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Abstract. Let f be a continuous map of a closed interval into itself,
and let P{f) denote the set of positive imtegers k such that f has

a periodic point of period k. Comsider the following ordering of
positive integers: 3,5,7,...,2.3,2.5,2.7,...,4.3,4.5,2.7,...,8,4,2,1.
Sarkovskiis theorem states that if n € P{f) and m is to the right

of n in the above ordering then m & P{f). We may ask the following
guestion: if n g P{f) and m is to the right of n in the above ordering
what can be said ahbout the number of periodic orbits of f of period

m 7. We give the answer to thig guestion if n is either odd or e

power of 2.
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1.Introduction

This paper is concerned with the periodic orbits of cantinuous
mappings of the interval into itself. tek I deroke & closed imterval
on the real line and let CD[I,I] denote the spece of continuous maps
of I into itself. For f e C°(I,I), let P(f} denate the set of positive
integers k such that f has [at 1east] a periodic point of period k
[see section 2 for ﬁefinition]. One may ask the following gquestion:

If k ¢ P(f), what other integers must be elements of P(f} 7.

This guestion is answered by a theorem of Sarkgvskii. Consider
the following ordering of the set of positive integers N:

3,5,7,...,2.3,2.5,2.7,...,4.3,4.5,4.7,...,8,4,2, 1.

Trus, in this ordering the smallest element of N is 3 and the greatest
is 1. Sarkovskii®s theorem states that if m ¢ P(f} and m is to the
right of n in the above ordering [Sarkouskii Grdering] then there is
at least one periodic orbit of perioc m {seel2] or {3}}. Furthermore,
if m is to the left of n in the Sarkovskii ordering, then there is
amap f €CO(I,I) with n ¢ P{f) and m & P(F}.

For f ¢ GU[I,I}, let N(F,m} denote the aumber of periodic
ortits of f of period m. In this paper, we ask the following question:
If neP(f) and m is to the right of n in the Serkovskii ordering,
what can he said about N(Ff,m) 7. Dur mgin result is the following.

u] a4
Theorem A. Let f & C (I,I) and 1et n denote the minimum aof P{f)

in the Sarkovskii ordering. Suppose n is odd, n > 1 and m is to the

right of n in the Sarkovskil ordering. Then the following hold.

(i)} There is an integer N {m) (easily computable, see section 3)
— —— — — ] e —

such that M(f,m] z Nn{m].
[ii) There is amap g € CD(I,I) such that P{g} = P(f) and

N{Q,ITI} = Nn{m}'
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Note, for example, that if f € CD[I,I} and 3 € P(f), then f has
at least Na{m} periodic orbits of period m. We have compute Na(m) and
NS[m) form = 1,2,...,50 in Tables I éﬂd I1, respectively [for details
see section 3). We remark that Sarkowvskii“s theorem only says Nn[m} z 1

o
Propasition B. Let f ¢ C (I,I] and let n denote the minimum of

P ) in the Sarkowskil ordering. Suppose n is & power of 2andmis

to the right of n in the Sarkovskii ordering. Then the integer Nn(m]

which satisfies gonditigns [i) and [ii) of Theorem A is the unity.

Proposition B follows immediately from the fact that for each
power of 2, let 2°, there is a map £ € C [I,I) such that P(f) =
= {1,2,&,...,2r§ and N(f,Ek] =1 fark =0,7,...,r {see Lenma 16
of 113 ).

In proving Theorem A, we use a result of Stefan {see section 2].
This result describes how a mapping f e CD[I,I] must act on a pericdic
orbit ip1,...,pn1 of odd pericd n » 1, where n is the minimum of
P(f) in the Sarkovskii ordering.

We note the algorithm described in order to compute the integer
Nn[m] defined in Theorem A {see section 3) can be used for all ne P(F)
not necessarily odd. But we need to know how f must act on a periodic

arbit of f of perind n. That is, if jp ..pn} is a periodic orbit

4t
of f of period n, who is F[pi] for each 1 = %,...,n 7.
We are grateful to Pamon Reventds who have helped us in the

preparation of this note.

2.Preliminary definitions and results

o . . LU .
Let f ¢ G (I,I). For any positive integer n, we define f inductively
1 n n=1 a

by f =fand f =Ff~-Ff . We let f denote the identity map of I.
Let p e I. We say p is a fixed point of f if f(p] = p. If p

M
is a fixed point of f , for some ne N, we say p is a periodic point
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of f. In this case the smallest element of {n e N: Fn(p] =p} is
called the period of p.

We define the orbit of p to be {F (p) :n =0,1,2,... 1 , If
p is a periodic point of f of periocd n, we say the orbit of p is a
periodic orbit of period m, In this cese the orbit of ¢ contains
exactly n points each of which is a periodic point of period.n.

We will use the following theorem (see Thearem 2 of Stefan [ 31).

Thearem 1. Let f ¢ 0°(I,I) and let n dengte the minimum of P(f)

in the Sarkowvskii ordaring. Suppose n :‘E odd and n ~1. Let 101, . ..,pnﬂ

be a periodic orbit of period n with PyePy< e Let t = (n+1)/2.

Then either (a) gr (b} holds {see (a) in fig.? for n = 3,5,7,9):

(e} flp_ ) =p,,. 4 forks=0..,t2
flp,,) =p,_, fark=1,...t-1, and
Flp,) =9 .

(6) flp,_ ) =P,  Fork =1t
Flopud = Pegeeq Lzt = 05enito2, and
i = .

[pn} P,

LT} ne=
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3.FProof of Theorem A

Let £ < CO{I,I) end lat n denote the minimum of P(f) in the
Sarkovskil ordering. Suppose n is odd and n » 1. Let {p1,...,pn§ be
a periodic orbit of f of period n. We can assume that we are in the
case (a) of Theorem 1 (the case (b) is similar).

Now, we study the map y: [91,pn] —_— {531,1;)”} defined by

g(pt_k] = Py end for k =08,..,.,t-2,

- =1, ..., 01,
g{pt+k] ek for k R & and
gle,)  =p,

where t = [n+1]f’2, and on =ach interval {pi,pi+1} RS P L
ascume g is linear {see fig.2 for n = 3 and n= 5)}.

Suppese m is to the right of n in the Sarkevskii ordering. By
continuity, N{f,m) 3 nN{g,m). Let Nn(m) = N{g,m). Now, we shall give
an algorithm te compute Nn[m) and Theorem A will follow. We only

describe the slgorithm to compute Nn[m} forn =3 andnn = 5, since

for the other walues of n (Odd), it is similar.

3 : p5 I
‘ |
]
' {1 g _2
P l
| 4 t ]
1 1
I !
P2 : B
: 1 |
:
1 i i ;
! [ 1
: I ] !
pl 92 93 Py P2 P3 P4
Fig., 2
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Suppose n = 3. Let fq1,q2,...,qk(m) 1 denote the set of points

of {p1,93] where gm has a maximum or a minimum. It is easy to see
m 7
that Q,I = 919qk(m} = 93| 92 € iq'i"“'qk(m]g » 8 (iQTt"'l k(m)s ] =

We . <
= ip1,p2,p3§ and g ( [qi,qi+1] ) is either [pz,pal or [01’93] for
each i = 1,...,k{m}-1.
Let aea[m) {respectively b23[m}] be the number of intervals

. m —
[qi,qi+{}c;[p1.pzj {respectively £p,:0,) Y such that g £ [qi,qi+1] ) =

= [pz,p . Let 513(m) {respectively b13(m)) be the number of intervals

3
R . m
[qi,qi+1]¢;[p1,p2] {respectively [ce,pa} ] such that g (! qi'qi+11 ] =

=lPpP3) -
From the defimition of g it is clear that
623(1] = 1! 313(1) = DI
b,,{1) = 0, b1 =1,
and
623(m+1) = a13(m}, a13(m+1] = azs(m} + a13(m),
bza{m-{-ﬂ = b13{m], b13(m+1} = bza(m} + b13[rn),

form= 1,2,...

Since the fixed points of gm are the points of the graphic of
g" which are on the diagonsl of the sguare [p1,93] x [21,933 , we
obtain that gm has

8 g{ml b ()3, 5(n) = (J+_2_~_f___5>__}rn + (“1_;%_ "

fixed goints. Then it is easy to compute Nn{m] far n = 3 {see Table I).
Mota the number of fixed points of gm is a Fibonacci number.
Now, suppose n = S, Let {q1,..., k{m)t denote the set of points
oF{p1,ps] where gm has a maximum or a minimum. 1t is easy to ses
that o, = p,, Gy = Py {pe,pa,oalcjq,l.---,qk{m)i , gm({q1.---.qk{m]§)=
1P,905,04,0,9.{ and g Eqi.qiﬂ]) is one of the following

intervaels: fpa,psl,{bz,QS},{p1,pa1,[b1,ps}, for each i = 1,...,k{m)-1,
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Let ars{m) (respectively brs[m], Cfs{m)’ drs{m}} be the number
of interuals[qi,qi+1](:[p1,p2] {respectively [p2.p§ ,{Fa,pA], @4,p51]

m
such that g ( [qi’qi+1] ] = [pr,psl. From the definition of g we

have that
8,5(3) = 1 ag(3) =1, a,03) =0, a,(3) -0
b.o(3) = 1, b(3) =0, 5,,(3) =0, b,{3] =0,
c35[3] =0, c25(3] = a0, c14(3} = 0, c15[3) = 1,
d, (3} = 0. d0(3) =0, 9,030 =1, (3] -0,
and
x35[m+1) = x14{m] + x15[m),

%a5(m1) = % (m),

x1a[m+1} = xas{m}
x15[m+1] = x25[m} + x15[m]‘
for m = 3,4, ... and x ¢ %a,b,c,db .

m
Because the fixed points of g are the points of the graphic of
m - -
g which are on the diagonal of the sguare [p1,p5} ES [p1,p51, we obtain
m
that g has

a1q[m] + a15{m] + b25[m) + b1d[m] + b15(m] + cas(m} + 025(m].+

ch[m} + 015(m) + d35[m) + d25[m) + dqs(m]

fixed points. Hemce it is easy to compute N _(m) forn =5 {see Table II}.
n
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210
l1le
492
750
l1le4
1749l
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4305
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Table I

m N3(m)

26 10420
27 16264
28 25350
29 39650
3¢ 61967
3l 897108
32 152145
i3 238818
34 374955
35 589520
36 927200
37 1459960
38 2299854
39 3626200
40 57?0274
41 9030450
42 14263078
43 22542396
44 35644500
45 56393760C
46 89262047
a7 141358274
48 223955235
49 354975428
50 562871705




woom

ol

o w o 2 © W

12
13
14
15
=
17
18
19
20
21
22
23
24
25

[ S LS I A ]

Put

11
16
23
32

135
195
B2
408
592
855
1248

Table IT

30
31
32
a3
34
Ja
36

8

a0
41
a2
43
a4
45
45
a7
a8
a9
50

Ng(m)

1814
26546
2858
5644
8246
120848
17706
26592
38155
56102
82490
121474
178502
263776
389023
574304
BA8065
1253344
1852926
2741164
A056706
65007042
8858261
13187750
19551952
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