];
cc7=Transvectant [cc2,cc2,6] ;cc8=Transvectant[cc5,cc5,4];
cc9=Transvectant [¢cc2,c¢cc7,4] ;ccl0=Transvectant[ccl,ccl,2];
ccli=Transvectant[cc4,cc4,14];ccl2=Transvectant[cc3,cc3,10];
ccl3=Transvectant[cc10,ccl,2];ccl4=Transvectant[cc8,cc5,4];
cclb=Transvectant[cc2,cc2,4] ;ccl6=Transvectant[cc5,cc5,2];
ccl7=Transvectant[cc4,cc2,4];ccl8=Transvectant[cc4,cc2,2];
ccl9=Transvectant[cc5,ccl,1];cc20=Transvectant[cc5,cc3,1];
cc21l=Transvectant[cc5,cc2,1];cc22=Transvectant[ccl,cc2,2];
cc23=Transvectant[ccl,cc4,4];cc24=Transvectant[cc7,cc9,2];
cc2b=Transvectant[cc7,cc7,2]; j2=Transvectant [ff,ff,10].{1};
j4=Transvectant[ccl,ccl,4].{1};j61=Transvectant[ccb,cc5,6].{1};
j62=Transvectant[cc10,ccl,4].{1};j63=Transvectant[cc15,cc2,8].{1};
jB4=Transvectant [cc6,cc6,2] .{1};j81=Transvectant[cc8,ccl,4].{1};
j82=Transvectant[cc7,cc7,4].{1};j83=Transvectant[ccl12,cc7,4].{1};
j84=Transvectant[cc10,cc11,4].{1};j85=Transvectant[ccll,ccll,4].{1};
j91=Transvectant[cc19,explccl,2],8].{1};j92=Transvectant[cc20,explcc2,2],16].{1};
j93=Transvectant [cc21,prod[cc2,cc1],12].{1};

j94=Transvectant [Transvectant[cc5,cc4,1],prod[cc2,cc3],20].{1};

j95=Transvectant [Transvectant[cc6,cc4,1],exp[cc2,2],16].{1};
jl101=Transvectant[cc16,explccl,2],8] .{1};jl02=Transvectant[cc9,cc7,4].{1};
j103=Transvectant[cc7,exp[cc6,2],4] .{1};j104=Transvectant[cc9,cc12,4].{1};
j105=Transvectant [Transvectant [cc23,cc22,6],cc2,8] .{1};

j106=Transvectant [prod[cc8,ccb],ff,10].{1};

j107=Transvectant [Transvectant [Transvectant[ccl,cc3,2],cc17,12],cc1,4].{1};
j108=Transvectant [Transvectant [Transvectant[ccl,cc3,2],cc18,8],cc4,16].{1};
jl1i=Transvectant [Transvectant[cc19,explccl,2],4],cc2,8].{1};

j112=Transvectant [Transvectant[cc19,explccl,2],2],cc3,12].{1};

j113=Transvectant [prod[cc19,explccl,2]],cc4,16].{1};
jl14=Transvectant[Transvectant[cc20,explcc2,2],14],ccl,4].{1};

jl15=Transvectant [Transvectant[cc20,exp[cc2,2],12],cc2,8].{1};
jl16=Transvectant[Transvectant [cc20,expl[cc2,2],10],cc3,12].{1};
j117=Transvectant [Transvectant [cc20,exp[cc2,2],8],cc4,16].{1};

j118=Transvectant [Transvectant[cc21,prod[cc2,cc1],10],cc1,4].{1};
j121=Transvectant[cc8,cc8,4] .{1};j122=Transvectant [exp[cc5,2],explccl,3],12].{1};
j123=Transvectant[cc25,cc7,4].{1};

j124=Transvectant [Transvectant[ccl16,explccl,2],6],ccl,4].{1};
j1256=Transvectant[cc24,ccl,4].{1};

j126=Transvectant [Transvectant[ccl16,explccl,2],4],cc2,8].{1};

j127=Transvectant [Transvectant[cc16,explccl,2],2],cc3,12].{1};

j128=Transvectant [prod[cc16,explccl,2]],cc4,16].{1};
j129=Transvectant [Transvectant [cc7,exp[cc6,2],2],cc1,4].{1};

j1210=Transvectant [prod[cc7,exp[cc6,2]],cc2,8].{1};

j1211=Transvectant [Transvectant[cc9,cc12,2],cc1,4] .{1};

j1212=Transvectant [Transvectant [Transvectant[cc23,cc22,6],cc2,6],ccl,4].{1};
j131=Transvectant[Transvectant [Transvectant[cc19,exp[ccl,2],4],cc2,6],ccl,4].{1};
j132=Transvectant [Transvectant [Transvectant[cc19,exp[ccl,2],4],cc2,4],cc2,8].{1};
j133=Transvectant [Transvectant [Transvectant[cc19,exp[cc1,2],4],cc2,2],cc3,12].{1};
j134=Transvectant [Transvectant [Transvectant[cc19,exp[ccl1,2],2],¢c3,10],cc1,4].{1};
j135=Transvectant [Transvectant[Transvectant[cc19,exp[ccl,2],2],cc3,8],cc2,8].{1};
j136=Transvectant [Transvectant [Transvectant[cc19,exp[ccl,2],2],¢cc3,6],cc3,12].{1};
j137=Transvectant [Transvectant [Transvectant[cc20,exp[cc2,2],14],cc1,2],ccl,4].{13};
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j138=Transvectant [prod[Transvectant [cc20,exp[cc2,2],14],ccl1],cc2,8] .{1};

j139=Transvectant [Transvectant [Transvectant[cc20,exp[cc2,2],12],cc2,6],ccl,4].{1};

j1310=Transvectant [Transvectant [Transvectant [cc20,expl[cc2,2],12],cc2,4],cc2,8] .{1};

j1311=Transvectant [Transvectant [Transvectant [cc20,expl[cc2,2],12],¢cc2,2],cc3,12].{1};

j1312=Transvectant[Transvectant [Transvectant[cc20,exp[cc2,2],10],cc3,10],cc1,4].{1};

j1313=Transvectant [Transvectant [Transvectant [cc20,explcc2,2],10],¢cc3,8],cc2,8].{1};

j1314=Transvectant[Transvectant [Transvectant[cc20,exp[cc2,2],10],cc3,6]1,cc3,12].{1};

j13156=Transvectant [Transvectant [Transvectant [cc20,explcc2,2],8],cc4,14],cc1,4] .{1};

jl41=Transvectant[cc25,cc9,4].{1};j142=Transvectant [exp[cc10,2],cc16,8].{1};

j143=Transvectant[Transvectant[cc8,cc8,2],ccl,4].{1};

jl44=Transvectant [exp[cc8,2],cc2,8].{1};

jl45=Transvectant [Transvectant [exp[cc5,2],explcc1,3],10],cc1,4].{1};

jl46=Transvectant [Transvectant [exp[cc5,2],exp[ccl,3],8],cc2,8].{1};

jl47=Transvectant [Transvectant [exp[cc5,2] ,explccl,3],6],cc3,12].{1};

j148=Transvectant [Transvectant [exp[cc5,2],explccl,3],4],cc4,16].{1};

j149=Transvectant [prod[Transvectant[cc16,exp[ccl,2],6],ccl1],cc2,8].{1};

j1410=Transvectant [Transvectant[cc24,cc1,2],cc1,4] .{1};

jl411=Transvectant [prod[cc24,ccl],cc2,8].{1};

jl412=Transvectant [Transvectant [Transvectant[cc16,exp[ccl,2],4],cc2,6],ccl,4].{1};

j1413=Transvectant [Transvectant [Transvectant[ccl16,explccl,2],4],cc2,4],cc2,8].{1};

j1b1=Transvectant [Transvectant [Transvectant [Transvectant[cc19,exp[ccl,2],4],cc2,6],
ccl,2],cc1,4] .{1};

j162=Transvectant [prod[Transvectant[Transvectant[cc19,exp[ccl,2],4],cc2,6],ccl],
cc2,8].{1};

j153=Transvectant [Transvectant [Transvectant [Transvectant[cc19,exp[ccl,2],4],cc2,4],
cc2,6],cc1,4] .{1};

j164=Transvectant [Transvectant [Transvectant [Transvectant [cc19,explccl,2],4],cc2,4],
cc2,4],cc2,8].{1};

j16b=Transvectant [Transvectant [Transvectant [Transvectant [cc19,explccl,2],4],cc2,4],
cc2,2],cc3,12].{1};

j166=Transvectant [Transvectant [Transvectant [Transvectant [cc19,explccl,2],4],cc2,2],
cc3,10],cc1,4].{1};

j157=Transvectant [Transvectant [Transvectant [Transvectant [cc19,explccl,2],4],cc2,2],
cc3,8],cc2,8].{1};

j168=Transvectant [Transvectant [Transvectant [Transvectant[cc19,exp[ccl,2],4],cc2,2],
cc3,6],cc3,12].{1};

j169=Transvectant [Transvectant [Transvectant [Transvectant[cc19,exp[ccl,2],2],cc3,10],
ccl,2],cc1,4] .{1};

j1510=Transvectant [prod[Transvectant [Transvectant[cc19,exp[ccl,2],2],cc3,10],ccl],
cc2,8].{1};

j1b11=Transvectant [Transvectant [Transvectant[Transvectant[cc19,exp[ccl,2],2],cc3,8],
cc2,6],ccl,4].{1};

j1612=Transvectant [Transvectant [Transvectant [Transvectant[cc19,exp[ccl,2],2],¢cc3,8],
cc2,4],cc2,8].{1};

j1513=Transvectant [Transvectant [Transvectant [Transvectant[cc19,exp[ccl,2],2],¢cc3,8],
cc2,2],cc3,12].{1};

j1514=Transvectant [prod[Transvectant [Transvectant [cc20,exp[cc2,2],14],ccl,2],ccl],
cc2,8].{1};

j1515=Transvectant [Transvectant [Transvectant [Transvectant [cc20,exp[cc2,2],12],cc2,8],
ccl,2],cc1,4].{1};

j1516=Transvectant [Transvectant [prod[Transvectant[cc20,exp[cc2,2],14],ccl],cc2,6],
cecl,4].{1};

j1617=Transvectant [Transvectant [prod[Transvectant[cc20,exp[cc2,2],14],ccl],cc2,4],

cc2,8].{1};

j1518=Transvectant [Transvectant [prod[Transvectant[cc20,exp[cc2,2],14],ccl],cc2,

2],cc3,12].{1};

j1519=Transvectant [Transvectant [Transvectant [Transvectant [cc20,exp[cc2,2],12],
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cc2,2],¢cc3,8],cc2,8].{1};

jl61=Transvectant [Transvectant[cc25,cc9,2],ccl,4].{1};

j162=Transvectant [prod[cc25,cc9],cc2,8].{1};

j163=Transvectant [Transvectant [Transvectant[cc8,cc8,2],cc1,2],ccl1,4].{1};

jl64=Transvectant [Transvectant[exp[cc8,2],cc2,8],ccl,4].{1};

j16b=Transvectant [Transvectant [Transvectant[exp[cch,2],explccl,3],8],cc2,6],
ccl,4].{1};

j171=Transvectant [Transvectant [prod[Transvectant [Transvectant[cc19,exp[ccl,2],4],
cc2,6],cc1],cc2,6],ccl,4].{1};

j172=Transvectant [Transvectant [Transvectant [Transvectant [Transvectant[ccl9,
explccl,2],4],cc2,4],cc2,2],cc3,10],ccl,4].{1};

j173=Transvectant[Transvectant [Transvectant [Transvectant [Transvectant[cc19,
explcel,2],4],¢cc2,2],¢cc3,10],cc1,2],cc1,4].{1};

j174=Transvectant[Transvectant [Transvectant [Transvectant [Transvectant [cc20,
explce2,2],12],¢cc2,2],cc3,8],cc2,4],cc2,8].{1};

j175=Transvectant [Transvectant [Transvectant [prod[Transvectant [cc20,exp[cc2,2],14],
ccl],cc2,2],cc3,8],cc2,8].{1};

j18=Transvectant [prod[Transvectant [exp[cc5,2],explccl,3],4],cc4],Transvectant [
exp[ff,2],exp[ff,2],4]1,32].{1};

j191=Transvectant [prod[Transvectant [Transvectant [Transvectant[cc19,exp[ccl,2],4],
cc2,2],cc3,6],cc3] ,Transvectant [exp[ff,2] ,,exp[ff,2],8],24].{1};

j192=Transvectant [prod[cc24,Transvectant [ff,Transvectant [Transvectant [ff,
Transvectant [exp[ff,2],cc4,8],5],f£,10]1,8]1],cc2,8].{1};

j211=Transvectant [Transvectant[cc25,ff,1],explcc7,3],12].{1};

j212=Transvectant [Transvectant [Transvectant [Transvectant [Transvectant [
explcc10,3],£f,8],£f,4],ff,6],cc19,2],££,10] .{1};

MM=Append [MM, {j2, j4, j61, 62,3763, j64,j81,382,i83,j84, 85,391,392, 93,794,395, 101,
j102,3103,3§104,§105,3106,j107,3108,j111,§112,§113,j114,j115, 116,117,118, 121,
j122,3123,j124,125,126,1127,§128,§129,§1210,j1211,§1212, j131, j132, j133, j134, j135,
j136,3137,j138,§139,31310,1311,§1312,j1313,j1314, 1315, j141,142, 1143, j144, j145,
j146,3147,3148, 149, 1410, j1411,j1412, j1413, 151, j152, 153, {154, {155,156, j157, j158,
j159,j1510,j1511,j1512,3j1513,j1514, j1515,j1516,j1517,j1518,j1519,j161,j162,j163,j164,
j165,3171,j172,j173,§174,§175,§18, 191,192,211, §212}111

Here are the rank computations:

In[]:=listdeg={{2,1},{4,1},{6,4},{8,5},{9,5},{10,8},{11,8},{12,12},{13,15},{14,13%},
{15,19},1{16,53,{17,5},{18,1},{19,2},{21,23}3};
In[]:=For[1=1,1<27,1++,pp=Timing[Dim2[10,1,MM,1listdegl];

Print["Computation time: ",pp[[1]1]1];Print["=============="]]

Out[]=
There are no invariants of degree 1!

Computation time: 0.044003

<<The dimension of 0(V_10)"SL2_2 is 1

<<The set of invariants of degree 2 spanned by the given invariants
of degrees <2 has size 0

<<The subspace of 0(V_10)"SL2_2 spanned by the given invariants of
degrees <2 has dimension >=0

<<The subspace of 0(V_10)"SL2_2 spanned by the given invariants of
degrees <=2 has dimension >=1

Computation time: 0.008001

There are no invariants of degree 3!
Computation time: 0.004

<<The dimension of 0(V_10)"SL2_4 is 2
<<The set of invariants of degree 4 spanned by the given invariants



APPENDIX A. COMPUTATIONS

of degrees <4 has size 1

<<The subspace of 0(V_10)"SL2_4 spanned by the given invariants of
degrees <4 has dimension >=1

<<The subspace of 0(V_10)"SL2_4 spanned by the given invariants of
degrees <=4 has dimension >=2

Computation time: 0.008

There are no invariants of degree 5!
Computation time: 0.008

<<The dimension of 0(V_10)"SL2_6 is 6

<<The set of invariants of degree 6 spanned by the given invariants
of degrees <6 has size 2

<<The subspace of 0(V_10)"SL2_6 spanned by the given invariants of
degrees <6 has dimension >=2

<<The subspace of 0(V_10)"SL2_6 spanned by the given invariants of
degrees <=6 has dimension >=6

Computation time: 0.020002

There are no invariants of degree 7!
Computation time: 0.016001

<<The dimension of 0(V_10)"SL2_8 is 12

<<The set of invariants of degree 8 spanned by the given invariants
of degrees <8 has size 7

<The subspace of 0(V_10)"SL2_8 spanned by the given invariants of
degrees <8 has dimension >=7

<<The subspace of 0(V_10)"SL2_8 spanned by the given invariants of
degrees <=8 has dimension >=12

Computation time: 0.032001

<<The dimension of 0(V_10)"SL2_9 is 5

<<The set of invariants of degree 9 spanned by the given invariants
of degrees <9 has size 0

<<The subspace of 0(V_10)"SL2_9 spanned by the given invariants of
degrees <9 has dimension >=0

<<The subspace of 0(V_10)"SL2_9 spanned by the given invariants of
degrees <=9 has dimension >=5

Computation time: 0.028003

<<The dimension of 0(V_10)"SL2_10 is 24

<<The set of invariants of degree 10 spanned by the given invariants
of degrees <10 has size 16

<<The subspace of 0(V_10)"SL2_10 spanned by the given invariants of
degrees <10 has dimension >=16

<<The subspace of 0(V_10)"SL2_10 spanned by the given invariants of
degrees <=10 has dimension >=24

Computation time: 0.064004

<<The dimension of 0(V_10)~SL2_11 is 13

<<The set of invariants of degree 11 spanned by the given invariants
of degrees <11 has size 5

<<The subspace of 0(V_10)"SL2_11 spanned by the given invariants of
degrees <11 has dimension >=5

<<The subspace of 0(V_10)"SL2_11 spanned by the given invariants of
degrees <=11 has dimension >=13

Computation time: 0.044002
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<<The dimension of 0(V_10)"SL2_12 is 52

<<The set of invariants of degree 12 spanned by
of degrees <12 has size 40

<<The subspace of 0(V_10)"SL2_12 spanned by the
degrees <12 has dimension >=40

<<The subspace of 0(V_10)"SL2_12 spanned by the
degrees <=12 has dimension >=52

Computation time: 0.16401

<<The dimension of 0(V_10)"SL2_13 is 33

<<The set of invariants of degree 13 spanned by
of degrees <13 has size 18

<<The subspace of 0(V_10)"SL2_13 spanned by the
degrees <13 has dimension >=18

<<The subspace of 0(V_10)"SL2_13 spanned by the
degrees <=13 has dimension >=33

Computation time: 0.092006

<<The dimension of 0(V_10)"SL2_14 is 97

<<The set of invariants of degree 14 spanned by
of degrees <14 has size 84

<<The subspace of 0(V_10)"SL2_14 spanned by the
degrees <14 has dimension >=84

<<The subspace of 0(V_10)"SL2_14 spanned by the
degrees <=14 has dimension >=97

Computation time: 0.488031

<<The dimension of 0(V_10)"SL2_15 is 80

<<The set of invariants of degree 15 spanned by
of degrees <15 has size 61

<<The subspace of 0(V_10)"SL2_15 spanned by the
degrees <15 has dimension >=61

<<The subspace of 0(V_10)"SL2_15 spanned by the
degrees <=15 has dimension >=80

Computation time: 0.348021

<<The dimension of 0(V_10)"SL2_16 is 177

<<The set of invariants of degree 16 spanned by
of degrees <16 has size 172

<<The subspace of 0(V_10)"SL2_16 spanned by the
degrees <16 has dimension >=172

<<The subspace of 0(V_10)"SL2_16 spanned by the
degrees <=16 has dimension >=177

Computation time: 1.6081

<<The dimension of 0(V_10)"SL2_17 is 160

<<The set of invariants of degree 17 spanned by
of degrees <17 has size 157

<<The subspace of 0(V_10)"SL2_17 spanned by the
degrees <17 has dimension >=155

<<The subspace of 0(V_10)"SL2_17 spanned by the
degrees <=17 has dimension >=160

Computation time: 1.38409

<<The dimension of 0(V_10)"SL2_18 is 319
<<The set of invariants of degree 18 spanned by
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given invariants of

the given invariants
given invariants of

given invariants of

the given invariants
given invariants of

given invariants of

the given invariants
given invariants of

given invariants of

the given invariants
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given invariants of

the given invariants
given invariants of

given invariants of

the given invariants
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of degrees <18 has size 345

<<The subspace of 0(V_10)"SL2_18 spanned by the
degrees <18 has dimension >=318

<<The subspace of 0(V_10)"SL2_18 spanned by the
degrees <=18 has dimension >=319

Computation time: 7.14045

<<The dimension of 0(V_10)"SL2_19 is 301

<<The set of invariants of degree 19 spanned by
of degrees <19 has size 349

<<The subspace of 0(V_10)"SL2_19 spanned by the
degrees <19 has dimension >=299

<<The subspace of 0(V_10)"SL2_19 spanned by the
degrees <=19 has dimension >=301

Computation time: 6.64441

<<The dimension of 0(V_10)"SL2_20 is 540

<<The set of invariants of degree 20 spanned by
of degrees <20 has size 664

<<The subspace of 0(V_10)"SL2_20 spanned by the
degrees <20 has dimension >=540

Computation time: 11.3727

<<The dimension of 0(V_10)"SL2_21 is 547

<<The set of invariants of degree 21 spanned by
of degrees <21 has size 758

<<The subspace of 0(V_10)"SL2_21 spanned by the
degrees <21 has dimension >=545

<<The subspace of 0(V_10)~SL2_21 spanned by the
degrees <=21 has dimension >=547

Computation time: 26.2616

<<The dimension of 0(V_10)"SL2_22 is 887

<<The set of invariants of degree 22 spanned by
of degrees <22 has size 1265

<<The subspace of 0(V_10)"SL2_22 spanned by the
degrees <22 has dimension >=887

Computation time: 39.1344

<<The dimension of 0(V_10)"SL2_23 is 926

<<The set of invariants of degree 23 spanned by
of degrees <23 has size 1525

<<The subspace of 0(V_10)"SL2_23 spanned by the
degrees <23 has dimension >=926

Computation time: 52.5793

<<The dimension of 0(V_10)"SL2_24 is 1429

<<The set of invariants of degree 24 spanned by
of degrees <24 has size 2419

<<The subspace of 0(V_10)"SL2_24 spanned by the
degrees <24 has dimension >=1429

Computation time: 141.369

<<The dimension of 0(V_10)"SL2_25 is 1512

<<The set of invariants of degree 25 spanned by
of degrees <25 has size 2973

<<The subspace of 0(V_10)"SL2_25 spanned by the

given invariants of

given invariants of

the given invariants
given invariants of

given invariants of

the given invariants

given invariants of

the given invariants
given invariants of

given invariants of

the given invariants

given invariants of

the given invariants

given invariants of

the given invariants

given invariants of

the given invariants

given invariants of

146



APPENDIX A. COMPUTATIONS

degrees <25 has dimension >=1512
Computation time: 192.716

<<The dimension of 0(V_10)"SL2_26 is 2219

<<The set of invariants of degree 26 spanned by the given invariants
of degrees <26 has size 4487

<<The subspace of 0(V_10)"SL2_26 spanned by the given invariants of
degrees <26 has dimension >=2219

Computation time: 505.208

A.5 The invariants of V| @ Vj
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Here are the Mathematica computations supporting the proof of Proposition
5.5.2. We compute first the invariants ja1,Ja,2,76,15---,76,3,J8,1,--- 78,7, J10,1,

J10,2, 010,35 J12,15 - - - » J12,65 J14,1, J18,1°

11=Table[a[1-i]Binomial([1,i],{i,0,13}];
qq=Table[b[5-i]Binomial[5,1],{1,0,5}];
ccl=Transvectant[qq,qq,4];cc2=Transvectant[qq,qq,2];
cc3=Transvectant[qq,ccl,2];j41=Transvectant[ccl,ccl,2].{1};

j42=Transvectant[ccl,exp[11,2],2].{1};j61=Transvectant[qq,exp[11,5],5].{1};

j62=Transvectant [cc3,exp[11,3],3].{1};

j63=Transvectant [Transvectant[ccl,cc3,2],11,1].{1};
j81=Transvectant[ccl,Transvectant[cc3,cc3,2],2].{1};
j82=Transvectant[cc2,exp[11,6],6].{1};

j83=Transvectant [Transvectant[cc2,qq,3],exp[11,5],5].{1};
j84=Transvectant [Transvectant[ccl,cc3,1],exp[11,3],3].{1};
j85=Transvectant [Transvectant[ccl,cc2,2],exp[11,4],4].{1};
j86=Transvectant [Transvectant[exp[ccl,2],cc2,4],exp[11,2],2].{1};
j87=Transvectant [Transvectant [exp[ccl,3],q9q,5],11,1].{1};
j101=Transvectant [Transvectant[ccl,cc2,1],exp[11,6],6].{1};
j102=Transvectant [Transvectant [exp[ccl,2],cc2,3],exp[11,4],4].{1};
j103=Transvectant [Transvectant [exp[ccl,3],cc2,5],exp[11,2],2].{13};

j121=Transvectant [Transvectant[cc3,cc3,2],Transvectant[cc3,cc3,2],2].{1};

jl122=Transvectant [Transvectant[qq,cc2,1],exp[11,9]1,9].{1};

j123=Transvectant [Transvectant [Transvectant[qq,cc2,1],ccl,2],exp[11,7],7]

j124=Transvectant[

Transvectant [Transvectant[qq,cc2,1],exp[ccl,2],4],exp[11,5],5].{1};
j12b=Transvectant[

Transvectant [Transvectant[qq,cc2,1],exp[ccl,3],6],exp[11,3]1,3].{1};
j126=Transvectant[

Transvectant [Transvectant [qq,cc2,1],explccl,4],8]1,11,1].{13};
jl41=Transvectant[

Transvectant [Transvectant [qq,cc2,1],explccl,5],9],11,1].{13};
j181=Transvectant [exp[ccl,7],prod[qq,Transvectant [qq,cc2,1]],14].{1};

Here are the rank computations:

In[]:=gens={{j41,j42},{j61,j62,i63},{j81,j82,383, j84,i85,j86,j87},
{j101,1102,1103},{j121,§122,1123,1124, j125,j126},{j141},{j181}};
degrees={4,6,8,10,12,14,18%};

=== computations in degree 4 ===

In[] :=mon={j41, j42};

In[]:=mat=Table[mon/.
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Table[b[j]->Random[Integer,{0,10}1,{j,0,5}1/.
Table[a[j]->Random[Integer,{0,10}]1,{j,0,1}1,{i,1,4}];
MatrixRank [mat]
Out []=2
=== computations in degree 6 ===
In[]:=mon={j61,j62,j63};
In[]:=mat=Table[mon/.
Table[b[j]->Random[Integer,{0,10}]1,{j,0,5}1/.
Table[a[j]->Random[Integer,{0,10}]1,{j,0,1}1,{i,1,4}];
MatrixRank[mat]
Out[]=3
=== computations in degree 8 ===
In[]:=monl=listmonomials[8,gens,degrees];Length[moni]
Out[]=3
In[] :=mon=Union[mon1,{j81,j82,3j83,j84,j85,j86,j87}];
In[]:=mat=Table[mon/.
Table[b[j]->Random[Integer,{0,10}1,{j,0,5}]1/.
Table[a[j]->Random[Integer,{0,10}]1,{j,0,1}]1,{i,1,11}3];
MatrixRank[mat]
Out[]=10
=== computations in degree 10 ===
In[]:=monl=listmonomials[10,gens,degrees] ;Length[moni]
Out[]1=6
In[] :=mon=Union[mon1,{j101,j102,j103}];
In[]:=mat=Table[mon/.
Table[b[j]->Random[Integer,{0,10}]1,{j,0,5}1/.
Table[a[j]->Random[Integer,{0,10}]1,{j,0,1}],{i,1,10}]1;
MatrixRank[mat]
Out []=9
=== computations in degree 12 ===
In[]:=monl=listmonomials[12,gens,degrees] ;Length[moni]
Out[]=24
In[] :=mon=Union[monl,{j121,j122,j123,j124,j125,j126}];
In[]:=mat=Table[mon/.
Table[b[j]->Random[Integer,{0,10}]1,{j,0,5}1/.
Table[al[j]->Random[Integer,{0,10}]1,{j,0,1}],{i,1,30}]1;
MatrixRank[mat]
Out []=29
=== computations in degree 14 ===
In[]:=monl=listmonomials[14,gens,degrees];Length[moni]
Out []=36
In[] :=mon=Union[monl,{j141}];
In[]:=mat=Table[mon/.
Table[b[j]->Random[Integer,{0,10}]1,{j,0,5}1/.
Table[al[j]->Random[Integer,{0,10}]1,{j,0,1}],{i,1,32}];
MatrixRank[mat]
Out []=31
=== computations in degree 16 ===
In[]:=monl=listmonomials[16,gens,degrees] ;Length[moni]
Out []=87
In[]:=Timing[
mat=Table [mon1/.Table[b[j]->Random[Integer,{0,10}]1,{j,0,5}1/.
Table[a[j]->Random[Integer,{0,10}1,{j,0,1}1,{i,1,62}];
MatrixRank[mat]]
Out[1={9.79661,61} //the rank is 61;

//the computation took 9.7 seconds
=== computations in degree 18 ===
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In[]:=monl=listmonomials[18,gens,degrees] ;Length[moni]
Out[]1=114

In[] :=mon=Union[monl,{j181}];

In[]:=Timing[

mat=Table [mon/.Table[b[j]->Random[Integer,{0,10}],{j,0,5}1/.
Table[al[j]->Random[Integer,{0,10}]1,{j,0,1}1,{i,1,763}]1;
MatrixRank[mat]]

Out[]={24.5055,75%} //the rank is 75;

//the computation took 24.5 seconds
=== computations in degree 20 ===
In[]:=moni=listmonomials[20,gens,degrees];Length[moni]

Out [1=237

In[]:=Timing[

mat=Table [mon1/.Table[b[j]->Random[Integer,{0,10}]1,{j,0,5}1/.
Table[a[j]->Random[Integer,{0,10}],{j,0,1}],{i,1,1263}];
MatrixRank[mat,Modulus->32003]]

Out[1={77.9809,125} //the rank is 125;

//the computation took 77.9 seconds
=== computations in degree 26 ===
In[]:=monl=listmonomials[26,gens,degrees] ;Length[mon1]
Out []1=842
In[]:=Timing[
mat=Table [mon1/.Table[b[j]->Random[Integer,{0,10}]1,{j,0,5}1/.
Table[a[j]->Random[Integer,{0,10}],{j,0,1}],{i,1,2653}];
MatrixRank[mat,Modulus->32003]]
Out [1={810.687,264} //the rank is 264;

//the computation took 810.6 seconds

A.6 The invariants of V; & V;

Here are the Mathematica computations supporting the proof of Proposition
5.6.2. First we compute the invariants j2 1, ja.1, J5,1, 36,1, J6,25 7,15 37,2, J8,1, Jo,1
-+-79,3,J10,15 - - -5 J10,45 J11,15 J11,25, 712,15, J12,35, J13,15, J13,25 J14,1, J14,2, J15,1, J15,2"

1ll=Table[a[1-i]Binomial[1,i],{i,0,1}];
ss=Table[b[6-i]Binomial[6,i],{i,0,6}]1;
ccl=Transvectant[ss,ss,4];cc2=Transvectant[ss,ss,2];
cc3=Transvectant[ss,ccl,4];cc4=Transvectant[ccl,ccl,2];
ccb=Transvectant[ss,ccl,1];j21=Transvectant[ss,ss,6].{1};
j41=Transvectant[ccl,ccl,4].{1};jb1=Transvectant[cc3,exp[11,2],2].{1};
j61=Transvectant[ccl,cc4,4].{1};j62=Transvectant[ccl,exp[11,4],4].{1};
j71=Transvectant[ss,exp[11,6],6].{1};

j72=Transvectant [Transvectant[ccl,cc3,2],exp[11,2],2].{1};
j81=Transvectant[Transvectant[ss,cc3,2],exp[11,4],4].{1};
j91=Transvectant [Transvectant[ss,cc1,2],exp[11,6],6].{1};
j92=Transvectant [Transvectant[ccl,cc3,1],exp[11,4],4] .{1};
j93=Transvectant [Transvectant[ss,expl[cc3,2],4],exp[11,2],2].{1};
j101=Transvectant[cc4,exp[cc3,2],4].{1};
j102=Transvectant[cc2,exp[11,8],8].{1};

j103=Transvectant [Transvectant[ss,cc3,1],exp[11,6],6].{1};
j104=Transvectant [Transvectant[ccl,explcc3,2],3],exp[11,2],2].{13};
jl1i=Transvectant[cch,exp[11,8],8].{1};

j112=Transvectant [Transvectant[ss,explcc3,2],3],exp[11,4],4].{1};
j121=Transvectant [Transvectant [Transvectant[ss,cc1,2],cc3,1],
exp[11,6]1,6].{1%};



APPENDIX A. COMPUTATIONS

j122=Transvectant [Transvectant [Transvectant[ss,ccl,1],cc3,2],
exp[11,6],6].{1};
j123=Transvectant[Transvectant[ss,explcc3,3],5],exp[11,2],2].{1};
j131=Transvectant[Transvectant[cc2,cc3,1],exp[11,8],8].{1};
j132=Transvectant [Transvectant[cc5,exp[cc3,2],4],exp[11,4],4].{1};
jl41=Transvectant[Transvectant[ccl,cc2,1],exp[11,10],10].{1};
jl42=Transvectant [Transvectant[cc5,exp[cc3,3],6],exp[11,2],2].{13};
j1b1=Transvectant[ccb,exp[cc3,4],8].{1};

j162=Transvectant [Transvectant[ss,cc2,1],exp[11,12],12].{1};

Here are the rank computations:

In[]:=gens={{j21},{j41},{j51},{j61,j62},{j71,j72},{j81},{j91,392,793},

{j101,3102,7103,j104},{j111,5112},{j121,j122,j123},{j131, 132},
{j141,3142},{j151,j162}};
degrees={2,4,5,6,7,8,9,10,11,12,13,14,15%};

=== computations in degree 4 ===
In[]:=monl=listmonomials[4,gens,degrees];Length[moni]
OQut[]=1

In[] :=mon=Union[monl,{j41}];

In[]:=mat=Table[mon/.
Table[b[j]->Random[Integer,{0,10}]1,{j,0,6}]1/.
Table[a[j]->Random[Integer,{0,10}]1,{j,0,1}1,{i,1,33];
MatrixRank[mat]

Out []=2

=== computations in degree 6 ===
In[]:=monl=listmonomials[6,gens,degrees];Length[moni]
OQut[]=2

In[] :=mon=Union[monl,{j61,j62}];
In[]:=mat=Table[mon/.
Table[b[j]->Random[Integer,{0,10}]1,{j,0,6}1/.
Table[a[j]->Random[Integer,{0,10}],{j,0,1}],{i,1,56}];
MatrixRank[mat]

Out[]=4

=== computations in degree 7 ===
In[]:=monl=listmonomials[7,gens,degrees];Length[moni]
OQut[]=1

In[] :=mon=Union[monl,{j71,j72}];
In[]:=mat=Table[mon/.
Table[b[j]->Random[Integer,{0,10}]1,{j,0,6}1/.
Table[a[j]->Random[Integer,{0,10}1,{j,0,1}],{i,1,4}];
MatrixRank[mat]

Out[]=3

=== computations in degree 8 ===
In[]:=monl=listmonomials[8,gens,degrees];Length[moni]
Out[]=5

In[]:=mon=Union[monl,{j813}];

In[]:=mat=Table[mon/.
Table[b[j]->Random[Integer,{0,10}]1,{j,0,6}1/.
Table[a[j]->Random[Integer,{0,10}1,{j,0,1}],{i,1,7}];
MatrixRank[mat]

Out []=6

=== computations in degree 9 ===
In[]:=moni=listmonomials[9,gens,degrees];Length[moni]
Out[]=4

In[]:=mon=Union[monl,{j91,j92,;93}]1;
In[]:=mat=Table[mon/.
Table[b[j]->Random[Integer,{0,10}]1,{j,0,6}1/.
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Table[al[j]->Random[Integer,{0,10}],{j,0,1}],{i,1,8}];
MatrixRank[mat]

Out [1=7

=== computations in degree 10 ===
In[]:=moni=listmonomials[10,gens,degrees];Length[moni]
Out []1=9

In[]:=mon=Union[monl,{j101,j102,;103,;j104}]1;

In[] :=mat=Table[mon/.
Table[b[j]->Random[Integer,{0,10}]1,{j,0,6}1/.
Table[al[j]->Random[Integer,{0,10}]1,{j,0,1}],{i,1,14}];
MatrixRank [mat]

Out[1=13

=== computations in degree 11 ===
In[]:=monl=listmonomials[11,gens,degrees];Length[mon1]
Out[]=11

In[]:=mon=Union[monl,{j111,j112}];

In[] :=mat=Table[mon/.
Table[b[j]->Random[Integer,{0,10}]1,{j,0,6}1/.
Table[a[j]->Random[Integer,{0,10}1,{j,0,131,{i,1,14}];
MatrixRank[mat]

Out[1=13

=== computations in degree 12 ===
In[]:=monl=listmonomials[12,gens,degrees] ;Length[mon1]
Out[]1=20

In[]:=mon=Union[monl,{j121,j122,j123}];

In[] :=mat=Table[mon/.
Table[b[j]->Random[Integer,{0,10}]1,{j,0,6}1/.
Table[a[j]->Random[Integer,{0,10}1,{j,0,1}1,{i,1,24}];
MatrixRank[mat]

Out [1=23

=== computations in degree 13 ===
In[]:=moni=listmonomials[13,gens,degrees];Length[moni]
Out[]=22

In[]:=mon=Union[mon1,{j131,j132}];
In[]:=mat=Table[mon/.
Table[b[j]->Random[Integer,{0,10}]1,{j,0,6}1/.
Table[a[j]->Random[Integer,{0,10}1,{j,0,1}1,{i,1,24}];
MatrixRank[mat]

Out [1=23

=== computations in degree 14 ===
In[]:=monl=listmonomials[14,gens,degrees];Length[moni]
Out[]=38

In[] :=mon=Union[monl,{j141,j142}];
In[]:=Timing[mat=Table [mon/.
Table[b[j]->Random[Integer,{0,10}]1,{j,0,6}1/.
Table[a[j]->Random[Integer,{0,10}1,{j,0,1}1,{i,1,39}];
MatrixRank[mat]]

Out[134]={4.97631,38}} //the rank is 38;

//the computation took 4.9 seconds

=== computations in degree 15 ===
In[]:=moni=listmonomials[15,gens,degrees];Length[moni]
Out []=43

In[]:=mon=Union[monl,{j151,j1562}]1;
In[]:=Timing[mat=Table [mon/.
Table[b[j]->Random[Integer,{0,10}]1,{j,0,6}1/.
Table[al[j]->Random[Integer,{0,10}]1,{j,0,1}],{i,1,44}];
MatrixRank[mat]]
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Out[1={5.90037,43} //the rank is 43;

//the computation took 5.9 seconds
=== computations in degree 16 ===
In[]:=monl=listmonomials[16,gens,degrees] ;Length[mon1]
Out [1=69
In[]:=Timing[mat=Table[monl/.
Table[b[j]->Random[Integer,{0,10}]1,{j,0,6}1/.
Table[al[j]->Random[Integer,{0,10}]1,{j,0,1}],{i,1,62}];
MatrixRank[mat]]

Out[]={15.253,61%} //the rank is 61;

//the computation took 15.2 seconds
=== computations in degree 17 ===
In[]:=monl=listmonomials[17,gens,degrees] ;Length[moni]
Out [1=79
In[]:=Timing[mat=Table[monl/.
Table[b[j]->Random[Integer,{0,10}]1,{j,0,6}1/.
Table[al[j]->Random[Integer,{0,10}]1,{j,0,1}],{i,1,70}];
MatrixRank[mat,Modulus->32003]]

Out[1={18.2731,69} //the rank is 69;

//the computation took 18.2 seconds
=== computations in degree 18 ===
In[]:=monl=listmonomials[18,gens,degrees] ;Length[moni]
OQut[]1=117
In[]:=Timing[mat=Table[monl/.
Table[b[j]->Random[Integer,{0,10}]1,{j,0,6}1/.
Table[al[j]->Random[Integer,{0,10}]1,{j,0,1}],{i,1,95}]1;
MatrixRank[mat,Modulus->32003]]

Out[1={44.0708,94} //the rank is 94;

//the computation took 44.0 seconds
=== computations in degree 19 ===
In[]:=monl=listmonomials[19,gens,degrees];Length[moni]
Out[]1=140
In[]:=Timing[mat=Table[monl/.
Table[b[j]->Random[Integer,{0,10}]1,{j,0,6}1/.
Table[a[j]->Random[Integer,{0,10}1,{j,0,1}3],{i,1,109}]1;
MatrixRank[mat,Modulus->32003]]

Out[1={66.5602,108} //the rank is 108;

//the computation took 66.5 seconds
=== computations in degree 20 ===
In[]:=monl=listmonomials[20,gens,degrees];Length[moni]
Out[1=197
In[]:=Timing[mat=Table[mon1/.
Table[b[j]->Random[Integer,{0,10}]1,{j,0,6}1/.
Table[a[j]->Random[Integer,{0,10}1,{j,0,13],{i,1,144}]1;
MatrixRank[mat,Modulus->32003]]

Out[1={128.156,143} //the rank is 143;

//the computation took 128.1 seconds
=== computations in degree 21 ===
In[]:=monl=listmonomials[21,gens,degrees];Length[moni]
Out [1=237
In[]:=Timing[mat=Table[monl/.
Table[b[j]->Random[Integer,{0,10}]1,{j,0,6}]1/.
Table[a[j]->Random[Integer,{0,10}1,{j,0,1}3],{i,1,165}]1;
MatrixRank[mat,Modulus->32003]]

Out[]={207.713,164} //the rank is 164;

//the computation took 207.7 seconds

=== computations in degree 22 ===
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In[]:=monl=listmonomials[22,gens,degrees];Length[moni]
Out[]1=324

In[]:=Timing[mat=Table[monl/.
Table[b[j]->Random[Integer,{0,10}]1,{j,0,6}1/.
Table[a[j]->Random[Integer,{0,10}1,{j,0,1}3],{i,1,210}]1;
MatrixRank[mat,Modulus->32003]]

Out[1={380.392,209} //the rank is 209;

//the computation took 380.3 seconds
=== computations in degree 23 ===
In[]:=monl=listmonomials[23,gens,degrees] ;Length[moni]
Out [1=390
In[]:=Timing[mat=Table[monl/.
Table[b[j]->Random[Integer,{0,10}]1,{j,0,6}1/.
Table[a[j]->Random[Integer,{0,10}1,{j,0,1}],{i,1,237}]1;
MatrixRank[mat,Modulus->32003]]

Out[1={478.538,236} //the rank is 236;

//the computation took 478.5 seconds
=== computations in degree 25 ===
In[]:=moni=listmonomials[25,gens,degrees];Length[moni]
Out [1=639
In[]:=Timing[mat=Table[monl/.
Table[b[j]->Random[Integer,{0,10}]1,{j,0,6}]1/.
Table[a[j]->Random[Integer,{0,10}1,{j,0,1}],{i,1,340}]1;
MatrixRank[mat,Modulus->32003]]

Out[]1={1304.81,339} //the rank is 339;

//the computation took 1304.8 seconds
=== computations in degree 27 ===
In[]:=moni=listmonomials[27,gens,degrees];Length[moni]
Out [1=1027
In[]:=Timing[mat=Table[monl/.
Table[b[j]->Random[Integer,{0,10}]1,{j,0,6}]1/.
Table[a[j]->Random[Integer,{0,10}1,{j,0,1}],{i,1,473}]1;
MatrixRank[mat,Modulus->32003]]

Out[1={3144.84,472} //the rank is 472;

//the computation took 3144.8 seconds
=== computations in degree 29 ===
In[]:=moni=listmonomials[29,gens,degrees];Length[moni]
Out [1=1629
In[]:=Timing[mat=Table[monl/.
Table[b[j]->Random[Integer,{0,10}1,{j,0,6}]1/.
Table[a[j]->Random[Integer,{0,10}]1,{j,0,1}],{i,1,642}]1;
MatrixRank [mat,Modulus->32003]]

Out[1={7260.85,641}

A.7 The covariants of 1%

First we create a matrix with the evaluations of the 147 covariants from Tables
5.4 and 5.5 at 2750 random integers.

Next we show that the 147 covariants generate C(V7)gm with d < 23 and
m < 15. For each d < 24 and m < 15 we do the following: we construct all
possible monomials of degree d and order m spanned by the 147 covariants and
evaluate them at random integers (using the matrix we just created). These
monomials will span C(V7)4,m, if their evaluation matrix has the rank equal to
the dimension of C(V7)g4m. We will use a function that we implemented and
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called mon{deg,ord} which returns a list of all covariants degree deg and order
ord as monomials of degree deg spanned by the above 147 covariants.

In[]:=listdeg={{1,7},{2,2},{2,6},{2,10},{3,3},{3,5},{3,7},{3,9},{3,11},
{3,15},{4,0},{4,4},{4,4},{4,6},{4,8},{4,8},{4,10},{4,14},{5,1},{5,3%},
{5,3},{5,5%},{5,5},{56,7},{5,7},{5,9},{5,9},{5,13},{6,2},{6,2},{6,2},
{6,4},{6,4},{6,6},{6,6},{6,8},{6,8},{6,12},{7,1},{7,1},{7,1},{7,3},
{7,3},{7,5%,{7,5},{7,5},{7,5%,{7,7},{7,7},{7,11},4{8,0},{8,0%},{8,0},
{8,2},{8,2},{8,2},{8,4},{8,4},{8,4},{8,6},{8,6},{8,6},{8,10},{9,1},
{9,1},{9,1%},{9,3},{9,3},{9,3},4{9,3},{9,3},{9,5},{9,5},{9,9},{10,2},
{10,2},4{10,2},{10,2},{10,4},{10,4},{10,4},{10,4},{10,8},{11,1},
{11,13,{11,13,{11,1},{11,1},{11,3%},{11,3},{11,3},{11,7},{12,03},{12, 0},
{12,0},{12,03},{12,0},{12,0},{12,23},{12,2},{12,2},{12,2},{12,23},{12, 2},
{12,6},{13,1},{13,1},{13,1},{13,1},{13,1},{13,1},4{13,1},4{13,3},{13,5},
{14,0},{14,0},{14,0},{14,0},{14,4},{14,4},{15,1},{15,1},{15,1},{15,3},
{16,0},{16,0},{16,2},{16,2},{16,2},{17,1},{17,1%},{18,0},{18,03},{18,0},
{18,0},{18,0},{18,0},{18,0},{18,0},{18,0},{19,1},{20,0},{22,03},{22, 0},
{23,1},{26,0},{30,0}};
In[]:=listgen={FF,LL,CHI,HH,RR,C35,C37,Epsilon,Gamm,TT,Inv4,PP,C44,C46,
Delta,C48,C410,Zet,C51,C531,C532,GG,C55,ETA,C57,C591,C592,C513, Tau,
€621,C622,C641,C642,C661,C662,Bet,C68,C612,A1pha,C711,C712,€731,C732,
Theta,C751,C752,C753,C771,C772,Cov711,C801,C802,C803,C821,C822,C823,MU,
€841,€842,Lambda,C861,C862,C810,C911,C912,€913,QQ,C931,C932,C933,C934,
€951,C952,€99,NU,C1021,C1022,C1023,C1041,C1042,C1043,C1044,C108,C1111,
c1112,C1113,C1114,C1115,PHI,C1131,C1132,C117,Rbig,C1201,C1202,C1203,
C1204,C1205,C1221,C1222,C€1223,C1224,C1225,C1226,C126,R0,C1311,C1312,
C1313,C1314,C1315,C1316,C133,C135,C1401,C1402,C1403,C1404,PSI,C1441,
C1511,C1512,C1513,€153,€1601,€1602,Sigma,C1621,C1622,0mega,C1711,C1801,
Cc1802,C1803,C1804,€1805,C1806,C1807,C1808,C1809,C191,€201,C2201,C2202,
€231,C260,C300};
In[]:=mon[md_,j_]:=
mon [md, j1=If [md=={0,03},1,Ifmd[[1]1]<0| [md[[2]]<0,{},
Flatten[Table[listgen[[i]Imon[md-listdegl[[i]l],1],{i,1,3j}]11]]

Here we show that the 147 covariants generate C(V7)4m with d < 24 and
m < 15:

In[]l:= Timing[
For[deg=2,deg<24,deg++,ord=1;
While[ord<16,
symm=SymTensor[7,deg]/.Table[v[i]->0,{i,16,1000}];
kk=Coefficient [symm,v[ord]]+1;
If[kk!=1,
Print[{deg,ord},": the vector space of covs has dimension",kk-1];
ss=mon[{deg,ord},147];
If[ss!={},
tt=Intersection[ss,listgen];
If[tt!={3},
ss1=Complement[ss,tt];
evall = Table[ssl /.Table[listgen[[jl1]->Matr[[k]]1[[jI11C[1]1],
{j,1,Length[Matr[[k]]11}],{k,1,kk}];
rk1=If[ss1=={},0,MatrixRank[evall,Modulus->32003]];
Print["-- the subpace spanned by covs of degree < ", deg,
" has dim >=", rki];
Print["-- there are ", Length[tt], " gens of degree ", degl;
eval=Table[ss/.Table[listgen[[j]1]->Matr[[k]][[3]]1C[1]1],
{j,1,Length[Matr[[k]111}],{k,1,kk}];



APPENDIX A. COMPUTATIONS

rk=MatrixRank[eval,Modulus->32003];

Print["-- the subpace spanned by covs of degree <= ",

" has dim >=", rk],
If[Length[ss]>3000,DIM=kk-1;
dd1=RandomSample [ss,kk+10] ;
dd2=Complement [ss,dd1];

deg,

eval=Table[dd1/.Table[listgen[[j1]->Matr[[k]11L[[j1]1L[11],

{j,1,Length[Matr[[k]11}],{k,1,kk}];
evall=ColumnEchelon[evall;
rki1=MatrixRank[evall,Modulus->32003];
rk=rki;

While [rk!=DIM,
AA=Table[RandomInteger[{-10,10}],{i,1,50}];
uu=RandomSample [dd2,50] .AA;

evalun=Table[uu/.Table[listgen[[jl]->Matr [[k]][[j1]C[1]1],

{j,1,Length[Matr[[k]111}],{k,1,kk}];

eval=Table[Join[evall[[i]],{evaluul[i]]1}],{i,1,kk}];

eval=Mod[eval,32003];
rk=MatrixRank[eval,Modulus->32003];
If[rk>rkl,evall=eval;rki=rk]];

Print["-- the subpace spanned by covs of degree < ", deg,

" has dim >=", rk],

eval=Table[ss/.Table[listgen[[j]1]->Matr[[k]]1[[j1]1C[1]1],

{j,1,Length[Matr[[k]11}],{k,1,kk}];
rk=MatrixRank[eval,Modulus->32003];

Print["-- the subpace spanned by covs of degree < ", deg,

" has dim >=", rk]]111]; ord++]
1]
{2,2}: the vector space of covs has dimension 1
-- the subpace spanned by covs of degree < 2 has dim >=0
-- there are 1 gens of degree 2
-- the subpace spanned by covs of degree <= 2 has dim >=1
{2,6}: the vector space of covs has dimension 1
-- the subpace spanned by covs of degree < 2 has dim >=0
-- there are 1 gens of degree 2
-- the subpace spanned by covs of degree <= 2 has dim >=1
{2,10}: the vector space of covs has dimension 1
-- the subpace spanned by covs of degree < 2 has dim >=0
-- there are 1 gens of degree 2
-- the subpace spanned by covs of degree <= 2 has dim >=1
{2,14}: the vector space of covs has dimension 1
-- the subpace spanned by covs of degree < 2 has dim >=1
{3,3}: the vector space of covs has dimension 1
-- the subpace spanned by covs of degree < 3 has dim >=0
-- there are 1 gens of degree 3
-- the subpace spanned by covs of degree <= 3 has dim >=1
{3,5}: the vector space of covs has dimension 1
-- the subpace spanned by covs of degree < 3 has dim >=0
-- there are 1 gens of degree 3
-- the subpace spanned by covs of degree <= 3 has dim >=1
{3,7}: the vector space of covs has dimension 1
-- the subpace spanned by covs of degree < 3 has dim >=0
-- there are 1 gens of degree 3
-- the subpace spanned by covs of degree <= 3 has dim >=1
{3,9}: the vector space of covs has dimension 2
-- the subpace spanned by covs of degree < 3 has dim >=1
-- there are 1 gens of degree 3
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-- the subpace spanned by covs of degree <= 3 has dim >=2
{3,11}: the vector space of covs has dimension 1

-- the subpace spanned by covs of degree < 3 has dim >=0

-- there are 1 gens of degree 3

-- the subpace spanned by covs of degree <= 3 has dim >=1
{3,13}: the vector space of covs has dimension 1

-- the subpace spanned by covs of degree < 3 has dim >=1

{3,15}: the vector space of covs has dimension 1

-- the subpace spanned by covs of degree < 3 has dim >=0

-- there are 1 gens of degree 3

-- the subpace spanned by covs of degree <= 3 has dim >=1
{4,4}: the vector space of covs has dimension 3

-- the subpace spanned by covs of degree < 4 has dim >=1

-- there are 2 gens of degree 4

-- the subpace spanned by covs of degree <= 4 has dim >=3
{4,6}: the vector space of covs has dimension 1

-- the subpace spanned by covs of degree < 4 has dim >=0

-- there are 1 gens of degree 4

-- the subpace spanned by covs of degree <= 4 has dim >=1
{4,8}: the vector space of covs has dimension 3

-- the subpace spanned by covs of degree < 4 has dim >=1

-- there are 2 gens of degree 4

-- the subpace spanned by covs of degree <= 4 has dim >=3
{4,10}: the vector space of covs has dimension 2

-- the subpace spanned by covs of degree < 4 has dim >=1

-- there are 1 gens of degree 4

-- the subpace spanned by covs of degree <= 4 has dim >=2
{4,12}: the vector space of covs has dimension 3

-- the subpace spanned by covs of degree < 4 has dim >=3

{4,14}: the vector space of covs has dimension 2

-- the subpace spanned by covs of degree < 4 has dim >=1

-- there are 1 gens of degree 4

-- the subpace spanned by covs of degree <= 4 has dim >=2
{5,1}: the vector space of covs has dimension 1

-- the subpace spanned by covs of degree < 5 has dim >=0

-- there are 1 gens of degree 5

-- the subpace spanned by covs of degree <= b has dim >=1
{5,3}: the vector space of covs has dimension 2

-- the subpace spanned by covs of degree < 5 has dim >=0

-- there are 2 gens of degree 5

-- the subpace spanned by covs of degree <= 5 has dim >=2
{5,5}: the vector space of covs has dimension 3

-- the subpace spanned by covs of degree < 5 has dim >=1

-- there are 2 gens of degree 5

-- the subpace spanned by covs of degree <= 5 has dim >=3
{5,7}: the vector space of covs has dimension 4

-- the subpace spanned by covs of degree < 5 has dim >=2

-- there are 2 gens of degree 5

-- the subpace spanned by covs of degree <= 5 has dim >=4
{5,9}: the vector space of covs has dimension 4

-- the subpace spanned by covs of degree < 5 has dim >=2

-- there are 2 gens of degree 5

-- the subpace spanned by covs of degree <= b5 has dim >=4
{5,11}: the vector space of covs has dimension 5

-- the subpace spanned by covs of degree < 5 has dim >=b

{5,13}: the vector space of covs has dimension 4

-- the subpace spanned by covs of degree < 5 has dim >=3
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-- there are 1 gens of degree 5

-- the subpace spanned by covs of degree <= 5 has dim >=4
{5,15}: the vector space of covs has dimension 5

-- the subpace spanned by covs of degree < 5 has dim >=5
{6,2}: the vector space of covs has dimension 4

-- the subpace spanned by covs of degree < 6 has dim >=1
-- there are 3 gens of degree 6

-- the subpace spanned by covs of degree <= 6 has dim >=4
{6,4}: the vector space of covs has dimension 2

-- the subpace spanned by covs of degree < 6 has dim >=0
-- there are 2 gens of degree 6

-- the subpace spanned by covs of degree <= 6 has dim >=2
{6,6}: the vector space of covs has dimension 7

-- the subpace spanned by covs of degree < 6 has dim >=b
-- there are 2 gens of degree 6

-- the subpace spanned by covs of degree <= 6 has dim >=7
{6,8}: the vector space of covs has dimension 5

-- the subpace spanned by covs of degree < 6 has dim >=3
-- there are 2 gens of degree 6

-- the subpace spanned by covs of degree <= 6 has dim >=5
{6,10}: the vector space of covs has dimension 8

-- the subpace spanned by covs of degree < 6 has dim >=8
{6,12}: the vector space of covs has dimension 7

-- the subpace spanned by covs of degree < 6 has dim >=6
-- there are 1 gens of degree 6

-- the subpace spanned by covs of degree <= 6 has dim >=7
{6,14}: the vector space of covs has dimension 9

-- the subpace spanned by covs of degree < 6 has dim >=9
{7,1}: the vector space of covs has dimension 3

-- the subpace spanned by covs of degree < 7 has dim >=0
-- there are 3 gens of degree 7

-- the subpace spanned by covs of degree <= 7 has dim >=3
{7,3}: the vector space of covs has dimension 4

-- the subpace spanned by covs of degree < 7 has dim >=2
-- there are 2 gens of degree 7

-- the subpace spanned by covs of degree <= 7 has dim >=4
{7,5}: the vector space of covs has dimension 7

-- the subpace spanned by covs of degree < 7 has dim >=3
-- there are 4 gens of degree 7

-- the subpace spanned by covs of degree <= 7 has dim >=7
{7,7}: the vector space of covs has dimension 9

-- the subpace spanned by covs of degree < 7 has dim >=7
-- there are 2 gens of degree 7

-- the subpace spanned by covs of degree <= 7 has dim >=9
{7,9}: the vector space of covs has dimension 10

-- the subpace spanned by covs of degree < 7 has dim >=10
{7,11}: the vector space of covs has dimension 11

-- the subpace spanned by covs of degree < 7 has dim >=10
-- there are 1 gens of degree 7

-- the subpace spanned by covs of degree <= 7 has dim >=11
{7,13}: the vector space of covs has dimension 13

-- the subpace spanned by covs of degree < 7 has dim >=13
{7,15}: the vector space of covs has dimension 12

-- the subpace spanned by covs of degree < 7 has dim >=12
{8,2}: the vector space of covs has dimension 3

-- the subpace spanned by covs of degree < 8 has dim >=0
-- there are 3 gens of degree 8
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-- the subpace spanned by covs of degree <= 8 has dim >=3
{8,4}: the vector space of covs has dimension 10

-- the subpace spanned by covs of degree < 8 has dim >=7
-- there are 3 gens of degree 8

-- the subpace spanned by covs of degree <= 8 has dim >=10
{8,6}: the vector space of covs has dimension 9

-- the subpace spanned by covs of degree < 8 has dim >=6
-- there are 3 gens of degree 8

-- the subpace spanned by covs of degree <= 8 has dim >=9
{8,8}: the vector space of covs has dimension 16

-- the subpace spanned by covs of degree < 8 has dim >=16
{8,10}: the vector space of covs has dimension 14

-- the subpace spanned by covs of degree < 8 has dim >=13
-- there are 1 gens of degree 8

-- the subpace spanned by covs of degree <= 8 has dim >=14
{8,12}: the vector space of covs has dimension 19

-- the subpace spanned by covs of degree < 8 has dim >=19
{8,14}: the vector space of covs has dimension 17

-- the subpace spanned by covs of degree < 8 has dim >=17
{9,1}: the vector space of covs has dimension 4

-- the subpace spanned by covs of degree < 9 has dim >=1
-- there are 3 gens of degree 9

-- the subpace spanned by covs of degree <= 9 has dim >=4
{9,3}: the vector space of covs has dimension 10

-- the subpace spanned by covs of degree < 9 has dim >=b
-- there are 5 gens of degree 9

-- the subpace spanned by covs of degree <= 9 has dim >=10
{9,5}: the vector space of covs has dimension 13

-- the subpace spanned by covs of degree < 9 has dim >=11
-- there are 2 gens of degree 9

-- the subpace spanned by covs of degree <= 9 has dim >=13
{9,7}: the vector space of covs has dimension 17

-- the subpace spanned by covs of degree < 9 has dim >=17
{9,9}: the vector space of covs has dimension 21

-- the subpace spanned by covs of degree < 9 has dim >=20
-- there are 1 gens of degree 9

-- the subpace spanned by covs of degree <= 9 has dim >=21
{9,11}: the vector space of covs has dimension 24

-- the subpace spanned by covs of degree < 9 has dim >=24
{9,13}: the vector space of covs has dimension 25

-- the subpace spanned by covs of degree < 9 has dim >=25
{9,18}: the vector space of covs has dimension 29

-- the subpace spanned by covs of degree < 9 has dim >=29
{10,2}: the vector space of covs has dimension 12

-- the subpace spanned by covs of degree < 10 has dim >=8
-- there are 4 gens of degree 10

-- the subpace spanned by covs of degree <= 10 has dim >=12
{10,4}: the vector space of covs has dimension 13

-- the subpace spanned by covs of degree < 10 has dim >=9
-- there are 4 gens of degree 10

-- the subpace spanned by covs of degree <= 10 has dim >=13
{10,6}: the vector space of covs has dimension 23

-- the subpace spanned by covs of degree < 10 has dim >=23
{10,8}: the vector space of covs has dimension 23

-- the subpace spanned by covs of degree < 10 has dim >=22
-- there are 1 gens of degree 10

-- the subpace spanned by covs of degree <= 10 has dim >=23
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{10,10}: the vector space of covs has dimension 34

-- the subpace spanned by covs of degree < 10 has dim >=34
{10,12}: the vector space of covs has dimension 31

-- the subpace spanned by covs of degree < 10 has dim >=31
{10,14}: the vector space of covs has dimension 40

-- the subpace spanned by covs of degree < 10 has dim >=40
{11,1}: the vector space of covs has dimension 8

-- the subpace spanned by covs of degree < 11 has dim >=3
-- there are 5 gens of degree 11

-- the subpace spanned by covs of degree <= 11 has dim >=8
{11,3}: the vector space of covs has dimension 16

-- the subpace spanned by covs of degree < 11 has dim >=13
-- there are 3 gens of degree 11

-- the subpace spanned by covs of degree <= 11 has dim >=16
{11,5}: the vector space of covs has dimension 24

-- the subpace spanned by covs of degree < 11 has dim >=24
{11,7}: the vector space of covs has dimension 31

-- the subpace spanned by covs of degree < 11 has dim >=30
-- there are 1 gens of degree 11

-- the subpace spanned by covs of degree <= 11 has dim >=31
{11,9}: the vector space of covs has dimension 38

-- the subpace spanned by covs of degree < 11 has dim >=38
{11,11}: the vector space of covs has dimension 43

-- the subpace spanned by covs of degree < 11 has dim >=43
{11,13}: the vector space of covs has dimension 49

-- the subpace spanned by covs of degree < 11 has dim >=49
{11,15}: the vector space of covs has dimension 52

-- the subpace spanned by covs of degree < 11 has dim >=52
{12,2}: the vector space of covs has dimension 12

-- the subpace spanned by covs of degree < 12 has dim >=6
-- there are 6 gens of degree 12

-- the subpace spanned by covs of degree <= 12 has dim >=12
{12,4}: the vector space of covs has dimension 29

-- the subpace spanned by covs of degree < 12 has dim >=29
{12,6}: the vector space of covs has dimension 33

-- the subpace spanned by covs of degree < 12 has dim >=32
-- there are 1 gens of degree 12

-- the subpace spanned by covs of degree <= 12 has dim >=33
{12,8}: the vector space of covs has dimension 48

-- the subpace spanned by covs of degree < 12 has dim >=48
{12,10}: the vector space of covs has dimension 49

-- the subpace spanned by covs of degree < 12 has dim >=49
{12,12}: the vector space of covs has dimension 65

-- the subpace spanned by covs of degree < 12 has dim >=65
{12,14}: the vector space of covs has dimension 64

-- the subpace spanned by covs of degree < 12 has dim >=64
{13,1}: the vector space of covs has dimension 14

-- the subpace spanned by covs of degree < 13 has dim >=7
-- there are 7 gens of degree 13

-- the subpace spanned by covs of degree <= 13 has dim >=14
{13,3}: the vector space of covs has dimension 26

-- the subpace spanned by covs of degree < 13 has dim >=25
-- there are 1 gens of degree 13

-- the subpace spanned by covs of degree <= 13 has dim >=26
{13,5}: the vector space of covs has dimension 39

-- the subpace spanned by covs of degree < 13 has dim >=38
-- there are 1 gens of degree 13
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-- the subpace spanned by covs of degree <= 13 has dim >=39
{13,7}: the vector space of covs has dimension 53

-- the subpace spanned by covs of degree < 13 has dim >=53

{13,9}: the vector space of covs has dimension 62

-- the subpace spanned by covs of degree < 13 has dim >=62

{13,11}: the vector space of covs has dimension 74

-- the subpace spanned by covs of degree < 13 has dim >=74

{13,13}: the vector space of covs has dimension 83

-- the subpace spanned by covs of degree < 13 has dim >=83

{13,15}: the vector space of covs has dimension 91

-- the subpace spanned by covs of degree < 13 has dim >=91

{14,2}: the vector space of covs has dimension 30

-- the subpace spanned by covs of degree < 14 has dim >=30

{14,4}: the vector space of covs has dimension 37

-- the subpace spanned by covs of degree < 14 has dim >=35

-- there are 2 gens of degree 14

-- the subpace spanned by covs of degree <= 14 has dim >=37
{14,6}: the vector space of covs has dimension 62

-- the subpace spanned by covs of degree < 14 has dim >=62

{14,8}: the vector space of covs has dimension 68

-- the subpace spanned by covs of degree < 14 has dim >=68

{14,10}: the vector space of covs has dimension 91

-- the subpace spanned by covs of degree < 14 has dim >=91

{14,12}: the vector space of covs has dimension 95

-- the subpace spanned by covs of degree < 14 has dim >=95

{14,14}: the vector space of covs has dimension 116

-- the subpace spanned by covs of degree < 14 has dim >=116
{15,1}: the vector space of covs has dimension 20

-- the subpace spanned by covs of degree < 15 has dim >=17

-- there are 3 gens of degree 15

-- the subpace spanned by covs of degree <= 15 has dim >=20
{15,3}: the vector space of covs has dimension 42

-- the subpace spanned by covs of degree < 15 has dim >=41

-- there are 1 gens of degree 15

-- the subpace spanned by covs of degree <= 15 has dim >=42
{15,5}: the vector space of covs has dimension 62

-- the subpace spanned by covs of degree < 15 has dim >=62

{15,7}: the vector space of covs has dimension 80

-- the subpace spanned by covs of degree < 15 has dim >=80

{15,9}: the vector space of covs has dimension 101

-- the subpace spanned by covs of degree < 15 has dim >=101
{15,11}: the vector space of covs has dimension 116

-- the subpace spanned by covs of degree < 15 has dim >=116
{15,13}: the vector space of covs has dimension 132

-- the subpace spanned by covs of degree < 15 has dim >=132
{15,15}: the vector space of covs has dimension 147

-- the subpace spanned by covs of degree < 15 has dim >=147
{16,2}: the vector space of covs has dimension 33

-- the subpace spanned by covs of degree < 16 has dim >=30

-- there are 3 gens of degree 16

-- the subpace spanned by covs of degree <= 16 has dim >=33
{16,4}: the vector space of covs has dimension 70

-- the subpace spanned by covs of degree < 16 has dim >=70

{16,6}: the vector space of covs has dimension 81

-- the subpace spanned by covs of degree < 16 has dim >=81

{16,8}: the vector space of covs has dimension 117

-- the subpace spanned by covs of degree < 16 has dim >=117
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{16,10}: the vector space
-- the subpace spanned by
{16,12}: the vector space
-- the subpace spanned by
{16,14}: the vector space
-- the subpace spanned by

of covs
covs of
of covs
covs of
of covs
covs of

has dimension 129
degree < 16 has dim
has dimension 159
degree < 16 has dim
has dimension 168
degree < 16 has dim

{17,1}: the vector space of covs has dimension 31

-- the subpace spanned by covs of degree < 17 has dim
-- there are 2 gens of degree 17
-- the subpace spanned by covs of degree <= 17 has dim >=31
{17,3}: the vector space of covs has dimension 62
-- the subpace spanned by covs of degree < 17 has dim >=62
{17,5}: the vector space of covs has dimension 92

-- the subpace spanned by covs of degree < 17 has dim
{17,7}: the vector space of covs has dimension 122

-- the subpace spanned by covs of degree < 17 has dim
{17,9}: the vector space of covs has dimension 149

-- the subpace spanned by
{17,11}: the vector space
-- the subpace spanned by
{17,13}: the vector space
-- the subpace spanned by
{17,15}: the vector space
-- the subpace spanned by

covs of
of covs
covs of
of covs
covs of
of covs
covs of

degree < 17 has dim
has dimension 177
degree < 17 has dim
has dimension 200
degree < 17 has dim
has dimension 225
degree < 17 has dim

{18,2}: the vector space of covs has dimension 63
-- the subpace spanned by covs of degree < 18 has dim
{18,4}: the vector space of covs has dimension 85
-- the subpace spanned by covs of degree < 18 has dim
{18,6}: the vector space of covs has dimension 137
-- the subpace spanned by covs of degree < 18 has dim
{18,8}: the vector space of covs has dimension 157

-- the subpace spanned by
{18,10}: the vector space
-- the subpace spanned by
{18,12}: the vector space
-- the subpace spanned by
{18,14}: the vector space
-- the subpace spanned by

covs of
of covs
covs of
of covs
covs of
of covs
covs of

degree < 18 has dim
has dimension 203
degree < 18 has dim
has dimension 223
degree < 18 has dim
has dimension 265
degree < 18 has dim

{19,1}: the vector space of covs has dimension 46
-- the subpace spanned by covs of degree < 19 has dim >=45
-- there are 1 gens of degree 19
-- the subpace spanned by covs of degree <= 19 has dim >=46
{19,3}: the vector space of covs has dimension 88
-- the subpace spanned by covs of degree < 19 has dim >=88
{19,5}: the vector space of covs has dimension 133

-- the subpace spanned by covs of degree < 19 has dim
{19,7}: the vector space of covs has dimension 176

-- the subpace spanned by covs of degree < 19 has dim
{19,9}: the vector space of covs has dimension 216

-- the subpace spanned by
{19,11}: the vector space
-- the subpace spanned by
{19,13}: the vector space
-- the subpace spanned by
{19,15}: the vector space
-- the subpace spanned by

covs of
of covs
covs of
of covs
covs of
of covs
covs of

degree < 19 has dim
has dimension 255
degree < 19 has dim
has dimension 295
degree < 19 has dim
has dimension 326
degree < 19 has dim

{20,2}: the vector space of covs has dimension 71

>=129

>=1569

>=168

>=29

>=92

>=122

>=149

>=177

>=200

>=22b

>=63

>=85

>=137

>=157

>=203

>=223

>=26b

>=133

>=176

>=216

>=26b

>=29b

>=326
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-- the subpace spanned by covs of degree < 20 has dim
{20,4}: the vector space of covs has dimension 140
-- the subpace spanned by covs of degree < 20 has dim
{20,6}: the vector space of covs has dimension 175
-- the subpace spanned by covs of degree < 20 has dim
{20,8}: the vector space of covs has dimension 241

-- the subpace spanned by
{20,10}: the vector space
-- the subpace spanned by
{20,12}: the vector space
-- the subpace spanned by
{20,14}: the vector space
-- the subpace spanned by

covs of
of covs
covs of
of covs
covs of
of covs
covs of

degree < 20 has dim
has dimension 273
degree < 20 has dim
has dimension 335
degree < 20 has dim
has dimension 363
degree < 20 has dim

{21,1}: the vector space of covs has dimension 61

-- the subpace spanned by covs of degree < 21 has dim
{21,3}: the vector space of covs has dimension 126

-- the subpace spanned by covs of degree < 21 has dim
{21,5}: the vector space of covs has dimension 185

-- the subpace spanned by covs of degree < 21 has dim
{21,7}: the vector space of covs has dimension 245

-- the subpace spanned by covs of degree < 21 has dim
{21,9}: the vector space of covs has dimension 304

-- the subpace spanned by
{21,11}: the vector space
-- the subpace spanned by
{21,13}: the vector space
-- the subpace spanned by
{21,15}: the vector space
-- the subpace spanned by

covs of
of covs
covs of
of covs
covs of
of covs
covs of

degree < 21 has dim
has dimension 360
degree < 21 has dim
has dimension 411
degree < 21 has dim
has dimension 466
degree < 21 has dim

{22,2}: the vector space of covs has dimension 119
-- the subpace spanned by covs of degree < 22 has dim
{22,4}: the vector space of covs has dimension 173
-- the subpace spanned by covs of degree < 22 has dim
{22,6}: the vector space of covs has dimension 261
-- the subpace spanned by covs of degree < 22 has dim
{22,8}: the vector space of covs has dimension 312

-- the subpace spanned by
{22,10}: the vector space
-- the subpace spanned by
{22,12}: the vector space
-- the subpace spanned by
{22,14}: the vector space
-- the subpace spanned by

covs of
of covs
covs of
of covs
covs of
of covs
covs of

degree < 22 has dim
has dimension 400
degree < 22 has dim
has dimension 443
degree < 22 has dim
has dimension 525
degree < 22 has dim

{23,1}: the vector space of covs has dimension 85
-- the subpace spanned by covs of degree < 23 has dim >=84
-- there are 1 gens of degree 23
-- the subpace spanned by covs of degree <= 23 has dim >=85
{23,3}: the vector space of covs has dimension 169
-- the subpace spanned by covs of degree < 23 has dim >=169
{23,5}: the vector space of covs has dimension 253

-- the subpace spanned by covs of degree < 23 has dim
{23,7}: the vector space of covs has dimension 334

-- the subpace spanned by covs of degree < 23 has dim
{23,9}: the vector space of covs has dimension 415

-- the subpace spanned by covs of degree < 23 has dim
{23,11}: the vector space of covs has dimension 491

-- the subpace spanned by covs of degree < 23 has dim

>=71

>=140

>=175

>=241

>=273

>=335

>=363

>=61

>=126

>=185

>=245

>=304

>=360

>=411

>=466

>=119

>=173

>=261

>=312

>=400

>=443

>=52b

>=253

>=334

>=415

>=491
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{23,13}: the vector space of covs has dimension 567

-- the subpace spanned by covs of degree < 23 has dim >=567
{23,15}: the vector space of covs has dimension 636

-- the subpace spanned by covs of degree < 23 has dim >=636
{24,2}: the vector space of covs has dimension 136

-- the subpace spanned by covs of degree < 24 has dim >=136
{24,4}: the vector space of covs has dimension 254

-- the subpace spanned by covs of degree < 24 has dim >=254
{24,6}: the vector space of covs has dimension 330

-- the subpace spanned by covs of degree < 24 has dim >=330
{24,8}: the vector space of covs has dimension 445

-- the subpace spanned by covs of degree < 24 has dim >=445
{24,10}: the vector space of covs has dimension 513

-- the subpace spanned by covs of degree < 24 has dim >=513
{24,12}: the vector space of covs has dimension 626

-- the subpace spanned by covs of degree < 24 has dim >=626
{24,14}: the vector space of covs has dimension 688

-- the subpace spanned by covs of degree < 24 has dim >=688
Out[]= {1453.54, Null}

Here we prove that the covariants from Tables 5.4 and 5.5 generate the
vector space of covariants of V7 of order 1 and degree d with d < 43, the vector
space of covariants of V7 of order 2 and degree d with d < 46, the vector space
of covariants of V7 of order 3 and degree d with d < 45, the vector space of
covariants of V7 of order 4 and degree d with d < 44, and the vector space of
covariants of V7 of order 5 and degree d with d < 45:

In[]:=listdeg2 = {{1, 43}, {2, 46}, {3, 45}, {4, 44}, {5, 45}};
In[]:=Timing[
For[zz=1,22<6,zz++,
ord=listdeg2[[zz]][[1]];
For[deg = 25, deg < listdeg2[[zz]]1[[2]] + 1, deg+t+,
symm = SymTensor[7, deg] /. Table[v[i] -> 0, {i, 16, 1000}];
kk = Coefficient[symm, v[ord]] + 1;

If[kk !'= 1,
Print[{deg,ord},": the vector space of covs has dimension",kk-1];
ss = mon[{deg, ord}, 147];
If[ss != {},
DIM = kk - 1;

ddl = RandomSample[ss, kk + 10];

dd2 = Complement[ss, ddi];

eval=Table[dd1/.Table[listgen[[j]]->Matr[[k]I[[j1]1L[11],
{j,1,Length[Matr[[k]111}],{k,1,kk}];

evall= ColumnEchelon[evall];

rkl= MatrixRank[evall, Modulus -> 32003];

rk= rkil;

While[rk != DIM,

AA = Table[RandomInteger[{-10, 10}], {i, 1, 50}];

uu = RandomSample[dd2, 50].AA;

evaluu= Table[uu/.Table[listgen[[j11->Matr[[k]]1[[j1]1C[1]1],

{j,1,Length[Matr[[k]]11}],{k,1,kk}];

eval= Table[Join[evall[[il], {evaluu[[i]1]}], {i, 1, kk}1;
eval= Mod[eval, 32003];

rk= MatrixRank[eval, Modulus -> 32003];

If[rk > rkl, evall = eval; rkl = rk]];

Print["-- the subpace spanned by covs of degree < ", deg,
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" has dim >=", rk]
111

{25,1}: the vector space of covs has dimension 114

-- the subpace spanned by covs of degree < 25 has dim >=114
{27,1}: the vector space of covs has dimension 146

-- the subpace spanned by covs of degree < 27 has dim >=146
{29,1}: the vector space of covs has dimension 189

-- the subpace spanned by covs of degree < 29 has dim >=189
{31,1}: the vector space of covs has dimension 241

-- the subpace spanned by covs of degree < 31 has dim >=241
{33,1}: the vector space of covs has dimension 297

-- the subpace spanned by covs of degree < 33 has dim >=297
{35,1}: the vector space of covs has dimension 369

-- the subpace spanned by covs of degree < 35 has dim >=369
{37,1}: the vector space of covs has dimension 452

-- the subpace spanned by covs of degree < 37 has dim >=452
{39,1}: the vector space of covs has dimension 543

-- the subpace spanned by covs of degree < 39 has dim >=543
{41,1}: the vector space of covs has dimension 653

-- the subpace spanned by covs of degree < 41 has dim >=653
{43,1}: the vector space of covs has dimension 780

-- the subpace spanned by covs of degree < 43 has dim >=780
{26,2}: the vector space of covs has dimension 207

-- the subpace spanned by covs of degree < 26 has dim >=207
{28,2}: the vector space of covs has dimension 236

-- the subpace spanned by covs of degree < 28 has dim >=236
{30,2}: the vector space of covs has dimension 336

-- the subpace spanned by covs of degree < 30 has dim >=336
{32,2}: the vector space of covs has dimension 383

-- the subpace spanned by covs of degree < 32 has dim >=383
{34,2}: the vector space of covs has dimension 519

-- the subpace spanned by covs of degree < 34 has dim >=519
{36,2}: the vector space of covs has dimension 589

-- the subpace spanned by covs of degree < 36 has dim >=589
{38,2}: the vector space of covs has dimension 769

-- the subpace spanned by covs of degree < 38 has dim >=769
{40,2}: the vector space of covs has dimension 868

-- the subpace spanned by covs of degree < 40 has dim >=868
{42,2}: the vector space of covs has dimension 1100

-- the subpace spanned by covs of degree < 42 has dim >=1100
{44,2}: the vector space of covs has dimension 1235

-- the subpace spanned by covs of degree < 44 has dim >=1235
{46,2}: the vector space of covs has dimension 1529

-- the subpace spanned by covs of degree < 46 has dim >=1529
{25,3}: the vector space of covs has dimension 224

-- the subpace spanned by covs of degree < 25 has dim >=224
{27,3}: the vector space of covs has dimension 295

-- the subpace spanned by covs of degree < 27 has dim >=295
{29,3}: the vector space of covs has dimension 378

-- the subpace spanned by covs of degree < 29 has dim >=378
{31,3}: the vector space of covs has dimension 476

-- the subpace spanned by covs of degree < 31 has dim >=476
{33,3}: the vector space of covs has dimension 599

-- the subpace spanned by covs of degree < 33 has dim >=599
{35,3}: the vector space of covs has dimension 736

-- the subpace spanned by covs of degree < 35 has dim >=736
{37,3}: the vector space of covs has dimension 898
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-- the subpace spanned by covs of degree < 37 has dim >=898
{39,3}: the vector space of covs has dimension 1090

-- the subpace spanned by covs of degree < 39 has dim >=1090
{41,3}: the vector space of covs has dimension 1306

-- the subpace spanned by covs of degree < 41 has dim >=1306
{43,3}: the vector space of covs has dimension 1551

-- the subpace spanned by covs of degree < 43 has dim >=15b51
{45,3}: the vector space of covs has dimension 1838

-- the subpace spanned by covs of degree < 45 has dim >=1838
{26,4}: the vector space of covs has dimension 309

-- the subpace spanned by covs of degree < 26 has dim >=309
{28,4}: the vector space of covs has dimension 433

-- the subpace spanned by covs of degree < 28 has dim >=433
{30,4}: the vector space of covs has dimension 513

-- the subpace spanned by covs of degree < 30 has dim >=513
{32,4}: the vector space of covs has dimension 686

-- the subpace spanned by covs of degree < 32 has dim >=686
{34,4}: the vector space of covs has dimension 810

-- the subpace spanned by covs of degree < 34 has dim >=810
{36,4}: the vector space of covs has dimension 1039

-- the subpace spanned by covs of degree < 36 has dim >=1039
{38,4}: the vector space of covs has dimension 1212

-- the subpace spanned by covs of degree < 38 has dim >=1212
{40,4}: the vector space of covs has dimension 1520

-- the subpace spanned by covs of degree < 40 has dim >=1520
{42,4}: the vector space of covs has dimension 1748

-- the subpace spanned by covs of degree < 42 has dim >=1748
{44,4}: the vector space of covs has dimension 2144

-- the subpace spanned by covs of degree < 44 has dim >=2144
{25,5}: the vector space of covs has dimension 336

-- the subpace spanned by covs of degree < 25 has dim >=336
{27,5}: the vector space of covs has dimension 440

-- the subpace spanned by covs of degree < 27 has dim >=440
{29,5}: the vector space of covs has dimension 564

-- the subpace spanned by covs of degree < 29 has dim >=564
{31,5}: the vector space of covs has dimension 715

-- the subpace spanned by covs of degree < 31 has dim >=715
{33,5}: the vector space of covs has dimension 892

-- the subpace spanned by covs of degree < 33 has dim >=892
{35,5}: the vector space of covs has dimension 1103

-- the subpace spanned by covs of degree < 35 has dim >=1103
{37,6}: the vector space of covs has dimension 1346

-- the subpace spanned by covs of degree < 37 has dim >=1346
{39,5}: the vector space of covs has dimension 1630

-- the subpace spanned by covs of degree < 39 has dim >=1630
{41,5}: the vector space of covs has dimension 1954

-- the subpace spanned by covs of degree < 41 has dim >=1954
{43,5}: the vector space of covs has dimension 2327

-- the subpace spanned by covs of degree < 43 has dim >=2327
{45,5}: the vector space of covs has dimension 2748

-- the subpace spanned by covs of degree < 45 has dim >=2748
Out[]1= {132186., Null}
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A.8 The covariants of Vg

First we create a matrix with the evaluations of the 69 covariants from Table
5.6 at 250 random integers:

In[]:=MatrixEvaluations[N_] :=Module[{FF,Inv2,KK,II,HH,Inv3,Fk,F3,F2,F1,PP,Teta,
TT,Inv4,Delta,Ik,I3,I2,I1,H3,H2,H1,SS,Inv5,FK3,FK2,Fdelta,FK1,F3rd,F2nd,
F1st,PP3,Tetak,PP1,Inv6,Ik3,Ik2,Idelta,Ikl,I3rd,Tau,I2nd,I1st,Inv7,Fk3rd,
Ftau6,Fk2nd,Ftau5,Fklst,Ftau4,Tetakk,Inv8,Ik3rd,Itaub,Ik2nd,Itaub,Iklist,
Itau4,Inv9,Fktau4,Fdelta3rd,Tetakkk,Fdelta2nd,Inv10,Iktau4,Idelta3rd,
Fdeltatau4,Last,Ideltataud},

MM={};

For[i=1,i<N+1,i++,FF=Table[Binomial[8,i]*a[8-i],{i,0,83}]/.

Table[a[j]->RandomInteger[{-10,10}]1,{j,0,8}];
Inv2=Transvectant [FF,FF,8] ;KK=Transvectant [FF,FF,6] ;
II=Transvectant [FF,FF,4] ;HH=Transvectant [FF,FF,2];
Inv3=Transvectant[FF,II,8];Fk=Transvectant[FF,KK,4];

F3=Transvectant [FF,KK, 3] ;F2=Transvectant [FF,KK,2] ;

Fi=Transvectant [FF,KK, 1] ;PP=Transvectant [FF,II,2];

Teta=Transvectant [FF,II,1];TT=Transvectant[FF,HH,1];
Inv4=Transvectant [KK,KK,4] ;Delta=Transvectant [KK,KK,2] ;
Ik=Transvectant[II,KK,4];I3=Transvectant[II,KK,3];

I2=Transvectant [II,KK,2];I1=Transvectant[II,KK,1];

H3=Transvectant [HH,KK, 3] ;H2=Transvectant [HH,KK,2];

Hi=Transvectant [HH,KK, 1] ;SS=Transvectant [HH,II,1];

Invb=Transvectant [FF,exp[KK,2],8] ;FK3=Transvectant [Fk,KK, 3] ;

FK2=Transvectant [Fk,KK,2] ;Fdelta=Transvectant [FF,Delta,4];

FK1=Transvectant [Fk,KK,1] ;F3rd=Transvectant [FF,Delta,3];

F2nd=Transvectant [FF,Delta,2] ;Fist=Transvectant [FF,Delta,1];

PP3=Transvectant [PP,KK, 3] ;Tetak=Transvectant [Teta,KK,4];

PPi=Transvectant [PP,KK,1] ; Inv6=Transvectant [II,exp[KK,2],8];
Ik3=Transvectant [Ik,KK,3] ; Ik2=Transvectant [Ik,KK,2];
Idelta=Transvectant[II,Delta,4];Ikl=Transvectant[Ik,KK,1];
I3rd=Transvectant[II,Delta,3];Tau=Transvectant [KK,Delta,1];
I2nd=Transvectant[II,Delta,2] ;I1st=Transvectant[II,Delta,1];
Inv7=Transvectant[Fk,Delta,4] ;Fk3rd=Transvectant [Fk,Delta,3];

Ftau6=Transvectant [FF,Tau,6] ;Fk2nd=Transvectant [Fk,Delta,2];

Ftaub=Transvectant [FF,Tau,5] ;Fkist=Transvectant[Fk,Delta,1];

Ftaud4=Transvectant [FF,Tau, 4] ; Tetakk=Transvectant [Teta,exp[KK,2],8];
Inv8=Transvectant[Ik,Delta,4];Ik3rd=Transvectant[Ik,Delta,3];
Itau6=Transvectant[II,Tau,6];Ik2nd=Transvectant[Ik,Delta,2];
Itaub=Transvectant[II,Tau,5];Iklst=Transvectant[Ik,Delta,1];
Itau4=Transvectant [II,Tau,4];Inv9=Transvectant [FF,exp[Delta,2],8];

Fktau4=Transvectant [Fk,Tau,4] ;Fdelta3rd=Transvectant [Fdelta,Delta,3];

Tetakkk=Transvectant [Tetak,exp[KK,2],8];

Fdelta2nd=Transvectant [Fdelta,Delta,2];

Invi0=Transvectant[II,exp[Delta,2],8];Iktaud=Transvectant[Ik,Tau,4];

Idelta3rd=Transvectant[Idelta,Delta,3];

Fdeltataud4=Transvectant[Fdelta,Tau,4] ;Last=Transvectant [Tetakkk,KK,2];

Ideltatau4=Transvectant[Idelta,Tau,4];

MM=Append [MM, {FF,Inv2,KK,II,HH, Inv3,Fk,F3,F2,F1,PP,Teta,TT,Inv4,Delta,
Ik,I3,12,11,H3,H2,H1,SS,Inv5,FK3,FK2,Fdelta,FK1,F3rd,F2nd,Fist,PP3,
Tetak,PP1,Inv6,Ik3,Ik2,Idelta,Ikl,I3rd,Tau,I2nd,Ilst,Inv7,Fk3rd,Ftaub,
Fk2nd,Ftaub,Fklst,Ftau4,Tetakk,Inv8,Ik3rd,Itau6,Ik2nd,Itaub,Iklst,Itau4d,
Inv9,Fktau4,Fdelta3rd,Tetakkk,Fdelta2nd,Inv10,Iktau4,Idelta3rd,Fdeltatau4,
Last,Ideltataud4}]]]

In[]:=Timing[MatrixEvaluations[250] ;Matr=MM;]
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Out [1={107.624000,Null}

Next we show that the 69 covariants generate C(Vs)4m,m with d < 13 and
m < 18. For each d < 13 and m < 18 we do the following: we construct all
possible monomials of degree d and order m spanned by the 69 covariants and
evaluate them at random integers (using the matrix we just created). These
monomials will span C(Vg)g,, if their evaluation matrix has the rank equal to
the dimension of C(V3)a,m. We will use a function that we implemented and
called mon{deg,ord} which returns a list of all covariants degree deg and order
ord as monomials of degree deg spanned by the above 69 covariants.

In[]:=listdeg={{1,8},{2,0},{2,4},{2,8},{2,12},{3,0},{3,4},{3,6},{3,8},
{3,10},4{3,12},{3,14},{3,18},{4,0},{4,4},{4,4},{4,6},{4,8},{4,10},
{4,10},{4,12},{4,14},{4,18},{5,0},{5,2},{5,4},{5,4},{5,6},{5,6},{5,8},
{5,10},{5,10},{5,10},{5,14},{6,0},{6,2},{6,4},{6,4},{6,6},{6,6},{6,6},
{6,8},{6,10},{7,0},{7,2},{7,2},4{7,4},{7,4},{7,6},{7,6},{7,6},{8,0},
{8,2},{8,2},{8,4},{8,4},{8,6},{8,6},{9,0},{9,2},{9,2},{9,2},{9,4%},{10,0%},
{10,2},{10,2},{11,2},{11,2},{12,2}};
In[]:=listgen={FF,Inv2,KK,II,HH,Inv3,Fk,F3,F2,F1,PP,Teta,TT, Inv4,Delta, Ik,
13,12,I1,H3,H2,H1,SS,Inv5,FK3,FK2,Fdelta,FK1,F3rd,F2nd,Fist,PP3,Tetak,PP1,
Inv6,Ik3,Ik2,Idelta,Ikl,I3rd,Tau,I2nd,Ilst,Inv7,Fk3rd,Ftau8,Fk2nd,Ftaub,
Fkist,Ftau4,Tetakk,Inv8,Ik3rd,Itau6,Ik2nd,Itaub,Iklst,Itaud,Inv9,Fktau4,
Fdelta3rd,Tetakkk,Fdelta2nd,Inv10,Iktau4,Idelta3rd,Fdeltatau4,Lastll,
Ideltataud};
In[]:=mon[md_,j_]:= mon[md, j]=If[md=={0,0},1,If[md[[1]1]1<0||md[[2]1]<0,{},
Flatten[Table[listgen[[i]Imon[md-listdegl[[i]l],1],{i,1,3j}]11]]

Here we show that the 69 covariants generate C(Vg)4m with d < 13 and
m < 18:

In[]:=Timing[
For[deg=2,deg<14,deg++,

For[j=0,j<10,j++,0rd=2j;
symm=SymTensor[8,deg]/.Table[v[i]->0,{1,19,1000}];
kk=Coefficient [symm,v[ord]]+1;

If[kk!=1,
Print[{deg,ord},": the vector space of covs has dimension",kk-1]];
ss=mon[{deg, ord},69];
If[ss!={},
tt=Intersection[ss,listgen];
If[tt!={},
ssl = Complement[ss, tt];
evall=Table[ssl/.Table[listgen[[j]1]->Matr[[k]]1[[j]1]C[1]1],
{j,1,Length[Matr[[k]111}],{k,1,kk}];
rk1=If[ss1=={},0,MatrixRank[evall,Modulus->32003]];
Print["-- the subpace spanned by covs of degree < ", deg,
" has dim >=", rki];
Print["-- there are ", Length[tt], " gens of degree ", degl;
eval=Table[ss/.Table[listgen[[j]1]->Matr[[k]][[3]]1C[1]1],
{j,1,Length[Matr[[k]111}],{k,1,kk}];
rk = MatrixRank[eval, Modulus -> 32003];
Print["-- the subpace spanned by covs of degree <= ", deg,
" has dim >=", rk],
eval=Table[ss/.Table[listgen[[j]1]->Matr[[k]][[31]1C[1]1],
{j,1,Length[Matr[[k]111}],{k,1,kk}];
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rk=MatrixRank[eval,Modulus->32003];

Print["-- the subpace spanned by covs of degree < ",

" has dim >=", rk]]]
11]
{2,0}: the vector space of covs has dimension 1
-- the subpace spanned by covs of degree < 2 has dim >=0
-- there are 1 gens of degree 2
-- the subpace spanned by covs of degree <= 2 has dim >=1
{2,4}: the vector space of covs has dimension 1
-- the subpace spanned by covs of degree < 2 has dim >=0
-- there are 1 gens of degree 2
-- the subpace spanned by covs of degree <= 2 has dim >=1
{2,8}: the vector space of covs has dimension 1
-- the subpace spanned by covs of degree < 2 has dim >=0
-- there are 1 gens of degree 2
-- the subpace spanned by covs of degree <= 2 has dim >=1
{2,12}: the vector space of covs has dimension 1
-- the subpace spanned by covs of degree < 2 has dim >=0
-- there are 1 gens of degree 2
-- the subpace spanned by covs of degree <= 2 has dim >=1
{2,16}: the vector space of covs has dimension 1
-- the subpace spanned by covs of degree < 2 has dim >=1
{3,0}: the vector space of covs has dimension 1
-- the subpace spanned by covs of degree < 3 has dim >=0
-- there are 1 gens of degree 3
-- the subpace spanned by covs of degree <= 3 has dim >=1
{3,4}: the vector space of covs has dimension 1
-- the subpace spanned by covs of degree < 3 has dim >=0
-- there are 1 gens of degree 3
-- the subpace spanned by covs of degree <= 3 has dim >=1
{3,8}: the vector space of covs has dimension 1
-- the subpace spanned by covs of degree < 3 has dim >=0
-- there are 1 gens of degree 3
-- the subpace spanned by covs of degree <= 3 has dim >=1
{3,8}: the vector space of covs has dimension 2
-- the subpace spanned by covs of degree < 3 has dim >=1
-- there are 1 gens of degree 3
-- the subpace spanned by covs of degree <= 3 has dim >=2
{3,10}: the vector space of covs has dimension 1
-- the subpace spanned by covs of degree < 3 has dim >=0
-- there are 1 gens of degree 3
-- the subpace spanned by covs of degree <= 3 has dim >=1
{3,12}: the vector space of covs has dimension 2
-- the subpace spanned by covs of degree < 3 has dim >=1
-- there are 1 gens of degree 3
-- the subpace spanned by covs of degree <= 3 has dim >=2
{3,14}: the vector space of covs has dimension 1
-- the subpace spanned by covs of degree < 3 has dim >=0
-- there are 1 gens of degree 3
-- the subpace spanned by covs of degree <= 3 has dim >=1
{3,16}: the vector space of covs has dimension 1
-- the subpace spanned by covs of degree < 3 has dim >=1
{3,18}: the vector space of covs has dimension 1
-- the subpace spanned by covs of degree < 3 has dim >=0
-- there are 1 gens of degree 3
-- the subpace spanned by covs of degree <= 3 has dim >=1
{4,0}: the vector space of covs has dimension 2

deg,
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-- the subpace spanned by covs of degree < 4 has dim >=1

-- there are 1 gens of degree 4

-- the subpace spanned by covs of degree <= 4 has dim >=2
{4,4}: the vector space of covs has dimension 3

-- the subpace spanned by covs of degree < 4 has dim >=1

-- there are 2 gens of degree 4

-- the subpace spanned by covs of degree <= 4 has dim >=3
{4,6}: the vector space of covs has dimension 1

-- the subpace spanned by covs of degree < 4 has dim >=0

-- there are 1 gens of degree 4

-- the subpace spanned by covs of degree <= 4 has dim >=1
{4,8}: the vector space of covs has dimension 4

-- the subpace spanned by covs of degree < 4 has dim >=3

-- there are 1 gens of degree 4

-- the subpace spanned by covs of degree <= 4 has dim >=4
{4,10}: the vector space of covs has dimension 2

-- the subpace spanned by covs of degree < 4 has dim >=0

-- there are 2 gens of degree 4

-- the subpace spanned by covs of degree <= 4 has dim >=2
{4,12}: the vector space of covs has dimension 4

-- the subpace spanned by covs of degree < 4 has dim >=3

-- there are 1 gens of degree 4

-- the subpace spanned by covs of degree <= 4 has dim >=4
{4,14}: the vector space of covs has dimension 2

-- the subpace spanned by covs of degree < 4 has dim >=1

-- there are 1 gens of degree 4

-- the subpace spanned by covs of degree <= 4 has dim >=2
{4,16}: the vector space of covs has dimension 4

-- the subpace spanned by covs of degree < 4 has dim >=4

{4,18}: the vector space of covs has dimension 2

-- the subpace spanned by covs of degree < 4 has dim >=1

-- there are 1 gens of degree 4

-- the subpace spanned by covs of degree <= 4 has dim >=2
{5,0}: the vector space of covs has dimension 2

-- the subpace spanned by covs of degree < 5 has dim >=1

-- there are 1 gens of degree 5

-- the subpace spanned by covs of degree <= b5 has dim >=2
{5,2}: the vector space of covs has dimension 1

-- the subpace spanned by covs of degree < 5 has dim >=0

-- there are 1 gens of degree 5

-- the subpace spanned by covs of degree <= 5 has dim >=1
{5,4}: the vector space of covs has dimension 4

-- the subpace spanned by covs of degree < 5 has dim >=2

-- there are 2 gens of degree 5

-- the subpace spanned by covs of degree <= 5 has dim >=4
{5,6}: the vector space of covs has dimension 3

-- the subpace spanned by covs of degree < 5 has dim >=1

-- there are 2 gens of degree 5

-- the subpace spanned by covs of degree <= 5 has dim >=3
{5,8}: the vector space of covs has dimension 6

-- the subpace spanned by covs of degree < 5 has dim >=b

-- there are 1 gens of degree 5

-- the subpace spanned by covs of degree <= b5 has dim >=6
{5,10}: the vector space of covs has dimension 5

-- the subpace spanned by covs of degree < 5 has dim >=2

-- there are 3 gens of degree 5

-- the subpace spanned by covs of degree <= 5 has dim >=b
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{5,12}: the vector space of covs has dimension 7

-- the subpace spanned by covs of degree < 5 has dim >=7
{5,14}: the vector space of covs has dimension 5

-- the subpace spanned by covs of degree < 5 has dim >=4
-- there are 1 gens of degree 5

-- the subpace spanned by covs of degree <= 5 has dim >=5
{5,16}: the vector space of covs has dimension 7

-- the subpace spanned by covs of degree < 5 has dim >=7
{5,18}: the vector space of covs has dimension 5

-- the subpace spanned by covs of degree < 5 has dim >=5
{6,0}: the vector space of covs has dimension 4

-- the subpace spanned by covs of degree < 6 has dim >=3
-- there are 1 gens of degree 6

-- the subpace spanned by covs of degree <= 6 has dim >=4
{6,2}: the vector space of covs has dimension 1

-- the subpace spanned by covs of degree < 6 has dim >=0
-- there are 1 gens of degree 6

-- the subpace spanned by covs of degree <= 6 has dim >=1
{6,4}: the vector space of covs has dimension 7

-- the subpace spanned by covs of degree < 6 has dim >=5
-- there are 2 gens of degree 6

-- the subpace spanned by covs of degree <= 6 has dim >=7
{6,6}: the vector space of covs has dimension 5

-- the subpace spanned by covs of degree < 6 has dim >=2
-- there are 3 gens of degree 6

-- the subpace spanned by covs of degree <= 6 has dim >=5
{6,8}: the vector space of covs has dimension 11

-- the subpace spanned by covs of degree < 6 has dim >=10
-- there are 1 gens of degree 6

-- the subpace spanned by covs of degree <= 6 has dim >=11
{6,10}: the vector space of covs has dimension 7

-- the subpace spanned by covs of degree < 6 has dim >=6
-- there are 1 gens of degree 6

-- the subpace spanned by covs of degree <= 6 has dim >=7
{6,12}: the vector space of covs has dimension 13

-- the subpace spanned by covs of degree < 6 has dim >=13
{6,14}: the vector space of covs has dimension 9

-- the subpace spanned by covs of degree < 6 has dim >=9
{6,16}: the vector space of covs has dimension 13

-- the subpace spanned by covs of degree < 6 has dim >=13
{6,18}: the vector space of covs has dimension 10

-- the subpace spanned by covs of degree < 6 has dim >=10
{7,0}: the vector space of covs has dimension 4

-- the subpace spanned by covs of degree < 7 has dim >=3
-- there are 1 gens of degree 7

-- the subpace spanned by covs of degree <= 7 has dim >=4
{7,2}: the vector space of covs has dimension 3

-- the subpace spanned by covs of degree < 7 has dim >=1
-- there are 2 gens of degree 7

-- the subpace spanned by covs of degree <= 7 has dim >=3
{7,4}: the vector space of covs has dimension 10

-- the subpace spanned by covs of degree < 7 has dim >=8
-- there are 2 gens of degree 7

-- the subpace spanned by covs of degree <= 7 has dim >=10
{7,6}: the vector space of covs has dimension 9

-- the subpace spanned by covs of degree < 7 has dim >=6
-- there are 3 gens of degree 7
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-- the subpace spanned by covs of degree <= 7 has dim >=9
{7,8}: the vector space of covs has dimension 16

-- the subpace spanned by covs of degree < 7 has dim >=16
{7,10}: the vector space of covs has dimension 14

-- the subpace spanned by covs of degree < 7 has dim >=14
{7,12}: the vector space of covs has dimension 19

-- the subpace spanned by covs of degree < 7 has dim >=19
{7,14}: the vector space of covs has dimension 17

-- the subpace spanned by covs of degree < 7 has dim >=17
{7,16}: the vector space of covs has dimension 21

-- the subpace spanned by covs of degree < 7 has dim >=21
{7,18}: the vector space of covs has dimension 18

-- the subpace spanned by covs of degree < 7 has dim >=18
{8,0}: the vector space of covs has dimension 7

-- the subpace spanned by covs of degree < 8 has dim >=6
-- there are 1 gens of degree 8

-- the subpace spanned by covs of degree <= 8 has dim >=7
{8,2}: the vector space of covs has dimension 4

-- the subpace spanned by covs of degree < 8 has dim >=2
-- there are 2 gens of degree 8

-- the subpace spanned by covs of degree <= 8 has dim >=4
{8,4}: the vector space of covs has dimension 16

-- the subpace spanned by covs of degree < 8 has dim >=14
-- there are 2 gens of degree 8

-- the subpace spanned by covs of degree <= 8 has dim >=186
{8,6}: the vector space of covs has dimension 13

-- the subpace spanned by covs of degree < 8 has dim >=11
-- there are 2 gens of degree 8

-- the subpace spanned by covs of degree <= 8 has dim >=13
{8,8}: the vector space of covs has dimension 25

-- the subpace spanned by covs of degree < 8 has dim >=25
{8,10}: the vector space of covs has dimension 21

-- the subpace spanned by covs of degree < 8 has dim >=21
{8,12}: the vector space of covs has dimension 31

-- the subpace spanned by covs of degree < 8 has dim >=31
{8,14}: the vector space of covs has dimension 26

-- the subpace spanned by covs of degree < 8 has dim >=26
{8,16}: the vector space of covs has dimension 35

-- the subpace spanned by covs of degree < 8 has dim >=35
{8,18}: the vector space of covs has dimension 29

-- the subpace spanned by covs of degree < 8 has dim >=29
{9,0}: the vector space of covs has dimension 8

-- the subpace spanned by covs of degree < 9 has dim >=7
-- there are 1 gens of degree 9

-- the subpace spanned by covs of degree <= 9 has dim >=8
{9,2}: the vector space of covs has dimension 8

-- the subpace spanned by covs of degree < 9 has dim >=5
-- there are 3 gens of degree 9

-- the subpace spanned by covs of degree <= 9 has dim >=8
{9,4}: the vector space of covs has dimension 21

-- the subpace spanned by covs of degree < 9 has dim >=20
-- there are 1 gens of degree 9

-- the subpace spanned by covs of degree <= 9 has dim >=21
{9,6}: the vector space of covs has dimension 22

-- the subpace spanned by covs of degree < 9 has dim >=22
{9,8}: the vector space of covs has dimension 35

-- the subpace spanned by covs of degree < 9 has dim >=35
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{9,10}: the vector space of covs has dimension 33

-- the subpace spanned by covs of degree < 9 has dim >=33
{9,12}: the vector space of covs has dimension 45

-- the subpace spanned by covs of degree < 9 has dim >=45
{9,14}: the vector space of covs has dimension 42

-- the subpace spanned by covs of degree < 9 has dim >=42
{9,16}: the vector space of covs has dimension 51

-- the subpace spanned by covs of degree < 9 has dim >=b1
{9,18}: the vector space of covs has dimension 48

-- the subpace spanned by covs of degree < 9 has dim >=48
{10,0}: the vector space of covs has dimension 12

-- the subpace spanned by covs of degree < 10 has dim >=11
-- there are 1 gens of degree 10

-- the subpace spanned by covs of degree <= 10 has dim >=12
{10,2}: the vector space of covs has dimension 10

-- the subpace spanned by covs of degree < 10 has dim >=8
-- there are 2 gens of degree 10

-- the subpace spanned by covs of degree <= 10 has dim >=10
{10,4}: the vector space of covs has dimension 32

-- the subpace spanned by covs of degree < 10 has dim >=32
{10,6}: the vector space of covs has dimension 30

-- the subpace spanned by covs of degree < 10 has dim >=30
{10,8}: the vector space of covs has dimension 51

-- the subpace spanned by covs of degree < 10 has dim >=51
{10,10}: the vector space of covs has dimension 48

-- the subpace spanned by covs of degree < 10 has dim >=48
{10,12}: the vector space of covs has dimension 66

-- the subpace spanned by covs of degree < 10 has dim >=66
{10,14}: the vector space of covs has dimension 61

-- the subpace spanned by covs of degree < 10 has dim >=61
{10,16}: the vector space of covs has dimension 77

-- the subpace spanned by covs of degree < 10 has dim >=77
{10,18}: the vector space of covs has dimension 70

-- the subpace spanned by covs of degree < 10 has dim >=70
{11,0}: the vector space of covs has dimension 13

-- the subpace spanned by covs of degree < 11 has dim >=13
{11,2}: the vector space of covs has dimension 17

-- the subpace spanned by covs of degree < 11 has dim >=15
-- there are 2 gens of degree 11

-- the subpace spanned by covs of degree <= 11 has dim >=17
{11,4}: the vector space of covs has dimension 42

-- the subpace spanned by covs of degree < 11 has dim >=42
{11,6}: the vector space of covs has dimension 45

-- the subpace spanned by covs of degree < 11 has dim >=45
{11,8}: the vector space of covs has dimension 69

-- the subpace spanned by covs of degree < 11 has dim >=69
{11,10}: the vector space of covs has dimension 70

-- the subpace spanned by covs of degree < 11 has dim >=70
{11,12}: the vector space of covs has dimension 91

-- the subpace spanned by covs of degree < 11 has dim >=91
{11,14}: the vector space of covs has dimension 90

-- the subpace spanned by covs of degree < 11 has dim >=90
{11,16}: the vector space of covs has dimension 108

-- the subpace spanned by covs of degree < 11 has dim >=108
{11,18}: the vector space of covs has dimension 105

-- the subpace spanned by covs of degree < 11 has dim >=105
{12,0}: the vector space of covs has dimension 20
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-- the subpace spanned by covs of degree < 12 has dim >=20
{12,2}: the vector space of covs has dimension 22
-- the subpace spanned by covs of degree < 12 has dim >=21
-- there are 1 gens of degree 12

-- the
{12,4}:
-- the
{12,6}:
-- the
{12,8}:
-- the subpace spanned by
{12,10}: the vector space
-- the subpace spanned by
{12,12}: the vector space
-- the subpace spanned by
{12,14}: the vector space
-- the subpace spanned by
{12,16}: the vector space
-- the subpace spanned by
{12,18}: the vector space
-- the subpace spanned by
{13,0}:
-- the
{13,2}:
-- the
{13,4}:
-- the
{13,6%}:
-- the
{13,8%}:
-- the subpace spanned by
{13,10}: the vector space
-- the subpace spanned by
{13,12}: the vector space
-- the subpace spanned by
{13,14}: the vector space
-- the subpace spanned by
{13,16}: the vector space
-- the subpace spanned by
{13,18}: the vector space
-- the subpace spanned by
Out[63]= {48.459, Null}

Further we show that no generating covariants of Vg occur in degree < 16

and orders 2, 4, or 6:

In[]:=Timing[
For[deg=14,deg<17,deg++,
For[j=1,j<4,j++,0rd=2j;

covs of
of covs
covs of
of covs
covs of
of covs
covs of
of covs
covs of
of covs
covs of

covs of
of covs
covs of
of covs
covs of
of covs
covs of
of covs
covs of
of covs
covs of

degree < 12 has dim
has dimension 95
degree < 12 has dim
has dimension 128
degree < 12 has dim
has dimension 124
degree < 12 has dim
has dimension 152
degree < 12 has dim
has dimension 147
degree < 12 has dim

the vector space of covs has dimension 22
subpace spanned by covs of degree < 13 has dim
the vector space of covs has dimension 33
subpace spanned by covs of degree < 13 has dim
the vector space of covs has dimension 75
subpace spanned by covs of degree < 13 has dim
the vector space of covs has dimension 85
subpace spanned by covs of degree < 13 has dim
the vector space of covs has dimension 126

degree < 13 has dim
has dimension 133
degree < 13 has dim
has dimension 169
degree < 13 has dim
has dimension 173
degree < 13 has dim
has dimension 205
degree < 13 has dim
has dimension 205
degree < 13 has dim

symm=SymTensor[8,deg]/.Table[v[i]->0,{i,19,1000}];
kk=Coefficient [symm,v[ord]]+1;

If[kk!=1,

Print[{deg,ord},": the vector space of covs has dimension",kk-1]];

ss=mon[{deg,ord},69];

subpace spanned by covs of degree <= 12 has dim >=22
the vector space of covs has dimension 58
subpace spanned by covs of degree < 12 has dim >=58
the vector space of covs has dimension 61
subpace spanned by covs of degree < 12 has dim
the vector space of covs has dimension 96

>=61

>=986

>=956

>=128

>=124

>=152

>=147

>=22

>=33

>=75

>=856

>=126

>=133

>=169

>=173

>=205

>=205

eval=Table[ss/.Table[listgen[[j]1]->Matr[[k1][[j1]1LC[11],
{j,1,Length[Matr [[k]1113}],{k,1,kk}];
rk=MatrixRank[eval,Modulus->32003];
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Print["-- the subpace spanned by covs of degree <= ", deg,
" has dim >=", rk];

11]
{14,2}: the vector space of covs has dimension 42
-- the subpace spanned by covs of degree < 14 has dim >=42
{14,4}: the vector space of covs has dimension 101
-- the subpace spanned by covs of degree < 14 has dim >=101
{14,6}: the vector space of covs has dimension 111
-- the subpace spanned by covs of degree < 14 has dim >=111
{15,2}: the vector space of covs has dimension 59
-- the subpace spanned by covs of degree < 15 has dim >=59
{15,4}: the vector space of covs has dimension 126
-- the subpace spanned by covs of degree < 15 has dim >=126
{15,6}: the vector space of covs has dimension 150
-- the subpace spanned by covs of degree < 15 has dim >=150
{16,2}: the vector space of covs has dimension 74
-- the subpace spanned by covs of degree < 16 has dim >=74
{16,4}: the vector space of covs has dimension 165
-- the subpace spanned by covs of degree < 16 has dim >=165
{16,6}: the vector space of covs has dimension 190
-- the subpace spanned by covs of degree < 16 has dim >=190
Out[]= {10.3206, Null}

A.9 The invariants of V5 @ V3

Here are the Mathematica computations supporting the proof of Proposition
5.9.2. We first compute the invariants js, js, ja, J5, j7 of Vo @ Va:

qq=Table[a[2-i]Binomial[2,1],{1,0,2}];
cc=Table[b[3-i]Binomiall3,i],{i,0,33}];
ccl=Transvectant [¢cc,cc,2] ;cc2=Transvectant[ccl,cc,1];
j21=Transvectant[qq,qq,2].{1};j31=Transvectant [qq,cc1,2].{1};
j41=Transvectant[ccl,cc1,2].{1};

jbil=Transvectant [exp[cc,2],explqq,3],6]1.{1};

j71=Transvectant [exp[qq,3],prod[cc,cc2],6]1.{1};

Here are the rank computations:

In[]:=gens={{j21},{j31},{j41},{j51}};degrees=1{2,3,4,53};
=== computations in degree 4 ===
In[]:=monil=listmonomials[4,gens,degrees];Length[moni]
Out[]=1

In[]:=mon=Union[monl,{j413}];

In[]:=mat=Table[mon/.
Table[b[j]->Random[Integer,{0,10}1,{j,0,3}1/.
Table[al[j]->Random[Integer,{0,10}1,{j,0,2}],{i,1,3}];
MatrixRank [mat]

Out[]=2

=== computations in degree 5 ===
In[]:=moni=listmonomials[5,gens,degrees];Length[monil]
Out[]=1

In[]:=mon=Union[monl,{j51}];

In[]:=mat=Table[mon/.
Table[b[j]->Random[Integer,{0,10}]1,{j,0,3}1/.
Table[al[j]->Random[Integer,{0,10}1,{j,0,2}],{i,1,3}];
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MatrixRank[mat]

Out[]1=2

=== computations in degree 6 ===
In[]:=monl=listmonomials[6,gens,degrees];Length[moni]
Out[1=3

In[]:=mat=Table[monl/.
Table[b[j]->Random[Integer,{0,10}]1,{j,0,3}1/.
Table[al[j]->Random[Integer,{0,10}],{j,0,2}],{i,1,4}];
MatrixRank[mat]

Out[]1=3

=== computations in degree 7 ===
In[]:=moni=listmonomials[7,gens,degrees];Length[moni1]
Out[]1=3

In[]:=mon=Union[monl,{j713}];

In[] :=mat=Table[mon/.
Table[b[j]->Random[Integer,{0,10}1,{j,0,3}1/.
Table[a[j]->Random[Integer,{0,10}1,{j,0,2}],{i,1,56}];
MatrixRank[mat]

Out[]=4

A.10 The invariants of V, @V}

Here are the Mathematica computations supporting the proof of Proposition
5.10.2. We first compute the invariants j271,j2’2,j3’1,j3’27j47j()‘ of Vo @ Vjy:

qq=Table[a[2-i]lBinomial[2,i],{i,0,2}]1;
ff=Table[b[4-i]Binomial([4,i],{i,0,4}];
ccl=Transvectant [ff,ff,2] ;cc2=Transvectant[ccl,ff,1];
cc3=Transvectant[qq,ff,2];j21=Transvectant[aq,qq,2].{1};
j22=Transvectant [ff,ff,4].{1};j31=Transvectant[ff,cc1,4].{1};
j32=Transvectant [ff,explqq,2],4].{1};
j41=Transvectant[ccl,explqq,2],4].{1};
j6é1=Transvectant[cc2,explqq,3],6].{1};

Here are the rank computations:

In[]:=gens={{j21,j22},{j31,j32},{j41}};degrees={2,3,4};
=== computations in degree 4 ===
In[]:=monl=listmonomials[4,gens,degrees];Length[moni]
Out[]=3

In[]:=mon=Union[monl,{j413}];

In[]:=mat=Table[mon/.
Table[b[j]->Random[Integer,{0,10}1,{j,0,4}1/.
Table[a[j]->Random[Integer,{0,10}],{j,0,2}],{i,1,56}];
MatrixRank[mat]

Out[]=4

=== computations in degree 5 ===
In[]:=monl=listmonomials[5,gens,degrees];Length[moni]
Out[]=4

In[]:=mat=Table[monl/.
Table[b[j]->Random[Integer,{0,10}1,{j,0,4}1/.
Table[a[j]->Random[Integer,{0,10}]1,{j,0,2}1,{i,1,5}];
MatrixRank[mat]

Out[]=4

=== computations in degree 6 ===
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In[]:=monl=listmonomials[6,gens,degrees];Length[moni]
Out[]1=9

In[] :=mon=Union[monl,{j61}];

In[]:=mat=Table[mon/.
Table[b[j]->Random[Integer,{0,10}]1,{j,0,4}1/.
Table[al[j]->Random[Integer,{0,10}]1,{j,0,2}],{i,1,11}];
MatrixRank[mat]

Out[]=10

A.11 The invariants of V5 @ V;

Here are the computations supporting the proof of Proposition 5.11.2. We first
Compute the invariants j27j37j4aj57j67j7,17 v 7j7,37j8,17 v 7j8,37j9,1 oo aj9,37j1(),17
J10,2: 711,15 - - J11,3, J12,15 - -+, J12,3> J18,15 - - - » 13,35 J14, 7155 7165 J17, J18 Of Vo @ V5:

qq=Table[a[2-i]lBinomial[2,i],{i,0,2}]1;

ff=Table[b[5-i]Binomial[5,i],{i,0,5}];

ccl=Transvectant [ff,ff,4];cc2=Transvectant[ff,ccl1,2];
cc3=Transvectant [ff,ff,2] ;cc4=Transvectant [ff,ccl,1];
ccb=Transvectant [ff,cc3,1];j21=Transvectant[qq,qq,2] .{1};
j31=Transvectant[ccl,qq,2].{1};j41=Transvectant[ccl,ccl1,2].{1};
jb1=Transvectant[cc3,explqq,3],6].{1};

j61=Transvectant [Transvectant[ccl,cc3,2],explqq,2],4].{1};
j71=Transvectant [exp[qq,5],exp[£ff,2],10].{1};
j72=Transvectant[Transvectant[cc4,ff,2],explqq,3],6].{1};
j73=Transvectant [Transvectant [exp[ccl,2],cc3,4],9q,2].{1};
j81=Transvectant [Transvectant[cc2,cc2,2],cc1,2].{1};
j82=Transvectant [Transvectant [exp[ccl,2],cc3,3],explqq,2],4].{1};
j83=Transvectant [prod[ff,cc2],explqq,4]1,8]1.{1};

j91=Transvectant [prod[ff,Transvectant[exp[ccl,2],ff,4]],explaq,3],6].{1};
j92=Transvectant [Transvectant [exp[ccl,3],cc3,5],q9q9,2].{1};
j93=Transvectant [exp[qq,5] ,prod[cc4,f£],10].{1};
j101=Transvectant [prod[Transvectant[explccl,2],ff,4],cc2],
explqq,2],4]1.{1};

j102=Transvectant [prod[cc4,cc2] ,explqq,4],8].{1};
jl11=Transvectant[prod[ff,ccb],explqq,7],14].{1};
j112=Transvectant [prod[ff,Transvectant[exp[ccl,3],ff,5]],explqq,3],6]1.{1};
j113=Transvectant [exp[Transvectant [exp[ccl,2],££,4],2],qq,2] .{1};
jl21=Transvectant [Transvectant[cc2,cc2,2],
Transvectant[cc2,cc2,2],2].{1};

j122=Transvectant [prod[Transvectant[exp[ccl,3],ff,5],cc2],
explaq,2],4].{1};

j123=Transvectant [prod[Transvectant[ccl,cc5,2],ff],explqq,6],12].{1};
j131=Transvectant [prod[Transvectant[exp[ccl,3],ff,5],
Transvectant [exp[ccl,2],f£,4]],q9q,2].{1};

j132=Transvectant [prod[ff,Transvectant [exp[ccl,2],cc5,4]1],
explaq,51,10].{1};

jl41=Transvectant [prod[ff,Transvectant [exp[cc1,3],cc5,6]1],
explaq,4]1,8].{1};

j1b1=Transvectant [prod[ff,Transvectant [exp[ccl,4],cc5,8]],
explqq,3],6].{1};

jl61=Transvectant [prod[cc2,Transvectant [exp[ccl,4],cc5,8]],
explaq,2],4].{1};

j171=Transvectant [prod[Transvectant[exp[ccl,2],ff,4],
Transvectant [exp[ccl,4],cc5,8]1]1,q9q,2] .{13};
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j181=Transvectant[explccl,7],prod[ff,cc5],14].{1};

Here are the rank computations:

In[]:=gens={{j21},{j31},{j41},{j51},{j61},{j71,372,373},
{j81,382,383},{j91,392,j93},{j101,j102},{j111,j112,j113},
{j121,3j122,71233},{j131,j132},{j141},{j1561},{j161},{j171}};
degrees={2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17};

=== computations in degree 4 ===
In[]:=moni=listmonomials[4,gens,degrees];Length[moni]

Out[]=1

In[]:=mon=Union[monl,{j413}];

In[] :=mat=Table[mon/.Table[b[j]->Random[Integer,{0,10}]1,{j,0,5}1/.
Table[a[j]->Random[Integer,{0,10}]1,{j,0,2}1,{i,1,3}];
MatrixRank[mat]

Out[]=2

=== computations in degree 5 ===
In[]:=monl=listmonomials[5,gens,degrees];Length[moni]

Out[]1=1

In[] :=mon=Union[monl,{j51}];
In[]:=mat=Table[mon/.Table[b[j]->Random[Integer,{0,10}],{j,0,5}1/.
Table[a[j]->Random[Integer,{0,10}1,{j,0,2}],{i,1,3}];
MatrixRank[mat]

Out[]1=2

=== computations in degree 6 ===
In[]:=moni=listmonomials[6,gens,degrees];Length[mon1]

Out[]1=3

In[]:=mon=Union[monl,{j61}];

In[] :=mat=Table[mon/.Table[b[j]->Random[Integer,{0,10}],{j,0,5}1/.
Table[a[j]->Random[Integer,{0,10}]1,{j,0,2}1,{i,1,5}];
MatrixRank[mat]

Out[]=4

=== computations in degree 7 ===
In[]:=monl=listmonomials[7,gens,degrees];Length[moni]

Out[]1=3

In[] :=mon=Union[monl,{j71,j72,j73}];
In[]:=mat=Table[mon/.Table[b[j]->Random[Integer,{0,10}],{j,0,5}1/.
Table[al[j]->Random[Integer,{0,10}],{j,0,2}],{i,1,7}];
MatrixRank[mat]

Out[]1=6

=== computations in degree 8 ===
In[]:=moni=listmonomials[8,gens,degrees];Length[monil]

Out[]=6

In[]:=mon=Union[monl,{j81,3j82,383}];
In[]:=mat=Table[mon/.Table[b[j]->Random[Integer,{0,10}]1,{j,0,5}1/.
Table[a[j]->Random[Integer,{0,10}]1,{j,0,2}1,{i,1,10}];
MatrixRank[mat]

Out[]1=9

=== computations in degree 9 ===
In[]:=monl=listmonomials[9,gens,degrees];Length[moni]

Out[]1=9

In[] :=mon=Union[mon1,{j91,j92,j93}];
In[]:=mat=Table[mon/.Table[b[j]->Random[Integer,{0,10}],{j,0,5}1/.
Table[a[j]->Random[Integer,{0,10}],{j,0,2}],{i,1,13}];
MatrixRank[mat]

OQut[]=12

=== computations in degree 10 ===
In[]:=moni=listmonomials[10,gens,degrees];Length[moni]
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Out[]=15
In[]:=mon=Union[monl,{j101,j102}];
In[] :=mat=Table[mon/.Table[b[j]->Random[Integer,{0,10}],{j,0,5}1/.
Table[a[j]->Random[Integer,{0,10}]1,{j,0,2}],{i,1,18}];
MatrixRank[mat]
Out[]1=17
=== computations in degree 11 ===
In[]:=monl=listmonomials[11,gens,degrees];Length[moni]
Out[]=21
In[]:=mon=Union[monl,{j111,j112,j1133}];
In[]:=mat=Table[mon/.Table[b[j]->Random[Integer,{0,10}]1,{j,0,5}1/.
Table[a[j]->Random[Integer,{0,10}1,{j,0,2}1,{i,1,25}]1;
MatrixRank[mat]
Out[]=24
=== computations in degree 12 ===
In[]:=monl=listmonomials[12,gens,degrees] ;Length[mon1]
Out []=31
In[]:=mon=Union[monl,{j121,j122,j123}];
In[]:=Timing[mat=Table[mon/.Table[b[j]->Random[Integer,{0,10}1,{j,0,5}1/.
Table[a[j]->Random[Integer,{0,10}]1,{j,0,2}],{i,1,34}];
MatrixRank[mat]]
Out[]1={3.33221,33} //the rank is 33;

//the computation took 3.3 seconds
=== computations in degree 13 ===
In[]:=moni=listmonomials[13,gens,degrees];Length[moni]
Out []=42
In[] :=mon=Union[monl,{j131,j132}];
In[]:=Timing[mat=Table[mon/.Table[b[j]->Random[Integer,{0,10}1,{j,0,5}1/.
Table[al[j]->Random[Integer,{0,10}]1,{j,0,2}1,{i,1,43}];
MatrixRank[mat]]
Out[1={6.14438,42} //the rank is 42;

//the computation took 6.1 seconds
=== computations in degree 14 ===
In[]:=monl=listmonomials[14,gens,degrees];Length[mon1]
Out []=62
In[] :=mon=Union[monl,{j1413}];
In[]:=Timing[mat=Table[mon/.Table[b[j]->Random[Integer,{0,10}1,{j,0,5}1/.
Table[al[j]->Random[Integer,{0,10}]1,{j,0,2}],{i,1,57}]1;
MatrixRank[mat]]
Out[]1={12.4968,56} //the rank is 56;

//the computation took 12.4 seconds
=== computations in degree 15 ===
In[]:=monl=listmonomials[15,gens,degrees] ;Length[moni]
Out[]1=83
In[] :=mon=Union[monl,{j151}];
In[]:=Timing[mat=Table[mon/.Table[b[j]->Random[Integer,{0,10}1,{j,0,5}1/.
Table[al[j]->Random[Integer,{0,10}]1,{j,0,2}],{i,1,74}];
MatrixRank[mat]]
Out [1={30.7419,73} //the rank is 73;

//the computation took 30.7 seconds
=== computations in degree 16 ===
In[]:=monl=listmonomials[16,gens,degrees] ;Length[moni]
Out[]=115
In[] :=mon=Union[monl,{j161}];
In[]:=Timing[mat=Table[mon/.Table[b[j]->Random[Integer,{0,10}]1,{j,0,5}1/.
Table[al[j]->Random[Integer,{0,10}]1,{j,0,2}],{i,1,95}];
MatrixRank[mat]]
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Out[]={65.2281,94} //the rank is 94;

//the computation took 65.2 seconds
=== computations in degree 17 ===
In[]:=monl=listmonomials[17,gens,degrees] ;Length[mon1]
Out [1=150
In[] :=mon=Union[monl,{j171}];
In[]:=Timing[mat=Table[mon/.Table[b[j]->Random[Integer,{0,10}1,{j,0,5}1/.
Table[a[j]->Random[Integer,{0,10}],{j,0,2}],{i,1,1183}];
MatrixRank[mat]]
Out[1={127.956,117} //the rank is 117;

//the computation took 127.9 seconds
=== computations in degree 18 ===
In[]:=monl=listmonomials[18,gens,degrees] ;Length[moni]
Out [1=206
In[] :=mon=Union[monl,{j181}];
In[]:=Timing[mat=Table[mon/.Table[b[j]->Random[Integer,{0,10}1,{j,0,5}1/.
Table[a[j]->Random[Integer,{0,10}],{j,0,2}],{i,1,1493}];
MatrixRank[mat]]
Out[]1={335.941,148} //the rank is 148;

//the computation took 335.9 seconds

For the computations in degrees > 19, we write a matrix eval with 1240
evaluations of our 29 invariants. This saves computation time.

In[]:=gens={{jj213},{jj31},{jj41},{jj51},{jj61},{jj71,3j72,3j73},
{j381,7j82,3383},{jj91,3j92,3j93},{jj101,jj102},
{3j111,3§112,§31183,{jj121,§3122,73123},4ji131,§j132},{jj141},
{jj1e1},{jj161},{jj171},{jj181}};
degrees={2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18};
gens1=Flatten[gens];
=== computations in degree 19 ===
In[]:=mon=listmonomials[19,gens,degrees];Length[mon]
Out [1=269
In[]:=Timing[mat=Table [mon/.
Table[gens1[[j1]->eval[[i11[[j1],{j,1,Length[gens1]1}],{i,1,184}];
MatrixRank[mat,Modulus->32003]]
Out[1={1.00006,183} //the rank is 183;

//the computation took 1.0 seconds
=== computations in degree 20 ===
In[]:=mon=listmonomials[20,gens,degrees] ;Length[mon]
Out [239]=360
In[]:=Timing[mat=Table [mon/.
Table[gens1[[jl]->eval[[i]]1[[j]],{j,1,Length[gens1]}],{i,1,227}];
MatrixRank[mat,Modulus->32003]]
Out [1={1.46809,226} //the rank is 226;

//the computation took 1.4 seconds
=== computations in degree 21 ===
In[]:=mon=listmonomials[21,gens,degrees] ;Length[mon]
Out []=467
In[]:=Timing[mat=Table [mon/.
Table[gens1[[j1]->eval[[1i11[[j1],{j,1,Length[gens1]1}],{i,1,275}]1;
MatrixRank[mat,Modulus->32003]]
Out[1={2.32415,274} //the rank is 274;

//the computation took 2.3 seconds
=== computations in degree 22 ===
In[]:=mon=listmonomials[22,gens,degrees];Length[mon]
Out [1=615



APPENDIX A. COMPUTATIONS

In[]:=Timing[mat=Table [mon/.

Table[gens1[[j1]->evall[[i11[[j1],{j,1,Length[gens11}],{i,1,333}];

MatrixRank[mat,Modulus->32003]]
Out[1={4.42828,332} //the rank is 332;

//the computation took 4.4 seconds
=== computations in degree 23 ===
In[]:=mon=listmonomials[23,gens,degrees];Length[mon]
Out []=796
In[]:=Timing[mat=Table [mon/.

Table[gens1[[jl]->eval[[i]]1[[j]],{j,1,Length[gens1]}],{i,1,401}];

MatrixRank[mat,Modulus->32003]]
Out [1={7.07644,400} //the rank is 400;

//the computation took 7.0 seconds
=== computations in degree 24 ===
In[]:=mon=listmonomials[24,gens,degrees] ;Length[mon]
Out [1=1039
In[]:=Timing[mat=Table [mon/.

Table[gens1[[j1]->evall[[i11[[j1],{j,1,Length[gens1]1}],{i,1,4803}]1;

MatrixRank[mat,Modulus->32003]]
Out[1={11.7567,479} //the rank is 479;

//the computation took 11.7 seconds
=== computations in degree 26 ===
In[]:=mon=listmonomials[26,gens,degrees];Length[mon]
Out[]=1721
In[]:=Timing[mat=Table [mon/.

Table[gens1[[jl]->eval[[i]J]1[[j]],{j,1,Length[gens1]}],{i,1,670}];

MatrixRank[mat,Modulus->32003]]
Out[1={32.9141,669} //the rank is 669;

//the computation took 32.9 seconds
=== computations in degree 28 ===
In[]:=mon=listmonomials[28,gens,degrees] ;Length[mon]

Out [1=2815
In[]:=Timing[mat=Table [mon/.

Table[gens1[[j]1]->eval[[i]11[[j]],{j,1,Length[gens1]}],{i,1,921}];

MatrixRank[mat,Modulus->32003]]
Out [1={89.5536,920} //the rank is 920;

//the computation took 89.5 seconds
=== computations in degree 30 ===
In[]:=mon=listmonomials[30,gens,degrees];Length[mon]

Out []1=4543
In[]:=Timing[mat=Table [mon/.

Table[gens1[[j1]->eval[[1]1[[j1],{j,1,Length[gens1]}],{i,1,1239}];

MatrixRank[mat,Modulus->32003]]
Out[1={226.434,1238} //the rank is 1238;
//the computation took 226.4 seconds

A.12 The invariants of V, @ Vj

180

Here are the Mathematica computations supporting the proof of Proposition

5.12.2. We first compute the invariants ja 1, j2,2, a1, - -

cee 7j7,37j87j9.,17 cee :j9,77j107j11,17j11,27j137j15 of ‘/2 @ V()

qq=Table[a[2-i]Binomial[2,i],{1,0,2}];
ss=Table[b[6-i]Binomial[6,i],{i,0,63}];
ccl=Transvectant[ss,ss,4];cc2=Transvectant[ss,ss,2];

'aj657j7ia
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cc3=Transvectant [ss,ccl,4];ccé4=Transvectant[ccl,ccl,2];
ccb=Transvectant[ss,ccl,1];j21=Transvectant[ss,ss,6].{1};
j22=Transvectant[qq,qq,2] .{1}; j41=Transvectant[ccl,ccl,4].{1};
j42=Transvectant[ccl,explqq,2],4].{1};j43=Transvectant[ss,exp[aq,3],6].{1};
j44=Transvectant[cc3,qq,2].{1};j61=Transvectant[ccl,cc4,4].{1};
j62=Transvectant [cc2,explqq,4],8].{1};

j63=Transvectant [Transvectant[ccl,cc3,2],q9q,2].{1};
jB4=Transvectant [Transvectant[ss,ccl,2],explaq,3],6].{1};
j6b=Transvectant [Transvectant[ss,cc3,2],explqq,2],4].{1};
j71=Transvectant [Transvectant[ccl,cc3,1],explqq,2],4].{1};
j72=Transvectant [Transvectant[ss,cc3,1],explqq,3],6]1.{1};
j73=Transvectant [Transvectant[ss,ccl1,1],explqq,4],8]1.{1};
j81=Transvectant [Transvectant[ss,exp[cc3,2],4]1,q9q,2].{1};
j91=Transvectant [Transvectant[ccl,exp[cc3,2],3],qq,2].{1};
j92=Transvectant [Transvectant[ss,exp[cc3,2],3],explaq,2],4].{1};
j93=Transvectant [Transvectant [Transvectant[ss,cc1,2],cc3,1],
explqq,3],6].{1};
j94=Transvectant [Transvectant [Transvectant[ss,ccl,1],cc3,2],
explqq,3]1,6].{13};

j95=Transvectant [Transvectant[cc2,cc3,1],explqq,4],8].{1};
j96=Transvectant [Transvectant[cc2,ccl,1],explqq,5],10].{1};
j97=Transvectant [Transvectant[cc2,ss,1],explaq,6],12].{1};
j101=Transvectant[cc4,exp[cc3,2],4].{1};
jl11=Transvectant[Transvectant[ss,explcc3,3],5],q9q,2].{1};
jl12=Transvectant [Transvectant [Transvectant[ss,cc1,1],
explcc3,2],4],explqq,2],4].{1};
j131=Transvectant [Transvectant [Transvectant[ss,ccl,1],
explcc3,3],6],9q,2] .{1};
j161=Transvectant[ccb,exp[cc3,4],8].{1};

Here are the Singular [DGPS] computations supporting the proof of Propo-
sition 5.12.1:

> ring r=0,(a0,al,a2,b0,bl,b2,b3,b4,b5,b6),dp;

//here we import the invariants we computed with Mathematica:
<"j21_26.csv";

<"j41_26.csv";

<"j42_26.csv";

<"j43_26.csv";

<"j44_26.csv";

<"j61_26.csv";

<"j62_26.csv";

<"j101_26.csv";

//here we show that if q=x"2 and b6=1, then
(j21,j41+j42-2%j44,j42-j43+j44,j61,j101) is the unit ideal:
> ideal ii=a0-1,al,a2,b6-1,b4-b572,j21,j41+j42-2%j44,
j42-j43+j44,j61,j101;

> ideal jj=std(ii);jj;

jjlil=t

VvV V V V V V V.YV

Here are the rank computations supporting the proof of Proposition 5.12.2:

In[]:=gens={{j21,j22},{j41,j42,j43, j44},{j61,j62, 63,64, j653},
{j71,372,373},{j81},{j91,392,j93,394,j95,j96,j97},{j101},
{j111,j112},{j131}};degrees={2,4,6,7,8,9,10,11,13};

=== computations in degree 2 ===

In[]:=mon={j21, j223};
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In[]:=mat=Table[mon/.Table[b[j]->Random[Integer,{0,10}],{j,0,631/.
Table[a[j]->Random[Integer,{0,10}]1,{j,0,2}],{i,1,3}] ;MatrixRank[mat]
Out []=2

=== computations in degree 4 ===
In[]:=moni=listmonomials[4,gens,degrees];Length[moni]

Out[]=3

In[]:=mon=Union[monl,{j41,j42,j43,44}];

In[] :=mat=Table[mon/.Table[b[j]->Random[Integer,{0,10}],{j,0,631/.
Table[a[j]->Random[Integer,{0,10}]1,{j,0,2}],{i,1,8}] ;MatrixRank[mat]
Out []=7

=== computations in degree 6 ===
In[]:=moni=listmonomials[6,gens,degrees];Length[moni1]

Out[]=12

In[]:=mon=Union[monl,{j61,j62,;63,j64,j65}]1;

In[] :=mat=Table[mon/.Table[b[j]->Random[Integer,{0,10}],{j,0,631/.
Table[a[j]->Random[Integer,{0,10}],{j,0,2}],{i,1,18}] ;MatrixRank [mat]
Out []=17

=== computations in degree 7 ===
In[]:=moni=listmonomials[7,gens,degrees];Length[moni]

Out []=0

In[]:=mon=Union[moni,{j71,j72,373}]1;
In[]:=mat=Table[mon/.Table[b[j]->Random[Integer,{0,10}],{j,0,631/.
Table[a[j]->Random[Integer,{0,10}],{j,0,2}],{i,1,18}] ;MatrixRank [mat]
Out[]=3

=== computations in degree 8 ===
In[]:=monl=listmonomials[8,gens,degrees];Length[moni]

Out []=37

In[]:=mon=Union[monl,{j813}];
In[]:=mat=Table[mon/.Table[b[j]->Random[Integer,{0,10}],{j,0,631/.
Table[a[j]->Random[Integer,{0,10}],{j,0,2}],{i,1,39}] ;MatrixRank [mat]
Out []=38

=== computations in degree 9 ===
In[]:=monl=listmonomials[9,gens,degrees];Length[moni]

Out[]1=6

In[]:=mon=Union[mon1,{j91,j92,j93,;94,j95,j96,j97}]1;
In[]:=mat=Table[mon/.Table[b[j]->Random[Integer,{0,10}]1,{j,0,631/.
Table[a[j]->Random[Integer,{0,10}],{j,0,2}],{i,1,14}] ;MatrixRank [mat]
Out[]=13

=== computations in degree 10 ===
In[]:=monl=listmonomials[10,gens,degrees] ;Length[moni]

Out[1=79

In[] :=mon=Union[monl,{j101}];
In[]:=mat=Table[mon/.Table[b[j]->Random[Integer,{0,10}]1,{j,0,6}1/.
Table[a[j]->Random[Integer,{0,10}],{j,0,2}],{i,1,79}] ;MatrixRank [mat]
Out[]=78

=== computations in degree 11 ===
In[]:=monl=listmonomials[11,gens,degrees];Length[moni]

Out[]1=35

In[] :=mon=Union[monl,{j111,j112}];
In[]:=mat=Table[mon/.Table[b[j]->Random[Integer,{0,10}]1,{j,0,6}1/.
Table[a[j]->Random[Integer,{0,10}],{j,0,2}],{i,1,37}] ;MatrixRank[mat]
Out []=36

=== computations in degree 12 ===
In[]:=monl=listmonomials[12,gens,degrees] ;Length[moni]

Out[]=161

In[] :=mon=Union[monl,{}];
In[]:=mat=Table[mon/.Table[b[j]->Random[Integer,{0,10}],{j,0,6}1/.

182
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Table[al[j]->Random[Integer,{0,10}],{j,0,2}],{i,1,152}];MatrixRank[mat]
Out[]=151

=== computations in degree 13 ===
In[]:=monl=listmonomials[13,gens,degrees] ;Length[mon1]

Out[]=104

In[] :=mon=Union[monl,{j131}];
In[]:=mat=Table[mon/.Table[b[j]->Random[Integer,{0,10}],{j,0,63}1/.
Table[a[j]->Random[Integer,{0,10}],{j,0,2}],{i,1,87}] ;MatrixRank[mat]
Out[]1=86

=== computations in degree 14 ===
In[]:=monl=listmonomials[14,gens,degrees];Length[mon1]

Out [1=307

In[] :=mon=Union[monl,{}];
In[]:=mat=Table[mon/.Table[b[j]->Random[Integer,{0,10}],{j,0,6}1/.
Table[al[j]->Random[Integer,{0,10}],{j,0,2}],{i,1,272}] ;MatrixRank[mat]
Out []=271

=== computations in degree 15 ===
In[]:=moni=listmonomials[15,gens,degrees];Length[moni]

Out []=249

In[] :=mon=Union[monl,{j151}];
In[]:=mat=Table[mon/.Table[b[j]->Random[Integer,{0,10}],{j,0,6}1/.
Table[al[j]->Random[Integer,{0,10}],{j,0,2}],{i,1,181}];MatrixRank[mat]
Out [1=180

For the computations in degrees > 16, we write a matrix eval with 2860
evaluations of our 27 invariants. This saves computation time.

=== computations in degree 16 ===
In[]:=mon=listmonomials[16,gens,degrees] ;Length[mon]
Out [1=585
In[]:=Timing[mat=Table [mon/.
Table[gens1[[j1]->eval[[111[[j1],{j,1,Length[gens1]1}],{i,1,4703}]1;
MatrixRank[mat,Modulus->32003]]
Out[1={14.1249,469} //the rank is 469;

//the computation took 14.1 seconds
=== computations in degree 17 ===
In[]:=mon=listmonomials[17,gens,degrees];Lengthl[mon]
Out [1=549
In[]:=Timing[mat=Table [mon/.
Table[gens1[[jl]->eval[[i]]1[[j]],{j,1,Length[gens1]}],{i,1,342}];
MatrixRank[mat,Modulus->32003]]
Out[]={6.4084,341} //the rank is 341;

//the computation took 6.4 seconds
=== computations in degree 18 ===
In[]:=mon=listmonomials[18,gens,degrees];Length[mon]
Out [1=1087
In[]:=Timing[mat=Table [mon/.
Table[gens1[[j1]->evall[[i11[[j1],{j,1,Length[gens1]1}],{i,1,775}];
MatrixRank[mat,Modulus->32003]]
Out [1={45.0068,774} //the rank is 774;

//the computation took 45.0 seconds
=== computations in degree 20 ===
In[]:=mon=listmonomials[20,gens,degrees];Length[mon]
Out [1=1986
In[]:=Timing[mat=Table [mon/.
Table[gens1[[j]]->eval[[i]1[[j1],{j,1,Length[gens1]}],{i,1,1234}];
MatrixRank[mat,Modulus->32003]]
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Out[1={162.37,1233} //the rank is 1233;

//the computation took 162.3 seconds
=== computations in degree 24 ===
In[]:=mon=listmonomials[24,gens,degrees] ;Length[mon]
Out [1=6465
In[]:=Timing[mat=Table [mon/.
Table[gens1[[j1]->evall[[i11[[j1],{j,1,Length[gens11}],{i,1,2858}]1;
MatrixRank[mat,Modulus->32003]]
Out[1={1836.,2857} //the rank is 2857;

//the computation took 1836 seconds

A.13 The invariants of V3 @ V;

Here are the Mathematica computations supporting the proof of Proposition
5.13.2. We first ComPUte the invariants j27j37j4>j5,1aj5,27j6,1aj6,27j7,17 C) 7j7,37
J8,1s -+ 108,35 09,15+ - 5 J9,45 10,1, J10,2, J11 of V3 @& Vi

cc=Table[a[3-i]Binomiall3,i],{i,0,33}];
qq=Table[b[4-i]Binomial[4,1],{1,0,4}];
ccl=Transvectant[cc,cc,2];cc2=Transvectant[qq,qq,2];
j21=Transvectant[qq,qq,4] .{1}; j31=Transvectant[cc2,qq,4].{1};
j41=Transvectant[ccl,ccl1,2].{1};

jb1=Transvectant [Transvectant[qq,cc2,1],explcc,2],6].{1};
jb2=Transvectant [Transvectant[qq,expl[cc,2],2] ,explcc,2],6].{1};
j61=Transvectant[exp[ccl,2],cc2,4].{1};

jB2=Transvectant [Transvectant [Transvectant[qq,ccl,2],explcc,2],2],
qq,4].{13};

j71=Transvectant [exp[cc,4],explqq,3],12].{1};
j72=Transvectant [

Transvectant [Transvectant[qq,ccl,2],explcc,2],2],cc2,4] .{1};
j73=Transvectant [Transvectant[qq,cc2,1],
prod[cc,Transvectant[cc,cc1,1]1]1,6].{1};
j81=Transvectant [Transvectant [Transvectant[qq,cc1,2],
prod[cc,Transvectant[cc,cc1,1]1],2],qq,4] .{1};
j82=Transvectant [exp[cc,4],prod[explqq,2],cc2],12] .{1};
j83=Transvectant [

Transvectant [Transvectant[cc2,ccl,2],explcc,2],2],cc2,4].{1};
j91=Transvectant [Transvectant [Transvectant[cc2,cc1,2],
prod[cc,Transvectant[cc,cc1,1]1]1,2],qq,4] .{1};
j92=Transvectant [exp[cc,4],prod[prod[qq,cc2],cc2],12].{1};
j93=Transvectant [prod[exp[cc,3],Transvectant[cc,ccl,1]],
explaq,3],12].{1};
j94=Transvectant [Transvectant [Transvectant[qq,cc1,2],
prod[cc,Transvectant[cc,ccl,1]],2],cc2,4] .{1};
j101=Transvectant [Transvectant [Transvectant[cc2,ccl,2],
prod[cc,Transvectant [cc,cc1,1]1],2],cc2,4] . {1};
j102=Transvectant [Transvectant [prod[exp[cc,3],
Transvectant[cc,ccl,1]],explqq,3]1,10],qq,4].{1};
jl11=Transvectant[Transvectant [Transvectant [prod[expl[cc,3],
Transvectant[cc,ccl,1]],explqq,3]1,10],q9q,2],4].{13};

Here are the rank computations:

In[]:=gens={{j21},{j31},{j41},{j51,j52},{j61,j62},{j7L,j72,j73},
{j81,j82,j83},{j91,3792,393,j94},{j101,j102},{j111}};
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degrees={2,3,4,5,6,7,8,9,10,11};

=== computations in degree 4 ===
In[]:=monl=listmonomials[4,gens,degrees];Length[moni]

OQut[]=1

In[]:=mon=Union[monl,{j413}];
In[]:=mat=Table[mon/.Table[b[j]l->Random[Integer,{0,10}]1,{j,0,4}1/.
Table[a[j]->Random[Integer,{0,10}]1,{j,0,3}],{i,1,3}] ;MatrixRank[mat]
Out []=2

=== computations in degree 5 ===
In[]:=monl=listmonomials[5,gens,degrees];Length[moni]

OQut[]=1

In[]:=mon=Union[monl,{jb1,j52}]1;
In[]:=mat=Table[mon/.Table[b[j]->Random[Integer,{0,10}]1,{j,0,4}1/.
Table[a[j]->Random[Integer,{0,10}]1,{j,0,3}],{i,1,4}] ;MatrixRank[mat]
Out[]=3

=== computations in degree 6 ===
In[]:=monl=listmonomials[6,gens,degrees];Length[moni]

Out[]=3

In[]:=mon=Union[monl,{j61,j62}];
In[]:=mat=Table[mon/.Table[b[j]->Random[Integer,{0,10}]1,{j,0,4}1/.
Table[a[j]->Random[Integer,{0,10}1,{j,0,3}],{i,1,6}];MatrixRank[mat]
Out []=5

=== computations in degree 7 ===
In[]:=monl=listmonomials[7,gens,degrees];Length[moni]

Out[]=4

In[] :=mon=Union[mon1,{j71,j72,j73}];
In[]:=mat=Table[mon/.Table[b[j]->Random[Integer,{0,10}]1,{j,0,431/.
Table[a[j]->Random[Integer,{0,10}1,{j,0,3}],{i,1,8}] ;MatrixRank[mat]
Out [1=7

=== computations in degree 8 ===
In[]:=monl=listmonomials[8,gens,degrees];Length[moni]

Out[]=8

In[] :=mon=Union[mon1,{j81,3j82,j83}];
In[]:=mat=Table[mon/.Table[b[j]->Random[Integer,{0,10}],{j,0,4}1/.
Table[a[j]->Random[Integer,{0,10}]1,{j,0,3}],{i,1,12}] ;MatrixRank[mat]
Out[]=11

=== computations in degree 9 ===
In[]:=monl=listmonomials[9,gens,degrees];Length[moni]

OQut[]=12

In[] :=mon=Union[mon1,{j91,j92,3j93,j94}];
In[]:=mat=Table[mon/.Table[b[j]->Random[Integer,{0,10}],{j,0,4}1/.
Table[a[j]->Random[Integer,{0,10}],{j,0,3}],{i,1,17}] ;MatrixRank[mat]
Out[]=16

=== computations in degree 10 ===
In[]:=monl=listmonomials[10,gens,degrees] ;Length[moni]

Out []=20

In[] :=mon=Union[mon1,{j101,3j102}];
In[]:=mat=Table[mon/.Table[b[j]->Random[Integer,{0,10}],{j,0,4}1/.
Table[a[j]->Random[Integer,{0,10}],{j,0,3}],{i,1,23}] ;MatrixRank[mat]
Out []=22

=== computations in degree 11 ===
In[]:=monl=listmonomials[11,gens,degrees];Length[moni]

Out []=29

In[] :=mon=Union[monl,{j111}];
In[]:=mat=Table[mon/.Table[b[j]->Random[Integer,{0,10}],{j,0,4}1/.
Table[a[j]->Random[Integer,{0,10}],{j,0,3}],{i,1,31}];MatrixRank[mat]
Out []=30
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=== computations in degree 12 ===
In[]:=monl=listmonomials[12,gens,degrees] ;Length[mon1]

Out []=44
In[]:=mat=Table[monl/.Table[b[j]->Random[Integer,{0,10}],{j,0,4}1/.
Table[a[j]->Random[Integer,{0,10}],{j,0,3}],{i,1,43}];MatrixRank[mat]
Out []=42

=== computations in degree 13 ===
In[]:=monl=listmonomials[13,gens,degrees];Length[moni]

Out[]1=59
In[]:=mat=Table[monl/.Table[b[j]->Random[Integer,{0,10}],{j,0,4}]1/.
Table[a[j]->Random[Integer,{0,10}],{j,0,3}],{i,1,566}] ;MatrixRank[mat]
Out[]=55

=== computations in degree 18 ===
In[]:=moni=listmonomials[18,gens,degrees];Length[moni]

Out []=283
In[]:=mat=Table[mon1/.Table[b[j]->Random[Integer,{0,10}]1,{j,0,4}1/.
Table[a[j]->Random[Integer,{0,10}],{j,0,3}],{i,1,194}];
MatrixRank[mat,Modulus->32003]

Out[1=193

A.14 The invariants of V&V, ® V;

Here are the Mathematica computations supporting the proof of Proposition
5.14.2. We compute the invariants ja, js,1,- .- .j3,3: Ja,15- - a4, J5,1, - - - 55,45 J6,15
Je6,2,J7 of Vi & Vo @ Va:

11=Table[a[1-i]Binomial([1,i],{i,0,13}];
qq=Table[b[2-i]Binomial[2,1],{1,0,2}];
cc=Table[c[3-i]Binomiall3,i],{i,0,33}];
ccl=Transvectant [cc,cc,2] ;cc2=Transvectant[ccl,cc,1];

j21=Transvectant [qq,qq,2] .{1};j31=Transvectant[qq,exp[11,2],2].{1};
j32=Transvectant[qq,cc1,2].{1};j33=Transvectant[cc,prod[qq,111,3]1.{1};
j41=Transvectant[ccl,cc1,2].{1};j42=Transvectant[cc,exp[11,3],3].{1};
j43=Transvectant[ccl,exp[11,2],2].{1};

j44=Transvectant [prod[cc,11],explqq,2],4].{1};

jb1=Transvectant [exp[cc,2],explqq,3],61.{1};

jb2=Transvectant [Transvectant [Transvectant[cc,11,1],q9q9,1],exp[11,2],2].{1};
jb3=Transvectant[qq,Transvectant[cc2,11,1],2] .{1};

jb4=Transvectant [Transvectant[ccl,qq,1],exp[11,2],2].{1};

j61=Transvectant [prod[11l,cc],Transvectant [prod[11l,cc],prod[ll,cc],2],4].{1};
j62=Transvectant [Transvectant[ccl,qq,1],

Transvectant [prod[11l,qql,cc,2],2].{1};

j71=Transvectant [exp[qq,3],prod[cc,cc2],6]1.{1};

Here are the rank computations:

In[]:=gens={{j21},{j31,332,j33},{j41,j42, j43,j44},{j51,j52,j53,j54},
{j61,j62},{j71}};degrees={2,3,4,5,6,7};

=== computations in degree 3 ===
In[]:=monl=listmonomials[3,gens,degrees];
In[]:=mon=Union[monl,{j31,j32,;33}];

In[] :=mat=Table[mon/.Table[c[j]->Random[Integer,{0,10}],{j,0,3}1/.
Table[b[j]->Random[Integer,{0,10}1,{j,0,2}1/.
Table[a[j]->Random[Integer,{0,10}]1,{j,0,1}],{i,1,3}] ;MatrixRank[mat]
Out[]=3
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=== computations in degree 4 ===
In[]:=monl=listmonomials[4,gens,degrees];Length[moni]

Out[]=1

In[]:=mon=Union[monl,{j41,j42,j43,j44}];
In[]:=mat=Table[mon/.Table[c[j]->Random[Integer,{0,10}],{j,0,3}1/.
Table[b[j]->Random[Integer,{0,10}]1,{j,0,2}1/.
Table[a[j]->Random[Integer,{0,10}]1,{j,0,1}],{i,1,6}];MatrixRank[mat]
Out[]=5

=== computations in degree 5 ===
In[]:=monl=listmonomials[5,gens,degrees];Length[moni]

Out[]1=3

In[]:=mon=Union[monl,{j51,j52,j53,j54}];
In[]:=mat=Table[mon/.Table[c[j]->Random[Integer,{0,10}]1,{j,0,3}1/.
Table[b[j]->Random[Integer,{0,10}]1,{j,0,2}1/.
Table[a[j]->Random[Integer,{0,10}],{j,0,1}],{i,1,8}] ;MatrixRank[mat]
Out[1=7

=== computations in degree 6 ===
In[]:=moni=listmonomials[6,gens,degrees];Length[moni]

OQut[]=11

In[] :=mon=Union[mon1,{j61,j62}];
In[]:=mat=Table[mon/.Table[c[j]->Random[Integer,{0,10}],{j,0,3}1/.
Table[b[j]->Random[Integer,{0,10}]1,{j,0,2}1/.
Table[a[j]->Random[Integer,{0,10}],{j,0,1}],{i,1,14}] ;MatrixRank [mat]
Out[]=13

=== computations in degree 7 ===
In[]:=monl=listmonomials[7,gens,degrees];Length[moni]

Out[]=19

In[]:=mon=Union[monl,{j71}];
In[]:=mat=Table[mon/.Table[c[j]->Random[Integer,{0,10}]1,{j,0,3}1/.
Table[b[j]->Random[Integer,{0,10}1,{j,0,2}1/.
Table[a[j]->Random[Integer,{0,10}],{j,0,1}],{i,1,21}] ;MatrixRank[mat]
Out []=20

=== computations in degree 8 ===
In[]:=moni=listmonomials[8,gens,degrees];Length[moni]

Out[]1=35
In[]:=mat=Table[monl/.Table[c[j]->Random[Integer,{0,10}],{j,0,3}]1/.
Table[b[j]->Random[Integer,{0,10}1,{j,0,2}1/.
Table[a[j]->Random[Integer,{0,10}],{j,0,1}],{i,1,32}] ;MatrixRank[mat]
Out[]=31

=== computations in degree 9 ===
In[]:=moni=listmonomials[9,gens,degrees];Length[moni]

Out[]=52
In[]:=mat=Table[moni/.Table[c[j]->Random[Integer,{0,10}]1,{j,0,3}1/.
Table[b[j]->Random[Integer,{0,10}1,{j,0,2}1/.
Table[a[j]->Random[Integer,{0,10}],{j,0,1}],{i,1,45}] ;MatrixRank [mat]
Out []=44

=== computations in degree 10 ===
In[]:=moni=listmonomials[10,gens,degrees];Length[moni]

Out []=80
In[]:=mat=Table[mon1/.Table[c[j]->Random[Integer,{0,10}]1,{j,0,3}1/.
Table[b[j]->Random[Integer,{0,10}1,{j,0,2}1/.
Table[a[j]->Random[Integer,{0,10}],{j,0,1}],{i,1,64}] ;MatrixRank[mat]
Out[]1=63

=== computations in degree 11 ===
In[]:=monl=listmonomials[11,gens,degrees];Length[mon1]

Out[]=118

In[]:=Timing[mat=Table[monl/.Table[c[j]->Random[Integer,{0,10}]1,{j,0,3}1/.
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Table[b[j]->Random[Integer,{0,10}1,{j,0,2}]1/.
Table[a[j]->Random[Integer,{0,10}],{j,0,1}],{i,1,89}] ;MatrixRank[mat]]
Out [1={5.22033,88} //the rank is 88;

//the computation took 5.2 seconds
=== computations in degree 12 ===
In[]:=monl=listmonomials[12,gens,degrees] ;Length[moni]
Out[]1=182
In[]:=Timing[mat=Table[monl/.Table[c[j]->Random[Integer,{0,10}],{j,0,3}]1/.
Table[b[j]->Random[Integer,{0,10}1,{j,0,2}1/.
Table[al[j]->Random[Integer,{0,10}]1,{j,0,1}],{i,1,124}];MatrixRank[mat]]
Out[1={22.3214,123} //the rank is 123;

//the computation took 22.3 seconds
=== computations in degree 14 ===
In[]:=monl=listmonomials[14,gens,degrees] ;Length[mon1]
Out [1=379
In[]:=Timing[mat=Table[mon1/.Table[c[j]->Random[Integer,{0,10}]1,{j,0,3}1/.
Table[b[j]->Random[Integer,{0,10}1,{j,0,2}1/.
Table[a[j]l->Random[Integer,{0,10}1,{j,0,1}],{i,1,214}];MatrixRank[mat]]
Out[1={25.9656,213} //the rank is 213;

//the computation took 25.9 seconds

A.15 The invariants of V; @V, @ V)

Here are the Mathematica computations supporting the proof of Proposition
5.15.2. We first compute the invariants j2 1, j2.2, 3.1, -+, J3.3, 54,1, J4,2: J5.15 - - -
75,3, 06,15 - -+ J6,45 J7,15 J7,25 J8, Jo of V1 @ Vo @ Vit

1ll=Table[a[1-i]Binomial[1,i],{i,0,1}];
qq=Table[b[2-i]lBinomial[2,i],{i,0,2}];
ff=Table[c[4-i]Binomial[4,i],{i,0,4}];
ccl=Transvectant [ff,ff,2] ;cc2=Transvectant[ccl,ff,1];

cc3=Transvectant [qq,ff,2];j21=Transvectant[qq,qq,2].{1};
j22=Factor[Transvectant [ff,ff,4].{1}];j31=Transvectant[ff,cc1,4].{1};
j32=Transvectant [ff,exp[qq,2],4].{1};j33=Transvectant[qq,exp[11,2],2].{1};
j41=Transvectant[ccl,explqq,2],4].{1};j42=Transvectant[cc3,exp[11,2],2].{1};
jbl=Transvectant[ff,exp[11,4],4].{1};
jb2=Transvectant[ccl,prod[qq,exp[11,2]],4].{1};

jb3=Transvectant [Transvectant[qq,exp[11,2],1],cc3,2].{1};
j61=Transvectant[ccl,exp[11,4],4].{1};j62=Transvectant[cc2,exp[qq,3],6]1.{1};
jB3=Transvectant [Transvectant[qq,exp[11,2],1],Transvectant[qq,cc1,2],2].{1};
j64=Transvectant [Transvectant[qq,ff,1],exp[11,4],4].{1};

j71=Transvectant [Transvectant[qq,ccl,1],exp[11,4],4].{1};

j72=Transvectant [Transvectant[cc2,explqq,2],4],exp[11,2],2].{1};
j8=Transvectant [Transvectant [Transvectant [qq,cc1,2],ff,1],exp[11,4],4].{1};
j9=Transvectant[cc2,exp[11,6],6].{1};

Here are the rank computations:

In[]:=gens={{j21,3j22},{j31,332,j33},{j41,j42},{j51, 52,533},
{j61,162,363,364},{j71,372},{j8},{j9}3};
degrees={2,3,4,5,6,7,8,93};

=== computations in degree 4 ===

In[]:=monl=listmonomials[4,gens,degrees];
mon=Union[mon1,{j41,j42}];Length[mon]

Out[]=5
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In[]:=mat=Table[mon/.Table[c[j]->Random[Integer,{0,10}]1,{j,0,4}1/.
Table[b[j]->Random[Integer,{0,10}]1,{j,0,2}1/.
Table[a[j]->Random[Integer,{0,10}],{j,0,1}],{i,1,6}];MatrixRank [mat]

Out[]=5

=== computations in degree 5

In[]:=monl=listmonomials[5,gens,degrees];

mon=Union[moni,{j51, 352, j53}];Length [mon]

Out []=9

In[]:=mat=Table[mon/.Table[c[j]->Random[Integer,{0,10}],{j,0,4}1/.
Table[b[j]->Random[Integer,{0,10}],{j,0,2}1/.
Table[a[j]->Random[Integer,{0,10}],{j,0,1}],{i,1,10}];MatrixRank[mat]

Out[]1=9

=== computations in degree 6 ===

In[]:=moni=listmonomials[6,gens,degrees];

mon=Union[mon1,{j61,j62,j63,j64}];Lengthlmon]

Out[]=18

In[] :=mat=Table[mon/.Table[c[j]->Random[Integer,{0,10}],{j,0,431/.
Table[b[j]->Random[Integer,{0,10}]1,{j,0,2}1/.
Table[a[j]->Random[Integer,{0,10}],{j,0,1}],{i,1,19}] ;MatrixRank[mat]

Out[]=18

=== computations in degree 7 ===

In[]:=monl=listmonomials[7,gens,degrees];

mon=Union[mon1,{j71,j72}];Length[mon]

Out []=23

In[]:=mat=Table[mon/.

Table[c[j]->Random[Integer,{0,10}],{j,0,4}]1/.
Table[b[j]->Random[Integer,{0,10}],{j,0,2}1/.
Table[a[j]->Random[Integer,{0,10}],{j,0,1}1,{i,1,24}];
MatrixRank [mat]

Out []=23

=== computations in degree 8 ===

In[]:=monl=listmonomials[8,gens,degrees];

mon=Union[mon1,{j8}];Length[mon]

Out []=44

In[]:=mat=Table[mon/.Table[c[j]->Random[Integer,{0,10}],{j,0,4}1/.
Table[b[j]->Random[Integer,{0,10}],{j,0,2}1/.
Table[a[j]->Random[Integer,{0,10}],{j,0,1}]1,{i,1,44}] ;MatrixRank[mat]

Out []=43

=== computations in degree 9 ===

In[]:=monl=listmonomials[9,gens,degrees];

mon=Union[mon1,{j9}];Length[mon]

Out[]=66

In[]:=mat=Table[mon/.Table[c[j]->Random[Integer,{0,10}]1,{j,0,4}1/.
Table[b[j]->Random[Integer,{0,10}]1,{j,0,2}1/.
Table[a[j]->Random[Integer,{0,10}],{j,0,1}],{i,1,64}];MatrixRank[mat]

Out[]1=63

=== computations in degree 10 ===

In[]:=mon=listmonomials[10,gens,degrees];Length[mon]

Out []=102

In[]:=mat=Table[mon/.Table[c[j]->Random[Integer,{0,10}],{j,0,4}1/.
Table[b[j]->Random[Integer,{0,10}]1,{j,0,2}1/.
Table[a[j]->Random[Integer,{0,10}],{j,0,1}],{i,1,94}] ;MatrixRank[mat]

Out[]1=93

=== computations in degree 11 ===

In[]:=mon=listmonomials[11,gens,degrees];Length[mon]

Out []=155

In[]:=mat=Table[mon/.Table[c[j]->Random[Integer,{0,10}],{j,0,4}1/.
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Table[b[j]->Random[Integer,{0,10}],{j,0,2}1/.
Table[a[j]->Random[Integer,{0,10}],{j,0,1}],{i,1,137}] ;MatrixRank[mat]

Out[]=136

=== computations in degree 12 ===

In[]:=mon=listmonomials[12,gens,degrees] ;Length[mon]

Out []=242

In[]:=mat=Table[mon/.Table[c[j]->Random[Integer,{0,10}],{j,0,4}1/.
Table[b[j]->Random[Integer,{0,10}],{j,0,2}1/.
Table[a[j]->Random[Integer,{0,10}],{j,0,1}],{i,1,201}]1;
MatrixRank [mat,Modulus->32003]

Out [1=200

=== computations in degree 15 ===

In[]:=mon=listmonomials[15,gens,degrees] ;Length[mon]

Out [1=740

In[]:=mat=Table[mon/.Table[c[j]->Random[Integer,{0,10}]1,{j,0,431/.
Table[b[j]->Random[Integer,{0,10}]1,{j,0,2}1/.
Table[a[j]->Random[Integer,{0,10}],{j,0,1}],{i,1,511}];
MatrixRank [mat,Modulus->32003]

Out[]1=510

A.16 The invariants of V, ® V5, @ V;

We compute the generating invariants with Mathematica:

qq=Table[a[2-i]Binomial[2,1],{1,0,2}];
ff=Table[b[5-i]Binomial[5,i],{i,0,5}];
11=Table[c[1-i]Binomial[1,i],{i,0,13}];

ccl=Transvectant [ff,ff,4];cc2=Transvectant [ff,ccl1,2];
cc3=Transvectant [ff,ff,2] ;cc4=Transvectant [ff,ccl,1];
ccb=Transvectant[qq,ff,2] ;ccB6=Transvectant[ff,cc3,1];
cc7=Transvectant[ccl,cc3,2] ;cc8=Transvectant[ccl,cc3,1];
cc9=Transvectant[cc6,ccl,2] ;ccl0=Transvectant[cc6,explccl,2],4];
ccli=Transvectant[exp[ccl,2],cc3,3];j21=Transvectant[qq,qq,2].{1};
j31=Transvectant[ccl,qq,2].{1};j32=Transvectant[qq,exp[11,2],2].{1};
j41=Transvectant[ccl,cc1,2].{1};
j42=Transvectant [Transvectant [ff,exp[qq,2],4]1,11,1].{1};
j43=Transvectant[ccl,exp[11,2],2].{1};
j51=Transvectant[cc3,explqq,3],6].{1};

jb2=Transvectant [Transvectant[cc2,qq,2],11,1].{1};
jb3=Transvectant [Transvectant [ff,exp[qq,3],5]1,11,1].{1};
jb4=Transvectant [Transvectant[ccl,qq,1],exp[11,2],2].{1};
jbb=Transvectant [Transvectant [ff,qq,2],exp[11,3],3].{1};
j61=Transvectant[cc7,explqq,2],4].{1};

j62=Transvectant [Transvectant[ccl,cc2,2],11,1].{1};
j63=Transvectant [Transvectant[cc4,explqq,2],4],11,1].{1};
jB4=Transvectant [Transvectant[cc3,explqq,2],4],exp[11,2],2].{1};
j65=Transvectant[cc2,exp[11,3],3].{1};
jé6=Transvectant [Transvectant [ff,exp[qq,2],3],exp[11,3],3].{1};
j67=Transvectant [ff,exp[11,5],5].{1};

j68=Transvectant [Transvectant[cc2,explqq,2],3],11,1].{1};
j71=Transvectant [exp[qq,5],exp[£ff,2],10].{1};

j72=Transvectant [Transvectant[cc4,ff,2],explqq,3],6].{1};
j73=Transvectant [Transvectant [exp[ccl,2],cc3,4],qq,2].{1};
j74=Transvectant [Transvectant [ff,qq,1],exp[11,5],5].{1};
j75=Transvectant [Transvectant[cc3,qq,2] ,exp[11,4],4].{1};
j76=Transvectant [Transvectant[cc4,qq,2],exp[11,3],3].{1};
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j77=Transvectant [Transvectant[cc2,qq,1],exp[11,3],3].{1};

j78=Transvectant [Transvectant[cc7,qq,2],exp[11,2],2].{1};

j79=Transvectant [Transvectant[cc3,explqq,3],5],exp[11,2],2].{1};

j710=Transvectant [Transvectant [Transvectant[ccl,cc2,1],9q,2],
11,171.{1};

j711=Transvectant [Transvectant[cc4,explqq,3],5],11,1].{1};

j712=Transvectant [Transvectant [Transvectant[ccl,cc2,2],qq,1],
11,11.{1};

j81=Transvectant [Transvectant[cc2,cc2,2],cc1,2].{1};

j82=Transvectant[ccll,explqq,2],4].{1};

j83=Transvectant [prod[ff,cc2],explqq,4],8].{1};

j84=Transvectant [Transvectant[exp[ccl,3],£f,5],11,1].{1};

j856=Transvectant [Transvectant [exp[qq,4],cc6,8],11,1].{1};

j86=Transvectant [Transvectant [Transvectant[ccl,cc2,1],explqq,2],3],
11,11.{1};

j87=Transvectant [Transvectant[exp[ccl,2],cc3,4],exp[11,2],2].{1};
j88=Transvectant [Transvectant[cc8,explqq,2],4],

exp[11,2],2].{1};

j89=Transvectant [Transvectant[cc7,explqq,2],3],

exp[11,2],2].{1};

j810=Transvectant [Transvectant[ccl,cc2,1],exp[11,3],3].{1};
j811=Transvectant[cc7,exp[11,4],4].{1};

j812=Transvectant [Transvectant[cc3,explqq,2],3],exp[11,4],4].{1};
j813=Transvectant[cc4,exp[11,5],5].{1};
j814=Transvectant[cc3,exp[11,6],6].{1};

j91=Transvectant [prod[ff,Transvectant[exp[ccl,2],ff,4]],
explqq,3],6].{1};
j92=Transvectant [Transvectant [exp[ccl,3],cc3,5],qq,2].{1};
j93=Transvectant [prod[cc4,ff],explaq,5],10].{1};

j94=Transvectant [Transvectant[cc3,qq,1],exp[11,6],6].{1};
j95=Transvectant [Transvectant[cc8,qq,2] ,exp[11,4],4].{1};
j96=Transvectant [Transvectant[cc7,qq,1],exp[11,4],4].{1};
j97=Transvectant [Transvectant[cc6,explqq,3],6],exp[11,3],3].{1};
j98=Transvectant [Transvectant [Transvectant[cc3,explccl,2],3],q9q,2],
exp[11,2],2].{1};

j99=Transvectant [Transvectant [Transvectant [ff,exp[ccl,3],5],9q,1],
11,11.{1};

j910=Transvectant [Transvectant[cc9,explqq,3],6],

11,11.{13};

j911=Transvectant [Transvectant[cc6,explqq,5],9],11,1].{1};
j912=Transvectant [Transvectant [Transvectant[exp[ccl,2],cc3,4],qq,1],
exp[11,2],2].{1};

j101=Transvectant [prod[Transvectant[explccl,2],ff,4],cc2],explqq,2],
4] .{1};

j102=Transvectant [prod[cc4,cc2] ,explqq,4],8].{1};
j103=Transvectant[cc8,exp[11,6],6].{1};
j104=Transvectant [Transvectant [cc6,explqq,2],4],exp[11,5],5].{1};
j105=Transvectant [Transvectant[cc3,explccl,2],3],exp[11,4],4].{13};
jl106=Transvectant [Transvectant [Transvectant[ccl,cc6,2],explqq,2],4],
exp[11,3]1,3].{1};

j107=Transvectant [Transvectant[cc3,exp[cc1,3],5],exp[11,2],2].{1};
j108=Transvectant[

Transvectant [Transvectant [exp[ccl,2],cc6,4],explqq,2],4]1,11,1].{1};
j109=Transvectant [Transvectant [Transvectant[ccl,cc6,2],explqq,4],7],
11,171.{1};

jli11=Transvectant [prod[ff,cc6],explaq,7],14].{1};

jl12=Transvectant [prod[ff,Transvectant [exp[ccl1,3],ff,5]],explqq,3],
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6].{1};
j113=Transvectant [exp[Transvectant [exp[ccl,2],£f,4],2],q9q,2].{1};
jl14=Transvectant[Transvectant[cc6,qq,2],exp[11,7],7].{1};
j11b=Transvectant [Transvectant [Transvectant[ccl,cc6,2],9q,2],
exp[11,5],5].{1%};
jl16=Transvectant[Transvectant[cc10,qq,2],
exp[11,3],3].{1};
j117=Transvectant [Transvectant [Transvectant [cc6,explccl,3],6],q99,2],
11,1].{13};
j118=Transvectant[
Transvectant[cc10,explqq,3],5],11,1].{1};
jl21=Transvectant [Transvectant[cc2,cc2,2],Transvectant[cc2,cc2,2],
2] .{1};
j122=Transvectant [prod[Transvectant[exp[cc1,3],ff,5],cc2],explqq,2],
4] .{1};
j123=Transvectant [prod[Transvectant[ccl,cc6,2],ff],explqq,6],12].{1};
j124=Transvectant[cc6,exp[11,9],9].{1};
j1256=Transvectant[cc9,exp[11,7],7].{1};
j126=Transvectant[cc10,exp[11,5],5].{1};
j127=Transvectant [Transvectant [cc6,exp[ccl,3],6],exp[11,3],3].{1};
j128=Transvectant [Transvectant[cc6,exp[ccl,4],8],11,1].{1};
j129=Transvectant[
Transvectant [Transvectant[cc6,exp[ccl,3],6],explqq,2],3]1,11,1].{1};
j131=Transvectant [prod[Transvectant[exp[ccl,3],ff,5],
Transvectant [exp[ccl,2],f£,4]],q9q,2].{1};
j132=Transvectant [prod[ff,Transvectant [exp[ccl,2],cc6,4]1],explqq,5],
10]1.{1};
j133=Transvectant [Transvectant [Transvectant[cc6,exp[ccl,4],8],qq,1],
11,11.{1};
jl41=Transvectant [prod[ff,Transvectant [exp[ccl,3],cc6,6]1],explqq,4],
81.{1};
jl42=Transvectant [Transvectant[cc6,exp[ccl,5]1,9],11,1].{1};
j16=Transvectant [prod[ff,Transvectant[exp[ccl,4],cc6,8]],
explqq,3],6].{1};
jl6=Transvectant [prod[cc2,Transvectant [exp[ccl,4],cc6,8]],
explqq,2],4].{1};
j17=Transvectant [prod[Transvectant [exp[ccl,2],ff,4],
Transvectant[expl[ccl,4],¢c6,8]1],q99,2].{1};
j18=Transvectant[expl[ccl,7],prod[ff,cc6],14].{1};

Here are the rank computations:

In[]:=gens={{j21},{j31,332},{j41,j42,j43},{j51,j52,353,j54,j55},
{j61,j62,j63,j64,;65,j66,j67,j68},{j71,j72,373,j74,j75,376,377,378,
j79,j710,3711,37123,{j81,3i82, 83, j84, 85, 86,387, 88,89, 810, j811,
j812,3j813,3814},{j91,j92,j93,j94,j95,j96,397,j98,j99,j910,j911,3j912},
{j101,1102,1103,j104,j105, 106,107,108, j109},{j111,j112, 113, j114,
j115,3116,j117,j118},{j121,j122,j123,j124,3i125,§126,§127,§128,§129},
{j131,§132,1133},{j141,j142},{j15},{j16},{j17},{j18}};
degrees={2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18};

=== computations in degree 4 ===
In[]:=monl=listmonomials[4,gens,degrees];Length[moni]

OQut[]=1

In[] :=mon=Union[moni,{j41,j42,j43}];
In[]:=mat=Table[mon/.Table[b[j]->Random[Integer,{0,10}]1,{j,0,5}1/.
Table[c[j]->Random[Integer,{0,10}1,{j,0,1}1/.
Table[a[j]->Random[Integer,{0,10}],{j,0,2}]1,{i,1,56}];

MatrixRank [mat]
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Out[]=4

=== computations in degree 5 ===

In[]:=monl=listmonomials[5,gens,degrees];Length[moni]

Out[]=2

In[]:=mon=Union[moni,{j51,j52,353,j54,j55}]1;

In[]:=mat=Table[mon/.Table[b[j]l->Random[Integer,{0,10}]1,{j,0,5}1/.
Table[c[j]->Random[Integer,{0,10}1,{j,0,1}1/.
Table[a[j]->Random[Integer,{0,10}],{j,0,2}]1,{i,1,7}];
MatrixRank[mat]

Out[]1=7

=== computations in degree 6 ===

In[]:=moni=listmonomials[6,gens,degrees];Length[moni1]

Out[1=7

In[]:=mon=Union[monl,{j61,j62,j63,j64,j65,j66,j67,j68}];

In[] :=mat=Table[mon/.Table[b[j]->Random[Integer,{0,10}],{j,0,531/.
Table[c[j]->Random[Integer,{0,10}1,{j,0,1}1/.
Table[a[j]->Random[Integer,{0,10}],{j,0,2}],{i,1,18}];
MatrixRank[mat]

Out[]=15

=== computations in degree 7 ===

In[]:=moni=listmonomials[7,gens,degrees];Length[monil]

Out[]=13

In[]:=mon=Union[monl,{j71,j72,j73,;74,j75,j76,377,378,j79,3710,
§711,371231;

In[]:=mat=Table[mon/.Table[b[j]->Random[Integer,{0,10}],{j,0,5}1/.
Table[c[j]->Random[Integer,{0,10}],{j,0,1}1/.
Table[a[j]->Random[Integer,{0,10}],{j,0,2}],{i,1,26}];
MatrixRank[mat]

Out []=25

=== computations in degree 8 ===

In[]:=monl=listmonomials[8,gens,degrees];Length[moni]

Out[]1=31

In[]:=mon=Union[moni1,{j81,j82,3j83,j84,j85,386,j87,j88,j89,i810,
j811,3812,3813,j814}1;

In[]:=mat=Table[mon/.Table[b[j]->Random[Integer,{0,10}]1,{j,0,5}1/.
Table[c[j]->Random[Integer,{0,10}],{j,0,1}1/.
Table[a[j]->Random[Integer,{0,10}1,{j,0,2}1,{i,1,46}]1;
MatrixRank[mat]

Out []1=45

=== computations in degree 9 ===

In[]:=moni=listmonomials[9,gens,degrees];Length[moni]

Out[]=60

In[]:=mon=Union[mon1,{j91,392,j93,j94,395,i96,j97,398,j99,i910,
jO11,3912}1;

In[]:=mat=Table[mon/.Table[b[j]->Random[Integer,{0,10}]1,{j,0,531/.
Table[c[j]->Random[Integer,{0,10}1,{j,0,1}1/.
Table[a[j]->Random[Integer,{0,10}],{j,0,2}],{i,1,71}];
MatrixRank [mat,Modulus->32003]

Out []=70

=== computations in degree 10 ===

In[]:=moni=listmonomials[10,gens,degrees];Length[moni]

Out [1=117

In[]:=mon=Union[moni,{j101,j102,;103,;104,3j105,j106,j107,j108,j109}]1;

In[]:=mat=Table[mon/.Table[b[j]->Random[Integer,{0,10}],{j,0,531/.
Table[c[j]->Random[Integer,{0,10}1,{j,0,1}1/.
Table[a[j]->Random[Integer,{0,10}],{j,0,2}],{i,1,113}];
MatrixRank [mat,Modulus->32003]
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Out[]=112

=== computations in degree 11 ===

In[]:=monl=listmonomials[11,gens,degrees];Length[moni]

Out []=203

In[]:=mon=Union[mon1,{j111,j112,j113,j114,j115,1116,j117,118}1;

In[]:=mat=Table[mon/.Table[b[j]l->Random[Integer,{0,10}]1,{j,0,5}1/.
Table[c[j]->Random[Integer,{0,10}1,{j,0,1}1/.
Table[a[j]->Random[Integer,{0,10}],{j,0,2}],{i,1,176}];
MatrixRank [mat,Modulus->32003]

Out []=175

=== computations in degree 12 ===

In[]:=monl=listmonomials[12,gens,degrees] ;Length[mon1]

Out [1=357

In[]:=mon=Union[mon1,{j121,3122,j123,§124,1125,j126, 127,128, §120}1;

In[] :=mat=Table[mon/.Table[b[j]->Random[Integer,{0,10}],{j,0,531/.
Table[c[j]->Random[Integer,{0,10}1,{j,0,1}1/.
Table[a[j]->Random[Integer,{0,10}],{j,0,2}],{i,1,271}];
MatrixRank [mat,Modulus->32003]

Out [1=270

=== computations in degree 13 ===

In[]:=moni=listmonomials[13,gens,degrees];Length[moni]

Out [1=587

In[]:=mon=Union[monl,{j131,j132,;133}];

In[] :=mat=Table[mon/.Table[b[j]->Random[Integer,{0,10}],{j,0,5}1/.
Table[c[j]->Random[Integer,{0,10}1,{j,0,1}1/.
Table[a[j]->Random[Integer,{0,10}],{j,0,2}],{i,1,386}];
MatrixRank[mat,Modulus->32003]

Out [1=385

=== computations in degree 14 ===

In[]:=monl=listmonomials[14,gens,degrees];Length[mon1]

Out []=984

In[]:=mon=Union[monl,{j141,j142}];

In[] :=mat=Table[mon/.Table[b[j]->Random[Integer,{0,10}],{j,0,5}1/.
Table[c[j]->Random[Integer,{0,10}]1,{j,0,1}1/.
Table[a[j]->Random[Integer,{0,10}1,{j,0,2}],{i,1,567}]1;
MatrixRank [mat,Modulus->32003]

Out [1=566

=== computations in degree 15 ===

In[]:=moni=listmonomials[15,gens,degrees];Length[moni]

Out [1=1583

In[]:=mon=Union[monl,{j15}];

In[] :=mat=Table[mon/.Table[b[j]->Random[Integer,{0,10}],{j,0,5}1/.
Table[c[j]->Random[Integer,{0,10}],{j,0,1}1/.
Table[a[j]->Random[Integer,{0,10}1,{j,0,2}],{i,1,801}]1;
MatrixRank [mat,Modulus->32003]

Out [1=800

A.17 The invariants of 2V, @ V3

Here are the Mathematica computations supporting the proof of Proposition
5.17.2. We first compute the invariants j271 . ,j2’37j3,1,j372,j471,j472,j571, ey
J5,4,06,15+++J6,3,J7,1 -+, 7,4 of 2V2 @& V3:

qql=Table[a[2-i]Binomial[2,i],{i,0,2}];
qq2=Table[b[2-i]Binomial[2,1i],{i,0,2}];
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cc=Table[c[3-i]Binomial[3,i],{i,0,3}];
ccl=Transvectant[cc,cc,2];cc2=Transvectant[cc,ccl,1];
j21=Transvectant [qql,qql,2].{1};j22=Transvectant[qql,qq2,2].{1};
j23=Transvectant [qq2,9q92,2] .{1};j31=Transvectant[ccl,qql,2].{1};
j32=Transvectant[ccl,qq2,2].{1};j41=Transvectant[ccl,cc1,2].{1};
j42=Transvectant [Transvectant[qql,ccl,1],992,2] .{1};
jb51=Transvectant [exp[qql,3],explcc,2],6].{1};

jb2=Transvectant [exp[qq2,3],explcc,2],68].{1};

jb3=Transvectant [prod[exp[qq2,2],q9q1],explcc,2],6].{1};
jb4=Transvectant [prod[explqql,2],qq2] ,explcc,2],6].{1};
j61=Transvectant [prod[Transvectant[qql,cc,2],

Transvectant [exp[qql,2],cc,3]1],992,2] .{1};

j62=Transvectant [prod[Transvectant [qql,cc,2],
Transvectant[qql,cc,1]],explqq2,2],4].{13};

jB3=Transvectant [prod[cc,Transvectant[qql,cc,1]],explqq2,3],6].{1};
j71=Transvectant [exp[qgql,3],prodlcc,cc2],6].{1};
j72=Transvectant [exp[qq2,3],prodlcc,cc2],6].{1};
j73=Transvectant [prod[exp[qq2,2],qq1],prodlcc,cc2],6].{1};
j74=Transvectant [prod[explqql,2],qq2],prodlcc,cc2],6].{1};

Here are the rank computations:

In[]:=gens={{j21,322,j23},{j31,j32},{j41, j42},{j51,j52,i53, j54},
{j61,j62,j63},{j71,j72,j73,j74}};degrees={2,3,4,5,6,7};

=== computations in degree 2 ===

In[]:=mon={j21,j22,j23};

In[] :=mat=Table[mon/.Table[c[j]->Random[Integer,{0,10}],{j,0,3}1/.
Table[b[j]->Random[Integer,{0,10}1,{j,0,2}1/.
Table[a[j]->Random[Integer,{0,10}]1,{j,0,2}],{i,1,4}] ;MatrixRank[mat]
Out[]1=3

=== computations in degree 3 ===

In[]:=mon={j31,j32};
In[]:=mat=Table[mon/.Table[c[j]->Random[Integer,{0,10}],{j,0,3}1/.
Table[b[j]->Random[Integer,{0,10}]1,{j,0,2}1/.
Table[a[j]->Random[Integer,{0,10}]1,{j,0,2}],{i,1,4}] ;MatrixRank [mat]
Out[]=2

=== computations in degree 4 ===
In[]:=monl=listmonomials[4,gens,degrees];Length[moni]

Out[]=6

In[]:=mon=Union[monl,{j41,j423}];
In[]:=mat=Table[mon/.Table[c[j]->Random[Integer,{0,10}],{j,0,331/.
Table[b[j]->Random[Integer,{0,10}1,{j,0,2}1/.
Table[a[j]->Random[Integer,{0,10}1,{j,0,2}],{i,1,9}] ;MatrixRank[mat]
Out[]1=8

=== computations in degree 5 ===
In[]:=moni=listmonomials[5,gens,degrees];Length[moni]

Out[]1=6

In[] :=mon=Union[mon1,{j51,j52,j53,j54}];
In[]:=mat=Table[mon/.Table[c[j]->Random[Integer,{0,10}],{j,0,3}1/.
Table[b[j]->Random[Integer,{0,10}]1,{j,0,2}1/.
Table[a[j]->Random[Integer,{0,10}],{j,0,2}],{i,1,11}] ;MatrixRank [mat]
Out[]=10

=== computations in degree 6 ===
In[]:=moni=listmonomials[6,gens,degrees];Length[moni]

Out[]=19

In[]:=mon=Union[monl,{j61,j62,3j63}];
In[]:=mat=Table[mon/.Table[c[j]->Random[Integer,{0,10}]1,{j,0,331/.
Table[b[j]->Random[Integer,{0,10}1,{j,0,2}1/.
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Table[a[j]->Random[Integer,{0,10}],{j,0,2}],{i,1,23}] ;MatrixRank[mat]
Out []=22
=== computations in degree 7 ===
In[]:=monl=listmonomials[7,gens,degrees];Length[moni]
Out[]1=28
In[] :=mon=Union[monl,{j71,j72,j73,j74}];
In[]:=mat=Table[mon/.Table[c[j]->Random[Integer,{0,10}],{j,0,3}1/.
Table[b[j]->Random[Integer,{0,10}1,{j,0,2}1/.
Table[a[j]->Random[Integer,{0,10}],{j,0,2}],{i,1,33}] ;MatrixRank [mat]
Out []=32
=== computations in degree 8 ===
In[]:=moni=listmonomials[8,gens,degrees];Length[monil]
Out []=56
In[]:=mat=Table[mon1/.Table[c[j]->Random[Integer,{0,10}]1,{j,0,3}1/.
Table[b[j]->Random[Integer,{0,10}]1,{j,0,2}1/.
Table[a[j]->Random[Integer,{0,10}],{j,0,2}],{i,1,56}] ;MatrixRank [mat]
Out []=55
=== computations in degree 9 ===
In[]:=moni=listmonomials[9,gens,degrees];Length[moni]
Out []=86
In[]:=mat=Table[mon1/.Table[c[j]->Random[Integer,{0,10}]1,{j,0,3}1/.
Table[b[j]->Random[Integer,{0,10}]1,{j,0,2}1/.
Table[a[j]->Random[Integer,{0,10}1,{j,0,2}1,{i,1,81}];
MatrixRank[mat,Modulus->32003]
Out[]1=80
=== computations in degree 10 ===
In[]:=monl=listmonomials[10,gens,degrees] ;Length[mon1]
Out[]=140
In[]:=mat=Table[monl/.Table[c[j]->Random[Integer,{0,10}],{j,0,3}]1/.
Table[b[j]->Random[Integer,{0,10}1,{j,0,2}1/.
Table[a[j]->Random[Integer,{0,10}],{j,0,2}],{i,1,1293}];
MatrixRank[mat,Modulus->32003]
Out[]=128
=== computations in degree 11 ===
In[]:=monl=listmonomials[11,gens,degrees];Length[mon1]
Out []=210
In[]:=Timing[mat=Table[mon1/.Table[c[j]->Random[Integer,{0,10}]1,{j,0,3}1/.
Table[b[j]->Random[Integer,{0,10}]1,{j,0,2}1/.
Table[a[j]->Random[Integer,{0,10}1,{j,0,2}3],{i,1,179}]1;
MatrixRank[mat,Modulus->32003]]
Out[1={19.3252,178} //the rank is 178;

//the computation took 19.3 seconds
=== computations in degree 12 ===
Computationsindegreel2
In[]:=monl=listmonomials[12,gens,degrees] ;Length[moni]
Out [1=330
In[]:=Timing[mat=Table[monl/.Table[c[j]->Random[Integer,{0,10}],{j,0,3}]1/.
Table[b[j]->Random[Integer,{0,10}1,{j,0,2}1/.
Table[a[j]->Random[Integer,{0,10}],{j,0,2}],{i,1,269}];
MatrixRank[mat,Modulus->32003]]
Out[1={43.8027,268} //the rank is 268;

//the computation took 43.8 seconds
=== computations in degree 13 ===
In[]:=monl=listmonomials[13,gens,degrees];Length[moni]
Out [1=480
In[]:=Timing[mat=Table[monl/.Table[c[j]->Random[Integer,{0,10}],{j,0,3}]1/.
Table[b[j]->Random[Integer,{0,10}1,{j,0,2}1/.
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Table[a[j]->Random[Integer,{0,10}],{j,0,2}],{i,1,363}];
MatrixRank[mat,Modulus->32003]]
Out [1={103.666,362} //the rank is 362;

//the computation took 103.6 seconds
=== computations in degree 14 ===
In[]:=monl=listmonomials[14,gens,degrees] ;Length[moni]

Out [1=730
In[]:=Timing[mat=Table[monl/.Table[c[j]->Random[Integer,{0,10}],{j,0,3}]1/.
Table[b[j]->Random[Integer,{0,10}1,{j,0,2}1/.
Table[a[j]->Random[Integer,{0,10}],{j,0,2}],{i,1,516}];
MatrixRank[mat,Modulus->32003]]

Out[1={223.402,515} //the rank is 515;

//the computation took 223.4 seconds
=== computations in degree 15 ===
In[]:=monl=listmonomials[15,gens,degrees] ;Length[moni]
Out[]1=1046
In[]:=Timing[mat=Table[monl/.Table[c[j]->Random[Integer,{0,10}],{j,0,3}]1/.
Table[b[j]->Random[Integer,{0,10}1,{j,0,2}31/.
Table[a[j]->Random[Integer,{0,10}1,{j,0,2}3],{i,1,687}]1;
MatrixRank[mat,Modulus->32003]]

Out[1={514.496,686} //the rank is 686;

//the computation took 514.4 seconds
=== computations in degree 17 ===
In[]:=monl=listmonomials[17,gens,degrees] ;Length[moni]

Out [1=2182
In[]:=Timing[mat=Table[monl/.Table[c[j]->Random[Integer,{0,10}],{j,0,3}]1/.
Table[b[j]->Random[Integer,{0,10}]1,{j,0,2}1/.
Table[a[j]->Random[Integer,{0,10}1,{j,0,2}],{i,1,1219}];
MatrixRank[mat,Modulus->32003]]
Out []={2072.15,1218} //the rank is 1218;

//the computation took 2072.1 seconds

A.18 The invariants of 2V, © V}

Here are the computations supporting the proofs of Propositions 5.18.1 and
5.18.2. We first compute the invariants jo1...,J2.4,753,1,---,73.4,J4,1,---,J4,5,
J5.1,795,2: 36,15 - - - » Jo,a of 2V @ Vi, using Mathematica:

qql=Table[a[2-i]lBinomial[2,i],{i,0,2}];
qq2=Table[b[2-i]Binomiall2,i],{i,0,2}];
ff=Table[c[4-i]lBinomial[4,i],{i,0,4}];
ccl=Transvectant [ff,ff,2] ;cc2=Transvectant[ccl,ff,1];
cc3=Transvectant [qql,ff,2];cc4=Transvectant[qq2,ff,2];
j21=Transvectant [qql,qql,2].{1};j22=Transvectant[q9q2,9q2,2].{1};
j23=Transvectant[qql,qq2,2] .{1};j24=Transvectant [ff,ff,4].{1};
j31=Transvectant [ff,ccl,4].{1};j32=Transvectant[explqql,2],ff,4].{1};
j33=Transvectant [exp[qq2,2],ff,4].{1};

j34=Transvectant [prod[qql,qq2],ff,4].{1};

j41=Transvectant [exp[qql,2],ccl,4].{1};

j42=Transvectant [exp[qq2,2],ccl,4].{1};

j43=Transvectant [prod[qql,qq2],cc1,4].{1};

j44=Transvectant [Transvectant[cc3,qql,1],992,2] .{1};
j45=Transvectant [Transvectant[cc4,qq2,1],q9q1,2] .{1};
jbl=Transvectant [Transvectant[ccl,prod[qql,qq2],3]1,9q91,2].{1};
j52=Transvectant [Transvectant[ccl,prod[qql,qq2],3],992,2].{1};
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jBl=Transvectant[cc2,explqql,3],6].{1};
j62=Transvectant[cc2,exp[qq2,3]1,6].{1};
j63=Transvectant [cc2,prod[explaql,2],qq2],6].{1};
j64=Transvectant [cc2,prod[explaq2,2],q9q1],6].{1};

Here are the Singular [DGPS] computations that support the proof of
Proposition 5.18.1:

> ring r=0,(a0,al1,a2,b0,b1,b2,c0,cl1,c2,c3,c4),dp;
//here we import the invariants we computed with Mathematica:
<"j21_224.csv";

<"j22_224.csv";

<"j23_224.csv";

<"j24_224.csv";

<"j31_224.csv";

<"j32_224.csv";

<"j33_224.csv";

<"j41_224.csv";

<"j42_224.csv";

ideal ii=j21+j23,j22+j24,j21-j24,331,j32,j33,j41,j42;
ideal jj=std(ii);

reduce(j21°7,3j);

reduce(j22°7,3j);
reduce(j23~7,3j);

reduce(j24°7,3j);

OH VOH VOH VOH V V VYV VYV VVYVYVVYV

Here are the rank computations, performed in Mathematica:

In[]:=gens={{j21,j22,j23,j24},{j31,j32,j33,j34},
{j41,j42,j43,j44,j45},{j51,j52},{j61,j62,j63,j64}};
degrees={2,3,4,5,6};

=== computations in degree 2 ===

In[]:=mon={j21,j22,j23};

In[] :=mat=Table[mon/.Table[c[j]->Random[Integer,{0,10}],{j,0,4}31/.
Table[b[j]->Random[Integer,{0,10}1,{j,0,2}1/.
Table[a[j]->Random[Integer,{0,10}]1,{j,0,2}],{i,1,4}] ;MatrixRank[mat]
Out[]1=3

=== computations in degree 3 ===

In[]:=mon={j31,j32,3j33,j34};
In[]:=mat=Table[mon/.Table[c[j]->Random[Integer,{0,10}],{j,0,4}1/.
Table[b[j]->Random[Integer,{0,10}]1,{j,0,2}1/.
Table[a[j]->Random[Integer,{0,10}]1,{j,0,2}],{i,1,5}] ;MatrixRank [mat]
Out[]=4

=== computations in degree 4 ===
In[]:=moni=listmonomials[4,gens,degrees];Length[moni]

Out[]=10

In[]:=mon=Union[monl,{j41,j42,j43,j44,j45}];

In[] :=mat=Table[mon/.Table[c[j]->Random[Integer,{0,10}],{j,0,4}1/.
Table[b[j]->Random[Integer,{0,10}1,{j,0,2}1/.
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Table[a[j]->Random[Integer,{0,10}],{j,0,2}],{i,1,16}] ;MatrixRank[mat]
Out[]=15

=== computations in degree 5 ===
In[]:=monl=listmonomials[5,gens,degrees];Length[moni]

Out[]=16

In[] :=mon=Union[mon1,{j51,3j52}];
In[]:=mat=Table[mon/.Table[c[j]->Random[Integer,{0,10}],{j,0,4}1/.
Table[b[j]->Random[Integer,{0,10}1,{j,0,2}1/.
Table[a[j]->Random[Integer,{0,10}],{j,0,2}],{i,1,19}] ;MatrixRank [mat]
Out[]=18

=== computations in degree 6 ===
In[]:=moni=listmonomials[6,gens,degrees];Length[moni1]

Out []=50

In[]:=mon=Union[monl,{j61,j62,j63,;64}];
In[]:=mat=Table[mon/.Table[c[j]->Random[Integer,{0,10}]1,{j,0,4}1/.
Table[b[j]->Random[Integer,{0,10}1,{j,0,2}1/.
Table[a[j]->Random[Integer,{0,10}],{j,0,2}],{i,1,54}] ;MatrixRank[mat]
Out[]1=53

=== computations in degree 7 ===
In[]:=monl=listmonomials[7,gens,degrees];Length[moni]

Out[]1=68
In[]:=mat=Table[monl/.Table[c[j]->Random[Integer,{0,10}],{j,0,4}]1/.
Table[b[j]->Random[Integer,{0,10}1,{j,0,2}1/.
Table[a[j]->Random[Integer,{0,10}],{j,0,2}],{i,1,66}] ;MatrixRank[mat]
Out[]=65

=== computations in degree 8 ===
In[]:=monl=listmonomials[8,gens,degrees];Length[moni]

Out[]=164
In[]:=mat=Table[monl/.Table[c[j]->Random[Integer,{0,10}],{j,0,4}]1/.
Table[b[j]->Random[Integer,{0,10}1,{j,0,2}1/.
Table[a[j]->Random[Integer,{0,10}],{j,0,2}],{i,1,1493}];
MatrixRank[mat,Modulus->32003]

Out[]=148

=== computations in degree 9 ===
In[]:=moni=listmonomials[9,gens,degrees];Length[moni]

Out [1=226
In[]:=mat=Table[mon1/.Table[c[j]->Random[Integer,{0,10}]1,{j,0,4}1/.
Table[b[j]->Random[Integer,{0,10}]1,{j,0,2}1/.
Table[a[j]->Random[Integer,{0,10}1,{j,0,2}3],{i,1,199}]1;
MatrixRank[mat,Modulus->32003]

Out[]1=198

=== computations in degree 10 ===
In[]:=monl=listmonomials[10,gens,degrees] ;Length[mon1]

Out []=461

In[]:=Timing[mat=Table[monl/.Table[c[j]->Random[Integer,{0,10}],{j,0,4}1/.

Table[b[j]->Random[Integer,{0,10}1,{j,0,2}1/.
Table[a[j]->Random[Integer,{0,10}],{j,0,2}],{i,1,372}];
MatrixRank[mat,Modulus->32003]]

Out [1={59.0917,371} //the rank is 371;

//the computation took 59.0 seconds
=== computations in degree 12 ===
In[]:=monl=listmonomials[12,gens,degrees] ;Length[moni]
Out [1=1221
In[]:=Timing[mat=Table[monl/.
Table[c[j]->Random[Integer,{0,10}1,{j,0,4}1/.
Table[b[j]->Random[Integer,{0,10}1,{j,0,2}]1/.
Table[a[j]->Random[Integer,{0,10}]1,{j,0,2}],{i,1,854}]1;
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MatrixRank[mat,Modulus->32003]]
Out[1={477.706, 853} //the rank is 853;
//the computation took 477.7 seconds

A.19 The invariants of V; & V53V
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Here are the Mathematica computations supporting the proof of Proposition

5.19.2. We first compute the 63 generators:

cc=Table[a[3-i]Binomiall3,i],{i,0,33}];
qq=Table[b[4-i]Binomial[4,1],{1,0,4}];
11=Table[c[1-i]Binomiall[1,i],{i,0,13}];

ccl=Transvectant[cc,cc,2] ;cc2=Transvectant[qq,qq,2];
cc3=Transvectant[cc,qq,2];j21=Transvectant[aq,qq,4].{1};
j31=Transvectant[cc2,qq,4].{1}; j32=Transvectant[qq,prod[11,cc],4].{1};
j41=Transvectant[ccl,cc1,2].{1};

j42=Transvectant [prod[11l,cc],prod[11l,cc],4].{1};
j43=Transvectant[cc,exp[11,3],3].{1};
j44=Transvectant[cc2,prod[1l,cc],4].{1};

jbl=Transvectant [Transvectant[qq,cc2,1],explcc,2],6].{1};

jb2=Transvectant [Transvectant[qq,explcc,2],2],explcc,2],6].{13};
jb3=Transvectant[qq,exp[11,4],4].{1};

jb4=Transvectant [prod[qq,exp[11,2]],explcc,2],6].{1};

jbb=Transvectant [Transvectant[qq,cc1,2],exp[11,2],2].{1};
jb6=Transvectant[cc3,exp[11,3],3].{1};

jb7=Transvectant [prod[11l,Transvectant[cc,cc1,1]],qq,4].{1};
jb8=Transvectant [Transvectant[11l,ccl,1],Transvectant[qq,cc,3],1].{1};
j61=Transvectant[exp[ccl,2],cc2,4].{1};

j62=Transvectant [Transvectant [prod[11,cc],prod[1l,cc],2],prod[11,cc],4].{1};
j63=Transvectant[cc2,exp[11,4],4].{1};

j65=Transvectant [Transvectant [Transvectant[qq,cc1,2],explcc,2],2],qq,4]1.{1};
jB4=Transvectant[cc2,prod[11l,Transvectant[cc,ccl,1]1],4].{1};
j66=Transvectant[cc2,prod[cc,Transvectant[11,cc1,1]1],4].{1};
j87=Transvectant [prod[exp[11l,2],cc2],explcc,2],6].{1};

j68=Transvectant [Transvectant[ccl,cc2,2],exp[11,2],2].{1};

j69=Transvectant [Transvectant[cc,cc2,2],exp[11,3],3].{1};
jB10=Transvectant [Transvectant [exp[cc,2],explqq,2],6],
Transvectant[cc,11,1],2].{1};

j71=Transvectant [exp[cc,4],explqq,3],12].{1};

j72=Transvectant [Transvectant [Transvectant[qq,cc1,2] ,explcc,2],2],cc2,4].{13};
j73=Transvectant [Transvectant[qq,cc2,1],
prod[cc,Transvectant[cc,cc1,1]],6].{1};

j74=Transvectant [Transvectant[cc1,11,1],

Transvectant [qq,Transvectant[ccl,cc,1],3],1].{1};
j75=Transvectant [Transvectant [exp[cc,2],prod[qq,cc2],6],
Transvectant[cc,11,1],2].{1};

j76=Transvectant [Transvectant [Transvectant[ccl,cc,1],qq,2],exp[11,3],3]1.{1};
j77=Transvectant [prod[qq,exp[11,2]],prod[cc,Transvectant[ccl,cc,1]],8].{1};
j78=Transvectant [Transvectant [qq,Transvectant[ccl,exp[11,2],1],2],
exp[11,2],2].{1};

j79=Transvectant [exp[11,5] ,Transvectant[cc,qq,1],5].{1};

j710=Transvectant [Transvectant [Transvectant[cc3,
Transvectant[qq,11,1],2],cc3,1],cc,3].{1};
j711=Transvectant [Transvectant [Transvectant[cc3,cc,2],
Transvectant[qq,11,1],1],Transvectant [qq,11,1],3].{1};

j712=Transvectant [prod[Transvectant[qq,cc1,1],exp[11,2]],exp[cc,2],6].{1};
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j713=Transvectant [Transvectant [cc3,Transvectant[qq,11,1],2],
Transvectant [qq,exp[11,2],2],2].{1};
j81=Transvectant [Transvectant [Transvectant[qq,ccl,2],prod[cc,
Transvectant[cc,cc1,1]1],2],qq,4].{1};
j82=Transvectant [exp[cc,4],prod[explqq,2],cc2],12].{1};
j83=Transvectant [Transvectant [Transvectant[cc2,ccl,2] ,,explcc,2],2],
cc2,4].{1};
j84=Transvectant [Transvectant [exp[cc,2] ,prod[cc2,qq],6],
Transvectant[cc3,11,1],2]1.{1};
j85=Transvectant [Transvectant[cc1,11,1],Transvectant[qq,
Transvectant[ccl,Transvectant[qq,11,1],1],3],1]1.{1};
j86=Transvectant [Transvectant [Transvectant[ccl,cc3,1],q9q,2],exp[11,3],3].{1};
j87=Transvectant [Transvectant [Transvectant[ccl,
Transvectant[qq,11,1],1],q9q,2],exp[11,3],3].{1};
j88=Transvectant [prod[qq,exp[11,2]],prodlcc,Transvectant[ccl,cc3,1]1],6].{1};
j89=Transvectant [Transvectant [qq,Transvectant [Transvectant[cc,
Transvectant[qq,11,1],2],exp[11,2],1],2],exp[11,2],2].{1};
j810=Transvectant[Transvectant [exp[cc,2],explqq,2],6],
Transvectant [Transvectant[cc,ccl,1],11,1],2].{1};
j811=Transvectant [prod[qq,prod[1l,Transvectant[cc,qq,3]1]1],
prod[cc,Transvectant[ccl,cc,1]1]1,6].{1};
j91=Transvectant [Transvectant [Transvectant[cc2,ccl,2] ,prod[cc,
Transvectant[cc,cc1,1]1],2]1,qq,4].{13};
j92=Transvectant [exp[cc,4],prod[prod[qq,cc2],cc2],12].{1};
j93=Transvectant [prod[exp[cc,3],Transvectant[cc,ccl,1]],explqq,3],12].{1};
j94=Transvectant [Transvectant [Transvectant[qq,ccl,2],prod[cc,
Transvectant[cc,cc1,1]1],2],¢cc2,4].{1};
j95=Transvectant [Transvectant [Transvectant[qq,cc1,2],prodl[cc,
Transvectant [Transvectant[qq,11,1],cc1,1]],2],q9q9,4].{1};
j96=Transvectant [Transvectant [exp[cc,2],prod[cc2,prod[cc,11]],6],
Transvectant[cc3,11,1],2].{1};
j97=Transvectant [Transvectant[exp[cc,2],prod[cc2,prod[cc,11]],6],
Transvectant [Transvectant[qq,11,1],11,1],2].{1};
j98=Transvectant [Transvectant [Transvectant [Transvectant[qq,
Transvectant [qq,prod[cc,11],2],2],cc1,2],explcc,2],2],qq,4].{1};
j99=Transvectant [Transvectant [Transvectant[qq,11,1],cc2,1],exp[11,5],5].{1};
j910=Transvectant [Transvectant [Transvectant[qq,cc2,1],explcc,2],4],
expl11,4],4].{1};
j101=Transvectant [Transvectant [Transvectant[cc2,cc1,2],prod[cc,
Transvectant[cc,ccl1,1]],2],¢cc2,4] .{1};
j102=Transvectant [Transvectant [prod[exp[cc,3],Transvectant[cc,ccl,1]],
explqq,3],10],qq9,4].{1};
j103=Transvectant [Transvectant [cc,prod[Transvectant[cc,Transvectant[cc,
Transvectant[cc,Transvectant[qq,cc2,1],3],1],3],
Transvectant[cc,qq,2]1],3],11,1].{1};
jl1i=Transvectant[Transvectant [Transvectant [prod[exp[cc,3],
Transvectant[cc,ccl,1]],explaq,3],10]1,q99,2],9q9,4].{1};

Here are the rank computations:

In[]:=gens={{j21},{j31,332},{j41,j42,;43, j44},{j51,352,j53,j54,j55, 356,
j57,358%},{j61,362,j63,3i64,365,3i66,3i67,i68,369,i610},{j71,j72,373,j74,375,
j76,377,378,3j79,j710,j711,j712,3713},{j81,j82,j83,;84,j85,j86,387,j88,
j89,3j810,3j811},{j91,392,j93,j94,j95,396,j97,398,399,j910},{j101,3102,;103},
{j111}};degrees={2,3,4,5,6,7,8,9,10,11};

=== computations in degree 4 ===
In[]:=monl=listmonomials[4,gens,degrees];Length[moni]

OQut[]=1
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In[] :=mon=Union[monl,{j41,j42,j43,j44}];
In[]:=mat=Table[mon/.Table[c[j]->Random[Integer,{0,10}],{j,0,1}1/.
Table[b[j]->Random[Integer,{0,10}]1,{j,0,4}]1/.
Table[a[j]->Random[Integer,{0,10}]1,{j,0,3}],{i,1,6}] ;MatrixRank[mat]
Out[]1=5

=== computations in degree 5 ===
In[]:=moni=listmonomials[5,gens,degrees];Length[monil]

Out[]=2

In[]:=mon=Union[monl,{j51,j52,353,j54,j55,j56,j57,j58}]1;

In[] :=mat=Table[mon/.Table[c[j]->Random[Integer,{0,10}]1,{j,0,131/.
Table[b[j]->Random[Integer,{0,10}1,{j,0,4}1/.
Table[a[j]->Random[Integer,{0,10}],{j,0,3}],{i,1,11}] ;MatrixRank[mat]
Out[]=10

=== computations in degree 6 ===
In[]:=monl=listmonomials[6,gens,degrees];Length[moni]

Out[]1=8

In[] :=mon=Union[mon1,{j61,j62,3i63,j64,j65,3i66,j67,j68,j69,i610}];
In[]:=mat=Table[mon/.Table[c[j]->Random[Integer,{0,10}],{j,0,1}1/.
Table[b[j]->Random[Integer,{0,10}1,{j,0,4}31/.
Table[a[j]->Random[Integer,{0,10}],{j,0,3}],{i,1,19}] ;MatrixRank [mat]
Out[]1=18

=== computations in degree 7 ===
In[]:=moni=listmonomials[7,gens,degrees];Length[monil]

Out[]=18

In[]:=mon=Union[mon1,{j71,j72,3i73,j74,j75,376,j77,j78,j79,3710,3711,j712,

§71331;
In[]:=mat=Table[mon/.Table[c[j]->Random[Integer,{0,10}]1,{j,0,1}1/.
Table[b[j]->Random[Integer,{0,10}]1,{j,0,4}1/.
Table[a[j]->Random[Integer,{0,10}],{j,0,3}],{i,1,32}] ;MatrixRank[mat]
Out[]=31
=== computations in degree 8 ===
In[]:=moni=listmonomials[8,gens,degrees];Length[moni]

Out []=44
In[]:=mon=Union[mon1,{j81,j82,383,;84,j85,j86,j87,j88,j89,3810,j811}];
In[]:=mat=Table[mon/.Table[c[j]->Random[Integer,{0,10}],{j,0,1}1/.
Table[b[j]->Random[Integer,{0,10}1,{j,0,4}1/.
Table[a[j]->Random[Integer,{0,10}],{j,0,3}],{i,1,56}];MatrixRank[mat]
Out []=55

=== computations in degree 9 ===
In[]:=monl=listmonomials[9,gens,degrees];Length[moni]

Out[]1=87

In[] :=mon=Union[monl,{j91,j92,3j93,j94,3j95,j96,397,j98,j99,j910}]1;
In[]:=mat=Table[mon/.Table[c[j]->Random[Integer,{0,10}]1,{j,0,1}1/.
Table[b[j]->Random[Integer,{0,10}1,{j,0,4}1/.
Table[a[j]->Random[Integer,{0,10}],{j,0,3}],{i,1,93}] ;MatrixRank [mat]
Out []=92

=== computations in degree 10 ===
In[]:=moni=listmonomials[10,gens,degrees];Length[moni]

Out []=169

In[]:=mon=Union[mon1,{j101,j102,j103}];
In[]:=mat=Table[mon/.Table[c[j]->Random[Integer,{0,10}],{j,0,1}1/.
Table[b[j]->Random[Integer,{0,10}]1,{j,0,4}1/.
Table[a[j]l->Random[Integer,{0,10}1,{j,0,3}],{i,1,145}];MatrixRank[mat]
Out[]=144

=== computations in degree 11 ===
In[]:=monl=listmonomials[11,gens,degrees];Length[moni]

Out [1=295
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In[] :=mon=Union[monl,{j111}];

In[]:=mat=Table[mon/.Table[c[j]->Random[Integer,{0,10}]1,{j,0,1}1/.

Table[b[j]->Random[Integer,{0,10}]1,{j,0,4}]1/.
Table[a[j]->Random[Integer,{0,10}],{j,0,3}],{i,1,224}];
MatrixRank[mat,Modulus->32003]

Out []=223

=== computations in degree 12 ===
In[]:=mon=listmonomials[12,gens,degrees];Length[mon]
Out[]=514

In[] :=mat=Table[mon/.Table[c[j]->Random[Integer,{0,10}]1,{j,0,131/.

Table[b[j]->Random[Integer,{0,10}1,{j,0,4}1/.
Table[a[j]->Random[Integer,{0,10}1,{j,0,3}],{i,1,342}]1;
MatrixRank[mat,Modulus->32003]

Out [1=341

=== computations in degree 13 ===
In[]:=mon=listmonomials[13,gens,degrees];Length[mon]
Out []=847

In[]:=mat=Table[mon/.Table[c[j]->Random[Integer,{0,10}]1,{j,0,1}1/.

Table[b[j]->Random[Integer,{0,10}1,{j,0,4}31/.
Table[a[j]->Random[Integer,{0,10}],{j,0,3}],{i,1,500}];
MatrixRank[mat,Modulus->32003]

Out []1=499

=== computations in degree 14 ===
In[]:=mon=listmonomials[14,gens,degrees];Length[mon]
Out[1=1412

In[] :=mat=Table[mon/.Table[c[j]->Random[Integer,{0,10}]1,{j,0,1}31/.

Table[b[j]->Random[Integer,{0,10}]1,{j,0,4}1/.
Table[a[j]->Random[Integer,{0,10}]1,{j,0,3}],{i,1,726}]1;
MatrixRank[mat,Modulus->32003]

Out[]=725

=== computations in degree 15 ===
In[]:=mon=listmonomials[15,gens,degrees];Length[mon]
Out [1=2306

In[]:=mat=Table[mon/.Table[c[j]->Random[Integer,{0,10}]1,{j,0,1}1/.

Table[b[j]->Random[Integer,{0,10}1,{j,0,4}1/.
Table[a[j]->Random[Integer,{0,10}],{j,0,3}],{i,1,1032}];
MatrixRank[mat,Modulus->32003]

Out [1=1031
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