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GENERALIZATION OF MAJORIZATION THEOREM VIA
ABEL-GONTSCHAROFF POLYNOMIAL

MUHAMMAD ADIL KHAN, NAVEED LATIF AND JOSIP PECARIC

ABSTRACT. In this paper we use Abel-Gontscharoff formula and
Green function to give some identities for the difference of majorization
inequality and present the generalization of majorization theorem for the
class of n-convex. We use inequalities for the Cebysev functional to obtain
bounds for the identities related to generalizations of majorization inequal-
ities. We present mean value theorems and n-exponential convexity for the
functional obtained from the generalized majorization inequalities. At the
end we discuss the results for particular families of functions and give
means.

1. INTRODUCTION
For fixed m > 2 let
X=(T1,sTm)y Y= Y1y s Ym)
denote two real m-tuples. Let
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be their ordered components.

DEFINITION 1.1. [23, p. 319] x is said to majorize y (or y is said to be
majorized by x), in symbol, x > vy, if

(1.1) Zym < Zfﬂm
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holds for 1 =1,2,....m—1 and

m m

Zfﬂi = Zyz
i=1

i=1

Note that (1.1) is equivalent to

Z Yo < Z ()

1=m—Il+1 1=m—Il+1
holds for 1 =1,2,....m—1.

The following theorem is well-known as the majorization theorem given by
Marshall and Olkin [20, p. 14] (see also [23, p. 320]):

THEOREM 1.2. Let €= (21, ..., Zm ), Y= (Y1, ---s Ym) be two m-tuples such
that z;, y; € [a,b] (i =1,...,m). Then

(1.2) Z¢(yz) < Zéf)(iﬂz)

holds for every continuous convex function ¢ : [a,b] — R if and only if x >
y holds.

The following theorem can be regarded as a weighted version of Theorem
1.2 and is proved by Fuchs in [14] ([20, p. 580], [23, p. 323]):

THEOREM 1.3. Let € = (Z1,...%m), Y = (Y1,..-,Ym) be two decreasing
real m-tuples with x;, y; € [a,b] (i =1,....,m) and w = (w1, wa, ..., wy,) be a
real m-tuple such that

l l
(1.3) Zwi Yy < Zwl x; for l=1,...,m—1,
i=1 i=1
and
m m
(1.4) Zwiyi = szaﬁz
i=1 i=1

Then for every continuous convex function ¢ : [a,b] — R, we have
(1.5) Dwid(y) <D wid(wi).
i=1 i=1

The following integral version of Theorem 1.3 is a simple consequence of Theo-
rem 12.14 in [22] (see also [23, p.328]):

THEOREM 1.4. Let z,y : [a,b] — [a, 8] be decreasing and w : [a,b] — R
be continuous functions. If

(1.6) /V w(t)y(t)dt < /V w(t)z(t)dt for every v € [a,b],
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and

(1.7) /w(t)y(t)dt - / w(t) x(t) dt

hold, then for every continuous convex function ¢ : [«, 5] — R, we have

b b
(18) [ewoweyat < [ wwo) d.

For some other related results and generalization of majorization theorem
see [20, p. 583], [1]-[6], [8,13,18,19,21].
Consider the Green function G defined on [« 8] X [«, 5] by

(t=B)(s—a) .
@=Bls=a) = o < g<t
(1.9) Glt,s) =< e =T
ehiia < icp
The function G is convex in s, it is symmetric, so it is also convex in ¢. The
function G is continuous in s and continuous in ¢.
For any function ¢ : [, 8] — R, ¢ € C?(|a, f]), we can easily show by
integrating by parts that the following is valid

(1.10) qb(ac):B_xqb(a)—i—x_a / G(x,s)¢" (s)ds,
8 —«
where the function G is defined as above in (1.9) (|

In this paper, n always denotes a positive mteger number Throughout,
in what follows, we shall assume that the function ¢ that is n-times contin-
uously differentiable on the interval [«, 8] (i.e., ¢ € C™[a, f]), although this
restriction is not necessary.

The Abel-Gontscharoff interpolation problem in the real case was intro-
duced in 1935 by Whittaker [26] and subsequently by Gontscharoff [15] and
Davis [12]. The following theorem is Abel-Gontscharoff theorem for two points
with integral remainder.

THEOREM 1.5 ([7]). Let n,k € N, n > 2 0< k <n-—1, and ¢ €
C™([a, B]). Then we have

(111) (;5(5) :Pn—l(aaﬂa¢75) +R(¢78)

where pn_1(a, B, ¢, s) is the Abel-Gontscharoff interpolating polynomial for
two points of degree n — 1, i.e.

k
pn 1 B¢7 Z

=0

d)“ (a)

¢(k+1+j) (ﬂ)

j Q)R (o — g)IT
Z k:—l—l—i—z) (j—a)



94 M. ADIL KHAN, N. LATIF AND J. PECARIC
and the remainder is given by

B
R(d,s) = / G (5, £)6™) (1)t

and Gp(s,t) is defined by
(1.12)

Gn(s,t) = 1 {Zf_o (") (s — ) (@ — 8" .

(n - - Z?:_k1+1 (nzl) (3 - O‘)i (0‘ - t)n_i_l )
Further, for a < s,t < 8 the following inequalities hold

"—’Hw >0, 0<i<k,
s’
i 0'Gr(s,1)
os?
In order to recall the definition of n—convex function, first we write the defi-
nition of divided difference.

(1.13) (—1)

(1.14) (—1) >0, k+1<i<n-—1.

DEFINITION 1.6. /23, p. 15] Let ¢ be a real-valued function defined on
[a, B]. The divided difference of order n of the function ¢ at distinct points
[a, 8] is defined recursively by

qf)[IfL] = qf)(.ﬁl), (Z = 0, ,’I’L)
and

¢[x0, )xn] _ ¢[I17 ...,.Z'n:gn—jf):[:oo, ...,xn_l] .

The value ¢[zg, ..., ) is independent of the order of the points xo, ..., Tp.

The definition may be extended to include the case that some (or all) the
points coincide. Assuming that ¢U—1 (z) exists, we define

- o= ()
(1.15) q[)[ac_,t,x] =G

DEFINITION 1.7. [28, p. 15] A function ¢ : o, B] — R is said to be n-
convez, n > 0, on [«, 8] if and only if for all choices of (n+ 1) distinct points
X0y ey Tn € [, B], the nth order divided difference is non negative that is

¢[IQ,$1, ,l‘n] Z 0.

In this paper we utilize Abel-Gontscharoff’s theorem with the integral re-
mainder and Green function to establish generalization of majorization theo-
rem for the class of n-convex functions. We use inequalities for the Cebysev
functional to obtain bounds for the identities related to generalizations of ma-
jorization inequalities. We present mean value theorems and n-exponential
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convexity for the functional obtained from the generalized majorization in-
equalities which leads to exponential convexity and log-convexity for these
functionals. Finally, we discuss the results for particular families of function
and give classes of Cauchy type means and prove their monotonicity.

2. MAIN RESULTS
We begin this section with the proof of some identities related to gener-

alizations of majorization inequality.

THEOREM 2.1. Letn,k e N, n>4,0<k<n-1, ¢ € C"([a, B]) and
W= (W1, ., W), &= (1,0, Tr) and Y= (Y1, ..., Ym) be m-tuples such that
2,y € [, Bl,w € R (I =1,...,m). Also let G and G,, be defined by (1.9)
and (1.12) respectively. Then

> ) — 3w ) = ﬂﬁ) Ao~ ote) > o
(z+2 .
+ Z 2 / lz wy (G(21,8) — Gy, 3))‘| (s —a)'ds

(=1 (B — ) T gl ()
2.1) + Z Z (k+14+0)! (G-

x| Do wi(Glar,s) = Gy, s>>] (s — )" ds

+/j/j liwl (G(x1,s) — Gy, s))

=1

G_2(s,1)p\™ (t)dtds.

PROOF. Using (1.10) in Y%, w; ¢ (z1) — D% wi ¢ (y1) we have

(2.2) Zwld)(zl)waqu(yl) =
=1
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By Theorem 1.5, ¢’ (s) can be expressed as

i=0
[ k144 i
(s — ) (a—B) .
: JZZ:O ; (k+140)(j—1)! ]d) 7(B)
B
+/ Grz(s, )™ (¢)dt.
Using (2.3) in (2.2) we get (2.1). ]

Integral version of the above theorem can be stated as:

THEOREM 2.2. Letn,k e Ny n>4,0<k<n-1, ¢ e C*(a,p]), and
let x,y : [a,b] — [, B], w: [a,b] = R be continuous functions and G, G,, be
defined by (1.9) and (1.12) respectively. Then

b

b
(2.4) / w(r)dla(r))dr — / w(r)p(y(r))dr =

a

o

k .
o) (7
L
i=0 « @
n—k—4
=0

I (—1)=1 (B — )i p(k+3+3)
s Z;( ) (B-a) "9 (B)

pn (k+14149)!(j—1)

J

B b .
x / < / wm(G(mm,s)G(yv),s))m) (5 — )1+ ds

B B b
w(T x(7),8) — T),8))dT (s (n) s.
+/a /a </a ( )(G( ( )7 ) G(y( )7 ))d ) Gn 2( ’t)d) (t)dtd

In the following theorem we obtain generalizations of majorization in-
equality for n- convex functions.

THEOREM 2.3. Letn,k e Nyn>4,0<k<n—1, w= (wi,...,wn), =
(21, ey T) and Yy = (Y1, ..., Ym) be m-tuples such that z;, y, € |a, B],w; € R

(l=1,....m). Also let G and G,, be defined by (1.9) and (1.12) respectively.
If ¢ : [, B] = R is n—convez, and

B m
(2.5)/ ( wy (G(zy, 5) — Gy, s))) Gn—2(s,t)ds > 0, t¢€ [a,p].
> \i=1
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Then

dwi (@)=Y wio(y)> Mzwz (z1 — )
=1 =1

=1 B @

ko (i+2) a B[ m )
+Z¢'7()/ lzwl (G(ml,s)G(yl,s))] (s—a) ds
(2.6)

If the reverse inequality in (2.5) holds, then also the reverse inequality in (2.6)
holds.

PROOF. Since the function ¢ is n—convex, therefore without loss of ge-
nerality we can assume that ¢ is n—times differentiable and ¢(™ (z) > 0 for
all x € [a, B] (see [23, p. 16 and p. 293]). Hence, we can apply Theorem 2.1
to obtain (2.6). O

REMARK 2.1. As from (1.13) we have (—1)""*=3G,,_5(s,t) > 0, therefore
for the case when n is even and k is odd or n is odd and k is even, it is enough
to assume that Y, w,G(z, s) — >0, wiG(yi, s) > 0,5 € [a, ], instead of
the assumption (2.5) in Theorem 2.3. Similarly we can discuss for the reverse
inequality in (2.6).

Integral version of the above theorem can be stated as:

THEOREM 2.4. Letn,k e N,n>4,0<k<n-1,z,y:[ab — [a,f],
w : [a,b] = R be continuous functions and G, G, be defined by (1.9) and
(1.12) respectively. If ¢ : [a, B] — R is n—convez, and

B[ b
(2.7) / </ w(T)(G(z(T),s) — G(y(T),s))dT> Grn—2(s,t)ds > 0.



98 M. ADIL KHAN, N. LATIF AND J. PECARIC

o

+§:¢<i+;>(a> /j /

=0

n—k—4 j i i—i 34
I (=1)771 (B — )’ 7t gk H3+9) (8)
+ ; z; G110 =)

=

B b |
x/ (/ w(r)(G(x(7),s) — G(y(r),s))d7-> (5 — o)1 g,

If the reverse inequality in (2.7) holds, then also the reverse inequality in (2.8)
holds.

REMARK 2.2. As from (1.13) we have (—1)""*73G,,_5(s,t) > 0, therefore
for the case when n is even and k is odd or n is odd and k is even, it is enough
to assume that f;w(r)(G(Jc(T), s) — G(y(r),s))dr > 0,s € [a, 8], instead of
the assumption (2.7) in Theorem 2.4. Similarly we can discuss for the reverse
inequality in (2.8).

We give generalization of majorization theorem for majorized m-tuples:

THEOREM 2.5. Letn,k e N, n>4,0<k<n-—1and x= (z1,...,Tm),
Y = (Y1, .., Ym) be two m-tuples such that 'y < x with x;, y; € [a,f], (I =
1,...,m). Also let G be defined by (1.9). Consider ¢ : [, 5] — R is n—conve.

(i) Ifn is even and k is odd or n is odd and k is even. Then

=1 =1
k6i+2) (o B .
3 ‘f’ii'() [Z wi (G(a1,5) — G, s))] (s — )’ ds
1=0 : @ =1

4 4 . . .
 (—1) (B —a) kT ()
DY ESEED]

x/ [Z wy (G(xy,8) — G(yl,S))‘| (s — a)k+1+i ds.
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Moreover if U2 (a) > 0 fori = 0,...,k and ¢FT3H)(B) > 0 if
j — i is even and ¢FT3+)(B) < 0 if 5 — i is odd for i = 0,...,j and
j=0,...,n—Fk—4, then the right hand side of (2.9) will be non
negative, that is (1.2) holds.

(ii) Ifn andk both are even or both are odd, then reverse inequality holds in
(2.9). Moreover if Ut (a) <0 fori=0,...,k and ¢*3T9) () <0
if j —i is even and 3D (B) > 0 if j — i is odd for i =0,...,5 and
7=0,...,n—k—4, then the right hand side of the reverse inequality in
(2.9) will be non positive, that is the reverse inequality in (1.2) holds.

PROOF. By using (1.13) we have (—1)"*73G,,_a(s,t) >0, a < s,t < S,
therefore if n is even and k is odd or n is odd and k is even then G,,_2(s,t) > 0.
Also as G is convex so by Theorem 1.2 and non negativity of G,_2, the
inequality (2.5) holds for w; = 1, 1 = 1,2,..,m. Hence by Theorem 2.3 for
w; =1,1=1,2,..,m, the inequality (2.9) holds. By using the other conditions
the non negativity of the right hand side of (2.9) is obvious.

Similarly we can prove (ii). O

In the following theorem we present generalization of Fuchs’ majorization
theorem.

THEOREM 2.6. Let n,k e Ny n>4, 0<k<n-—1, = (x1,...,Tm),
y=(y1,..., Ym) be decreasing and w = (w1, ..., wy,) be any m-tuples such that
2,y € o, B,w € R (I =1,...,m) which satisfies (1.8) and (1.4). Also let
G be defined by (1.9). Consider ¢ : [, 8] — R is n—convez.

(i) Ifn is even and k is odd or n is odd and k is even. Then

m

m
(210) > wi¢(m) Zwub )
=1 =1
k
¢(z+2 B l

n—k—4
>

J
=0 i=0
B

x/ [Z wy (G(xy,8) — G(yl,S))‘| (s — a)k+1+i ds.
o =1

Moreover if ¢Ut2(a) > 0 fori = 0,...,k and ¢*FT3+)(8) > 0 if
j —i is even and ¢RI (B) < 0 if 5 — i is odd for i = 0,...,j and
j=0,....,n—k—4, then the right hand side of (2.10) will be non
negative, that is (1.5) holds.

Ms

wy (G(xla 5) - G(ylv 8))‘| (S - a)i ds

=1

(1)1 (B — )’ " 34D ()

(k+14+)! (G —1)!
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(ii) Ifn andk both are even or both are odd, then reverse inequality holds in
(2.10). Moreover if $(+?) (o) <0 fori=0,...,k and ¢F+3+9)(8) <0
if j —i is even and ¢*3+)(B) > 0 if j — i is odd fori=0,...,j and
7=0,....,n—k —4, then the right hand side of the reverse inequality
in (2.10) will be non positive, that is the reverse inequality in (1.5)
holds.

PROOF. The proof is similar to the proof of Theorem 2.5 but use Theorem
1.3 instead of Theorem 1.2. O

The integral version of Theorem 2.6 can be stated as:

THEOREM 2.7. Letn,k e Nyn>4,0<k<n-—1, z,y:[a,b = [o,f]
be decreasing and w : [a,b] — R be any continuous function. Also let G be
defined by (1.9). Consider ¢ : [, 8] — R is n—convex and

(2.11) /V w(T)y(r)dr < /D w(r)z(T)dr for v € la,b,

b b
(2.12) /w(T):E(T)dT = / w(r)y(T)dr

(i) If n is even and k is odd or n is odd and k is even. Then

(2.13)

J 1)1 (8 — a)? " R H3+0) (3)
Z (k + 14+ (5 — )

Moreover if Ut (a) > 0 fori = 0,...,k and ¢FT3H)(B) > 0 if
j —i is even and ¢FT3H)(B) < 0 if j — i is odd for i = 0,...,j and
j=0,....,n—k—4, then the right hand side of (2.13) will be non
negative, that is integral version of (1.5) holds.

(ii) Ifn andk both are even or both are odd, then reverse inequality holds in
(2.13). Moreover if $(F2) (o)) <0 fori=0,...,k and ¢F+3+9)(8) <0
if j —i is even and 3+ () > 0 if j — i is odd for i =0,...,5 and
7=0,...,n—k—4, then the right hand side of the reverse inequality in
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(2.18) will be non positive, that is the reverse inequality in the integral
version of (1.5) holds.

3. BOUNDS FOR IDENTITES RELATED TO GENERALIZATIONS OF
MAJORIZATION INEQUALITY

For two Lebesgue integrable functions f,h : [o, 5] — R we consider the
Cebysev functional

A(f,h) = 5— £(t) dt—— Fydt - —— h(t)dt.
S =i Ry

In [11] the authors proved the following theorems:

THEOREM 3.1. Let f : [a, 8] — R be a Lebesgue integrable function and
h: o, B] = R be an absolutely continuous function with (- — a) (B — -)[h']?
Lla, 8]. Then we have the inequality

1 1 1 d ’ 2
B1) AR < NN ( JACRICRE) dx>

The constant % in (8.1) is the best possible.

1
2

THEOREM 3.2. Assume that h : [a, 8] — R is monotonic nondecreasing
on [a,B] and f : [o, 8] — R is absolutely continuous with f' € Loo[c,f].
Then we have the inequality

B
62 MBI gl [ @8 - 2.

The constant & in (3.2) is the best possible.

In the sequel we use the above theorems to obtain generalizations of the
results proved in the previous section.

For m-tuples w = (w1, ..., W), X = (1, ..., Tm) and y = (Y1, ..., Ym ) With
2,y € [, B,w; € R (I =1,...,m) and the functions G, G,, as defined above,
denote

(3.3) Zwl / (21,5) — Gy 5)) Gua(s, O)ds, ¢ € [a, B,

and for continuous functions z,y : [a,b] — [a, 8], w : [a,b] — R, denote
(3.4)

. B b
(1) = / (/ w<r><G<x<r>,s>—G(y(r%s))dT) Gs(s,t)ds, t€ [o,f],
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Consider the Cebysev functionals A(9%,R) and A(R,R) are given by:

35 AR = ! . /ﬂ R (1) dt — <ﬁia /B m@)ms) ,

(61§ 1 [P, I ’
. = t)dt — | ——— t)dt .
3o AR -5 [ Sew- (5= [ 50

THEOREM 3.3. Let n,k € Ny n >4, 0<k <n-1, ¢ € C(a, ]
with (- — a)(B — )[¢" V]2 € Lia, ], w= (w1, ..., wn), = (T1,...,Tm) and
Y= (Y1, ., Ym) be m-tuples such that x;, y; € [, Bl,w; € R (I=1,...,m) and

let the functions G, B and A be defined by (1.9), (5.3) and (5.5) respectively.
Then

(0= B)' " gk ()
DD CES T ICE]

(n=1)(g) — n—1) A
% (ﬂﬁ) = 2 () / R(t)dt + rn(¢; v, B).

where the remainder k,(¢; a, B) satisfies the estimation

(3.8) [y (6, B)] < YO
|kon (B30, B)] < 7

PROOF. If we apply Theorem 3.1 for f — % and h — ¢(") we obtain

1 p 1 s 1 p
(n) ot o (n)
B—a/a R(t)p™ (t)dt B—a/a R(t)dt ﬁ—a/a ™ (t)dt

+

=
=

B
AR, 9] / (t — a)(B — )" (1)]2dt

< - (A, 71# /ﬂ(t —a)(B8 = t)[e" ) (¢)]Pdt %
N \/5 7 ﬂ —« a

Therefore we have

[ e = O [y 610
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where the remainder k,(¢; a, 8) satisfies the estimation (3.8). Now from the
identity (2.1) we obtain (3.7). O

Integral case of the above theorem can be given:

THEOREM 3.4. Letn,k e N,n >4, 0<k<n-1, ¢ € C"([a, B]) with
(- —a)(B— )"V € Lo, B] and z,y : la,b] = [, ], w : [a, 0] — R be

continuous functions and let the functions G, R, A be defined by (1.9), (3.4)
and (3.6) respectively. Then

b

b
(3.9) / w(r)dla(r))dr — / w(r)p(y(r))dr =

a

$(8) — d(a) [
W/@ w(r)(@(1) — y(7))dr

(o= B) T plEH3HD (B)
D (k+1+0)(j—1)!

X
s~
S
I/
p\@
&
2
Q

x(7),s) — G(y(1), S))d’r) (s — a)k+1+i ds

D) — 4D
58—«

where the remainder Ry (¢; a, §) satisfies the estimation

a) [P
( )/ R(t)dt + kn(o; , B).

(3.10)
VB—a ?
\/§

Using Theorem 3.2 we obtain the following Griiss type inequalities.

1
2

|Fin (5 v, B)] <

o B
A, R)] / (t — a)(B — )" (1) 2dt

THEOREM 3.5. Letn,k e N, n>4,0<k<n-—1, ¢ € C"([a, B]) such
#"™) is increasing on [, B] and let the functions G, R and A be defined by
(1.9), (5.3) and (3.5) respectively. Then the representation (3.7) holds and
the remainder kn(¢; o, B) satisfies the bound

(3.11)
(n—1) (n—1) a (n—2) _ 4(n—2) a
a0, < ¥ {200 00 o D)),

2 08—«
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PROOF. Applying Theorem 3.2 for f — R and h — ¢(™ we obtain

L TP S R N L
- ﬂia/a R(E)6™ (1)t ﬂia/a R(t)dt ﬂia/a 6 (1)t
1

/ ? (n+1)
< s W [ = a)a - e 0

Since

B B
/ (t— a)(8 — )6+ (t)dt = / 26 — (o + A6 (£)dt

[e%

= (B=a) [#"D(B) + 6"V (@)] —2(6"72(8) - 0" D (@)

using the identity (2.1) and the inequality (3.12) we deduce (3.11). O

Integral case of the above theorem can be given:

THEOREM 3.6. Letn,k e N,n>4,0<k<n-—1, ¢ € C"([a, 8]) such
that ™ is increasing on [, B] and let the functions G, R A be defined by
(1.9), (5.4) and (3.6) respectively. Then we have the representation (3.9) and
the remainder R (¢; o, B) satisfies the bound

(3.13)
(50, B)] < ||5%'||w{

S ) S0 )
2 B8—a '

Let ¢ : [, B] — R be a function then the p-norm of ¢ is defined by

1
(ff |¢)(t)|pdt> " for 1 <p < oo, if|¢P is R-integrable function,

essential supremum of ¢, for p = oo, if ¢ is essentially bounded.

I, =

We present the Ostrowski-type inequalities related to generalizations of
majorization inequality.

THEOREM 3.7. Suppose that all assumptions of Theorem 2.1 hold. As-
sume (p,q) is a pair of conjugate exponents, that is 1 < p,q < 0o, 1/p+1/q=
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1. Let |q§(")‘ ,B] = R be an R-integrable function. Then we have:

m

(3.14) 'Zwlgb ) szrb(yz)fwzwz(xl*yz)
=1

(i+2) o B m -
_ ZW/ (Zwl (G(SL'[,S) - G(yl’s))> (S _ Oz)lds

=0

7 J (—1)7=4(B — )’ ! Pk+3+0) (8)
Z Z (k+14+) (G —1)

B | m |
X/ [Zwl (G(zxy,s) — G(yl,s))] (Sia)k‘+1+z ds‘

<[lel,

131]

where R(t) = / Zwl (G(z1,8) — G(y1, 8)) Gnoza(s, t)ds, t€ [a,pf].

The constant on the right-hand side of (3.14) is sharp for 1 < p < oo and the
best possible for p = 1.

PrOOF. As we have
Zw/ (21,5) = Gy, 5)) Gooals, B)ds, 1 € [a .

Using the identity (2.1) and applying Holder’s inequality we obtain

D wid (@) =Y wid(y) - wzwl (T — 1)
=1 =1 =1

L (i+2) (o m _
—Z ¢ / <Zle xy, 8 ;sz(yz,S)> (s —a)'ds
izifWﬂwwwwwm

i=0 a
(k+14+)! (G-

3

=0 i=0
8 ,
></ [Zle xy, 8 Zle Yi, 8 ] —oz)k“ﬂds
@ li=1
B
- | [ s war < 6] 1,

For the proof of the sharpness of the constant [, let us find a function ¢
for which the equality in (3.14) is obtained.
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For 1 < p < oo take ¢ to be such that
6" (t) = senR(t) [R(1)| 7.

For p = oo take ¢(™)(t) = sgnNR(t).

For p = 1 we prove that
B
< max |R()| /
tG[a,B] [e%

is the best possible inequality. As $3(t) is continuous on [«, 5] so assume that
|PR(t)| attains its maximum at ¢y € [a, (]. First we assume that 9(tg) > 0.
For & small enough we define ¢.(t) by

(3.15) / ’ R(t)p™ (t)dt

(1)) dt)

=

B OéStSto,
de(t) = § =t —to)",  to <t <to+e,

€
Lt —to)" ™, to+e<t<p.

Then for € small enough

i
/ R(t)p™ (t)dt

to+e 1 1 to+e
/ %(t)—dt‘ _1 / R(L)dt.
to

Now from the inequality (3.15) we have

1 to+e tote
E / R(t)dt < R(to) / Lat = Rty).
1> to to 1>
Since,
1 to+e
g1_>rn0 - 5 R(t)dt = R(ty)

the statement follows. In the case (ty) < 0, we define ¢.(t) by

at—to—e)""', a<t<to,
Ge(t) = § —(t —to—e)", to <t <to+e,
0, to+e<t<B,

and the rest of the proof is the same as above. O

Integral case can be given as:

THEOREM 3.8. Suppose that all assumptions of Theorem 2.2 hold. As-
sume (p,q) is a pair of conjugate exponents, that is 1 < p,q < 0o, 1/p+1/q=
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1. Let |q§(")‘p : la, B] = R be an R-integrable function. Then we have:
(3.16)

b b
| wstatryir = [ wstn)ir

—dla b
_ Wg) - z( ) / w(r)(@(r) — y(r)dr
k ¢(z+2)(a) B b Z
_ ; - /a /a w(T)(G(x(7),8) — G(y(1),8))dT | (s — a)’ds
n—k—4

L (1) (B = )l gl ()
B Z (k4+1+49)!(j—1)

< H¢<n>

193, -
P q

[e3

- B b
where MR(t) :/ (/ w(T)(G(z(T),s) — G(y(T), S))d’]’) Gr—_2(s,t)ds,

t € [, B]. The constant on the right-hand side of (3.16) is sharp for 1 <p <
oo and the best possible for p = 1.

4. n—EXPONETIAL CONVEXITY AND EXPONENTIAL CONVEXITY

We begin this section by giving some definitions and notions which are
used frequently in the results. For more details see e.g. [9], [16] and [24].

DEFINITION 4.1. A function ¢ : I — R is n-exponentially convex in the

Jensen sense on I if
" xr; + SL']'
Z &k o — )20

i,j=1
hold for all choices &1, ...,&, € R and all choices x1,...,xy, € 1. A function

¢ : I — R is n-exponentially conver if it is n-exponentially convexr in the
Jensen sense and continuous on I.

DEFINITION 4.2. A function ¢ : I — R is exponentially convex in the
Jensen sense on I if it is n-exponentially convex in the Jensen sense for all
n € N.

A function ¢ : I — R is exponentially convez if it is exponentially convex
in the Jensen sense and continuous.
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PRrROPOSITION 4.3. If ¢ : I — R is an n-exponentially convex in the Jensen
sense, then the matriz [(Z) (HT%) } s a positive semi-definite matriz for
ij=1
all m € Nym < n. Particularly,

m
o (2] o
ij=1

forallmeN m=1,2,...n

REMARK 4.1. It is known that ¢ : I — R is a log-convex in the Jensen
sense if and only if

o) + 2050 (52 ) + 80(0) 2 0,

holds for every o, € R and x,y € I. It follows that a positive function
is log-convex in the Jensen sense if and only if it is 2-exponentially convex
in the Jensen sense. A positive function is log-convex if and only if it is
2-exponentially convex.

We use an idea from [16] to give an elegant method of producing an n-
exponentially convex functions and exponentially convex functions applying
the above functionals on a given family with the same property (see [24]):

Motivated by inequalities (2.6) and (2.8), under the assumptions of The-
orems 2.3 and 2.4 we define the following linear functionals:

¢) = wi ()= wid(y)— ﬂ)a Z (@ — 1)
=1 =1 =1

E o (i+2) a B[ m .
_ Z # () / lz w (a1, 8) — Gy, s))] (s — )i ds
@ li=1

7!
(41) 70
-y

=0 =

4

(1) (B - a) o ()
Z (k+1+d)!(G—1)

<.

0
m

B .
X / Zwl (21,8 G(yl,s))] (s — )" ds
1=1
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o(B) — pla) [*
- 0= [ wir)atr) - strir
k plit2) (a) B b i
_ 2 /a /a w(T)(G(z(1),8) — G(y(7),8))dr | (s — a)ids
n—k—4

L (—1) (B — ) g3 ()
B Z Z (k4+1+0)!(j—1)

B b |
x/ </ w(r)(G(x(7),s) — G(y(r),s))d7-> (5 — o)1+ ds.

REMARK 4.2. Under the assumptions of Theorems 2.3 and 2.2, it holds
Fi(¢) >0,i=1,2 for all n—convex functions ¢.

Lagrange and Cauchy type mean value theorems related to defined func-
tionals are given in the following theorems.

THEOREM 4.4. Let ¢ : [a, 8] — R be such that ¢ € C"([, B]). If the
inequality in (2.6)(i=1), (2.8)(i=2) hold, then there exist &; € [, 3] such that

where p(x) = ”—, and F 1, F o are defined by (4.1) and (4.2) respectively.

n

PROOF. Similar to the proof of Theorem 4.1 in [17]. O

THEOREM 4.5. Let ¢, : [o, f] — R be such that ¢, € C™([r, 5]). If
the inequality in (2.6)(i=1) and (2.8)(i=2) hold, then there exist & € [a, ]
such that

Fi(o) _ o™(&)
“d Fw) ey 0
provided that the denominators are non-zero and F 1, F o are defined by (4.1)
and (4.2) respectively.

PROOF. Similar to the proof of Corollary 4.2 in [17]. O

Now we will produce n—exponentially and exponentially convex functions
applying defined functionals. We use an idea from [24]. In the sequel I and
J will be intervals in R.

THEOREM 4.6. Let Q = {¢; : t € J}, where J is an interval in R, be a
family of functions defined on an interval I in R such that the function t —
[0, ..., Xk; Ot] is n—exponentially convex in the Jensen sense on J for every
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(k+1) mutually different points xo, ...,z € I. Then for the linear functionals
Fi(¢:) (i =1,2) as defined by (4.1) and (4.2), the following statements hold:
(i) The function t — [ ;(¢t) is n-exponentially convex in the Jensen sense
on J and the matriz [F ;(¢+;+4 )]]3—; is a positive semi-definite for all
Litn )l
meNm<n, t,..,tm € J. Particularly,

det[f i(¢r;+4)]71=1 = 0 for allm € N, m =1,2,...,n.
2

(ii) If the functiont — F ;(¢¢) is continuous on J, then it is n-exponentially
convez on J.

PrOOF. (i) For §; € Rand t; € J, j =1,...,n, we define the function

n
h($) = Z €j§l¢tj+tl (x)
ji=1 ’
Using the assumption that the function ¢ — [zg,. .., Zk; ¢¢] is k-exponentially
convex in the Jensen sense, we have

[x07"'7‘rk)h] = Z €]§Z[IO;7$/€7¢#] Z 0)

=1

which in turn implies that h is a k-convex function on J, so f;(h) > 0,7 = 1,2.

Hence
n
> gari (¢ ) > 0.
gl=1
We conclude that the function ¢ — F ;(¢;) is n-exponentially convex on J in
the Jensen sense.
The remaining part follows from Proposition 4.3.
(ii) If the function ¢ +— F;(¢:) is continuous on J, then it is n-
exponentially convex on J by definition. o

The following corollaries is an immediate consequence of the above theo-
rem

COROLLARY 4.7. Let Q = {¢; : t € J}, where J is an interval in R, be
a family of functions defined on an interval I in R, such that the function
t— [@o,...,Tk; Pt) is exponentially convex in the Jensen sense on J for every
(k+1) mutually different points xo, ..., xr € I. Then for the linear functionals
Fi(¢:) (i =1,2) as defined by (4.1) and (4.2), the following statements hold:
(i) The function t — F ;(¢+) is exponentially convex in the Jensen sense
on J and the matriz [F ;(¢+;+4 )]y, is a positive semi-definite for all
D
meNm<n, ty,..,t, €J. Particularly,

det[F i(¢1+0)]ji=1 >0 for allm € N, m =1,2,...,n.
2



GENERALIZATION OF MAJORIZATION THEOREM 111

(ii) If the function t — F ;(¢¢) is continuous on J, then it is exponentially
convez on J.

COROLLARY 4.8. Let Q = {¢; : t € J}, where J is an interval in R, be
a family of functions defined on an interval I in R, such that the function
t — [xo,...,xk; ¢t] is 2-exponentially convex in the Jensen sense on J for
every (k + 1) mutually different points xq,...,xx € I. Let [, i = 1,2 be
linear functionals defined by (4.1) and (4.2). Then the following statements
hold:
(i) If the functiont — [ ;(¢¢) is continuous on J, then it is 2-exponentially
convez function on J. If t — F i(¢¢) is additionally strictly positive,

then it is also log-convex on J. Furthermore, the following inequality
holds true:

i@l < [Falon)) T [Fa(en)]™" . i=1,2.
for every choice r,s,t € J, such that r < s < t.
(ii) If the function t — F ;(¢y) is strictly positive and differentiable on J,
then for every p,q,u,v € J, such that p < u and g < v, we have

(45) ,U/p,q(Fi; Q) S Mu,v(Fi7 Q)a
where
1
Fi(¢p) p=a
(Fi(d)q)) ) p#q,
(4.6) fip,q(F i, $2) = 4.
aphi(¢p) _
P\ TRe )0 e
for ¢p, pq € Q2.
PROOF. (i) This is an immediate consequence of Theorem 4.6 and
Remark 4.1.

(ii) Since t — F ;(¢¢) is positive and continuous, by (i) we have that t —
F i(¢+) is log-convex on J, that is, the function ¢ — log F ;(¢:) is convex
on J. Hence we get

(4.7) log F i(¢p) —log I i(¢q) < log F i(¢u) _1OgFi(¢v)’
pP—q uU—v
for p <wu,q <wv,p# q,u # v. So, we conclude that
:u’P,q(r’L';Q) S Nu,v(riaﬂ)~

Cases p = g and u = v follow from (4.7) as limit cases.

O

REMARK 4.3. Note that the results from Theorem 4.6, Corollary 4.7 and
Corollary 4.8 still hold when two of the points x, ..., 2; € [a,b] coincide, say
r1 = Xg, for a family of differentiable functions ¢ such that the function s
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¢s [0, ..., 1] is an n-exponentially convex in the Jensen sense (exponentially
convex in the Jensen sense, log-convex in the Jensen sense), and furthermore,
they still hold when all (I + 1) points coincide for a family of [ differentiable
functions with the same property. The proofs are obtained by (1.15) and
suitable characterization of convexity.

5. EXAMPLES

In this section, we present some families of functions which fulfil the
conditions of Theorem 4.6, Corollary 4.7 and Corollary 4.8. This enables
us to construct a large families of functions which are exponentially convex.
Explicit form of this functions is obtained after we calculate explicit action of
functionals on a given family.

EXAMPLE 5.1. Let us consider a family of functions
O ={p:R>R:teR}
defined by

tx

120
qu:{ e !
(@) . t=0.

Since CZ;W? (x) = e'® > 0, the function ¢; is n-convex on R for every ¢t € R and
t— "Z;"ff (x) is exponentially convex by definition. Using analogous arguing
as in the proof of Theorem 4.6 we also have that ¢t — [xo,...,Z,; @] is ex-
ponentially convex (and so exponentially convex in the Jensen sense). Now,
using Corollary 4.7 we conclude that t — F;(¢:),7 = 1,2, are exponentially
convex in the Jensen sense. It is easy to verify that this mapping is continuous
(although the mapping ¢ — ¢; is not continuous for ¢ = 0), so it is exponen-
tially convex. For this family of functions, pp q(F i, 1), i = 1,2, from (4.6),
becomes

1

Fi(¢p) P
(m) ’ p# q,
fip.q(F i, 1) = § exp %7%)7 p=q#0,

1 Fi(id-¢o) — g =
exp H—Hﬁ%)ﬂ) p=q=0,

where id is the identity function. By Corollary 4.8 p, 4(F i, 1) is a monotonic
function in parameters p and gq.

Since
d"¢, \ 73
d n
) (logr) =1,

dxm™

using Theorem 4.5 it follows that:
My q(F i, 1) =10g ppg(F i €0), i=1,2
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satisfies
a< Myg(Fi) <8, i=12
So, M, 4(F;,1) is a monotonic mean.
EXAMPLE 5.2. Let us consider a family of functions

Qo ={g::(0,00) > R:te R}

defined by
t
(@) = m, t¢{0,1,...,n—1},
- .J . )
s, t=5€{0,1,...,n—1}.
Since Cg;?f (x) = =™ > 0, the function g; is n—convex for x > 0 and t
‘g;%f (x) is exponentially convex by definition. Arguing as in Example 5.1 we

get that the mappings ¢ — F ;(g:),i = 1,2 are exponentially convex. Hence,
for this family of functions up q(Fi,22), i = 1,2, from (4.6), is equal to

Np,q(Fivsb) =
1
Fi(gp) \ P4
(Fq,(gZ)) ; P#4q,
- ri
exp ((—1)” H(n —1)! (q?,Z’)’)JrZ ) p=q¢¢{0,1,...,n—1},

exp (71)"*1(%1)!;9&9:) + 2 = | p=ac{0,1,...,n -1},

Again, using Theorem 4.5 we conclude that

(5.1) o< (%)ﬁgﬁ, i=1,2.

So, tp,q(Fi,82), ¢ =1,2 is a mean and by (4.5) it is monotonic.
EXAMPLE 5.3. Let
Q3 ={¢ :(0,00) = (0,00) : ¢t € (0,00)}
be a family of functions defined by

t— " .
Mg U F L

Ce(x) =
5 t=1.
Since Cg;% (x) = t* is the Laplace transform of a non-negative function (see

[25]) it is exponentially convex. Obviously (; are n-convex functions for every
t>0.
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For this family of functions, f,4 (F4,€3), ¢ = 1,2, in this case for [, ] C
R*, from (4.6) becomes

SN .
(mcq)) ’ t# ¢
g (Fi,823) = exp f'L;F(:‘(in’;) -7 1th) , t=q#1;
1 F7(Zd<1) p— J—
2 e B 1 () ), t=q=1.

This is monotonous function in parameters ¢t and ¢ by (4.5).
Using Theorem 4.5 it follows that

Mt,q (ruQS) = 7L(taQ) IOth,q (ruQ3) ) 1= 172
satisfy
aSMt,q(Fi7Q3)SB7 Z:152

This shows that M (F;,Q3) is mean for ¢ = 1,2. Because of the above
inequality (4.5), this mean is also monotonic. L(t,q) is logarithmic mean
defined by

t— .
logtfizogq’ t 7& 9

L(t,q) =
t, t=q.

EXAMPLE 5.4. Let
Qq ={7:(0,00) = (0,00) : t € (0,00)}
be a family of functions defined by

e—oVi
Y () = m
Since C(l;lt (x) = e~V is the Laplace transform of a non-negative function

(see [25]) it is exponentially convex. Obviously 7 are n-convex function for
every t > 0.
For this family of functions, f,q (F4,€4), ¢ = 1,2, in this case for [, ] C
R*, from (4.6) becomes
1
Fi(y) |4 .
(T’\;)) ’ t 7é q;

,Uft,q (F,MQLL) - Fi(z'd.%) n) t
SN TR , t=gq

oxp (~3tfi
This is monotonous function in parameters ¢ and ¢ by (4.5).
Using Theorem 4.5 it follows that
My (Fi, Q) = — (\/{s + \/a) Inlog g (Fi, ), i=1,2.
satisfy

OZSMt,q(riaﬂﬁl)Sﬂa Z:1a2
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This shows that M; , (F;,4) is mean for ¢ = 1,2. Because of the above
inequality (4.5), this mean is also monotonic.

REMARK 5.1. The results of this Section 5 are similar to related results

from [2, Section 5], [3, Section 5] and [10, Section 6].
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Poopcéenje teorema o majorizaciji preko Abel-Gontscharoffovih
interpolacijskih polinoma

Muhammad Adil Khan, Naveed Latif © Josip Pecarié

SAZETAK. U radu su dana poopdéenja teorema o majorizaciji
za klasu n-konveksnih funkcija koristenjem Abel-Gontscharoffovih
interpolacijskih polinoma. Takoder su dobiveni i neki srodni
rezultati.
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