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Localized adsorption of nonspherical particles at solid/liquid inter-

faces was analyzed theoretically. Aproximate models for calculat-

ing interactions between particles and interfaces as well as be-

tween particles were discussed. It was demonstrated that for con-

vex particles the Derjaguin model can be used for small separa-

tions, whereas for larger separations the equivalent sphere ap-

proach proved more appropriate. These analytical energy expres-

sions were used in numerical Monte-Carlo RSA (random sequential

adsorption) simulations of particle adsorption. Theoretical results

concerning the blocking parameter (available surface function) and

adsorption kinetics for short and long times were reported for pro-

late and oblate spheroids. Similarities and differences between flat

(2D) and unoriented (quasi 3D) adsorption of particles were discus-

sed and limiting power-law for the long-time regimes were speci-

fied. By extrapolation of the kinetic results the maximum (jam-

ming) coverages for hard and interacting spheroids were determi-

ned. It was demonstrated that the jamming coverages under the

conditions of unoriented adsorption exceed these of flat adsorption

by many times for elongated objects. It was also demonstrated that

the repulsive double-layer interactions decrease significantly the

monolayer capacity of adsorbed layers of spheroidal particles. Im-

plications of this phenomenon for protein adsorption were discus-

sed.
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INTRODUCTION

Adsorption of colloid and bioparticles at solid/liquid interfaces is of large

practical significance in various practical processes involving separation

steps, e.g., filtration, ultrafiltration, electrophoresis, chromatography, etc.

Learning about mechanisms and kinetics of these phenomena is also

relevant for polymer and colloid science, biophysics and medicine enabling a

better control of protein and cell separation, enzyme immobilization and

prevention of thrombosis, biofouling of artificial organs etc.

It should be noted that the shape of most of surfactant molecules and

bioparticles deviates from a spherical shape analyzed usually in various

theoretical and experimental studies of adsorption kinetics. Various bacte-

ria strains resemble elongated spheroids, e.g., the E. Coli bacteria having

the width to length ratio of about 0.51 or the bacteria from the Actinomyces

group characterized by a much larger elongation.2

Similarly, the shape of important globular proteins like bovine serum al-

bumin (BSA) or fibrinogen3¿6 resembles prolate spheroids with the axis ra-

tio about 0.28 and 0.2¿0.18, respectively. The same concerns the tobacco mo-

saic virus having almost perfectly cylindrical shape.7

Other examples of highly anisotropic particles are the red blood cells,

blood platelets, pigments and synthetic inorganic colloids: gold, silver iodide,

silver bromide, barium sulphate etc.8,9 The entire variety of nonspherical

particles has been synthesised over decades in the well-known school of Ma-

tijevi}.10¿15 Also, model polymeric colloid system of nonspherical mono-dis-

perse particles, e.g., PTFE or polystyrene latexes16 or silica covered bohe-

mite17 can now be prepared in a reproducible way.

Adsorption kinetics of these particles was usually interpreted in terms

of the Langmuir model developed originally for gas adsorption.18 The sur-

face blocking parameter B (which should be more appropriately referred to

as the available surface function) was assumed to be in the form 1 ¿ q/qs

(where qs is the empirically determined maximum surface coverage). Al-

though the validity of the Langmuir model for adsorption from liquid phases

over continuous surfaces seems doubtful19 it was quite often used in the lit-

erature for interpreting adsorption of proteins,20¿22 colloids,23¿27 and bacte-

ria.28,29 As discussed at length in Ref. 19 this seems justified for low surface

coverage only.

A more realistic theoretical determination of B for colloidal particles can

be achieved using the recent theoretical models, especially various mutations

of the random sequential adsorption (RSA) approach.30¿34

Despite the simplicity of the underlying assumptions the topology of par-

ticle distributions generated in RSA processes becomes complex for higher
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surface concentrations, so a proper description of the RSA process for spheri-

cal particles in 2D was achieved in terms of the Monte-Carlo type computer

simulations.19,31¿36

For nonspherical particles the RSA simulations become even more com-

plicated, especially in the case of interacting particles. However, in recent

years a considerable progress in this field has been achieved and many in-

teresting theoretical results were reported concerning both the kinetic as-

pects and structure of the adsorbed layer of nonspherical particles. Thus,

the goal of this paper was to critically review these works and show possible

ways of using these results for interpretation of experimental data concern-

ing protein adsorption. We concentrate on adsorption from suspensions ki-

netically stabilized by the presence of repulsive double-layer electrostatic

interactions. Hence, the dispersion and other type interactions between par-

ticles will be neglected. On the other hand, the interface should be treated

as a perfectly sticking plane, in the sense, that every particle touching it

will make a permanent contact losing its possibility to move laterally (local-

ized adsorption postulate).

INTERACTIONS OF NONSPHERICAL PARTICLES

An exact determination of interaction energy of nonspherical particles in

the general case seems prohibitive due to the inherent many-body problem

and the lack of appropriate coordinate system for expressing the Poisson-

Boltzmann equation governing the electrostatic potential distribution. How-

ever, by observing that particle and protein adsorption takes usually place

from concentrated electrolyte solutions one can treat the electrostatic inter-

actions as short-ranged (in comparison with particle dimensions). This en-

ables one to get rid of the many-body problem by exploiting the additivity

rule and calculating the interparticle energy as sum of contributions stem-

ming from particle pairs. Even if the problem is effectively reduced to a

two-particle interactions it cannot be solved in any exact form. Approximate

methods are available only, such as the generalized Derjaguin method37,38

and the equivalent sphere approach (ESA) developed recently.39,40

According to the original Derjaguin method the interactions of spheres

were calculated as a sum (integral) of corresponding interactions of infini-

tesimal surface elements having a planar geometry. Later on this approach

was extended to unequal spheres and convex particles of arbitrary shape.37,38

The great advantage of the Derjaguin method is that it enables one to

calculate interactions between bodies of complicated geometry (cylinders,

spheroids) in terms of the well studied case of two-plate interactions. The
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appropriate expressions for the interaction force F and energy f assume the

form

F G h
h

�
�

�2p DD

m

P ( ) dh

(1)

f F�
�

�2pG h
h

D

m

( ) dh

where �P is the pressure between flat plates (force per unit area), F is the

interaction energy per unit area of the plates, h is the distance between

plates, hm is the minimum separation between plates (particles) and GD is

the geometrical Derjaguin factor given by the expression
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where � �� � ��R R R R1 1 2 2, , , are the four principal radii of curvature of the inter-

acting particles to be evaluated at the point of minimum separation and j is

the angle between principal planes normal to particle surfaces at the point

of minimum separation.

When particles adsorb flat, j = 0, and Eq. (2) simplifies to the form de-

rived previously.38,39

G
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(3)

For unequal spheres when � � ��R R1 1 = a1 and � � ��R R2 2 = a2 Eq. (3) gives

GD = a1 a2 / (a1 + a2); for equal spheres GD = 0.5 a, i.e., two times smaller

than for the sphere/plane interactions when GD = a.

However, for convex bodies an exact evaluation of the factor GD is diffi-

cult and can only be done numerically.39 Some useful analytical approxima-

tions can be derived for limiting orientations of two spheroids, i.e., parallel,

perpendicular, edge to edge and one over another.

As discussed,39,40 according to the Derjaguin model, the interactions be-

tween prolate spheroids may differ by many times (for elongated objects)

when particle orientation is changed from parallel to perpendicular. This

seems to have considerable applications for adsorption of elongated inter-

acting particles (e.g., proteins).

952 Z. ADAMCZYK AND P. WERONSKI



Using Eq. (1) one can derive useful expressions for interaction energy of

nonspherical particle from the known results for plane geometry. Thus, in

the low potential limit (linearized Poisson-Boltzmann equation describing

electrostatic field distribution between plates) the appropriate equation for

energy takes the form41
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where y
1

0
and y

2

0
are the dimensionless surface potentials of the two par-

ticles involved, k¿1 = Le = (ekT / 8p e2I)1/2 is the Debye screening length, e is

the dielectric constant of the medium, k is the Boltzmann constant, T is the

absolute temperature, e the elementary charge and I the ionic strength of

the electrolyte solution, the upper and lower signs denotes the constant

charge and constant potential models, respectively.

For equal potentials (but not necessarily particle sizes) Eq. (4) simplifies

to the original Derjaguin formula when GD = a1 a2 / (a1 + a2) is substituted,

i.e.,
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On the other hand, for arbitrary high potentials (nonlinear double-layer

model) one can derive from the Derjaguin model the following expression for

particle interaction at larger distances

f e
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where Y1
0 , Y2

0 are the effective surface potentials which can well be approxi-

mated for a 1¿1 electrolyte by Y1
0 = 4th y

1

0

4/�
	

 �

�
. For other electrolytes and

electrolyte mixtures Y0 can only be evaluated numerically.40

It should be noted, however, that the Derjaguin model gives reasonable

estimates of interactions for short distances and large particles only when

the inequalities k R >> 1 and k hm >> 1 are met simultaneously. For larger

distances the Derjaguin model tends to overestimate the interactions giving

also wrong asymptotic dependencies for f. This has been demonstrated by

performing exact numerical simulations for dissimilar sphere interactions.42

Although analogous calculations for spheroids cannot be carried out, one
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may conclude that the Derjaguin model does not reflect properly spheroid

interactions at large distances.

Therefore, for larger separations other approximate models were devel-

oped like the equivalent sphere approach (ESA) discussed in Refs. 39, 40.

The essence of this model consist in replacing the interactions of convex

bodies by analogous interactions of spheres having properly defined radii of

curvature. As postulated,39 these radii should be calculated as the following

means of the principal radii of curvature evaluated at the point of minimum

separtion between the bodies involved, i.e.,
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The advantage of the ESA consist in the fact that many known numeri-

cal and analytical results concerning sphere interactions can directly be

transferred to spheroidal particles. Thus, for example, the commonly used

expression derived for two spheres by accepting the linear superposition ap-

proach (LSA)43 can be generalized for spheroidal particles to the form
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are the two geometrical correction factors.
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As can be noted, Eq. (8) describes the exponetially decaying Yukawa-

type potential, used widely in statistical mechaniscs. Due to its simple

mathematical shape Eq. (8) was also extensively exploited in numerical

simulations of nonspherical particle adsorption. However, analogously as for

the Derjaguin model, the correction factors G e
0

and G e can be evaluated ana-

lytically for some limiting orientations only. For intermediate orientation

one has to use numerical method to calculate the equivalent radii of curva-

ture.39,40

Another approximation which can be used for describing electrostatic in-

teractions of nonspherical particles in the case of large ka values is based on

the effective hard particle (EHP) concept introduced originally by Barker

and Henderson.44 According to this method the true interaction potential

between particles is replaced by the hard wall potential. Physically this

means that the interacting particles can be treated as hard ones having the

equivalent dimensions increased over the true geometrical dimensions by

the small value h* (skin), which can be treated as the effective interaction

range. It can be shown by performing numerical simulations discussed be-

low that h* is proportional to the (ka)–1 parameter.

THEORETICAL PREDICTIONS

General Considerations

Localized adsorption of nonspherical particles was usually described in

terms of the above mentioned RSA model whose underlying assumptions are:

(i) particle adsorption occurs at a microscopically homogeneous interface,

i.e., the probability density of choosing a given particle position and orienta-

tion is uniform,

(ii) adsorbed particles cannot overlap with each other; additionally in the

case of interacting particles the probability of adsorption in the vicinity of

preadsorbed particles is modified according to the Boltzmann distribution;

(iii) after adsorption particle positions and orientations remain time-

independent, i.e., adsorption is postulated localized and irreversible.

Using the RSA approach extensive simulations of adsorption kinetics

and jamming concentrations were performed for such particle shapes as

cubes and cylinders,45¿47 spherocylinders and spheroids.48,49 All these re-

sults were derived by assuming a flat (side on) orientation of the adsorbing

particles only. The case of arbitrary spheroid orientation (unoriented quasi

3-dimensional 3D adsorption) was treated for noniteracting50 and interact-

ing51 particles.
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The advantage of the RSA approach is not only that it allows one to per-

form complex numerical simulations but also to formulate some limiting

laws for low and high coverage adsorption regimes. Thus, for not too high

coverages, the surface blocking parameter B can be expressed in terms of

the power series expansion of q, i.e.,50

B(q) = 1 ¿ C1 q + C2 q2 ¿ C3 q3 + . . . Cn qn (10)

The expansion coefficients C1 � Cn, directly related to the virial coeffi-

cients, were determined up to the order of three for the side-on adsorption of

noninteracting spheroids, cylinders and spherocylinders.48 Additionally, for

arbitrary convex body the C1 coefficient can be expressed analytically52 in

the form

C
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(11)

where P is the perimeter of the particle and Sg its geometrical cross-section.

For spheroids P is given by the complete elliptic integral of the second kind

and cannot be evaluated explicitly. However, a simple interpolating formula

for C1 was given39

C A
A

1

2

2 2

4 4 8 1
�

�
� ��

	



�

�


( )p

p p
(12)

where A = b/a, b and a are the shorter and longer semiaxes, respectively.

For interacting particles the C1 coefficient can only be evaluated nu-

merically.39,50 These numerical results were approximated the following in-

terpolating expression for the side-on adsorption of spheroids39
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For the unoriented adsorption of prolate and oblate spheroids one has

accordingly Ref. 50
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The effective interaction range H* = h*/a occurring in these expressions

is proportional for thin double layers to the Le = k¿1 parameter. This can be

observed in Figure 1 where the dependence of H* on ka is shown for unori-

ented adsorption of interacting prolate spheroids characterized by various

elongation parameter A and the interaction potential given by Eq. (8). Thus,

the dependence of H* on ka becomes

H* = (ka)¿1 x (15)

with the proportionality constant x = 1/2 ln (f0/fch) and fch being the charac-

teristic energy close to one kT unit.39,50

As can be deduced from Eqs. (12¿14) the value of the C1 constant in-

creases considerably for elongated spheroids when the H* value becomes

significant. According to Eq. (10) this should exert a profound influence on
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Figure 1. The dependence of the effective interaction range H* on the ka (Le) para-

meter. The points represent exact numerical results for prolate spheroids characterized

by various alongation: (�) A = 1 (spheres), (�) A = 0.5, (�� A = 0.2; the solid lines show

the analytical approximation calculated from the equation H* = 0.5 Le ln (f0 / fch).



particle adsorption since the C1 constant determines the most significant

(leading) term of this series expansion. Moreover, it has been shown50 that

the C2 constant of the series expansion Eq. (10) is connected with C1 through

by the simple dependence

C2 = f C1
2 (16)

where the proportionality constant f was found equal 0.295 for A = 0.2

(elongated spheroids).

Using these results one can derive analytical expressions for particle ad-

sorption kinetics considering that according to definition one has50,51

d

d

q

t
q� B( ) (17)

where t = t / tch is the dimensionless adsorption time (tch is the characteristic

adsorption time defined usually as the time of forming a random mono-

layer).50,51 By substituting the expansion Eq. (10) (containing the leading

term only) into Eq. (17) and performing the necessary integration one obtains

the simple expression

q = q
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where qs is the saturation coverage equal to
1

1C
.

This expression is formally equivalent to that derived by accepting the

Langmuir model of particle adsorption.19¿25 It should be stressed however,

that it can only be used for initial stages of particle adsorption and never for

estimating the maximum coverage attained for large times as usually done

in the literature.

On the other hand, using the two terms in the series expansion Eq. (10)

one can derive the improved kinetic equation50¿51

q = q
q
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958 Z. ADAMCZYK AND P. WERONSKI



q =

t

t

2

1
1

1

1 1

tg
1

2

tg
1

2

C p

C p
p

C p

�

	



�

�


� �

	



�

�


�

�
�

�

�
�

, p
C

C
� �

�

	





�

�



4
12

1
2

1 2/

(20)

Eqs. (19¿20) are supposed to approximate well adsorption kinetics of non-

spherical particles for a much wider range of coverages than Eq. (18).

Numerical Simulations

In the general case of arbitrary surface concentration of particles the

blocking parameter B(q) and adsorption kinetics were calculated according

to the simulation method described in literature.39,50,51 The algorithm con-

sisted from three main calculation modules repeated in a loop:

(i) The virtual (adsorbing) spheroidal particle was generated having the

position vector rv and the orientation vector eE (cf. Figure 2); the size of the

square simulation plane �S was normalized to unity and the relative cross-

section surface area of the virtual particle Sg with respect to �S was usually

2 � 10¿4. At the perimeter of the simulation plane the periodic boundary con-

ditions were applied

(ii) then, overlapping test was performed by scanning the adsorbing par-

ticle vicinity and using the Veillard-Baron53 function. If overlapping oc-

curred than the step (i) was repeated, otherwise the minimum surface to

surface distances between the virtual and previously adsorbed particles

were determined by the procedure described in Ref. 39. Knowing the dis-
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spheroidal particles at a planar interface.



tances the net interaction energy was calculated as a sum of pair interac-

tions using Eq. (8)

(iii) finally, the virtual particle was adsorbed with the probability dp

given by the Boltzmann relationship. After adsorption the coordinates and

orientation of the particle remained unchanged.

The blocking parameter B was calculated using the method described by

Schaaf and Talbot.32,33 According to their procedure the RSA process was

continued until a desired surface concentration was attained. Then, a large

number of trials Nt of placing a new particle was performed by keeping the

surface concentration constant. The number of successful attempts (would

be adsorption events) was found to be Nsucc. Taking advantage of the gen-

eral large number probability law the blocking parameter B(q) was calcu-

lated as the limit of the ratio Nsucc / Nt for Nt � �.

On the other hand, particle adsorption kinetics was simulated directly

by monitoring the number of successful adsorption events as a function of

the dimensionless time t defined as19

t � � �
�
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�
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t
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N

N

S

ch

att

ch

att

g

1
—

(21)

where Natt is the overall number of attempts at placing particles (repetitions

of the simulation loop) and Nch is the characteristic number of particles.

Using the above simulation scheme extensive calculations of B(q) were

performed for interacting spheroidal particles of prolate and oblate shape

both for side-on39 and unoriented adsorption.50,51 The influence of the elon-

gation parameter A and the ka parameter (H*) on B(q) was systematically

studied. Some selected results of these calculations are shown in Figure 3

for the side-on adsorption and in Figure 4 for the unoriented adsorption (A =

0.2). As can be seen in both cases the analytical approximation Eq. (10)

(containing the terms up to the order of two) describes reasonably well the

exact numerical results for low and moderate range if surface coverages q.

It should also be noted that the increase in the H* parameter (which accord-

ing to Eq. (15)) is proportional to Le) was resulting in a significant decrease

of B for the same surface coverage q., i.e., the blocking effects became more

pronounced when H* increases. Thus, for H* = 0.2 the blocking parameter

decreased to negligible values already for q as low as 0.2.

A similar trend was observed for unoriented adsorption (see Figure 4),

i.e., the increase in H* resulted in a significant decrease in the blocking pa-

rameter B(q). It should be noted, however, that in comparison with the

side-on adsorption, the coverages attained under the unoriented adsorption
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Figure 4. The dependence of B on q for interacting prolate spheroids (A = 0.2),

unoriented adsorption. The points denote the numerical simulations performed for:

(1) H* = 0 (hard particles), (2) H* = 0.05, (3) H* = 0.1, (4) H* = 0.15, (5) H* = 0.25;

the continuous lines denote the analytical results calculated from Eqs. (10¿15).

Figure 3. The dependence of B on q for interacting prolate spheroids (A = 0.2), side-on

adsorption. The points denote the numerical simulations performed for: (1) H* = 0

(hard particles), (2) H* = 0.1, (3) H* = 0.2; the continuous lines denote the analytical

results calculated from Eqs. (10¿15).



regime were much higher which is a direct manifestation of the fact that

many more particles can be »jammed« in the monolayer under orientation

close to perpendicular. It can also be deduced when comparying results

shown in Figures 3¿4 that the B(q) function for interacting particles under

conditions of unoriented adsorption may resemble very closely adsorption of

hard (noninteracting) particles under the side-on adsorption regime.

Kinetics of Particle Adsorption

Using the above RSA simulation scheme one can determine not only the

B(q) function but also generate kinetic runs, i.e., the q vs. t dependencies

which are of primary interest from practical viewpoint. Therefore, extensive

simulations were performed to determine adsorption kinetics both for the

side-on39 and unoriented adsorption regime.50,51 Some characteristic results

illustrating the difference between side-on and unoriented adsorption of pro-

late spheroids are shown in Figure 5a for shorter adsorption times (t < 5).

The exact numerical results are compared with the analytical results stem-

ming from the quasi-Langmuir model (Eq. 18) and from Eqs. (19¿20). As can

be noted, the Langmuir model can be used for short adsorption times only,

i.e., for t < 1, whereas the improved analytical model, described by Eqs.

(19¿20) seems applicable for much wider time interval. It can also be no-

ticed from the kinetic data shown in Figure 5a that the amount of particles

adsorbed after a given time under the 3D (unoriented) regime is almost four

times larger than for the side-on adsorption. As mentioned above, this effect

should have profound significance for proteins characterized by elongated

molecule shape (e.g., fibrinogen).

It should be mentioned, however, that due to the considerable decrease

in particle adsorption rate for longer adsorption times (which is characteris-

tic for all RSA processes) the kinetic curves like these shown in Figure 5a

cannot be effectively presented using the natural coordinate system q vs. t.

Topological considerations and extensive numerical simulations48,50,51 sug-

gest that the asymptotic adsorption kinetics of nonspherical particles for

long times should be described, in analogy as for spheres, by the power-law

dependence, i.e.,

q q = Kt� �
–

1

m (22)

where q� is the jamming concentration of adsorbed particles, K is the pro-

portionality constant and m is the natural number equal 3 for side-on ad-

sorption and 4 for unoriented adsorption (in the case of spheres m = 2).
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Figure 5. Part (a). Adsorption kinetics of prolate spheroids A = 0.2, H* = 0 (hard par-

ticles). The dependence of q on the dimensionless adsorption time t determined nu-

merically (points) for the unoriented (upper part) and side-on adsorption regime; the

solid lines denote the analytical results calculated from Eqs. (19¿20) and the broken

lines denote the results stemming from the Langmuir model, Eq. (18) with qs = 1/C1.

Part (b). Adsorption kinetics for long times expressed as q vs. t ¿1/4 determined nu-

merically (points); the dashed line denotes the fitting functions calculated from Eq.

(22) and the dash-dot lines denote the results calculated from the modified Lang-

muir model, Eq. (18) with qs = q�.



Eq. (22) suggests that the use of the q vs. t –1/4 coordinate system should

be more appropriate for expressing the kinetic data for t >> 1. This transfor-

mation has an additional advantage of compressing the infinite t domain

into a finite one. Such plot derived from numerical simulations performed

for hard prolate spheroids (A = 0.2) is shown in Figure 5b. As can be ob-

served, by using this transformation, the kinetic data can indeed be ex-

pressed as linear dependence of q on t –1/4 for a broad range of t in the case

of unoriented adsorption (the analogous plot for side-on adsorption becomes

nonlinear due to different exponent). For comparison, the results stemming

from the widely used Langmuir model (Eq. 18) are also shown in Figure 5b.

It should be mentioned that in this case, unlike Figure 5a where qs = 1/C1,

the qs values were chosen to match numerical simulations for t � �. As can

be seen the character of the curves stemming from the Langmuir model de-

viates significantly from the numerical predictions characterized well by the

power-law dependence. It seems, therefore, that the RSA model predicting a

long-lasting approach to the saturation (jamming) coverages can better ac-

count for experimental data concerning protein adsorption54 which were in-

terpreted in terms of two different adsorption regimes widely differing in

rate.

The existence of the above mentioned linear regime enabled one to de-

termine very accurately the jamming (saturation) values of q� by extrapo-

lating the q vs. t –1/4 dependencies generated for long adsorption times. The

q� values for hard particles are quantities of considerable practical interest

since they determine the maximum capacity of a monolayer formed in locali-

zed adsorption processes in the limit of high ionic strength. The extrapolation

procedure is necessary because a direct determination of q� is not feasible

due to the limited value of the computer accessible t values equal to about

105 at the most. The monolayers formed after such adsorption time by pro-

late and oblate spheroids (A = 0.2) are shown in Figure 6.

The dependence of q� on A determined by the extrapolation procedure

for hard prolate spheroids50 is shown in Figure 7a. The points denote the

numerical simulations and the solid line represents the fitting function

given by

q� � � �0304 0123
0365

. .
.

A
A

(23)

As one can see in Figure 7a the numerical results, reflected well by Eq.

(23), lie above the values calculated as an average of the side-on and per-

pendicular orientations (shown by the broken line). This suggests that ori-

entations close to perpendicular are preferred in adsorption of elongated
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spheroids (this can also be deduced qualitatively from the view of the mono-

layer shown in Figure 6).

Analogous dependence of q� on A calculated numerically for hard oblate

spheroids50 is shown in Figure 7b together with the fitting function

q� � � �0768 0473
0251

. .
.

A
A

(24)

As can be observed in Figure 7b, analogously as for prolate spheroids,

the exact data exceed the values calculated as average of side-on and per-

pendicular orientations.
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Figure 6. A top view of the »monolayers« of adsorbed spheroidal particles, generated

in RSA simulations; upper part – prolate spheroids A = 0.2 (q = 2.1), lower part –

oblate spheroids A = 0.2 (q = 1.95).
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Figure 7. Part (a). The dependence of the jamming (maximum) surface coverage q�
on the elongation parameter A determined numerically (points) for hard prolate sphe-

roids under unoriented and side-on adsorption conditions; the solid line denotes the

interpolation results calculated from Eq. (23) and the broken line shows the averaged

results. Part (b). Same as for (a) but for oblate spheroids; the solid line was calcu-

lated from Eq. (24).



The data shown in Figures 7a¿7b can also be used for determining the

effect of shape change of adsorbing particles when its volume or molecular

mass remains constant. Such graphs are shown in Figure 8, both for prolate

and oblate spheroids, in the form of the dependence of mA / m1 on the A pa-

rameter (where mA is the mass of the adsorbed monolayer per unit area and

m1 is the mass of monolayer of spherical particles). As one can observe in

Figure 8 changing the shape of a particle to more elongated A � 0 (at fixed

molecular mass) resulted in a considerable increase in the mass of the

monolayer. This can be expressed in the limit when A � 0 as mA / m1 �
0.668 A¿2/3. In the case of oblate spheroids, this effect is much less pronoun-

ced since mA / m 1 � 0.46 A¿1/3 in the limit of A � 0.

The above discussed results concerned hard particles only and can be

treated as the upper estimate of monolayer densities in the limit when the

interaction range H* tends to zero.

The effect of interactions on kinetics of prolate spheroid adsorption (A =

0.2, unoriented regime) is shown in Figure 9a for shorter times (t < 5) and

in Figure 9b for longer times. As can be observed the increase in the H* pa-

rameter resulted in a considerable decrease in particle adsorption kinetics.

This is why for H* = 0.15 the kinetic curve characteristic for elongated sphe-
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Figure 8. The dependence of the normalized monolayer mass mA / m1 on the A pa-

rameter determined numerically for prolate and oblate spheroids.
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Figure 9. Part (a). Adsorption kinetics of interacting prolate spheroids (A = 0.2), the

dependence of q on t for shorter times. The points denote numerical simulations per-

formed for: (1) H* = 0 (hard particles), (2) H* = 0.05, (3) H* = 0.1, (4) H* = 0.15, (5)

H* = 0.25; the empty symbols denote the results obtained for hard spherical parti-

cles and the solid lines denote the analytical approximations calculated from Eqs.

(19¿20). Part (b). The dependence of q on t–1/4 determined numerically (points) for

(1) H* = 0 (hard particles), (2) H* = 0.05, (3) H* = 0.1, (4) H* = 0.15, (5) H* = 0.25;

the solid lines show the analytical results calculated from Eq. (22) and Eq. (25).



roids become almost identical with the curve describing hard sphere adsorp-

tion (shown by open circles in Figure 9a). This may again lead to misinterpre-

tations of experimental data because for a given ionic strength and particle

size combination the hard sphere model can apparently reflect well adsorp-

tion kinetics of nonspherical particles. However, for lower ionic strength the

differences would become significant.

On the other hand, the long-time limiting results shown in Figure 9b

suggest that due to the appearance of interactions the jamming (maximum)

coverages of interacting spheroidal particles qmx should be much smaller.

Moreover, in contrast to hard particles, these coverages are not uniquely de-

fined since they depend to a small extent on the maximum simulation time.

However, for practical purposes, one can specify the following interpolation

equation for the maximum coverages of interacting particles based on the

effective hard particle concept51

q qmx � �

C1
0

1C*
(25)

where q� is given by Eqs. (23¿24), C1
* by Eq. (14) and C1

0 = C1
*(0).

Substituting Eq. (25) into Eq. (22) one obtains the linear fitting func-

tions shown in Figure 9b. As can be seen some small positive deviations

from the linearity occurred for interacting particles at longer times in accor-

dance with previous results for the side-on adsorption39. This effect can in

principle be accounted for by analyzing the target size and topology for the

asymptotic regime close to jamming. We did not attempt to speculate fur-

ther on this matter because the dimensionless adsorption times exceeding

10 are very difficult to attain in usual experiments involving proteins and

colloids.14

The validity of the important from practical viewpoint Eq. (25) was

checked51 by performing extensive numerical simulations according to the

above RSA scheme. The results obtained for prolate spheroids characterized

by A = 0.5 and A = 0.2 are presented in Figure 10 together with the refer-

ence results for spheres (A = 1). The coordinate system qmx / q� vs. ka was

used in Figure 10 to make the effect of electrostatic interactions (described

by Eq. (8)) more pronounced. It should be mentioned that the q� values are

of a primary interest in protein adsorption studies.3¿6,20¿22 As can be seen in

Figure 10 the approximate analytical estimations calculated from Eq. (25)

are in a good agreement with the exact numerical simulations for a broad

range of ka values, including the case characteristic for protein adsorption.

Thus, the results shown in Figure 10 seem useful since they indicate that

the concept of the effective interaction range is valid for surface coverages

close to jamming. This provides one with an efficient method of estimating
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via Eq. (25) the jamming coverages for interacting particles of nonspherical

shape.

It should also be mentioned that particle populations generated in RSA

simulations, due to the relative simplicity of the algorithm, can be very large

(e.g., 104¿105) assuring a good precision of the kinetic runs and jamming co-

verage estimations. These particle populations can also be exploited for de-

terminig the structural characteristics of the monolayers like the pair corre-

lation functions,55 particle density fluctuations and directional order parame-

ter.56

On the other hand, the RSA model, although very useful, has certain li-

mitations due to neglecting the true 3D particle-interface interaction profile

and the translational and rotational Brownian motion of adsorbing parti-

cles. It is expected that the former effect should decrease slightly particle

adsorption for lower coverages (due to the energetically preferred side-on

adsorption). However, the Brownian motion should probably compensate for

this energetic affect so the net adsorption rate would be very similar to that

predicted by the RSA model. At higher coverages, the particle/interface en-

ergetics should play a minor role since particle adsorption is largely deter-
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Figure 10. The dependence of the normalized maximum surface concentration q =

qmx / q� on the ka parameter. The points denote the numerical results obtained for

interacting prolate spheroids of various elongation, i.e., A = 1 (spheres), A = 0.5 and

A = 0.2; the broken lines denote the analytical approximations calculated from Eqs.

(23, 25).



mined by the topological constrains (adsorption may occur under orienta-

tions close to perpendicular only). The Brownian motion should play some

role in modifying adsorption kinetics (analogously as in the case of spheres)

but it is unlikely that the jamming coverages will be changed. These inter-

action and Brownian motion effects could in principle be considered by per-

forming the Brownian Dynamics type simulations, analogously as for

spheres.19 However, at the present time such simulations for larger systems

of nonspherical particles seem prohibitive.

The validity of the RSA approach for describing adsorption kinetics and

structure of adsorbed monolayers has been confirmed experimentally in the

case of spherical particles.19,35,36,40 It has been demonstrated inter alia that

the maximum surface coverages are decreased significantly19 by decreasing

the ionic strength (or particle size) in accordance with Eq. (25). By extrapo-

lation, therefore, one can expect that the RSA model is applicable for non-

spherical particles as well. However, due to difficulties in obtaining larger

populations of monodisperse particles of nonspherical particles this hypo-

thesis has not been verified yet.

CONCLUDING REMARKS

The theoretical analysis based on the RSA model showed that the sur-

face blocking function B(q) for nonspherical particles can well be approxi-

mated for not too high surface coverages by the polynomial expansion Eq.

(10) from which the kinetic equations (Eqs. (18¿20)) can be derived. Simula-

tions performed according to the RSA scheme showed that these analytical

expressions can be used for adsorption times t < 2. It has also been demon-

strated that both adsorption rate and jamming coverages attained under

the unoriended adsorption regime exceed considerably those predicted for

the side-on adsorption regime.

The simulations revealed that the electrostatic interaction among ad-

sorbing particles decrease to a considerable extent adsorption kinetics and

jamming coverages for both adsorption regimes. This can be accounted for

by introducing the effective hard particle concept with the effective interac-

tion range proportional to the ka parameter, i.e.,

h

a
a

*
( )–� k x1

where the proportionality constant x = (1/2) ln (f0 / fch) is equal 3¿4 for par-

ticle size around 0.1 mm.
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By defining h*/a, the maximum monolayer coverages of interacting

spheroids particles can easily be calculated from Eqs. (13¿14, 25) when the

hard-particle values are known. Our theoretical predictions suggest, there-

fore, that the monolayer capacities of smaller colloid particles and proteins

will be significantly decreased for low ionic strength of the suspensions.

It can also be deduced that due to compensation of some contradictory

effects the results stemming from the RSA model discussed in our work will

not be affected significantly when the particle/interface interactions and

Brownian motion are considered.

Although no direct verification of these theoretical predictions has been

carried out yet, the good agreement of the RSA model with experiments ob-

served for spheres will suggest that the results presented in our work can

be used as good estimates of adsorption processes of nonspherical particles.

REFERENCES

1. Z. Xia, L. Woo, and T. G. M. van de Ven, Biorheology 26 (1989) 359¿375.

2. R. Bos, H. C. van der Mei, J. M. Meinders, and H. J. Busscher, J. Microbiol. Meth-

ods 20 (1994) 289¿305.

3. J. Y. Yoon, H. Y. Park, J. H. Kim, and W. S. Kim, J. Colloid Interface Sci. 177
(1996) 613¿620.

4. B. K. Lok, Yu-L. Cheng, and Ch. R. Robertson, J. Colloid Interface Sci. 91 (1983)

104¿116

5. P. Schaaf, Ph. Dejardin, and A. Schmitt, Langmuir 3 (1988) 1128¿1131, 1131¿1135.

6. P. Schaaf and Ph. Dejardin, Colloids Surf. 31 (1988) 89¿103.

7. N. C. Santos and M. A. R. B. Castanho, Biophys. J. 71 (1996) 1641¿1650.

8. T. Sugimoto, Adv. Colloid Interface Sci. 28 (1987) 65¿108.

9. J. J. Peters and G. Dezeli}, J. Colloid Interface Sci. 50 (1975) 296¿306.

10. E. Matijevi}, R. S. Sapieszko and J. B. Melville, J. Colloid Interface Sci. 50 (1975)

567¿581.

11. E. Matijevi} and P. Schreiner, J. Colloid Interface Sci. 63 (1978) 509¿524.

12. S. Hamada and E. Matijevi}, J. Chem. Soc., Faraday Trans I 78 (1982) 2147¿2152.

13. D. M. Wilhelmy and E. Matijevi}, Colloids Surf. 16 (1985) 1¿8.

14. M. Ozaki, S. Kratohvil, and E. Matijevi}, J. Colloid Interface Sci. 102 (1984) 146¿

151.

15. M. Ocana, M. Andres, M. Martinez, C. J. Serna, and E. Matijevi}, J. Colloid Inter-

face Sci. 163, (1994) 262.

16. C. C. Ho, A. Keller, J. A. Odell, and R. H. Otewill, Colloid Polym. Sci. 271 (1993)

469¿479.

17. A. M. Wirenga and A. P. Philipse, J. Colloid Interface Sci. 180 (1996) 360¿370.

18. I. Langmuir, in: C. G. Suits (Ed.), The Collected Works of I. Langmuir, 9, Perga-

mon Press, 1961, pp. 75¿117.

19. Z. Adamczyk, B. Siwek, M. Zembala, and P. Belouschek, Adv. Colloid Interface

Sci. 48 (1994) 151¿280.

20. J. Feder and I. J. Giaever, J. Colloid Interface Sci. 78 (1980) 144¿154.

972 Z. ADAMCZYK AND P. WERONSKI



21. B. R. Young, W. G. Pitt, and S. I. Cooper, J. Colloid Interface Sci. 124 (1988) 28¿43.

22. J. D. Aptel, J. C. Voegel, and A. Schmitt, Colloids Surf. 29 (1988) 359¿371.

23. B. Vincent, C. A. Young, and Th. F. Tadros, J. Chem. Soc., Faraday Trans. I 76
(1980) 665¿673.

24. B. Vincent, M. Jafelicci, and P. F. Luckham, J. Chem. Soc., Faraday Trans. I 76
(1980) 674¿682.

25. N. Kallay, M. Tomi}, B. Bi{kup, I. Kunja{i}, and E. Matijevi}, Colloids Surf. 28
(1985) 185¿197.

26. T. Daubrosb and T. G. M. van de Ven, Colloid Polymer Sci. 261 (1983) 694¿707.

27. T. Daubrosb and T. G. M. van de Ven, J. Colloid Interface Sci. 89 (1982) 232¿244.

28. R. J. Gibbons, E. C. Moreno, and I. Etherden, Infect. Immun. 39 (1983) 280¿289.

29. J. Sjollema, H. C. van der Mei, H. M. W. Vyen, and H. J. Busscher, J. Adhesion

Sci. Technol. 4 (1990) 765¿777.

30. B. Widom, J. Chem. Phys. 44 (1966) 3888¿3894.

31. E. L. Hinrichsen, J. Feder, and T. Jossang, J. Stat. Phys. 11 (1986) 793¿827.

32. P. Schaaf and J. Talbot, J. Chem. Phys. 91 (1989) 4401¿4409.

33. P. Schaaf and J. Talbot, Phys. Rev. Lett. 62 (1989) 175¿177.

34. J. W. Evans, Rev. Modern Phys. 65 (1993) 1281¿1329.

35. Z. Adamczyk, M. Zembala, B. Siwek, and P. Warszynbski, J. Colloid Interface Sci.

140 (1990) 123¿137.

36. Z. Adamczyk, B. Siwek, and M. Zembala, J. Colloid Interface Sci. 151 (1992) 351¿

369.

37. L. R. White, J. Colloid Interface Sci. 95 (1983) 286¿288.

38. Z. Adamczyk, P. Belouschek, and D. Lorenz, Ber. Bunsenges. Phys. Chem. 94 (1990)

1483¿1492, ibid 94 (1990) 1492¿1499, ibid 95 (1991) 566¿573.

39. Z. Adamczyk and P. Weronb ski, Langmuir 11 (1995) 4400¿4410.

40. Z. Adamczyk and P. Warszynb ski, Adv. Colloid Interface Sci. 63 (1996) 41¿149.

41. R. Hogg, T. W. Healy, and D. W. Fuerstenau, Trans. Faraday. Soc. 62 (1966) 1638¿

1651.

42. P. Warszynski and Z. Adamczyk, J. Colloid Interface Sci. 187 (1997) 283¿295.

43. G. M. Bell, S. Levine, and L. N. McCartney, J. Colloid Interface Sci. 33 (1970)

335¿359.

44. J. A. Barker and D. Henderson, J. Chem. Phys. 47 (1967) 4714¿4721.

45. L. Finegold and J. T. Donell, Nature 278 (1979) 443¿445.

46. P. Viot and G. Tarjus, Europhys. Lett. 13 (1990) 295¿300.

47. R. D. Vigil and R. M. Ziff, J. Chem. Phys. 91 (1989) 2599¿2602.

48. S. M. Ricci, J. Talbot, G. Tarjus, and P. Viot, J. Chem. Phys. 97 (1992) 5219¿5228.

49. J. Talbot, G. Tarjus, and P. Schaaf, Phys. Rev A 40 (1989) 4808¿4811.

50. Z. Adamczyk and P. Weronb ski, J. Chem. Phys. 105 (1996) 5562¿5573.

51. Z. Adamczyk and P. Weronb ski, J. Colloid Interface Sci. 189 (1997) 348¿360.

52. T. Boublik, Mol. Phys. 29 (1975) 421–428.

53. J. Vieillard-Baron, J. Chem. Phys. 56 (1972) 4729¿4744.

54. A. Tronin, T. Dubrovsky, and C. Nicoli, Langmuir 11 (1997) 385¿389.

55. Z. Adamczyk and P. Weronb ski, J. Chem. Phys. 107 (1997) 3691¿3697.

56. Z. Adamczyk and P. Weronb ski, Bull. Pol. Acad. Sci., Chem. 45 (1997) 419¿430.

ADSORPTION OF NONSPHERICAL PARTICLES 973



SA@ETAK

Adsorpcija nesferi~nih ~estica na me|upovr{ini izme|u
~vrste i teku}e faze

Zbigniew Adamczyk i Pawel/ Weronski

Teorijski je analizirana lokalizirana adsorpcija nesferi~nih ~estica na me|upo-

vr{ini izme|u ~vrste i teku}e faze. Razmatran je pribli`an model za izra~unavanje

me|udjelovanja izme|u ~estica te izme|u ~estica i me|upovr{ine. Pokazano je da se

za konveksne ~estice mo`e rabiti Derjaguinov model, dok je za ve}e ~estice znatno

pogodniji pristup ekvivalentnih sfera. Energije izra~unane na temelju analiti~kih iz-

raza navedenih modela rabljene su u numeri~kim Monte-Carlo RSA (random se-

quential adsorption) simulacijama adsorpcije ~estica. Prikazani su teorijski rezultati

za blokiraju}e parametre (uporabljive povr{inske funkcije) te za adsorpcijske kine-

tike izdu`enih i spljo{tenih sferoida pri kratkim i dugim vremenima. Razmatrane su

razlike izme|u plo{ne (2D) i neorijentirane (kvazi-3D) adsorpcije ~estica i specifici-

rano je pravilo potencije za podru~ja dugih vremena adsorpcije. Ekstrapolacijom ki-

neti~kih rezultata odre|ena je maksimalna pokrivenost za tvrde i interaktivne sfe-

roide. Pokazano je, da je maksimalna pokrivenost za neorijentiranu adsorpciju

izdu`enih objekata vi{estruko ve}a nego maksimalna pokrivenost za njihovu plo{nu

adsorpciju. Tako|er je pokazano da odbojne interakcije dvostrukog sloja zna~ajno

smanjuju jednoslojni kapacitet adsorbiranih slojeva sferoidnih ~estica. Razmatrane

su posljedice tih fenomena na adsorpciju proteina.
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