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Abstract 

This research focuses on the realisation of 'shape-adaptable' systems through unsymmet- 
ric laminates. The residual stress field which is built-into this type of laminates, is used 
to obtain panels with two or more equilibrium states. Such systems provide a possible 
solution for the realisation of morphing structures because they allow to simultaneously 
fulfil the contradictory requirements of flexibility and stiffness. 
An analytical model to describe the equilibrium configurations of bi-stable composites 
is developed. A new formulation of the displacement field allows to extend the previous 
analytical models that could only take into account free boundary conditions. 
Three concepts for the realisation of morphing structures are presented and analysed. 
The Variables Sweep Wingbox aims at the realisation of a novel wing-swing mechanism, 
based on composite spars which allow a continuous deformation of the wing shape. The 
Bi-stable Blended Winglet proposes a lift augmentation device which both for take-off 

and cruise operations when in a configuration similar to that of a traditional winglet. 
Finally, the Variable Camber Trailing Edge shows two different methods to modify the 

camber of an airfoil by using unsymmetric patches of laminate to drive the shape change 
of the wing. 
Throughout the analysis, experimental testing has been used to validate the analytical 

and numerical findings as well as to prove the feasibility of the proposed application 
concepts. 
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Chapter 1 

Introduction 

"A prono le alt 

scendono in picchiata 

atterrano rneglio di aeroplani 

cambiano le prospettive al mondo 

voli irnprevedibili ed ascese velocissirne 
traiettorie impercettihili 

codici di geornetria esistenziale" 
Franco Battiato, "Gli uccelli" 1 

In the common language, the word "morphing", can 

have a rather large and misleading number of meanings. 

In particular, when referred to the natural environment, 

there are many examples of morphing: chamaeleon and 

fishes can change the colour of their skins to hide or 

hunt, while birds can seamlessly adapt their body shape 

to suit a particular task. These two examples, can in- 

deed he considered the state of the art of two different 

categories of "morphing": a first type which refers more 

to the appearance of an object and a second which refers primarily to the external shape 

of the object. For the purpose of this thesis, the second meaning of the word morphing 

is adopted and dealing in particular with aeronautical structures, birds will be taken as 

the primary source of inspiration. For these reasons in the following pages, the shape 

"'They open the wings, dash down, land better than aircraft, change perspectives to the world, 
unpredictable flights and fastest soaring, unperceivable trajectories, codes of existential geometry"... the 
birds. 

1 
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change of which birds' wings are capable, during different flight conditions, should be 

kept in mind as the "reference" wing morphing. 

1.1 The morphing aircraft project 

Like birds, aircraft follow specific mission profiles. While for birds these profiles might 
be "take off", "mission" (i. e. hunt or migration) and "landing", for aircraft there is not 

much difference and a mission generally consists of take-off, climb, the mission itself, 

descent and landing. To specify the design envelope for the vehicle, design points are 

chosen within each part of the mission and then, to fulfill the requirements, the best com- 

promise among the possible configurations is selected. It is therefore evident that the 

result is an aircraft which is not optimal for any of the given design point [Stanewsky, 

2000]. Off-design flight conditions have significant aerodynamic and structural draw- 

back such as increased drag penalty and off-design structural deformation [Papila et al., 
20041. These conditions are true for both long distance transport aircraft, where the 

large quantities of fuel burnt in-flight lead to a considerable change in the aircraft mass 

and aerodynamic requirements, and also for fighter aircraft, where the manoeuvrability 

requirements constraint most of the flight envelope. It is evident that the ability to adapt 
the wing shape to different flight conditions would limit these problems and also it would 

give a single aircraft the capability to achieve multi-objective mission roles thus reducing 
the operational costs of having several aircraft, each suited to a different type of mission. 
However, from current trends in this research area [Bae et al., 2005, Frank et al., 2008, 

Thill et al., 2008, Jha and Kudva, 2004], it is clearly evident that the practical reali- 

sation of a morphing structure is a particularly demanding goal with substantial effort 

still required. This is primarily due to the need of any proposed morphing airframe to 

simultaneously fulfill the contradictory requirements of flexibility and stiffness. On one 
hand for low speed aircraft, it is always possible to rely on the elasticity of the material to 

achieve small deformations by mean of simple actuators, on the other hand this solution 
is not applicable to high speed aircraft because of the imposed stiffness and strength re- 
quirements. These would require a huge power consumption which would simply lead to 

an unacceptable weight penalty. Currently, to overcome this, the most efficient solution 
is to rigidly actuate small parts of the main structure. The moveable parts are, generally, 

rigid bodies linked to the main structure via hinges. This technique, though reliable, 
introduces discontinuities in the aerodynamic flow field and in the structure, and place 
limitations on manoeuvrability and efficiency, producing non-optimal designs for many 
flight conditions. It is for these reasons that recently many projects have focused on 
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realising the so called "morphing technologies". To describe this "scenario", a few of the 

proposed solutions will be summarised in the following paragraphs. 

Overview of previous morphing research 

The German Aerospace Centre (DLR) investigated the possibility of flexible ribs through 

the "flexible rib" [Monner, 2001] and the "belt rib" [Campanile and Sachau, 2000, Cam- 

panile and Anders, 2008] concepts. They both aim to realise variable camber profiles 
by acting on the trailing edge part of wings of civil transport aircraft. This is used to 

achieve both chord-wise and span-wise camber variation to optimise LID and reduce 
the root bending moment. The finger concept mimics the human finger by relying on a 
kinematic chain to obtain a gradual deflection of the trailing edge. The ribs are realised 
by combining rigid plate elements together through prismatic and revolute joints. Each 

rib is actuated at one single point and the rotation of the driving element is gradually 
transferred to the other elements thus achieving a smooth contour variation. A scheme 

with the component elements and their assembly is shown in Fig. 1.1. Each plate ele- 

ment is actually made of three separate panel bonded together with two cut-outs for the 

prismatic and the revolute joints. The flexible ribs are connected to the upper and the 
lower skin of the airfoil by linear slide bearings, positioned along the skin according to 

the local loading conditions. 
The concept behind the "belt rib" (ref. Fig. 1.2) is the "structronic" approach where 

solid-state actuators (such as piezoceramics and shape-memory alloy) are integrated in 

a flexible structure. The result is a lighter structural system with the absence of hinges 

or bearings, together with the multi-functionality of solid-state actuators. Additional 

advantages are the surface's smoothness, the absence of wear and play and the possibility 

of having multiple degrees of freedom. The belt-rib is also a novel approach for the 

realisation of the rib structure. The aircraft industry generally uses shear web rib design 
[Niu, 1999b], which usually produces in-plane rigid members; conversely the "belt rib" 
allows in-plane deformation, though virtually restricted to one degree of freedom. The 

structural frame of the belt-rib consists in a closed shell (belt) reinforced by in-plane 

stiffeners (spokes). The spokes are connected to the belt by mean of solid-state hinges 

while their placement is obtained through an optimisation process. The purpose of this 

choice is that the belt rib structure approximates a one degree of freedom mechanism, as 
far as only the kinematics is considered. The prototype shown in Fig. 1.2 was designed 

to act as a variable-camber landing flap. The distribution of the spokes allows large 

camber changes in the aft part of the flap. The deformation is transmitted to the profile 
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Figure 1.2: DLR belt rib concept [Campanile and Sachau, 20001 

J 

of the rib (hence to the airfoil) by mean of the belt which runs continuously around the 

profile. The spokes are linked to the belt and by changing their angle with respect to 

the belt, the airfoil profile changes gradually. 
One of the biggest effort in adaptive wing technology, was represented by the Defence 

Advanced Research Project Agency (DARPA)'s Smart Wing Program which started 
in 1995. The program was divided in two phases. In the first phase Shape Memory 

Alloy-based hinge-less trailing edge, control surfaces and active variable wing twist were 
investigated through 16% scale models. During the second phase, which started in 1998, 

a bigger 30%, scale unmanned combat air vehicle (UCAV) was designed and tested in 

the wind tunnel. The tests confirmed the aerodynamic benefits shown during Phase 1. 

DARPA was also involved, together with the Air Force Research Laboratories (AFRL), 

in the Morphing Aircraft Structures program in the realisation of demonstration tests 

for an UCAV capable of long range cruise and loiter, transition into high speed dash and 
kill, and finally transition back for the long range cruise home [Bye and McClure, 2007]. 

FlexSys [Kota et al., 20031 developed a "smooth, hinge-free wing whose compliant 
trailing and/or leading edges morph on demand to adapt to different flight conditions". 
Using wind-tunnel experiments they noted a 25% increase in lift coefficient, and 51% 
increase in the lift to drag ratio as the leading edge camber was changed from 0° to 60. 
In addition to this, deflecting the trailing edge from 00 to 6°, they showed a low airfoil 
drag of 0.006 for the lift coefficient ranging from 0 to 1.5. The project was developed with 
the help of Lockheed Martin and is undergoing extensive testing. Little is know about 
the internal structure, materials and weight penalty. An example of the deformation 

achievable is shown in Fig. 1.3. 

Nextgen [Bowman et al., 2007] focused on the realisation of large geometry changes. 
To achieve this, 20 different configuration concepts have been generated. From these 

concepts a final design, termed "batwing", was chosen. The design is capable of a large 

variation of aspect ratio (200%), wing span (40%) and wing area (70%). Particular 

attention was devoted to the design of the wing skins which need to possess low in-plane 
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Figure 1.3: F1exsys variable camber wing [huta et al., 2003] 

a6 

1. 

Figure 1.1: Batwing m xlel iii tlu NASA Langley transonic tunnel [Bowman et al., 20071 

stiffness to allow for in-plane morphing but high out-of-plane stiffness to withstand the 

aerodynamic loads. Figure 1.4 shows the wing tunnel model. 
The Active Aeroelastic Aircraft Structures (3AS) was a european project aimed at 

developing novel design concepts to improve the efficiency of aircraft through continuous 

shape adjustments. One of the main concept was the development of active aeroelastic 

structures to allow aeroelastic deflections to be used in a beneficial manner. The range 
of application varied from large transport jet, airplanes to UAVs and Remote Piloted 

Vehicle (R, PV). Exploiting the aerodynamic flow to induce induce deformations could 
lead to reduce energy requirements for the actuating systems [Kuzrnina et al., 2002]. 
By changing the position, orientation and stiffness of the spars, the shear centre of the 

wing is shifted and it is possible to controll the aeroelastic behaviour. As a result, the 
bending moment and the twist distribution will change along the wing [Amprikidis and 
Cooper, 2003,2004a]. In case of long range transport aircraft, the 3AS progeamme, 
investigated through wind tunnel models several concepts such as control surfaces at the 

wing tip, modification of the inboard aileron to provide a continuous deformed surface 
and replacement of conventional tail plane with smaller all-moving version with variable 

p 0"" 



CHAPTER 1. INTRODUCTION 7 

rotational stiffness. This latter concept was aimed at reducing the overall weight of the 

aircraft due to the use of oversized vertical fin, which are generally needed to compensate 
for the reduce control efficiency at high speed [Amprikidis and Cooper, 2004b]. 
These are just a few of the research groups which are investigating the feasibility of 
morphing aircraft solutions. Each group approaches the problem from different angles 
but it is clear that a trade-off between structural/aerodynamic efficiency and aircraft 

adaptability must be made. Also, the number of proposals in this respect is quite 
large and it is hard to quantify whether any of these concepts is clearly better than 

another one. For these reasons, the realisation of shape-adaptable structures remains a 

challenging field, still open to new design concepts. 

Compliant mechanism 

Compliant mechanisms generally consist of monolithic structures which rely on their 

elastic deformation to achieve a desired geometry variation. They present several ad- 

vantages such as reduced complexity and wear. The main characteristic is the ability 
to distribute the localised actuation force to a wider area in order to produce a shape 

change with very low stress concentration [Kota et al., 20031. The distributed flexibility 

eliminates discontinuities into the structure, which are responsible for stress concentra- 
tions typical of rigid bodies assemblies. A hole to connect a hinged part, for example, 

can increase the local stresses by a factor of 4 or 5 [Young, 2001], requiring a considerable 
local reinforcement and weight penalty. Opposite to this, a compliant hinge, distributes 

the stresses more evenly and therefore the additional reinforcement is reduced to a min- 
imum. In addition, compliant mechanisms have several functional advantages such as 
lighter weight and the ability to generate backlash, friction and noise free motion. One 

of the main drawbacks of this type of system is that they rely heavily on complex optimi- 
sation procedures to achieve a good efficiency and also their ability to replace structural 
members is limited by the low stiffness of the component members [Saggere and Kota, 
1999]. On a morphing structure for aeronautical applications compliant mechanisms 

would naturally find a place within wing covers, ribs and aerodynamic fairings. 

1.2 Outline of the thesis 

Having outlined the current research area, the thesis will now investigate the feasibility 

of morphing structures realised by making use of unsymmetrically laminated composites. 
As has been shown, the area of interest is vast and a comprehensive investigation of all the 
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aspects is hard to conceive and therefore, attention will be focused on two main aspects: 

modelling and application. The next chapter will present a few basic principles required 
for the analysis of laminated composites and a review of the literature on unsymmetric 
laminates. The last part of the chapter will present a few introductory examples that 

show the potential for unsymmetric laminates. Chapter 3 is devoted to the analytical 

and numerical modelling of unsymmetric laminates. Finally, Chapter 4 will focus on the 

applicative side presenting a few concepts for morphing structures realised by mean of 
thermally induced multi-stable composites. 



Chapter 2 

Composite materials and 

unsymmetric laminates 

The key point for the realisation of a morphing structure, is to be able to find the right 
balance between structural compliance and stiffness. For this purpose composite materi- 

als seem to offer a promising solution. There are several properties which make composite 
interesting for this area of research. Their high strength and low weight remain an im- 

portant combination, but most important is the ability to tailor their properties for a 

specific purpose which makes them particularly suitable for these types of applications. 
In particular composite materials offer a low coefficient of thermal expansion (CTE), 

a characteristic which is very important for the applications presented in this study. 
Composites have excellent fatigue characteristics and provide design/fabrication flexibil- 

ity that can significantly decrease the number of parts needed for specific applications 

which translates into a finished product that requires less raw material, fewer joints and 

shorter assembly time. Composites differ from traditional materials in that composite 

parts comprise two distinctly different components, fibres and matrix. These, though 

remaining discrete, interact with each other to make a new material whose properties 
combine the advantages of both components. Thin glass fibres, for example, exhibit rel- 
atively high tensile strength, but are susceptible to damage. By contrast, most polymer 

resins are weak in tensile strength but are extremely tough. When combined, however, 

the fibre and resin each counteract the other's weakness, producing a material far more 

useful than either of its individual components. Of course this comes with a price and 
in fact, for many applications, the advantages are still offset by the added complexity 

associated with designing and manufacturing composite based structures. Composite 

materials require, generally, a more difficult manufacturing process and the fabrication 

9 
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still relies heavily on hand labour and it is difficult to automate. In addition, from a de- 

sign point of view the additional degrees of freedom require, in turn, greater capabilities 

to determine the optimal combination of all the parameters for an efficient design. When 

trying to optimise a structure made out of composites, it is not uncommon to deal with 

a number of parameters which is by far greater than that of equivalent metal structures 

and therefore for these reasons designing a structure which truly benefits from compos- 
ites, requires considerable effort during the design stage. One other major inconvenience, 

at least for aerospace grade components, is the expensive manufacturing process they 

require to achieve the aforementioned properties. To obtain the best properties, the most 

widespread and reliable process is that of autoclave curing of pre-preg fabrics. These are 

generally hand laid, even though a certain degree of automation is now possible, on a 

tool which can be made of composite or metal. The tool itself requires quite a great deal 

of attention since it has to match the thermal properties of the composite, be able to 

withstand high curing temperatures, pressures and be dimensionally stable [Pinto et al., 
2008]. Durability of the tool is also a cost sensitive factor. For example, when dealing 

with small volumes of production the cost of tooling can account for up to 90% of the 

final cost of the part [Pinto et al., 2008] because it is not possible to offset the costs over 

a large number of parts. Composite manufacturing also requires a considerable amount 

of ancillary material which is wasted at the end of each production cycle and whose 

cost can be significant. All this, coupled with the lack of know-how and automation, 

makes composites extremely expensive to manufacture and, despite their superior prop- 

erties, are often discarded as an alternative. However this is rapidly changing and recent 

advances in manufacturing are making composite structures more and more competitive. 

2.1 Basic analysis of composite materials 

To design a composite structure, different approaches are possible depending on what 
is to be investigated. For example, if the material properties need to be tailored for a 
particular set of constraints, an in-depth analysis of the way the constituent materials 
interact with each other will be required and therefore the "micro-mechanical" approach 
is more suited. If the attention is more focused on the overall mechanical behaviour, 

a more general approach is appropriate and therefore the "macro-mechanical" analysis 
will be considered. From a theoretical point of view, the two approaches are intertwined 

with each other, since the macro-mechanics of composites is based on the assumption 
made for the micro-mechanics. The main difference, in fact, resides more on the results 
which may be obtained using one or the other method. The micro-mechanical analysis is 



CHAPTER 2. COMPOSITE MATERIALS AND UNSYMMETRIC LAMINATES 11 

aimed at describing the relations which link the constituent materials, while the macro- 

mechanical analysis provides a set of equations which allow to design and analyse the 

basic components of structural systems, without paying too much attention to what is 

the composite made of. In the next paragraphs the basic principle of composite material 

analysis will be presented. 

2.1.1 Micro-mechanics 

Micro-mechanical analysis is used to design the mechanical properties of composites hav- 

ing, as a starting point, the mechanical characteristics of the basic components, namely 
the fibres and the matrix. One of the most commonly used method is the "rule of 

mixtures", a mathematical model based on simplifying assumptions on the physical be- 

haviour of the constituent materials (fibres uniform, parallel and continuous and perfect 
bonding between fibre and matrix). According to these simplifications and considering 

a unidirectional lamina with principal material direction 1 (i. e. longitudinal) and 2 (i. e. 
transverse) , the following equations are obtained 

Ell =EfVf+E,,, (1-Vf) (2.1) 

E22 _E 
fE7z 

) (2.2) 
E�mVf +E f(1 - Vf 

V12 =L fVf -F 1/m(1- Vf) (2.3) 

1_ Vf 1- Vf 
G'12 Gf + Gm (2.4) 

al = [afEfVf +a,.. Em(1 - Vf)] (2.5) 
Ei 

a2 = afVf (1 + vf) + am(1- Vf) (1 + Um) - a1 V12] (2.6) 

where the index "f" and "m" refer to the matrix and the fibre respectively and Vf is the 
fibre volume fraction. The fibre volume fraction is a particularly important parameter as 
it mainly determines the performance of the composite. If the volume fraction is too low, 
the reinforcement fibres will be ineffective. Conversely if it is too high, the lamina will 
be too dry and the load will not be transferred between the fibres. A typical value for 
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Vf for pre-impregnated composites is approximately 0.63. Equation (2.1) is obtained by 

assuming that the fibre and matrix reach the same strain level, while Eq. (2.2) assumes 
that the stress level is the same. The above mentioned assumptions work quite well 
for the longitudinal modulus and usually Eq. (2.1) is well supported by experimental 
tests. The prediction for the transverse stiffnesses and shear modulus in unidirectional 
composites are difficult because of their sensitivity to voids and the fact that Poisson's 

contractions at the transverse fibre-matrix interface are neglected. 
The mathematical models are based on assumptions and in addition they do not 

account for defects and operator errors and therefore mechanical tests are usually re- 
quired to certify that the assumed properties are in fact achieved. To compensate for 

the inevitable variability of the results, statistical analysis is used to obtain the mean 
values than can be used for engineering analysis. 

2.1.2 Classic lamination theory 

The set of equations which relate the stresses and strains in a composite structure, is 
know as Classical Lamination Theory (often referred to as "CLT") [Jones, 1999]. The 
basic assumptions (with reference to Fig. 2.1) are: 

. each material ply is considered homogeneous and the fibre/matrix interface is ig- 

nored 

" linear elastic behaviour is considered 

" only thin plates or shells are considered and therefore the material is assumed to 
be in a state of plane stress 

" Kirchhoff-Love assumptions: straight lines perpendicular to the mid-plane before 
deformation remain straight, in-extensible and perpendicular to the mid-plane after 
deformation. 

" the tangential displacements, u and v, are linear functions of the through-thickness 
(z) coordinate. 

" thickness variations of the laminate are neglected and are small compared with the 
length of the edges of the plate 

" the theory ignores the effects of neighbouring edges, stiffness and other disconti- 

nuities 
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Figure 2.1: Reference system used for the laminate material properties 

" the in-plane strains, Fes, Ey and y, y, are assumed to be small compared with unity. 

According to these assumptions the displacements u, v and w are of the form: 

'z (x, y, z) = u°(x, y) -z 
äx (x, y) 

v(X, y, z) = v°(x, y) - zdy (x, y) (2.7) 

w(X, y, z) = w°(x, y) 

where the index "0" refers to the mid-plane. Using the strain-displacement relationship, 

the strain expressions are 
E, = E(, + zko 

Ey = Fy + zky 

1'xy = 1'0 Xy 
+ zkxy 

where 

(2.8) 

o duo 
Eo 

avo 0_ a7t° 
+ 

avo 
E_ (2. s) - 

(9X y_ 09Y 
YXY - ay ax 

o 
a2w0 

o 
a2w0 

o (92w0 (2 
_. 10) kX 

aX2 
kY -2 k° -2a a yy 

loo and ko are the bending curvatures experienced by the mid-surface in the xz and yz 

planes respectively; kxOy is the twisting curvature caused by out-of-plane twisting of the 

inid-surface. 
With the previous assumptions, the stress-strain relation with respect to the local ma- 
terial axes (1,2), can be written as: 

(711 cii C12 0 fil 
0'22 = C12 C22 F22 (2.11) 

7-12 00 C66 'Y12 
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where only 4 independent constants (Ell, E22, G12, v12) are present, since 

Cll 
1-v12v2i 

y2 E22 C12 = V12C21 1 
1-v12v2 

E1 
(2.12) 

C22 = 1-visv2i 

C66 = G12 

By applying the transformation matrix T (given in Eq. 2.13) to Eq. (2.11) it is possible 
to obtain the stress-strain relations for global laminate axes at an arbitrary angle 0 with 

respect to the material axes (x, y) (ref. Eq. (2.14)) 

cost 0 sin 20 -2 sin 0 cos 0 

T= sine 0 cost 02 sin 0 cos O (2.13) 

sin 0 cos 0- sin 0 cos 0 cost 0- sine 0 

ax Q11 Q12 Q12 Ex 

ay = Q12 Q22 Q26 Ey (2.14) 

Txy Q16 Q26 Q66 1zy 

By substituting Eq. 2.8 into Eq. 2.14, the expression at any distance z from the mid-plane 
is obtained k (k) () Qii Q12 Q12 c, + zkx ax 

0y = Q12 Q22 Q26 Ey + zky (2.15) 

Txy Q16 Q26 Q66 -yxy + xkxy 

Equation (2.15) allows the stress level at each ply to be calculated for any given fibre 

orientation, and therefore it is particularly useful for design purposes. By integrating 
Eq. (2.15) with respect to z, the stress resultants are also obtained. If the thickness and 
the mechanical properties of each lamina can be considered constant throughout the 
lamina thickness, which is acceptable for most engineering analysis, the integration over 
z is reduced to a summation over the number of plies (i. e. Nj) and becomes 

Ni N 

Ni =ft 
tý2 cidz Q(3) (k) (hk - hk-1) (2.16) 

k=1 j=1 

Ni N 
M; =f ttý2 of " zdz =2 r- 1: Q(k) Elk) (hk - hk-1) (2.17) 

k=1 j=1 
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where t is the thickness of the laminate and of = E? 1 Q(k) (k) is the i-th stress com- v "i 

ponent in the k-th lamina. For convenience, the expression of the stress resultants, both 

forces and moments per unit length, are re-arranged into the following form 

N 

M 

where 
Aii 
B1j 

Dij 

AIB Eo 
-- -- -- (2.18) 

BD k° 

Ek ,1 Qij) (hk - hk-1) 

1 EN, 
=1 

Q(k) (hk 
- hý-i) (2.19) 

1 Nt (ýk) (h, 3 h3_1) 3 
ýk=1 

ij k-k 

For general laminates with arbitrary orientations for each ply, it is not possible to 

simplify for the stiffness matrices. However if conditions of symmetry with respect to 

the mid-plane or orientations are built into the laminate, it is possible to identify special 

classes of laminates which have useful properties for design purposes. The most common 
laminates used in manufacturing are those that are symmetric with respect to the mid- 

plane. In this case the B matrix terms are zero and, as shown by Eq. 2.20, the extension 

and the bending problems are de-coupled and therefore can be dealt with separately. 

NAý0 co A" e° 
(2.20) 

M0D k° D"k° 

Looking at the expanded form of the stiffness matrix for a general symmetric laminate 

(ref. Eq. 2.21), it can be noticed that a bending-twist coupling can be still present (terms 

D16 and D26). By limiting the angles orientations of the plies to 0° and 90° (i. e. cross- 

ply), this can be eliminated. 

Nx All A12 0 0 0 0 Ey 
Ny All A22 0 0 0 0 Ey 

Nay 0 0 A66 0 0 0 Exy (2.21) 
Mx 0 0 0 Dli D12 D16 k 
My 0 0 0 D12 D22 D26 ky 
Mxy 0 0 0 D16 D26 D66 kxy 

A class of laminates, generally avoided in manufacturing, but of particular interest for 
this study, is that of unsymmetric cross-ply laminates. In this case the terms B11 and 
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B22 are present and therefore an in-plane force will cause an out of plane displacement 
(extension-bending coupling). Unsymmetric laminates will be analysed in depth in the 
following paragraphs. 

2.1.3 Environmental effects 

Most of the special properties of the structures presented in this study, are obtained 
thanks to the high curing temperature to which aerospace grade composites are subjected 
during their manufacturing process. For this reason, it is of paramount importance to be 

able to quantify the environmental effects such as those of temperature, and Eq. (2.14) 

can be modified by including the free thermal strain as 

ax Q11 Q12 Q12 ex -cT 

O'y = Q12 Q22 Q26 Ey - ayOT (2.22) 

Txy Q16 Q26 Q66 'Yxy - axyzT 

where the coefficients of thermal expansion, for the global laminate axis, can be computed 
starting from those for the local material axes as 

a, = al cost 9+ a2 sin2 B 

ay = al sin2 0+ a2 cos2 0 (2.23) 

axb =2 (al - a2) cos 0 sin 0 

The classical lamination theory can then be modified to include the free thermal stress 
resultants to give 

NAB Eo Nth 
(2.24) 

MB k° Mth 

where 
Nih Ni N (k) (k) ýk=1 ýj_1 Q2 aý (hk - hk-i) AT 

2.25 () 
M+h -1 Lsk ̀ =1 LJ 1'%ij a. (ik) (k- hk-i) AT 

are known are thermal stresses and resultants. 
Moisture content has similar effects to those of thermal stresses and it can be modelled 

is a very similar way. For the study presented however, only dry laminates have been 
considered since taking into account of both moisture and thermal effects would require 
an extremely large number of experimental tests, which is beyond the scope of the work. 
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2.2 Unsymmetric laminates 

Unsymmetric laminates are not new to the composite research field but are mainly used 
for non structural applications such as material properties testing. The main charac- 
teristic is the non-symmetrical stacking sequence that often generates warpage during 

cool-down from high curing temperature. A part manufactured in this way, will therefore 
have a poor geometric tolerance and will inevitably be discarded. It is for this reason 
that unsymmetric laminates are avoided in the design guidelines for composite struc- 
tures. However, there are circumstances for which the room-temperature shape is not 
randomly distorted but has a more regular pattern in the deformation. This is the case 
of unsymmetric cross-ply laminates whose post-cure shape is cylindrical [Hyer, 1981a]. 
This suggested that what has historically been regarded as an unwanted feature, could 
actually be an advantage for special design requirements. In addition, being able to 

reduce the manufacturing costs is a considerable advantage as mentioned in the previous 
chapter. Cost-reduction and special design features therefore provide a valid justification 
to further investigate their behaviour. 

2.2.1 Previous work on unsymmetric laminates 

Since 1980 several papers have investigated the room-temperature shapes of plates with 
unsymmetric stacking sequences. Hyer [1981b, 1985] observed the room temperature 

shape of several unsymmetric plates and developed a Rayleigh-Ritz technique to model 
the energetic content of the structure and to predict the room-temperature equilibrium 
shape for square cross-ply laminates. Hyer and Bhavani [1984] showed that the Classic 
Lamination Theory fails to predict the displacements of unsymmetric laminates because 

the magnitude of the displacements does not fall within the linear assumptions. By 

adding von Karman non-linear terms in the strain formulation and using a Rayleigh- 
Ritz technique with polynomial approximation of the displacement field, he developed 

a model able to describe the post curing shape of the laminates. Dang and Tang [1986] 

presented a modified formulation to include laminates with arbitrary lay-up and angles, 
however they obtained a system of equations which proved difficult to solve and were 
unable to determine physical solutions. The original model from Hyer assumed the shear 
strains to be zero, an assumption which was proved partially acceptable by Jun and Hong 
[1990], who increased the number of terms in the polynomial functions. They showed that 

shear strain is significant in the range of medium width-to-thickness ratio and therefore 

additional degrees of freedom should be considered in the spatial variation of strains 
and displacements. Later Jun and Hong [1992] developed a formulation of the model 
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which included all the spatial variations of strain. Schlecht et al. [1995] confirmed the 

results obtained by Hyer using Finite Element Analysis and later Schlecht and Schulte 
[1999] applied the same analysis to different laminate sizes, shapes and arbitrary lay-up 

angles. The work done by Schlecht and Schulte also showed that with Finite Element 
Analysis it is possible to obtain a deeper insight of the phenomenon by computing the 

curvatures and stresses in all the areas of the domain. They also simulated the elastic 
response of the panel when subjected to an external force. As experimentally observed, 
the cylindrical configuration that unsymmetric laminates exhibits at room temperature, 

can be snapped to another cylindrical configuration by a simple snap-through action. 
The two configurations have their generators parallel to the x and y-axes respectively 
while the curvatures are equal and opposite. This behaviour, which is referred to as 
"bi-stable", is of great importance for the study herein presented, as will be explained 
later. 

In the 1990's numerous papers focusing on the analysis and modelling of the snap- 
through phenomenon have been published. Dano and Hyer [1996] modelled the snap- 
through from one cylindrical configuration to another one using a Rayleigh-Ritz approach 
to model the strain energy of the system and the work performed by external forces to 
induce the snap. For their study, the snap-through was initiated by shape memory wires 
attached to the panels in such a way that the shrinkage of the wires exerted the neces- 
sary snap-through forces. Dano and Hyer [1998] improved their original model by adding 
more terms in the strain expressions and also by deriving the expression of the in-plane 
displacements through the integration of the in-plane strains. The addition of several 
terms, in the strain expressions, made it possible to predict the configurations of general 
unsymmetric laminates with arbitrary ply orientations. Later Dano and Hyer [2003] 

proved that the number of terms actually required could be reduced and the same model 
was then extended to include the snap-through analysis using shape memory wires. Re- 

cently, numerous analytical and numerical studies [Schultz and Hyer, 2003, Portela et al., 
2008, Hufenbach et al., 2006], investigated piezoelectric patches as actuation systems. 

More recently, the possibility of using unsymmetric laminates for the realisation of 
adaptive structures has been investigated. Hufenbach and Gude [2002] developed a ge- 
netic algorithm to scan the multidimensional search space of different laminate lay-ups 
to realise a desired curvature and confirmed that optimisation procedures enable the 
efficient design of composites for the adjustment of the curvature to technical demands. 
Finally, Schultz [2008] and Diaconu et al. [2008] proposed several applications of unsym- 
metric laminates for aerodynamic applications. 

Using unsymmetric laminates is one of possible way to obtain bi-stable structures. 
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In fact they can also be realised by taking advantage of particular geometrical proper- 

ties of the structures or by prestressing the material [Kebadze et al., 2004]. Schioler 

and Pellegrino [2004] proposed beam-like or surface-like structures that included a large 

number of bi-stable elements. The bi-stable elements were realised through low-cost 

snap-through struts, whose two different lengths provided the required bi-stable feature. 

The assembly thus obtained, was made by 30 bi-stable members which made it possible 
to obtain over 1 billion different configurations. Potter and Weaver [2004] adopted a 

slightly different approach to generate bi-stable plates. The idea consisted in using local 

patches of unsymmetric laminates within a symmetrically laminated panel. This was 

obtained by interleaving the basic laminate with thin unidirectional strips transversely 

oriented with respect to the adjacent plies. The transverse strips induce a residual stress 
field in a localised area by constraining the shrinkage of the neighbouring ply during 

the cool-down. This in turn, causes the strips to buckle, giving rise to distortions of 
the whole laminate. This technique can, in principle, be used to obtain multiple stable 

configurations for the panel. 

2.3 Thermally induced bi-stable composites 

Manipulating the thermal strain field represents a convenient way of generating out-of- 
plane deformations, in addition the energy required for doing so is already required to the 

cure of the composite part. Furthermore, the amount of data available in the literature 

makes a good starting point for the development of a more "application oriented" study, 
such as the one herein presented. This section will provide a more physical insight into 
the generation of the out-of-plane deformations generated within unsymmetric laminates. 

Gigliotti et al. [2003] provided a useful insight to understand the mechanisms that 

contribute to causing stresses in unsymmetric laminates. The main causes given are: 

" mismatch of thermal properties of the laminate plies 

" chemical shrinkage of the matrix resin system 

" tool-part interaction 

" non-uniformity of the cure degree, temperature or fibre volume through the lami- 

nate thickness 

A detailed consideration of each element would require a large number of experiments 
and modelling which is outside the scope of this study. In addition, for the laminates 
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considered here, which are thin, orthotropic and epoxy based, it can be assumed that 
the main cause for residual stresses is due to the mismatch of the thermal properties 
and therefore the remaining items will not be included in the analytical and numerical 
modelling presented later. To understand the mechanical process better, it is worth 
considering a simple composite square plate made of two plies, one at 00 and the other 
one at 900 (refer to Fig. 2.1). The autoclave-cure procedure is as follows: 

" Application of full vacuum (1 bar) and 7 bar autoclave pressure. 

" Heating at 1-3 °C/min to 110 °C then pause for 60 minutes. 

" Heating at 1-3 °C/min to 180 °C and hold for 120 minutes. 

" Cool at 2-5 °C per minute 

" Vent autoclave pressure when the component reaches 60 °C or below. 

A scheme is shown in Fig. 2.2. 

Temperature Autoclave pressure for 
Temperature pressure 

'} monolithic parts 

Autoclave pressure for 
honeycomb parts 

7 bar 

180'C 
(35öF) 

3.2 bar 

»o^c 

_.. _.. _.. _..... _.. _.. _.. _.. _.. - -- . _.. _.. _..... _.. _.. _.. _.. _..... _... 
1 02 bar 

t bar 
Vacuum Vacuum 

Figure 2.2: Cure cycle for monolithic and honeycomb components 

At the maximum curing temperature, the resin matrix which holds the fibres to- 
gether, is in its liquid state and there is no stress at the interface between the plies. 
Once the curing process is completed and the specimen is cooled down, the matrix 
starts shrinking and the interaction between adjacent plies starts. As a first approxima- 
tion we can consider that the thermal properties of the laminated plate are essentially 
determined by the fibres and the matrix: along the 0°-direction the thermal expansion 
is dominated by the low coefficient of thermal expansion (CTE) of the fibres, whereas 
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Figure 2.3: Room-temperature shapes for the 2 layered [Oe/90e1r square panel 

along the 90°-direction the CTE is close to that of the matrix, which is usually two 

orders of magnitude greater than that of the carbon fibres. Typical properties for a 

pre-preg carbon-epoxy laminate are shown in table 2.1. The overall effect is that each 

lamina will try to shrink in the direction perpendicular to the material fibres (90°) and 

will remain almost unchanged in the direction parallel to the fibres (0°). If the laminae 

were on its own, transverse shrinkage of the panel would take place. In fact, the lamina 

underneath, rotated by 90°, will constrain the deformation and a considerable stress is 

built at the interface between the two layers. The unsymmetric stacking sequence will 

then produce bending moments within the laminate which, for small deflections and 

linear approximation, would find equilibrium in a saddle shaped plate. As mentioned 

before, the magnitude of the displacements will create geometrically non-linear effects 

resulting in two cylindrical configurations each with generators oriented at 0° and 90° 

respectively (ref. to Fig. 2.3). 

From a design point of view, these two states of equilibrium represent the capability 
for the panel to be flexible and stiff at the same time, which is one of the most important 

requirements for shape-adaptable systems. The amount of curvature obtainable with a 

single panel is a non-linear function of the thickness and the aspect ratio. To (late no 

analytical expression which quantifies the phenomenon is available and therefore a trial 

and error process is employed to investigate the possible configurations. Several papers 

which try to correlate the geometric dimensions with the curvature and the hi-stability of 
the panel have been published. Hafenbach et al. [2002] performed an in-depth parametric 

analysis on the stability of glass and carbon fibre unsymmetric cross-ply and angle-ply 
laminates. In the study, thermal stresses as well as moisture and chemical shrinkage 

are considered in the formulation of the internal strain energy and then an optimisation 
technique is used to determine the stable stationary points of the strain energy of the 

(h) 2"d Configuration (a) I" Configuration 
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laminate, which correspond to the equilibrium configuration. Applying this analysis to 

panels with different aspect ratios and layer thickness ratios allowed the two diagrams 

shown in Fig. 2.4 and in Fig. 2.5 to be obtained. Figure 2.4 correlates the edge length 

with the curvature and shows that for a given laminate and material, the bi-stability (i. e. 

cylindrical configurations) of the panel is possible if the edge length is above a certain 

value (point B in the diagram), below this, only a saddle shape configuration exists. 
This highlights the importance of the thickness-edge length ratio for the bi-stability of 

the panel. Figure 2.5 shows a similar result, however this time it is the ratio between 

thicknesses of the layers with different orientations (here 0° and 90°) that determines 

the bi-stable region. In particular, it is shown that it is possible to obtain two cylindrical 

configurations only for layer-thickness ratios between 0.27 and 0.73 approximately. 

0.008 

0.006 

0.004 

0.002 

F. 

0 50 100 150 200 250 300 
Edge length L (mm] 

AD 

a, (Fig. 1 d) 
-be (Fig. lc) 

ea - -be 

B 
(Fig. lb) 

; (Fig. Ic) 
-b, (Fig. Id) 

------------- 

Figure 2.4: [02/902] CFRP-laminate curvatures vs. laminate edge length L [Hufenbach 

et al., 2002] 

Gigliotti et al. [2004] performed a similar study but expressed the most important 

parameters with non-dimensional quantities such as the non-dimensional curvature a* _ 
at' and the non-dimensional length L* _a - T. In addition, they found that, for t-T 
cross-ply square plates, it is possible to establish the following relationship 

ILA) . ýto/t90)3 = const 2.26) 

where LÄ, is the minimum length for which a square panel with a given thickness ratio 
to/t9o is bi-stable. This relation allows the range of existence of multiple solutions to be 
found for a given thickness ratio by knowing the corresponding values for a reference case. 
The importance of the aspect ratio was also investigated by analysing rectangular plates 
with an aspect ratio of 10. The plates were effectively narrow strips and their room- 
temperature was predominantly cylindrical with a lateral bow caused by the anticlastic 
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Figure 2.5: Curvatures of a CFRP laminate with variable layer ratio [Hafenbach et al., 
20021 

effect. This configuration is in agreement with that predicted by the classic lamination 

theory and shows that for high aspect ratios there is a loss of bi-stability and the non- 
linear effects are almost negligible. 

2.4 Preliminary remarks on past research 

To suintnerise, it, is worth mentioning a few remarks on the previous work done in the 

area of unsymmetric laminates. The room-temperature shapes of unsymmetric laminates 

is a well understood phenomenon. All the previous research agrees on sonne preliminary 

conclusions for the equilibrium configurations and the dependency on geometric param- 

eters: 

" the amount of curvature is inversely proportional to the thickness 

9 the presence of the anticlastic curvature, which is a ineasure of the non-linearity, 
is recovered for high aspect ratios. 

" there are critical values for the thickness ratio and side length below which there 
is a loss of bi-stability 

The main areas of investigation are modelling, actuation and applications. The first, 

which is the most developed, is mainly based on Rayleigh-Ritz or numerical approaches 
to capture the stable configurations. The actuation study, which also models the elastic 
response, is focused on the use of piezoelectric patches and shape memory wires. The 

®O 

aper Chic nr� r: wo hh 
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Table 2.1: Typical material properties for a pre-preg carbon fibre lamina 
Material Eli E22 G12 v al CY2 t 

[GPa] [GPa] [GPa] [1/0C] [1/1, C] [mm] 
T300/914 130 10 4.4 0.3 -1.8e-8 30e-6 0.125 

latter part, the applications, can doubtless be considered "work in progress": only a few 

concepts for applications are presented and few of them are beyond the conceptual stage. 
On the modelling side, it is worth mentioning that most of the mathematical models, 

if not all, are applied to simple square and rectangular panels. Each case assumes free- 

free boundary conditions meaning that the panel is left free to deform and only the 

rigid body motions are constrained. In the author's opinion, to take real advantage of 

the characteristics of bi/multi-stable unsymmetric laminates, it is necessary to adopt an 

approach similar to that of Potter and Weaver [2004], in which the unsymmetric laminate 

is part of a pre-existing structure thus making it possible to combine the benefits of 

composite structures with the shape-adaptability of unsymmetric laminates. For this to 

be accomplished, it is important to understand the relationship between unsymmetric 
laminates and the potential neighbouring structure. This could, for example, lead to 

the loss of bi-stability or conversely the non-linear behaviour could be detrimental to the 

performance of the original structure. In addition to this, it is necessary to have a deeper 

understanding of the snap-through phenomenon (if and how it is possible to control it) 

and of geometric quantities such as thickness, edge length and shape, which influence 

greatly the geometry and the stability (i. e. robustness) of the configurations. As far as 
the actuation is concerned, it must be mentioned that the solutions proposed highlight 

how it is possible to obtain elegant solutions for self-contained devices (i. e. laminated 

piezoelectric patches), however, no mention is made of the practical feasibility of some 

systems. If on one hand piezoelectric patches seem to be the best solution for their 

ease of application, the energy required for the snap-through could be prohibitive if the 
thickness of the plate increases [Portela et al., 2008]. On the other hand, an actuation 

method based on concentrated forces, seems to be an efficient way of initiating the snap- 
through but it is more difficult to realise. These aspects must be considered at an early 
design stage to prevent trivial constraints from hindering the practical application of 

unsymmetric laminates. 
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2.5 The potential of unsymmetric laminates and bi-stable 

structures 

This section will present a few preliminary examples of what is possible to realise through 

unsymmetric laminates. The examples are mostly simulated with FEA (Finite Elements 
Analysis) and will point out some of the difficulties inherent in the numerical modelling 
when multiple equilibrium paths are possible. 

Variable curvature shell This example is focused on showing the benefits of realising 

complex geometries by making use of simple flat tools. The traditional manufacturing of 

autoclave cured composite parts, requires the fabric layers to be laid up on a 3D female 

or male mould, previously machined or assembled from smaller components. The tool 

must satisfy a number of requirements such as compatibility with the thermal properties 

of the composite, resistance to the high pressure and temperature during the curing 

cycle and eventually guarantee a life span compatible with the production volumes for 

which it has been designed [Niu, 2000]. In addition to this, composite manufacturing 

requires a large quantity of ancillary material (vacuum-bag, breather sheet, debonding 

layer, sealant etc. ) which is wasted at the end of each production cycle. For the most 

simple shapes, such as flat panels, it is possible to make use of re-usable vacuum-bags 

which greatly reduces production time and wastage. For complex geometries, conversely, 
this is not possible and the costs are considerably higher. To show what is possible by 

simply tailoring cross-ply unsymmetric laminates, a few examples will be shown in the 
following paragraphs. The first example is a panel with dimensions 180 x 360 mm 
which has been manufactured using unidirectional pre-pregs carbon fibre laminae. The 

material properties are shown in table 2.1 while the curing cycle is that typical of carbon- 
epoxy composites (ref. Fig. 2.2), with a maximum curing temperature of approximately 
180 °C. The laminate is made of 8 layers with orientations at 00 and 900 and it is 
divided in two areas with different ratios between the layers at 00 and 900. The stacking 
sequence is shown in Fig. 2.6. The difference in the layer orientation ratio will, as 
shown by the various analytical models mentioned in Section 2.2, produce a variation 
in the transverse curvature and the neat result will be a shell with two different radii of 
curvature, one for each stacking sequence. This can be predicted quite easily with FEA 

simulation and Fig. 2.7 shows the shape obtained for the experimental specimen next to 
that predicted numerically. The concept can be extended to any number of lamination 
areas (and potentially orientation), an example with four different curvatures is shown 
in Fig. 2.8 
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Figure 2.6: Stacking sequence for the variable curvature shell 

(a) h: xpcrinlc-nt 1I , pec iinc ii (b) Numerical model 

Figure 2.7: Variable curvature shell obtained from unsymmetric laminates 

The previous examples have in common the fact that the residual stress in the lon- 

gitudinal direction is rauch greater than that in the transverse direction and therefore 

only one curvature is visible. If the two residual stress fields have a similar magnitude, 
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(a) Stacking sequence 

Figure 2.8: FEA of a shell with four different longitudinal curvatures 

the scenario changes completely. This is shown in Fig. 2.9, the left hand side of the shell 
has a predominant number of layers with fibres at 90° and therefore only the curvature 

along the 0° direction is visible. Moving towards the right end of the shell, the number of 
layers in the 0° direction increases and so does the transverse curvature. The right end 

(b) Numerical model 
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shows the opposite behaviour compared to that of the left end and only the transverse 

curvature can be observed. The key part of this shell is represented by the two central 
laminate zones. Here the number of layers is more balanced and this results in two 

residual stresses of comparable magnitude. The final result is that the stresses along the 
0° and 90° directions find equilibrium either in the first configuration or in the second 
configuration meaning that it is possible to have bi-stable behaviour (ref. Fig. 2.9). 

Square plate with reinforcement strips This example shows the effect of adding 
local reinforcement strips with transverse orientation with respect to layers underneath. 
A square panel is laminated according to according to Fig. 2.10. The panel is made 

of two plies with fibre at 0° with two additional strips at the sides with fibres at 90°. 

During the cool-down, the transverse shrinkage of the layers at 0° will compress the two 

strips creating an asymmetric loading condition that will cause the two strips at 900 to 

buckle. The low bending stiffness in the 900-direction produce a cylindrical shape as 

a resultant of the thermal action. Likewise for the previous example, a second stable 

configuration is obtained, this is almost flat and the two lateral strips exhibit a very 

small curvature in the opposite direction (ref. to Fig. 2.11). 

These two examples highlight a very important aspect of the residual stresses: if 

stress resultant in one direction is similar in magnitude to that in the other direction, 

then multiple equilibrium shapes are obtained and it is possible to snap from one shape 
to the other by the simple application of a concentrated load. 

IFH The INTEGRAL FOLDING HINGE or TAPE SPRING HINGE has been extensively 

studied [Soykasap, 2007, Seffen et al., 2000] and found application in deployable com- 
ponents for aerospace applications. It consists of a straight strip section of a cylindrical 
shell whose most common application probably is the "tape-measure". The main charac- 
teristics is its moment-rotation behaviour as shown in Fig. 2.12. For small rotations it 
is linear elastic whereas the moment is almost constant for large rotations. This means 
that for applied loads below M*, the structural behaviour will be that of a beam, and 
for loads greater than M* it will behave like an elastic hinge making it possible to obtain 
large deformation with minimal energy input. This unique characteristic is mostly due 
to the transverse curvature radius and therefore can be realised with any material. It is 

rather difficult to use metals for structural applications since the increase in thickness, to 
achieve acceptable bending stiffness, would require an unacceptably high value for M*. 
By making use of composite materials, the properties can be tailored to a large extent 
and therefore using tape springs as main structural components is possible. 
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Figure 2.11: Stable shapes for the laterally reinforced panel 
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Figure 2.12: Qualitative moinent-rotation behaviour of tape springs 
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Remarks on the examples These examples have highlighted some of the potential 

of unsymmetric laminates and bi-stable structures. They clearly show that, with simple 

ply orientations and by making use of appropriate stacking sequences, it is possible to 

obtain a significant modification of the original shape. In the examples shown, the fibre 

orientation is limited to cross-ply laminates for good reason. By making use of angle- 

plies, it is in fact possible to obtain a much greater range of shapes, however the design 

envelope is so vast that considering all of the possibilities at once would be confusing 

and therefore only 0° and 90° angles have been considered throughout this study. The 

attention is focused on understanding the behaviour and the physical limits of this class of 
laminates and once this step is completed, it will be simple enough to consider additional 
degrees of freedom. The possibility of having more than one geometric configuration for 

the same panel, means that it is possible to snap from one configuration to another by 

means of an actuation system. More importantly, the actuator is only required to provide 

energy during the snap-through process and not to maintain the shape. It, is important 

to note that these devices do not add mechanical complexity to the host system, because 

they are intrinsically simple and do not rely on external components to achieve their 

properties. Furthermore, no special manufacturing method is required and therefore the 

additional cost for their use should be very limited. 

From the analysis of these example, a few important, issues arose: 

" using the guidelines obtained from the previous works, the prediction of the (equi- 
librium shapes does not present particular difficulties if only one configuration is 

possible, at room-temperature. If more than one exists, the analysis is not trivial 

and several ways to obtain a solution are available but not all of there guarantee 

satisfactory results. 
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" the analysis of the bifurcation loads, when investigating the snap-through, is dif- 
ficult and requires considerable user input. In addition, a careful consideration of 
the boundary conditions applied to the FEM (Finite Elements Model) is necessary. 

" The wide variety of boundary conditions, geometric configurations and the difficul- 

ties associated with the numerical analysis, show the need for extended analytical 
solutions to help with the preliminary design stage. 

The following chapters will describe attempts to investigate these issues and provide 
potential solution where possible. 



Chapter 3 

Modelling 

Modelling the mechanical and physical characteristics of unsymmetric laminates is, in- 

deed, the first step required to investigate their potential. This chapter presents an 

analytical model and a numerical procedure developed for this purpose. It is worth 

mentioning that the development of the analytical model required, at times, the use of 

numerical analyses to verify which of the simplifying assumptions were acceptable. This 

lead to an almost simultaneous development of the analytical model and the numeri- 

cal procedure, which explains why the numerical analysis is also used to validate the 

analytical model. 

3.1 Analytical modelling 

This section will present an analytical formulation to model the displacements and the 

equilibrium shapes of unsymmetric laminates. The starting point is represented by the 

model developed originally by Hyer [1985] and later modified by Dano and Hyer [2002]. 

First, the original model is presented, then the shape functions that model the out- 
of-plane displacements are modified to include variations of the curvatures within the 
domain. The new analytical formulation is compared with results from the literature 

and finite element analysis for a square plate and it is then tested for laminates with 

piecewise variation of lay-up in the planform. The results are validated against finite 

element analysis and experimental tests and a good correlation is obtained. Finally, a 

parametric study is made on the effect of changing the orientation of the fibres and the 
laminate thickness. 

33 
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3.1.1 Dano-Hyer's model for the square plate 

34 

The model originally proposed expresses the strain energy of an unsymmetric panel sub- 
jected to thermal loads. Using a Rayleigh-Ritz technique, the total potential energy (II) 

of the composite structure in plane-stress and subjected to a difference in temperature, 
is expressed as a function of the mid-plane strains (0), the curvatures (k°) and the 
laminate stiffness 

ä1 
ý° 

TAB 
e° gý° 

T Nth 
dxd (3.1) 

,ýä ,ý2BD 
k]L0jL0i Mth y 

In order to be able to predict the stable configurations after cool-down, the mid-plane 

strain component eO and k° are expressed as polynomial functions with unknown co- 

efficients that have to be determined by minimising the total potential energy. It is 

noteworthy that the function chosen for the approximation must satisfy at least the 

essential boundary conditions. As mentioned in the previous chapters, the possible func- 

tions chosen to model the out-of-plane displacement and strains are several but to the 
best of the author's knowledge, those introduced by Dano and Hyer [2002] performed 
best. The approximation function chosen to model the out-of-plane displacement is 

w(x, y) _ -2(w2ox2+w0ey2+w11xy) (3.2) 

where w20, w02 and w11 are unknown coefficients which represent, respectively, the neg- 

ative of the curvatures in the x and y directions and the negative of the twist curvature, 

as 
= -02wo 

Q- aa, wo o- 192Wo = wll (3.3) kx = W20 ky = -° = w02 kxy - -2 D-Xry 

It is very important to note that this choice of displacement function assumes the cur- 

vature to be constant throughout the domain. To obtain the shear deformation, 'yyy, 
compatibility relations are applied. The total strain vector e= co + zk° includes von 
Karman non-linear terms for the mid-plane strains. This requirement is a mandatory 
feature as Hyer and Bhavani [1984] showed that the classical lamination theory fails to 

capture the room-temperature shape of cross ply laminates. The mid-plane strain vector 
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formulation then becomes 

Ey 
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while the curvature vector is 

1W20 
k° W02 (3.5) 

wll 

The expression assumed that the strain is given by 

Ex = Ex00 + Ex20x2 + Ex11XY + Ex02Y2 
(3.6) 

Co = Eb00 + Ey20X2 + fyllXY + fy02y2 

The in-plane displacement functions are then 

2 
u°(x, y) =f 

16x 
-äý) dx + h(y) 

2 
(3.7) 
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I 

v°(x, y) =f 
I--0 

-1 
(w) dy + 9(x) 

The unknown functions h(y) = u01y + u03 y3 and g(x) = V10 X+ V30 x3 are chosen to 

obtain the required degrees of freedom for the displacements. Rigid body rotations are 

eliminated by equating the coefficients of the first order terms of the variables x and y. 
The shear strain is simply 

äu° äv0 8w0 äw0 
) 

09X öy .8 'Yxb = äy + ä- +3 

3.1.2 Extension of the existing models 

As shown in the previous section, the procedure to express the total potential energy 
II as a function of the displacement coefficients, material properties and temperature 

change, is well-established and so far it has been successfully applied to panels with 
uniform stacking sequences. The study presented herein modifies the existing models to 

consider piecewise variation of the lay-up in the planform, thus accounting for boundary 

conditions embedded into the structure. The purpose is to provide an engineering tool 
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that can help at the preliminary design stage of unsymmetrical laminated structures. 
With such a model it is possible to analyse the equilibrium configurations of structures 
for more practical applications, such as those described by Diaconu et al. [2008]. It has 
been observed that, to model boundary conditions that are not simply free edges, the 
hypothesis of constant curvatures has to be removed since it is too restrictive. This is 

clearly understood by examining the bending behaviour of a plate in the region close to 
the edge where a constraining moment is applied. From the kinematics it is known that 
the bending moment in a plate is proportional to the curvature and therefore whenever 
a moment is applied to an edge, a variation in the local curvature is expected. For this 

reason the curvature must be allowed to vary across the domain and therefore a fourth 

order displacement function is chosen as a basis to extend the model. The out-of-plane 
displacement function can be regarded as the result of the product of two parabolas 
along the principal directions (i. e. parabolic variation of the curvatures) 

w(x, y) = P(x) - G(y) (3.9) 

where 

P(x) =po+pix-+2x2 (3.10) 
G(y) =90+91Y+92y2 

To simplify the computation of derivatives and integrals by symbolic manipulation 
software, the previous expression is re-arranged as 

w(x, y) = woo+WO1y+W02y2+W1OX+WllXy+Wl2xy2+W20x2+W21X2y+W22X2y2 (3.11) 

Within this notation, the first subscript refers to the order of the x-variable while 
the second one refers to the order of the y-variable. The polynomial functions chosen 
by Dano and Hyer to model the strain displacements provide an adequate number of 
degrees of freedom and therefore their expression is unchanged. For completeness they 
are presented, with the different notation adopted here, as 

Ex = Ex00 + Ex20x2 + Ex11XY + Ex02Y2 
3.12 

Co = Ey00 + fy20X 2+ Ey11XY + Ey02Y2 

The shear deformation is determined using the procedure outlined before. The 
drilling degree of freedom is eliminated by imposing uol = vlo. This model has 20 
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unknown coefficients. 

3.1.3 Application to a square plate 

To validate the effectiveness of the modified model and before applying it to more com- 

plex types of structures, a square plate with all edges free is considered. The results 

obtained are then compared with Hyer's model and FEA. The total potential energy is 

assembled and minimised with the help of the symbolic manipulation software Maple 

9.5. The equilibrium configurations are obtained by using a non-linear optimisation sub- 

routine "NLPSo1ve" that finds the local minima of a non-linear function. This greatly 

simplifies the solution of the system of non-linear equations that are obtained when min- 
imising the total energy. Furthermore, the boundary conditions and the other constraints 
imposed on the model can be directly implemented as constraints in the optimisation 

process. In this way, it is easier to automate the process for parametric studies and 
it is possible to avoid the difficulties encountered when finding the solution through a 
Newton-Raphson scheme (typically the sensitivity with respect to the initial guess). The 

comparison is carried out for a square plate with side length L of 180 mm and stacking 

sequence [04/9021T. Table 3.1 shows the values of the total potential energy and of the 

principal curvatures (k.,, and ky) for the two equilibrium configurations. Figure 3.1 shows 

a superposition of the three equilibrium shapes obtained respectively with Hyer's model, 
the extended model and FEA. Figure 3.2 shows three sections of the plate obtained at 
the centre and at 80% of the semi-span of the panel respectively. To highlight the differ- 

ences between the three models the vertical displacement has been amplified by a factor 

of 5. As can be seen, the differences between the three models are very small all over 
the panel and the greater difference is found within the regions close to the edges. Here 

the configuration computed with the higher order model has a slight parabolic variation 
of the edge shape whereas the panel obtained with Hyer's model shows an almost per- 
fectly straight edge. The FEA predicts an edge that is almost flat in the central part 
and slightly curved towards the corners. In this area the displacements are particularly 
difficult to match with those obtained with the FEA because of the steep variation of 
the curvatures. Both the model developed by Hyer and its extension are not able to de- 

scribe accurately the local displacement in this region since they have been developed to 

obtain a good approximation of the overall deformation and not of the local effects close 
to the boundary. A detailed analysis of the boundary layer area requires a different type 

of approximation functions and it is beyond the scope of this study. Figure 3.3 shows 
a comparison of the values of the curvatures for the two analytical models at a section 
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Figure 3.1: Hyer's model and Extended model overlaid onto the FE model 
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taken at the centre of the plate. It is clear that the higher order model predicts quadratic 

curvature while the previous model has a constant value throughout the domain. 

3.1.4 Application to a compound plate 

The results obtained for the square plate show a satisfactory agreement between the two 

analytical models and therefore the higher order model is applied to the analysis of panels 

with piecewise variation of the laminate in the planform. A test structure for this purpose 
is obtained by joining together two square plates with different stacking sequences. The 

panel measures 360mm x 180mm and the coordinate systems used throughout this section 

are shown in Fig. 3.4. The material properties are those of typical pre-preg carbon- 

epoxy laminates and are listed in Table 2.1. The left hand side of the plate has a 

symmetric stacking sequence [02/90°]SyAf while the right hand side has an unsymrnetric 
lay-up [04/904]T'or. This is equivalent to imposing an elastic boundary condition at the 

edge where the two plates are joined together. An experimental demonstrator of the 

aforementioned structure has been built and its equilibrium configurations are shown in 

Fig. 3.5. 

Let A be the domain representing the whole structure so that A= Ai U A2 where 
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Ai represents the symmetric plate and A2 the unsymmetric plate. Using a domain 
decomposition, if the functions that describe the displacements are piecewise smooth over 
the domain A, it is possible to take into account the interaction between the symmetric 
and unsymmetric portions of the panel. The displacement field of each part of the plate 
is modelled according to Eq. (3.7) and (3.9). For clarity, the function for the assumed 
out-of-plane displacement for each plate is presented 

wit)(x, yti) = w(i 00 01 02 10 11 +w(i yi+W(i yi +W(i x+w(i xyi+w12xyi +w2öx2+w(i 21 x2yi+W22x2yi 

(3.13) 
The strain functions are 

ex(t) = Ex00 + E(20X + E(11X J '+' C 02Y 

E0 
(i) 

= E(1) + E('+) X2 + Eýtý 2+ E(i) 2 
(3.14) 

yoo y20 yll y v02Y 

where the index i refers to the symmetric (i = 1) or unsymmetric (i = 2) part. The 

strain energy is formulated for each substructure separately, thus accounting for the 
different stacking sequences and then, the two contributions are summed to obtain the 
energy for the complete structure, II = Ill + 112 

1 E(1) 
T 

A(1) B(1) e(1) E(1) 
T 

Nth 
(1) 

n=f fAl 2 (i) B(1) D(1) k(1) - (1) Mth 
dxdy+ 
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T 
A(2) B(2) E(2) 
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d2; d fJ 
A2 2 k(2) B(2) D(2) k(2) k(2) Mth 

y 

(3.15) 

The strain energy II is now a function of 42 unknown coefficients and its local minima 
correspond to the equilibrium configurations of the plate. To simplify the minimisation 
process, the following assumptions are made 

" The geometric centre of the symmetric part is clamped to eliminate rigid body 
translation (i. e. woo = 0) 

" From the experimental observation, it has been noticed that the equilibrium con- 
figurations are symmetric with respect to the y-axis (i. e. w(') = 

J) 
= W(i) =0 10 11 12 

for i=1,2) 

" The drilling degree of freedom is eliminated in both parts (i. e. uöi = viö for 
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i=1,2) 

42 

With this approach, the number of unknown coefficients is reduced to 33. To account 
for the interaction between the symmetric part and the unsymmetric part of the panel, 
it is necessary to impose the continuity of the displacement across the whole domain A, 

and therefore the following conditions must hold 

um lxs 
2l- 

U(2) (X+ -2 

v(1) (X, 2) 
- v(2) (x' 

- 
2) 

w(1) (X, 2) - w(2) (x, - 2) 
(3.16) 

0w(') L) L 
-x 

(x, 
2) _ -z 

ýx, 
-2) 

The continuity on ay is not imposed since this is implicitly satisfied from within 
the continuity of the out-of-plane displacement. The solutions have been found with 
the same technique as for the square plate. The analytical model successfully captures 
the behaviour of the multi-stable structure as shown in Fig. 3.6. It must be pointed 

out that Eq. (3.16) are assumed to be valid on a macroscopic basis (i. e. at laminate 

level). The understanding of what happens at ply level requires a different approach. 
Because of the particular stacking sequence, fibres and matrix continuity at ply level can 
only be obtained for those layers with fibres at 00 (i. e. parallel to the y-axis), which are 
continuous through the symmetric and the unsymmetric laminates. For the layers at 900, 

such continuity relies entirely on the matrix since the fibres are parallel to the boundary. 
This creates resin-rich zones that also induce stress-concentrations that might cause 
cracks to develop when the load axis is along the 00 direction. To reduce this, it is possible 
to modify the interface between the two parts by offsetting the position of the ply drop for 

the layers at 900. This would create a transition zone rather that an abrupt change as it 
is now, but could also modify the stiffness of the constraint introducing further difficulties 
for the analytical model. For these reasons and for engineering modelling purposes, the 
assumption of structural continuity at laminate level is considered acceptable. A detailed 

comparison with the numerical and experimental configurations is presented in the next 
section. 

3.1.5 Finite element analysis and experimental results 

In this section, the results obtained with the analytical model and their comparison 
with numerical and experimental data is presented. Residual stresses are generated by 
the temperature difference and no external force is applied to the specimen. For the 
time being, the results obtained through the numerical analysis (performed with the 
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Figure 3.6: Equilibrium shapes obtained with the analytical model 

43 

-0.1 

commercial software ABAQUS) will be assumed correct; the numerical analysis itself 

and the difficulties related to it will be dealt with in the next section. The panel is 

modelled using 800 four-node-square shell elements (S4R) with a total of 861 nodes and 
5166 degrees of freedom. The cool-down is simulated by applying an initial temperature 

of 1400C and a final temperature of 0 °C to all the nodes of the model. To capture 

the different equilibrium shapes, a pseudo-dynamic analysis is used. This analysis adds 

viscous forces to damp local instabilities, when convergence is difficult to achieve, and 

allows the system to jump to the different branches of the solution (i. e. converge to the 
different shapes). 

Figs. 3.7 and 3.8 show an overall comparison between the FEA and the analytical 
data for the 4 and the 8-layered panels. The comparison is carried out according to 
the system of reference shown in Fig. 3.4. The markers represent the analytical data 

whereas the mesh represents the FEA results. As can be seen, the two models have a 
satisfactory overall agreement, the greatest difference being towards the unsymmetric 
edge. The 8-layered panel shows a better agreement compared to the 4-layered one. 
The analytical model, because of its reduced number of degrees of freedom, is in a sense 
stiffer and therefore it better captures the reduced displacements of the 8-layered panel. 
Figs. 3.10 and 3.11 show a similar comparison but the results are also compared against 
experimental data. This latter comparison highlights the effect that the FEA is also 
stiffer with respect to experimental data, presumably due to the mesh density chosen as 
a compromise between accuracy and computational efficiency. 

(a) First shape 
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Figure 3.7: Analytical vs FE shape for the 4-layered plate 
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Figure 3.8: Analytical vs FE shape for the 8-layered plate 
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Figure 3.9: Test model geometry and coordinate system 

44 



CHAPTER 3. MODELLING 

60 0 [finer 
" se 

Am"CMI 

"10 -wo 6*0 60 , oo 

(a) Unsymznetric edge cross-section 

45 

oR gmdmm N 
" re 
" w. iyuw 

1 0[ 

3 14F 

(b) Symmetric edge cross-section 

150 

O FE r 
100 Analytical 

rr 
" Experimental 

E 

50 

   
0  

-50 

-100 

-150 

-200 -100 0 100 200 
Y 

(c) Longitudinal cross-section for the curled configuration 

Figure 3.10: Analytical vs. FEA and experimental section for the 4-layered plate 
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(c) Longitudinal cross-section for the curled configuration 

Figure 3.11: Analytical vs. FEA and experimental section for the 8-layered plate 
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3.1.6 Parametric studies: effects of boundary conditions 

In this section the analytical model is used to investigate the effects of different lay-ups 

and thicknesses of the symmetric part of panel. The scope of this section is to highlight 

the effect of the boundary conditions on the bi-stable properties of the unsymmetric part 

of the panel. The base state is represented by the 8-layered unsymmetric panel without 

any constraint. As observed in the previous sections, the two cylindrical configurations 
that are obtained with a square unsymmetric panel are identical in terms of curvature 

values. By constraining one of the edges of the panel, the curvature along the con- 

strained edge is considerably reduced, as expected. At the boundary between the two 

8-layered plates, the transverse curvature is 37% of the unrestrained panel curvature. 
Moving away from the restrained edge, the effect of the constraint diminishes and the 

curvature is gradually recovered. At the maximum distance from the constraint (i. e. 
the "unsymmetric-edge"), the curvature reaches approximately 60% of the unrestrained 

plate curvature. By examining the longitudinal curvature (i. e. perpendicular to the 

constrained edge), the curvature is 99% of the value achieved by the free panel (i. e. it 

is almost unaffected by the presence of the symmetric panel). This effect is explained 
by the fact that the constraint increases the stiffness in the transverse direction and 
therefore the associated curvature changes. Along the longitudinal direction, the shape 
is almost perfectly cylindrical, there is little transverse curvature and therefore a very 

small effect is observed. In fact, the shape is never exactly cylindrical but has a small 

anticlastic component that is highly dependent on the thickness/side-length ratio. For 

plates with geometry similar to those analysed here, it is expected that this response 
does not affect the global behaviour of the panel and therefore as a first approximation, 
the effects of the anticlastic curvature are neglected. The parametric study was done 

using seven different panels with different lay-ups for the symmetric part: 

"8 layers: [02,902]sYM 

" 16 layers: [04,90°4]syM 

" 24 layers: [O6,906]syM 

" Ninety dominant laminate: [903,0°]SYM 

" Zero dominant laminate: [03,90°]SYM 

" Quasi isotropic laminate: [450, -450,90°, 0°]SYM 

" Antisymmetric angle ply: [45°, -452,45°]ANTISYM 

VERSITY 
CF e TO . 
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Figure 3.12: Parametric study geometry and cross-sections 
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The principal difference between the laminates tested is the transverse stiffness. For 

the first three stacking sequences, the driving factor is the thickness, while for the last 

four it is the fibre orientation. Throughout the analysis the unsymmetric part remains 

unchanged, with stacking sequence [04,904]T, as this maximises the bi-stable behaviour. 

The values of the transverse curvature ky and the difference with respect to the free- 

free square plate are shown in Tables 3.2 and 3.3. From a physical point of view it is 

easier to understand the differences by examining Figs. 3.13 and 3.14 where the different 

cross-sections (see Fig. 3.12) of the plate are shown. Figure 3.13 presents the results 

obtained by varying the number of layers. As expected, an increase in thickness results 
in a reduction of the transverse curvature of the flat configuration as shown by Figs. 

13(a) and 13(b). Figure 13(c) shows almost identical values for all configurations and 
this result confirms the reduced sensitivity of the longitudinal curvature with respect 
to a variation of the constraint characteristics. The effects of using different stacking 

sequences with the symmetric panel are summarised in Fig. 3.14. Figures 14(a) and 
14(b) show the same result as above but with a much smaller range of variation since 
the thickness of the two plates is the same. Figure 14(c) shows (Fig. 13(c) likewise) 

that the longitudinal curvature is not affected by the constraint. In both cases, the 

curvature at the unsymmetric edge is very similar and reaches approximately 60% of 
the unrestrained panel. These results highlight the robustness of the bi-stable behaviour 

of unsymmetric laminates. Even if one of the edges is constrained, almost 60% of their 
bi-stable behaviour is retained and moreover it is possible to tailor the final geometry 

with reasonable accuracy. 

3.1.7 Remarks on the analytical model 

A non-linear analytical model to predict the equilibrium configurations of multistable 
composite with piecewise variation of the laminate in the planform has been presented. 
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Figure 3.13: Effects of the thickness variation for the symmetric part 
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(b) Unsymrnetric edge cross-section (a) Constrainded cross-section 
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Figure 3.14: Effects of different laminates for the symmetric part 
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Table 3.1: Curvature and strain energy value comparison for the square plate 
Hyer's Model [m-1] Extended Model [m-'] 

II -0.874 -. 878 
Configuration 1 kx -3.52 -28.02y2 - 3.58 

ky 0.04 -28.02x2 + 0.0089 
II -0.874 -. 878 

Configuration 2 kx 0.04 -28.02y2 + 0.0089 
ky -3.52 -28.02y2 - 3.58 

Table 3.2: Transverse curvature kx for different thicknesses 
Constrained cross-section 0 Unsymmetric cross-section 0 

[m-1] % [m-1] % 

8 layers -1.25 37.2 -2.03 60.5 
16 layers -. 67 20 -2.04 60.9 
24 layers -0.33 9.8 -2.03 60.5 

Reference: Square plate kx -3.351 

The model is aimed at helping the preliminary design phases of unsymmetric laminates 

and is based on an empirical approach that relies on experimental tests to validate the 

results. The goal was to extend previous analytical techniques by adding the capability 
to map curvatures that are non-constant within the domain. A new formulation for the 
displacement field is undertaken and used to predict the deformation of a bi-stable square 

plate. The results have been validated against previous models and FEA. The extended 

model is then applied to a compound plate obtained by joining together two square 

plates with symmetric and unsymmetric stacking sequences. The results obtained are 

compared with FEA and experimental tests achieving a satisfactory agreement. Finally, 

the technique is used to investigate the effects of the boundary conditions on the bi-stable 

behaviour of unsymmetric panels. It has been observed that if one edge is constrained, 
the curvature parallel to it is considerably reduced whereas the curvature perpendicular 
to the edge remains almost unchanged. A parametric study performed by changing the 

thickness and the stacking sequence of the symmetric plate is used to confirm these 

results and to prove that the bi-stable behaviour of unsymmetric laminates is quite 

robust. This confirms that the integration of bi-stable patches within bigger structures 

could be a potential solution for the realisation of new structural systems where the 

requirement of flexibility and stiffness must be combined together. 
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Table 3.3: Transverse curvature k,, for different laminates 
Constrained section 

[m-1] 
0 Unsymmetric section 0 

[02/902]SyM 
[03/90°]SYM 

[903/0°]SyM 

-1.25 
-2.25 
-1.21 

37.2 
67.1 
36.1 

-2.03 
-2.76 
-2.01 

60.5 
82.2 
60.1 

[450/ - 452/45 ]ANTISYM -1.56 46.6 -2.32 69.2 
--[4513/ - 45 /90 /0 ]SyM -1.56 46.6 -2.32 69.2 

Reference: Square plate kx -3.351 

3.2 Numerical modelling 

This section presents a numerical procedure to model the non-linear flexural response of 
laminates that have piecewise variation of lay-up in the planform, using finite element 
analysis. Attention is focused on the effects that thermal stresses have on the potential 
multiple shapes of a composite structure. As addressed in previous sections, the multiple 
equilibrium configurations which unsymmetric laminates exhibit may present difficulties 
in the analysis. In static analyses, numerical solutions are often coaxed to converge 
into one or the other branch of the solution. A methodology to overcome this problem 
is presented. Such modelling is necessary to allow for the application of multistable 
composite within morphing aircraft structures as multistable composites could provide 
a viable solution for the realisation of shape-adaptable structures. 

3.2.1 Cool-down and equilibrium shapes 

The presence of multiple equilibrium states implies that during the cooling process a sin- 
gular point in the equilibrium path of the structure is encountered. Within ABAQUSTM 
the incremental formulation of the finite element approach to non-linear analysis (as 

shown in Fig. 3.15) is [Bathe, 1982], [Fujikake, 1985] 

K(t)DU = P(t + At) - I(t) (3.17) 

where K(t) is the tangent stiffness matrix of the finite element model at time t (which is 

a function of the stress and displacement in the structure), AU = U(t+At) - U(t) is the 
vector of nodal incremental displacements, P(t + At) is the vector of externally applied 
nodal loads at time t+ At (in this particular case, it is a function of the temperature) 

and I (t) is the vector of nodal forces corresponding to the internal stress at time t. If 
the structure is in a state of stable equilibrium, K(t) is positive definite (i. e. all of its 
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eigenvalues will be real and positive) whereas it is non-positive definite if the structure 
is in a state of unstable equilibrium (i. e. it allows the possibility of a zero eigenvalue). If 

a negative eigenvalue is found during the numerical simulation, the solution has jumped 

over a singular point and found an unstable equilibrium configuration. This may not 

affect the accuracy of the solution, but means that between two successive increments 

there exists a configuration for which the tangent stiffness matrix is singular, which is a 

condition typical of limit and bifurcation points. There are various strategies for dealing 

with this issue. For snap-through problems a dynamic scheme is the most suitable 
because this approach accounts for the inertial effects. However dynamic schemes can 
be expensive from the computational point of view and, as explained later, require a 
detailed description of the damping characteristics of the structure. For these reasons a 
different strategy, based on a modified static simulation, has been employed to perform 
the analysis, as detailed in Section 3.2.2. 

Load 
P(t+et) 

NO 

U(t) U(t+et) Displacement 

Figure 3.15: Incremental solution method 

3.2.2 Solution strategies 

The test panel analysed in Fig. 3.4, is now considered as a basis for the numerical 
analysis. The material properties used are still those shown in Table 2.1 while Fig. 
3.5 shows the two stable shapes. The numerical simulation does not take into account 
irregularities in the internal structure due to the local variation in fibre tow thickness, 
direction and local resin content. For these reasons very thin laminates have been avoided 
as such effects are more evident and 4 and 8 layered plates have been chosen as a basis 
for the analysis. The numerical simulation is divided in two sections: the first reproduces 
the cool-down after the curing process and the second simulates the transition between 
the stable shapes obtained. 
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The "cool-down" analysis predicts the various equilibrium configurations. The physi- 

cal process itself takes a considerable time to complete (a few hours depending on the 

curing cycle that the material requires) and therefore it can be considered as a quasi- 

static process. The finite element analysis was performed with the commercial software 
ABAQUSTM. A "*Static" step was used to perform a non-linear static analysis and a 
"*Static stabilize" step was used to perform the pseudo-dynamic non-linear analysis. 
The cool-down was simulated by applying an initial temperature of 140 °C and a final 

temperature of 0 °C to all of the nodes of the model. Mechanical loads are generated 
by the temperature difference and no external force is applied to the specimen. For this 

reason no significant velocities are developed and therefore this step can be modelled 

either statically or dynamically without a detailed definition of the damping properties 

of the material. The main difficulty, during the cool-down simulation, is presented by 

the existence of a bifurcation point given by a value for the temperature beyond which 
two solutions are possible. The general approach is to impose a geometric imperfection 

on the structure to coax the solution to converge to one configuration rather than the 

other. This approach generally works well for square plates where removing the double 

symmetry eliminates the bifurcation. However, for the chosen configuration there is no 

such symmetry and the sensitivity with respect to imperfections is smaller. Therefore a 
different method was required. It has been observed that the static algorithm converges 
to one equilibrium shape whereas the dynamic algorithm always converges to the other 
shape. This difference is due to the inertia contribution which the dynamic analysis 
accounts for and requires further explanation. Figure 3.16 shows the potential energy 

as a function of the temperature during the cool-down. Note that the potential energy 

of the flat configuration at the equilibrium is slightly higher than that of the curled 
configuration at the equilibrium (2,322 J for the flat configuration and 2,244 J for the 

curled configuration). Since the initial conditions of the two analyses are exactly the 

same, a bifurcation in the diagram is expected. If the cool-down is simulated with a 
static algorithm, the potential energy of the plate is coincident with the strain energy 
as there is no other contribution. 
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Figure 3.16: Potential energy versus temperature for the two equilibrium configurations 

If the dynamic algorithm is used, the potential energy results from the strain plus 

the kinetic energy. In this way, two separate energy curves (that lead to the two different 

states) are obtained, the static curve always being below the dynamic one that converges 

to the higher equilibrium configuration because of the kinetic energy contributions. This 

is confirmed by the fact that when the dynamic algorithm is used, it is possible to 

coax the numerical scheme to converge to either shape by varying the mass density 

of the model. The final value of the potential energy in each configuration does not 
depend on the mass density. If the mass density is below a critical value, then the 

curled shape is always obtained since the kinetic energy is not sufficient to trigger the 

jump between the two solution branches. If the mass density is above the critical value, 

the kinetic energy will then be greater than the difference in the energy curves and 

a switch is then possible. This is clearly shown in Fig. 3.17 where the dashed line 

represents the difference between the potential energies (i. e. the potential energy of 

the flat shape minus the potential energy of the curled shape). The lines with circles 

and those with triangles represent, respectively, the kinetic energy for values of the 
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mass density below and above the critical value. It is evident that for values of the 
temperature between 130°C and 135°C, the kinetic energy is well above the difference 
between the two curves and therefore a jump from one branch to another is possible 
(see Section 3.2.3). This explains why the dynamic schemes converge to a different 

solution. However, as said before, these schemes are computationally expensive and 
an alternative strategy was found with the pseudo-dynamic solution implemented in 
Abaqus/StandardTM. This is in fact a static algorithm that adds viscous forces to damp 
local instabilities when convergence is difficult to achieve. The automatic stabilisation, 
implemented in ABAQUS/StandardTM, adds viscous forces to the global equilibrium 
equation: 

P-I- Fv =0 (3.18) 

where P and I are respectively, the external and the internal force vectors. F. represents 
the viscous forces and has the form of 

F� = cM*v (3.19) 

where M* is the artificial mass matrix calculated with unit density, c is the damping 

factor chosen as a fraction of the dissipated energy and v is the vector of nodal velocities. 
In this way, since the mass density is fixed to unity, the additional control on the potential 
energy is obtained by the viscous forces. It is then possible to converge to either of the 

equilibrium states by modifying the amount of artificial damping used. Differently from 

the dynamic schemes, the accuracy of the pseudo-dynamic approach can be affected by 

the amount of damping used. To ensure accuracy it is important to choose c as the 

smallest value that suppresses the local instabilities (values of the damping coefficients 
are shown in Table 3.4). This is done by increasing its value until the `negative eigenvalue 
warnings' disappear (i. e. no singular point is encountered). The contour plots in Fig. 
3.18, show the distribution of the viscous dissipation energy and the total strain energy of 
the model. Figure 3.19 shows a comparison of the two energies for an element on the top 
left corner of the plate, where the viscous forces reach their maximum value. It can be 

observed that this value does not exceed 4% of the total strain energy and therefore it can 
be stated that the artificial damping is not affecting the global accuracy of the solution. 
The dynamic analysis, whether it uses the explicit or the implicit integration scheme, 
has been shown to converge to the same equilibrium shape as in the pseudo-dynamic 
analysis. 
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Figure 3.17: Effects of the inertia on the kinetic energy contribution 
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Figure 3.19: Viscous damping energy and total strain energy comparison 

"Snap-through" simulation 
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The "snap-through" analysis describes the elastic response of the structure when loaded 

with a concentrated force. The plate is now simply supported at the four corner nodes 

and a vertical force is applied at the centre of the unsymmetric part to simulate the 

actuator, as shown in Fig. 3.20. During the application of the load, the structure 

will first deform elastically (i. e. a linear relationship between force and displacement). 

When the force reaches a critical magnitude, the structure will buckle and eventually 

rest in the other stable configuration once the load is removed. From the static point 

of view this problem represents an unstable collapse and "arc-length" methods are often 

considered to be the preferred tool. The arc-length method considers the magnitude 

of the applied load as an additional unknown whose value is determined together with 
the displacement, by solving a modified Newton-Raphson scheme. The approach is 

equivalent to a displacement-controlled analysis test and it has been successfully applied 
to describe the response of structures such as shallow arches [Cerini and Falzon, 2005]. 
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However, for the panels analysed in this paper, the presence of the bifurcation and 

the relatively low stiffness of the plate, meant that the version of "arc-length" methods 

implemented in ABAQUS, did not prove sufficiently robust. More details on the results 

obtained with arc-length methods are provided in Appendix A. The pseudo-dynamic 

solution algorithm provided good results and good agreement was found when these 

results were compared with those from the explicit dynamic analysis. The next section 

presents a selection of the numerical results obtained. 

Figure 3.20: Boundary conditions for the `snap-through' analysis 

3.2.3 Prediction of equilibrium configurations with FEA 

For static analysis the panel is modelled using 800 four noded shell elements (S4R), the 

number of nodes is 861 and the total number of degrees of freedom is 5166. To reduce the 

highest natural frequency and reduce the computation time, the dynamic analysis has 

been performed with a coarser mesh where the number of elements has been reduced to 

200 elements (S4R), with 231 nodes and 1386 is the total number of degrees of freedom. 

The stacking sequence, for the different number of layers tested, is shown in Table 3.5. 

The plate is clamped in the geometric centre to suppress rigid body motions and to 

reproduce free-free boundary conditions. The predicted equilibrium configurations at 

room temperature are shown in Fig. 3.21a and Fig. 3.211). A comparison with Fig. 3.5 

shows an overall good agreement with the experimental shapes for the 8 layered plate. 
The finite element analysis and the experimental data are compared along the lines shown 

in Fig. 3.22. Figure 3.23 shows a comparison between the longitudinal cross-sections 

for the first and the second equilibrium configuration. The maximum difference reaches 

a local value of 8% for the curled configuration in the region close to the unsynnmetric 
free-edge (right hand side of Fig. 3.23a). For the second equilibrium configuration 

the most critical area is the one close to the boundary between the symmetric and 

the unsymmetric part. Here the error reaches a maximum value of 8.5% (central part of 
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Fig. 3.23b). Figure 3.24 shows a comparison between the transverse cross-sections in the 

second shape. The same results for the 4 and 8 layered plates are shown from Fig. 3.25 to 

Fig. 3.27. In the deformed configurations, the unsymmetric portion of the panel exhibits 

a cylindrical deformation with generators either parallel to the x-axis (second shape) or 

to the y-axis (first shape). As explained previously, this is due to the unsymmetric 

stacking sequence that causes the structure to buckle under the thermal load. During 

the first few incremental iterations of the analysis, when the temperature change remains 

small (approximately 10 °C) and the displacements are within the linear range, the shell 

always deforms into a saddle configuration first (displacements are shown in Fig. 3.28). 

The equilibrium path then bifurcates and the two solution schemes converge to the 

different geometric shapes. This point is further clarified in the following section. 

(a) First stable shape (b) Second stable shape 

Figure 3.21: Numerical equilibrium shapes 

Ie 

Figure 3.22: Position of the longitudinal and transverse cross-sections 

Symmetric free-edge 
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Figure 3.24: Experimental validation: transverse cross-section for the 8-layered plate 
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Figure 3.25: Experimental validation: longitudinal cross-section for the 4-layered plate 
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Figure 3.26: Experimental validation: transverse cross-section for the 4-layered plate 
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Figure 3.27: Experimental validation: 1" shape longitudinal cross-section for the 12- 

layered plate 

Figure 3.28: Initial saddle shape (displacements x 100) 

Curvature - Temperature diagram 

The temperature difference generates out-of-plane displacements in the plate that can 
be quantified in terms of principal curvatures (kx and k,, ). It is instructive to examine 

the principal curvatures of the unsymmetric portion of the panel. Fig. 3.29 and Fig. 

3.30 show the curvature-temperature diagram for the 180 x 360rnm panel, with different, 

number of layers (4 and 8 respectively). 
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Figure 3.30: Principal curvature for the second shape 
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At 140 °C (right hand side of the diagram), the plate is flat; as soon as the tempera- 

ture decreases, the deformations (i. e. the curvatures) start to develop; the final state is 

obtained when the temperature reaches 0 °C (left hand side of the diagram). The mag- 

nitude of the curvature depends greatly on the thickness of the plate and it decreases 

as the number of layers increases. The values shown in the diagrams are average val- 

ues; however they are sufficient to describe the geometry in the two different states of 

equilibrium. Fig. 3.31 shows ký and ky versus temperature for the only configuration of 
the 12-layered plate, as it is too thick to have two equilibrium states. There is a critical 

value for the non-dimensional thickness t*, (defined as the ratio between the thickness 

and the width of the plate) above which the shell does not have a bi-stable behaviour. 

The 8-layered plate is bi-stable and has a value for t* of 180 
(5.5e-3). The 12-layered plate 

has t* equal to 120 
(8.3e-3) and it is not bi-stable, therefore t;, is an intermediate value 

between 120 and 180. Similar considerations regarding the non-dimensional thickness 

have been reported by Gigliotti et al. [2004]. Another important parameter, that can be 

obtained from the curvature-temperature diagrams, is the critical temperature Ta,.: for 

T> T°T. , 
ky is nearly equal to -kx and for each value of the temperature there will be 

only one possible configuration (i. e. the saddle configuration). For T< Ta,., there will be 

two solutions for each value of T, either kb » kx (first cylindrical shape) or k., » ky (sec- 

ond cylindrical shape). The value of To,. is most easily identified in Fig. 3.32, where for 

convenience -k., is plotted. For the 8-layered plate TC1. is 93 °C whereas for the 4-layered 

plate Ta. is 130 °C. For values of the temperature above TC,., the principal curvatures 

are nearly equal and opposite as expected for a saddle shape configuration. Below Ta. 

the difference between kx and ky diverges until an almost perfect cylindrical shape is 

achieved. Fig. 3.29 also shows a linear dependency of the principal curvatures with 
temperature when T< Ta,.. This suggests that excluding the initial non-linear region of 
the diagram, the linear theory gives a good approximation of the major curvature of the 

unsymmetric part in the 19t shape, where the constraint imposed by the symmetric part 
of the panel seems to have a marginal effect on the overall behaviour of the rectangular 
plate. When considering the first configuration, the displacements of the unsymmetric 

part match closely those of a 180 x 180mm unsymmetric plate with free edges and the 

same stacking sequence. Therefore the effect of the symmetric part is only to rigidly 
rotate the unsymmetric portion and when considering the curvature its effects can be 

neglected. This point is important as it suggests that stable "bi-stable states" may be 

represented in terms of a relatively simple, linear model. To show this possibility, values 
of the principal curvatures for a square unsymmetric plate are obtained with classical 
lamination theory and compared with those of the unsymmetric part obtained with the 
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non-linear finite element analysis. According to classic lamination theory, the stress 
resultants are related to the mid-plane strains and curvatures through (ref. to 2.1.3) 

N+ Nth 
_AB 

-° 
M+ Mth BD k° 

(3.20) 

By rearranging Eq. 3.20 and imposing zero mechanical loads N and M, the principal 
curvature vector may be expressed in terms of the thermal forces and moments as 

k° = 
(- (D - BA-1B)-' BA-1) , Nth + (D - BA-'B)-'. Mth (3.21) 

where the dependency on temperature change is contained within the terms Nth and 
Mth as shown by Eq. 2.25. All the other quantities are determined by the material 

properties and the stacking sequence and therefore are constant for a given laminate. 

From a closer inspection of Eq. 3.21 the curvature vector k° is linear with respect to 
AT and the slope can be computed as 

kx 
dkO d 
dYT- - dAT kv = (D - BA-'B)-1 (-BA- I dýth + -INT (3.22) 

kyy 
J 

The i- th component is 

1 
(Q)(hk 

- hk-1) + 2Qwij9Gtijk)(/Lý 
- h2_1)) (3.23) dT 

= Ek t1 Ej= 
S. 7 

The values for kx and ky obtained with Eq. 3.21 and those of their slopes obtained 
with Eq. 3.23 are equal and opposite, as expected from the linear theory. However 
the analytical value of ky closely matches the non-linear, numerical solution (a com- 
parison is shown in Table 3.6). If a system of hypothetical external loads is imposed 
that eliminates the anticlastic curvature ky =-ky leaving the other curvature unchanged, 
then the resulting deformed shape would be very similar to that predicted with the 
non-linear FEA analysis. In this way the hypothetical external loads would represent 
the correction required to the linear theory to agree with the experimental observation. 
This simple result allows linear classical lamination theory to model deflections in the 
large displacement regime. Effectively, once the flat plate bifurcates upon cool-down 
into one of the cylindrical shapes, this shape responds linearly with temperature, and 
complicated non-linear modelling (to capture the bifurcation) is not required. Finally, 
it is noted that the small difference in computed values of the curvature's slope may be 
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attributed to localised non-linear effects, particularly those occurring in the vicinity of 
the critical temperature. 
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Figure 3.31: Principal curvature for the 12-layered plate 
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3.2.4 Load - Displacement diagram 

68 

In this section the results of the snap-through analysis are presented. The aim of this 

analysis is to compute the maximum out-of-plane load that the panel can withstand 
before changing configuration. To obtain the load corresponding to the limit point, the 

cool-down of the plate is modelled first. Then in a second step, the following boundary 

and loading conditions are applied (see Fig. 3.20) 

1. The four corner nodes of the shell are restrained from moving along the vertical 

axis. 

2. The geometric centre of the unsymmetric part of the shell is constrained to move 
along the vertical axis. 

3. A concentrated force, again parallel to the vertical axis, is applied to the centre of 
the unsymmetric part. 

A `*Static, stabilize' step is then performed. This methodology is equivalent to the 

one used by Tawfik et al. [2007]. From the experimental point of view, this technique 

corresponds to a "load-controlled" test. A set of experiments were carried out to validate 
the numerical prediction of the loads. The Instron 3343 Single Column System was 

used to perform the snap-through. The load was applied through a steel rod connected 
to a1 kN force transducer with a controlled speed ranging from 0.01m/s to 0.1m/s. 
The load - displacement (i. e. reaction force - displacement) curves were then measured 
and compared against the numerical prediction. Fig. 3.33 shows the numerical load- 
displacement plot for the 180 x 360mm panel with different number of layers. It is 

noteworthy to mention that, during the mechanical tests, it is quite difficult to replicate 
the friction-less condition at the four corners, which is present during the numerical 
analysis. The friction between the corners of the panel and the metallic support can 
considerably affect the accuracy of the measured loads. Using lubricant oil considerably 
reduce this drawback but it is also very important to choose an appropriate speed for 

the application of the load. The speed needs to be low enough to minimise the inertial 

effects that are generated during the motion of the panel. During the tests, however, it 
has been noticed that if the speed was too low, the effects of the surface imperfection 

were somehow, amplified. It was found that for each test there was a speed for which 
the friction effects were minimised. 

As expected, the critical load increases considerably with the thickness. In Table 3.7 
the value of the numerical and the experimentally measured loads are reported. It must 
be noted that despite having a single stable equilibrium configuration, the 12-layered 
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Figure 3.33: Stabilised load-displacement diagram for different number of layers 
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plate still exhibits a non-linear structural response. After the critical load is reached, 
the plate snaps into the second configuration. However soon after the load is removed 
the plate snaps back in to the original shape. 

Fig. 3.34 shows a comparison between the applied load and the sum of the reaction 
forces at the four corner nodes for the same plate (8 layers). These curves are then 

compared against the experimental data in Fig. 3.35. 
During the experiments, data were measured from the beginning of the test until the 

snap through. After this the specimen is disconnected from the load cell and therefore 

the tests were stopped to avoid inaccuracies. The same numerical results, but for a 
bigger panel (300 x 600 mm) are reported in Fig. 3.36. 

The difference between the two curves (i. e. the applied load and the sum of the reac- 
tion forces) can be regarded as a measure of the effect of the viscous damping during the 

analysis. For loads less than the limit load the behaviour of the two analyses is identical. 
Once the limit load is exceeded, the structure becomes unstable and while the curve 
with circular markers continues horizontally due to stabilisation, the one with triangular 

marker follows the unstable equilibrium path. Eventually the curves meet again in the 

new stable portion of the diagram since the vertical equilibrium of forces must be satis- 
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Figure 3.34: `Snap-through' diagram from shape 1 to shape 2 for the 180 x 360 mm 
panel 

fled. The "Reaction Force" curve is a measure of the force required to maintain the static 

equilibrium at a given position. Clearly the points on the curve segment between points 
A and C are configurations of unstable equilibrium. Point B highlights an intermediate 

state of unstable equilibrium already described experimentally by Potter and Weaver 

[2004]. It seems that the snap-through does not occur symmetrically but first one side of 
the unsymmetric part is reversed, and then the other side follows the curvature reversal. 
This phenomenon has been encountered mainly when trying to snap the plate from the 
first shape to the second shape. During the inverse transformation, the snap-through 
follows a more direct path and the intermediate states are more difficult to identify. Fig. 

3.37 shows the intermediate deformation state corresponding to point B, where half of 
the unsymmetric part has its curvature reversed while the other not. 

Fig. 3.38 shows the "snap-through" diagram as Fig. 3.34 but for the inverse trans- 
formation (from the second shape to the first one). Once the limit load is reached 
the reaction force drops almost linearly until the next configuration is reached. This 
difference is explained by the internal constraint that the symmetric part of the plate 
introduces. The constraint acts principally during the transition from the first shape to 
the second shape because its main effect is to prevent the curvatures along the x-axis 
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Figure 3.35: Comparison of the `Snap-through' diagram with the experimental data 

to develop freely. The same diagram computed for the 300 x 600 mm panel is shown in 

Fig. 3.39. 

3.2.5 Explicit integration analysis 

As mentioned in the previous section the explicit analysis can provide a complete de- 

scription of the snap-through because it takes into account the effects of inertia [Crisfield, 

1997a, Vol. 1], [Crisfield, 1997b, Vo1.2]. However a more detailed characterisation of the 

material properties is essential and therefore more user inputs are required. Both the 

explicit-dynamic analysis and the stabilised algorithm always converge to the same shape 
as expected since their objective is to reach the closest stable equilibrium for a given 
load, as quickly as possible. The steady state response of the dynamic analysis can 
be compared with the results of the static analysis. However, the oscillatory part of 
the dynamic analysis (i. e. the transient when the plate changes configuration) and the 
incremental iteration of the static analysis are two completely different problems and 
therefore not comparable. Matching the results (i. e. especially forces) obtained with 
the static method presents some difficulties since the two type of analysis are intrinsi- 

cally different: the static analysis is dominated by the stiffness properties of the model 
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Figure 3.36: 'Snap-through' diagram from shape I to shape 2 for the 300 x 600 mnm 
panel 

whereas the dynamic analysis is heavily dependent on the mass and damping character- 
istics. Monitoring the reaction forces during the snap-through process required accurate 

modelling of the transient process during which the plate jumps frone one shape to the 

other and is further complicated by the method of load application which also influences 

the solution. For this study the load has been applied as a step function but this excites 
the higher modes which proved difficult to (lamp out and different methods are currently 

under investigation. Having a good representation of the physical damping also presents 
difficulties as the damping models available are approximate and difficult to verify exper- 
imentally. Abaqus/Explicit7'M implements a Rayleigh damping model that introduces a 
damping matrix of the form: 

C= aM + /3K (3.24) 

where Al is the mass matrix of the model, K is the stiffness matrix of the model, and 

and ,3 are user defined factors. Fig. 3.40 presents a comparison between the dynamic and 

static simulation of the response during the snap-through process. Despite some high 
frequency oscillations shown in the first and second part of the diagram, the stiffness of 
the structure after the snap-through (i. e. after a displacement of 90mm) shows a good 
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(a) Start (b) Unstable state 
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Figure 3.37: Intermediate deformations during snap-through from shape I to shape 2 

agreement. The diagram also shows that the reaction forces reach considerably higher 

values during the transient, suggesting the existence of dynamic amplification of the 

loads during the snap-through. 

3.2.6 Remarks on the numerical analysis 

The possibility of tailoring the deformations caused by residual stress fields relies on 

the accurate prediction of the post-cured shape of unsymrnetric laminates. This section 

presented a methodology to provide a numerical estimate for the equilibrium configura- 
tions of unsymmetric laminates that show multiple equilibrium states. Three different 

approaches are described and they all show good agreement, with each other. Values 

for the critical temperature and the critical load to induce bifurcation are obtained. By 

monitoring the reaction forces, it is also possible to obtain the full equilibrium path 
that brings the structure from one stable configuration to the other. These results are 

compared with explicit-dynamic analysis. A further feature which may prove useful 
in design is the linear dependence of curvature with temperature which appears to be 

captured adequately using classical laminate theory for temperature significantly cooler 
than the critical temperature. The methodology contained in this paper may be used in 

(() Finish 
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the application of multistable composite plates to morphing aircraft. 

Table 3.4: Damping factor used during static stabilised analyses 
Damping Factor Plate dimensions [mm] Number of layers 

2.5e-7 180 x 360 4 
3.5e-5 180 x 360 8 
3.9e-6 300 x 600 4 
8.3e-6 300 x 600 8 
2.5e-5 300 x 600 12 

Table 3.5: Stacking sequences for different number of layers 

74 

Number of Symm. part. Unsymm. Laminate t* = £fidt cness 
widt width 

layers part. thickness 
4 [0/90]S [02/902]T 0.5 1/360 
8 [02/902]S [04/904]T 1 1/180 
12 [03/903]S [06/906]T 1.5 1/120 

Table 3.6: Analytical and numerical k. -curvature of the unsymmetric part of the 180x360 
plate 

Number of layers Analytical - linear Numerical - non linear A 

4 0.053 0.05021 5.6 
8 0.0246 0.0265 7.7 
12 0.0177 0.0173 2.3 

Table 3.7: Critical load for different number of layers 
Number of layers Numerical [NJ Experimental [NJ 0% 

4 4.92 4.65 5.8 
8 12.9 12.18 5.9 

12 17.98 22.2 19 
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Chapter 4 

Concepts for applications 

This section will present some concepts for the application of the technologies discussed 
in the previous chapters. The frame of application is that of the UAVs (Unmanned 
Aerial Vehicles), which are one of the most versatile platforms to experiment new and 
unconventional systems such as morphing vehicles. The aim is not to propose a definitive 

solution to the problems related to such a novel technology but rather, it is to open up 
the way to new and different approaches which could enable the shape-adaptability for 

aircraft to become reality. The work presented here is a contribution to the "Morphing 

aircraft project" at Bristol University, whose goal is to explore the possibility of achieving 
"significant aerodynamic performance gains through changes in the aircraft geometry". 
For this purpose large modification of all of the main characteristics of wings, such 
as sweep angle, area and airfoil camber, are investigated. Figure 4 outlines the basis 
for a possible realisation of a morphing wing and points out the areas of interest for 
the application concepts. The baseline wing consists of a swept-back tapered wing with 
curved cross-section spars used to obtain sweep variation. Large portions of the wing skin 
are made of elastomeric material to allow for aspect ratio and area variation [Thill et al., 
2008]. The rib will be a combination of the "shear web" design and "truss" type to allow 
for additional degrees of freedom. Sections of the trailing edge are engineered to obtain 
a continuous variation of the airfoil camber without the use of concentrated hinges. 
Compliant sections of the leading and trailing edges will ensure a smooth transition 
between the deformable and the undeformable parts. Finally, the wing tip is designed 
to have a multi-functional behaviour as explained in the next paragraphs. Three main 
"active" areas for the shape adaptability have been identified: the spar, the trailing 
edge and the wing tip. The remainder of the wing components, namely the covers, 
the leading edge and part of the ribs, were not directly the subject of this study and 
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therefore for these components simple compliant surfaces or conventional solutions have 
been adopted, the only purpose being to address a possible system integration. The wing- 
box structure is responsible for the most significant geometric changes and therefore has 
deeper structural implications. The trailing edge and the wing tip on the other hand 

are dedicated to smaller shape changes which affect mainly the aerodynamic field and 
therefore their impact in the overall structure is more limited. The following paragraphs 
will give a detailed description of each component. 

One important aspect, which must be considered during the design and engineer- 
ing phase, is the manufacturing of any proposed solution. For a new concept to be 

successful, it is indeed important that performance gains are achieved. However, many 

proposals that in principle offer very good performance gains, are still discarded because 

of the added cost due to manufacturing complexity or excessive maintenance require- 

ments. Ease and economy of manufacturing is of paramount importance, especially in a 
competitive sector such as the aeronautical sector. 
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(h) Cruise configuration 

Figure 4.1: Morphing wing assembly concept 

(a) high-lift configuration 
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4.1 Variable sweep wing-box 

80 

A wing with a variable sweep angle offers several benefits from the aerodynamic point 

of view such as the delay in the rise in drag at Mach numbers close to unity and buffet 

onset [Anderson, 1999]. From the structural point of view, there are the advantages 

when flying at higher speed obtained by changing the sweep angle, since structural loads 

are redistributed along the span reducing the bending moment requirements at root 

sections. The drawback is that variable sweep wings also pose significant disadvantages. 

The most common design for a variable sweep angle consists of a rigid wing that rotates 

around a pivot: this constrains all of the aerodynamic loads through the pivot producing 

a significant concentration of stresses. As a result, the large metal pivot needed to 

move the wings is complicated to build and install [Niu, 1999a]. This may increase 

maintenance requirements and decrease fuel performance. An aircraft capable of moving 
its wing forward for fuel-efficient flight could never be as efficient as an airplane equipped 

with a straight wing. The same is true for aircraft with swept-back wings; they would 
always be more efficient than aircraft with swing-wings. If on one hand it is clear that 

a variable sweep wing offers significant advantages, on the other hand the trade-off in 

terms of performance gains is quite consistent and the use of such a technology is allowed 

only if strictly necessary. The variable sweep wing technology would therefore greatly 
benefit from improvements in the structural configuration and reducing the structural 
drawbacks would increase the range of applicability. The wing-box concept proposed in 
this section is aimed at a lightweight composite structure which relies on the geometric 
characteristics to create an easily deformable system. The geometry of the preliminary 
design in the straight and swept-back configuration is shown in Figs. 4.2a-4.2b. The main 
idea is to use purposely designed tape-springs as spars. This would to take advantage 
of the properties of the tape spring that have been discussed on Chapter 2.5. The 
key point is that with this system the hinge point is replaced by a "folding region", an 
area of the spar that acts as a hinge. This structural configuration would produce a 
much reduced stress concentration and consequently lower reinforcements requirement, 
when compared to pin-lug systems. Tape-spring spars could be designed with metal, 
however the deformations would impose severe requirements in terms of fatigue and 
the life of the spar would be too limited, especially with a "fail safe" design approach. 
In contrast, if epoxy based composites are used and the strain level is controlled, the 
fatigue life would be, practically, limitless making a tape-spring spar economically more 
viable. This design, however, has a direct implication on the requirements for the ribs. 
A conventional configuration, in fact, would not allow the required degrees of freedom 
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of the tape-spring spars. This is clear by examining Figure 4.3 where a cross section 

of the spar in the straight and in the swept-back mode, is shown. The spar section 

changes from curved to flat and therefore for this to be possible, the rib must allow a 
height change of the spar cross-section. For these reasons, the part of the rib between 

the spars, has been realised with three rods hinged at the spars and arranged in a Z-type 

truss structure. 

(b) Swept configuration 

Figure 4.2: Variable sweep wing-box structure 

(a) Straight configurations 
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Figure 4.3: Wingbox geometry in the swept (left) and straight configuration (right) at 
the deformed location 

Deformable spars to realise the sweeping mechanism, have an additional benefit. The 

relative rotation, between the spars and the ribs, couples the sweep angle with the wing 

area so that increasing the sweep angle reduces the wing area and vice-versa (ref. to Fig. 

4.4). By changing the sweep angle from 0° to 20° and 39° the wing area between the 

two spars, reduces from 0.149 m2 to 0.141 m2 and finally 0.129 m2, which corresponds 

to a variation of 13%. The sweep angle is increased with speed and so is the wing area 

required to produce a given lift; consequently substantial drag reductions is achievable 

with such a system. 

S 

Figure 4.4: Sweep angle and area variation 

The wing skin also presents some problems: during the transition between the two 

configurations, the wing plan-form changes from rectangular to rhomboidal requiring a 
consistent shear deformation of the wing skin. A comprehensive review of the problems 
related to the design of morphing skins has been given by Thill et al. [2008. At present, 
no definitive design for a proposed skin has been investigated. However, from the current 

WING TIP WING ROOT 
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research in this area, membrane skins based on silicon rubber seem to provide an effective 

solution [Gandhi and Phuriwat, 2008, Love et al., 2007]. Considering this as the most 
likely solution, it was proposed that the spars are designed to support all the aerodynamic 

and structural loads and no significant support is provided by the skins in terms of shear 

and bending moment capacity. 

(b) Folding region radius 

4.1.1 Spars' analysis 

The wingbox was designed for the structural requirements imposed by a small UAV with 

a maximum take-off weight of 18kg and 1.2m semi-span. The spars are designed around 
their main feature i. e. the transverse curvature. This enables two advantageous proper- 
ties for the wing: it increases the moment of inertia considerably improving the bending 

performance and it confers a hinge-like behaviour to the spar. The main characteristics 

of this behaviour are shown in the diagram presented in Fig. 2.12. One important pa- 
rameter to consider is the magnitude of the bending moment M* to induce bifurcation 

in the structure. This is linked to the radius r of the folding region as shown in Eqs. 
(4.1) and (4.2) [Yee et al., 2004]: 

ýý. 
ti 

R 
,, 

r 

(a) Undeformed transverse 
curvature radius 

Figure 4.5: Geometric characteristics of the shell 

r= ii R (4.1) D22 

D22 
My = 

D22 

(4.2) 
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where Dez are the components of the reduced flexural matrix of the laminate, R and 

r are the undeformed transverse curvature and the deformed longitudinal curvature of 
the shell respectively. In Eq. (4.2), D22 is a component of the flexural matrix and 
My is the bending moment per unit width required to produce the curvature ky = R. 

Through these relationships it is possible to match the actuation moment M* to the drag 

produced at a given speed. A spar designed with these features, has the advantage that 

if the speed of the aircraft is below a given value, then the equivalent moment produced 
by the drag force will not be enough to snap the spars, resulting in the wing behaving 

like a conventional straight wing. With increasing speed, the wing can be snapped into 

the swept configuration through a combined action of the actuator system and the drag 

force. The actuation force is only needed to overcome the peak moment required for 

the snap and once in the swept configuration, the wing adjusts the sweep angle to a 

position representative of the equilibrium between the internal elastic reactions and the 

drag force (the sweep angle increasing or decreasing along with flight speed). It may also 
be possible to achieve both positive and negative sweep angle if required (i. e. forward 

swept wing for increased manoeuvrability). 
A combined experimental and numerical (FEA) approach was adopted to analyse this 

novel type of structure. In order to understand which parameters are more important 

for the proposed application, a number of different stacking sequences, aspect ratios 

and curvature radii for the shell were tested numerically. At first, a single spar was 

analysed through numerical simulation of the cool-down and snap-through processes. 
The analysis confirmed that, besides from the material properties (i. e. stacking sequence 

and reinforcing fibre), the curvature radius of the shell determines most of the useful 

properties for the sweep application. As shown by Eq. (4.2), it determines the bending 

strength as well as the critical load to be applied to activate the sweep mechanism. 
Initially, it was thought to realise the structure by making use of a flat tool only and 
relying on the deformation induced by unsymmetric laminates to obtain the required 
transverse curvature. This was not possible because of the high aspect ratio of the 

spars which, as explained in the previous chapters, prevents the bi-stability to exist. In 

addition to this, by making use of unsymmetric laminates on a flat tool, the equilibrium 

shape with curvature along the longitudinal dimension was mostly observed and only 

rarely transversely curved shells were obtained. For these reasons, a slightly curved tool 

was used to coax the specimen to cool-down in the transversely curved configuration (i. e. 
with greater curvature along the short edge) rather than in the longitudinally curved 
configuration (i. e. greater curvature along the longitudinal dimension). This method 
worked well and long rectangular shells were always obtained. A few specimens have been 
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realised with this technique by using a semicircular extruded aluminium bar as tool. The 

tool curvature radius was 53.5rnm and because of the unsymmetric stacking sequence, 
the final curvature radius for the shell was 28.5mm. According to Eq. (4.2), this would 

produce a maximum bending moment per unit length of 3.2N, which corresponds to total 

moment of 0.13Nm, clearly not enough for the proposed application. To overcome this 

problem, it was decided to add 5mm wide reinforcement strips along the longitudinal axis 

so to obtain a conventional capping layer. Adding the reinforcement strips eliminates the 

possibility of having two equilibrium states, however this was considered an acceptable 
trade-off since the bi-stable behaviour was already limited by the high aspect ratio of 
the spar. The final stacking sequence is shown in Fig. 4.6: the web consists of an 

unsyxnmetric laminate ([00 / 90°]T) while the spar caps have an additional reinforcement, 

of five 5mm-wide layers at 0° on top of the basic web laminate. Note that the residual 

stress field introduced with the unsymmetric laminate potentially increases the energy 

content stored in the structure which is then released during the snap-through, making 
the transition between the straight and the swept configuration more efficient. 

Figure 4.6: Stacking sequence regions for the spar structure 

The rib spacing was determined on the basis of Euler buckling and shear buckling 

considerations for the spar caps and the whole spar respectively. To consider Eisler 
buckling, the spar-caps were considered as pinned columns with the length equal to the 
distance between two successive ribs, whereas for the shear buckling the whole spar-web 
panel was subjected to the shear load produced by a maximum lift of 20ON with a factor 

of safety of 3. This produced a theoretical rib spacing dominated by the Euler buckling 
for 2/3 of the wing's span and by the shear buckling for the remaining outboard part,. 
Since the differences between the two distributions were found to be quite small (the 

minimum was 56mm for the Euler buckling and 88mm for the shear buckling) and to 
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increase the margin of safety during the experimental analysis, it was decided to space 

the ribs evenly every 56mm. 

All of the FEA were carried out using ABAQUS®. To model the spar structure S4R 

shell elements were used, while for the truss-rib structure T3D2 rod elements were cho- 

sen. The ribs were modelled free to rotate while their displacements were constrained to 

follow those of the spars through multi-point constraints (MPC). The FEA model used 

is shown in Fig. 4.2a. To simulate the cool-down process a non-linear static analysis was 

performed, while for the snap-through process, a stabilised Newton - Raphson scheine 

was used. To ensure accuracy the stabilisation factor was set equal to 5x 10", 
, repre- 

senting the lowest value where convergence was still achieved. Figure 4.7 shows a series 

of snapshots from the straight to the swept-back configuration. 

ýaý lat (b) 3rd (c) 4th 

Figure 4.7: Various intermediate swept-back positions for the wing-box structure 

During the bifurcation analysis, boundary and loading conditions are of paramount 
importance. In this analysis several options have been tested and the combination that 

performed best, used to constrain all the nodes at the tip section to rotate about the 

y-axis and translate along the x-axis while for the nodes on the root section only the 

translation along the z-axis was allowed. 
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Figure 4.8: Boundary conditions 
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To induce the buckling of the wing-box two concentrated forces parallel to the z-axis 

were applied at two nodes on the root section. Loads and boundary conditions are shown 
in Fig. 4.8. 

Tailoring of the sweep point position 

Theoretically, the wing structure can snap (i. e. bend) at every span location between 

the root and the tip. This is because the transverse curvature of the spar is uniform 

along its length and therefore no preferential location for the snap exists. However, 

considering the in-flight loading conditions of the wing, the highest stresses will occur 
towards the root and therefore the snap will be more likely to happen in the region closer 
to the root. If different stacking sequences are used for different regions of the spar, the 

corresponding critical load can be increased or decreased accordingly and therefore other 
locations along the span can become more likely to snap. An example FEA confirmed 
this showing two spars, with the same geometry and loading conditions but different 

stacking sequences, snap at different locations as shown in Fig. 4.9a and Fig. 4.9b. 

4.1.2 Experimental analysis 

A preliminary wing-box structure, with the same characteristics as that discussed above, 
was manufactured and tested. The spar was manufactured using unidirectional pre-preg 
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(a) Laminate 1 (b) Laminate 2 

Figure 4.9: Snap position for different laminates 
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carbon fibres, cured on an aluminium tool with a curvature radius of 53.5mm and a 
length of 1300inm. The truss-ribs were built using 2mm threaded steel rod with plastic 
ball-cup joints as hinges. A detail of the ribs is shown in Fig. 4.10. The spar successfully 

snapped from the straight to the swept back configuration tinder its own weight plus an 

additional load of 5N at 220mm from the root section. The swept configuration showed 
a good agreement with the one computed with the FEA, as shown by comparing Figs. 

4.11a and 4.11b. In addition, the FEA prediction of the snap position was found to 

agree with that measured experimentally; both occurring in proximity of the second rib 

as shown in Figs. 4.12a and 4.12b 

Figure 4.10: Experimental wing boxl 
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Figure 4.11: Swept configuration comparison 

(a) FE 1110(1("1 

Figure 4.12: Snap area 
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The experimental model was tested statically to investigate the maximum load that, 

the structure could withstand and the critical failure anodes. The wing-box was clamped 
to a rigid support and loaded with a force applied at 40% of the total length (i. e. the 

centre of effort of an elliptical lift distribution). The first buckling instabilities were 
observed in the section close to the root (ref. to Fig. 4.13) with a load magnitude of 
70.3 N. 

L 

`mal 

Figure 4.13: Local buckling of the spar 
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4.1.3 Re-design of the variable sweep wing-box 

The demonstrator was entirely built with off-the-shelf materials. This proved to be and 

enormous constraint in terms of optimisation of its characteristics. As it is well know, 

carbon-epoxy laminate offer very high performance in terms of strength to weight ratio 

and therefore it is not surprising that the ribs, made with threaded steel and plastic 
ball joints were the weakest link. To limit this, only two layers have been used for the 

spar webs thus obtaining webs with a nominal thickness of 0.25mm. The rib joints 

determined to a great extent the load bearing capability of the spars and therefore the 

overall performance of the proposed wing-box. In addition, the spherical joints of the 

ribs posed a few difficulties because they relied on a plastic locking system to hold 

the ball-cap in place. In several occasions, this proved to be unreliable since the pop- 

out force (i. e. the force required to pop the ball-joint out of its fitting) could not be 

determined with sufficient reliability. Despite this, the overall system was satisfactory 
for the purpose of the demonstrator and large improvements will be obtained by using 
purposely designed joints. Considering that the truss-ribs are loaded in tension and 

compression, compliant hinges made of composite fibre with a high elongation matrix, 

will considerably improve the performance. Their use might potentially limit the range 

of sweep angles achievable, but this seems to be an acceptable trade-off. The best 

candidate for the wing covers is, as already mentioned, silicone elastomeric skins, which 
can stretch up to 100% and have successfully been tested for similar in-plane morphing 
by Hypercomp and NextGen Aeronautics reaching wind tunnel testing speeds close to 
the transonic regime [NextGen, 2007]. To provide enough support for the skin, additional 
rigid ribs need to be mounted at the fore and aft edge of the truss-rib. The rigid part of 
the rib would be designed to withstand the shear loads transmitted from the covers and 
therefore, as a first approximation, simple panels with fibres at ±45° would be suitable. 
A concept sketch for the ribs is shown in Fig. 4.14. 

Fig. 4.15 also shows a concept for an improved design of the spar structure together 

with the wing planform shape based on elastomeric skins and leading edge. For the new 
concept the forward spar must have a curvature radius in the snapped configuration 
larger than that of the rear spar. This is determined by the geometry of the swept 
configuration and can be achieved by using different laminates for the spar as show by 
Eq. (4.1). The spar's height needs to be re-designed to adapt to the profile thickness in 
different areas of the wing. 
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Figure 4.14: Improved rib design 
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Figure 4.15: Improved wing-box design 
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4.2 Bi-stable Blended Winglet 
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This section presents an investigation in the use of bi-stable panels for the realisation of a 
shape adaptable device, based on bi-stable panels, which can be used as high-lift devices 
during low speed operation of UA Vs. The device has two configurations: "extended" 

and "deployed". A bi-stable panel, derived from the compound plate shown in Fig. 3.5, 
is mounted on the tip of a rigid wing, thus extending the wing span (i. e. "extended 

configuration"). With the increasing dynamic pressure, the "extension panel" snaps into 
the second "deployed" configuration which is similar to a traditional winglet design. This 

application is designed having in mind the fact that the initial take-off configuration is 

particularly critical for aircraft performance. For a given aircraft, the maximum take- 

off weight, determines the take-off speed and hence the length of runaway, which has 

a considerable impact on the usability of the vehicle. Modern aircraft, optimised for 

cruise flight, require a considerable increase of lift at this stage and generally they make 
use of deployable slats and flaps to generate the additional lift. Unfortunately, however, 

systems such as these need complex arrangements [Englar et al., 1994] and multiple 
redundancies and therefore are particularly heavy. In fact, the inclusion of one of these 

systems into a commercial aircraft can add up to 10-15% to the overall wing weight 
alone [Torenbeek, 1982]. It is for these reasons, that alternative methods for temporary 

generating lift augmentation are still sought by aircraft designers and manufacturers. 
The advantage of the application herein proposed, is that during the cruise part of 

the flight, when there is no need for lift augmentation, the device is actively used as 
a winglet rather than being stowed inside the wing adding unnecessary weight for the 
longest part of the mission. Furthermore, bi-stable structures present the advantage 
that they do not need a continuous power supply making them much less power-hungry 

when compared to other smart structures. The concept is to realise a device whose 
aerodynamic instabilities are not reduced or avoided but, are tailored so that a more 
efficient use of on-board resources can be obtained. By extracting as much actuation 
energy as possible from the airflow, the device converts the energy, associated with the 
dynamic pressure, to generate beneficial deformations of the structure, realising a passive 
actuation system. 

The planform of the winglet and the baseline wing, chosen as a basis for the design, 

are shown in Fig. 4.16. The geometric dimensions are 

9 span b, 300mm 

" root chord C,.,,,, t, 185mm 
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i 
Figure 4.16: Baseline wing planform 

" tip chord Ctip, 105mm 

9 sweep angle A, 30° 
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The baseline swept wing used throughout the testing is a Zagi 12 wing section, with the 

following geometry 

" 30° sweep angle at the leading edge 

" 600mm span 

9 zero washout 

" root chord of 326mm 

9 tip chord 185mm 

This type of baseline wing was the same chosen for several other tests within the Mor- 

phing Aircraft Research Project, of which this study was part. 
The winglet planform is divided into two regions, a first one which has an unsym- 

metric laminate (and is therefore bi-stable) and a second one where the laminate is 

symmetric. The reason for this is that the symmetric part is used to tailor that shape 

of the unsymmetric part (as shown in Section 3.1) and also to ease the transition into 

the baseline wing. Different extents for the symmetric part have been tested and the 

triangular shape chosen proved to be the best compromise in term of shape tailoring 
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and compatibility with the baseline wing. To select a model for the wind tunnel testing, 

several configurations have been analysed numerically, of these the three shown in Fig. 

4.17 were found to have best characteristics. 
The first configuration had the 0° fibres aligned with the leading edge, the second 

one had 0° fibres parallel to the centreline while the last configuration had the 90° fibres 

parallel to the boundary between the symmetric and the unsymmetric parts. The shapes 

obtained with each configuration were predicted with FEA, using "cool-down" and "snap- 

through" analysis as described in Section 3.2. To ensure accuracy 336 8-noded double 

curvature shell elements (S8R) and 1089 nodes have been used for the FEA mesh. The 

cool-down simulation was performed by clamping the geometric centre of area of the 

planform in order to eliminate rigid body motion and the midpoints at the root and 

the tip where restrained from in-plane translation. The snap-through was simulated by 

applying a concentrated vertical force at the tip midpoint and clamping the nodes at the 

root (i. e. to simulate the interaction with the baseline). This last boundary condition 

was justified by the fact that in the real model, the symmetric part is almost entirely 
inserted into the baseline wing and therefore "fixed" boundary conditions were considered 

appropriate. The amount of curvature which can be obtained from unsymmetric panels 
is heavily dependent on the thickness of the plate and therefore 2,4,8 and 12 layers were 
tested. Two and four layers produced out-of-plane displacements which were considered 
too extreme for the proposed application. Conversely 12 the layered panel was too stiff 

and often did not show bi-stable behaviour. The 8-layered winglet was the only one to 

give configurations comparable to generic winglet cant angles in the deployed state and 

sufficient camber in the extended configuration. 

The choice of the final configuration was determined through several criteria. Firstly, 
in the extended configuration, the transverse curvature should be sufficient to produce 
a significant increase in the lift generated, ideally in-line with the current high lift sys- 
tems. This was particularly difficult to obtain and in practice attention should be paid to 

avoid flow separation. Another important aspect, considered through the snap-through 
analysis, was that the magnitude of the load required for the transition into the winglet 
shape, should be achievable within the range of pressure achieved during take off condi- 
tions and more importantly within the capabilities of the experimental test rig. Finally, 

the deployed configuration should match as closely as possible a traditional winglet de- 

sign, allowing the possible exploitation of the aerodynamic benefits of common winglets. 
These criteria where used to help the selection process between the three proposed con- 
figurations. Fig. 4.18 and Fig. 4.21 show how the first configuration produced shapes 
not suitable for the proposed application. The extended configuration exhibits a negative 
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Figure 4.17: Composite winglet laminate's configurations 

(a) Laminate parallel to LE 

(b) Laminate parallel to centre-line 
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Figure X1.18: Isomet ric view for the fibres parallel to the leading edge configuration 

Z 

I! 

1 

tim U3 -4 20 50 80 110 139 

Figure 4.19: Isometric for the fibres parallel to the centreline configuration 
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Figure 4.20: Isometric view for the fibres parallel to the horizontal axis configuration 

twist producing an angle of attack at the tip of : -6° and no noticeable camber can be 

observed. (ref. Fig. 4.21, side view). In the same figure a negative twist in the snapped 

configuration is observed with approximately -21° angle of attack at the tip. This con- 
figuration would not produce any increase in the total lift and also, due to the twist in 

the snapped configuration, the side force would be significant. The third configuration 

can be examined through Fig. 4.20 and Fig. 4.23. For this case the laminate 0°-axis is 

rotated approximately 20° clock-wise with respect to the previous configuration. This 

produces effects almost opposite to those observed in the first, configuration: there is still 

a large twist along the span, but this time the local angle of attack at the tip is +22°, 

certainly useful for the generation of extra lift. Considering that the winglet is essentially 

a thin airfoil, such a high value for the local angle of attack suggests the development of 
large areas of severe flow separation towards the outboard portion of the winglet. This 

situation remains virtually unchanged at the winglet midspan where the angle of attack 

is reduced to 10.2°, approximately the level where stall conditions are well established 

on most thin airfoils [Abbott and von Doenhoff, 1959. These results were particularly 

unfortunate for this configuration, as examining the snapped configuration revealed the 

predicted geometry to be quite suitable for the application, with a small local angle of 

m ILI :i i-A 
U3: -24 0 30 60 90 
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(b) Side view 

Figure . 1.21: Views for the fibres parallel to the leading edge configuration 
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(h) Side view 

Figure 4.22: Views for the fibres parallel to the centreline configuration 



CHAPTER =1. CONCEPTS FOR APPLICATIONS 

_ýnn kn n Gn inn +cn 

v 

L. 50 

Emu L-" I: m -+su u _+oa a+a o: 

0 N 

-50 

0> 
Inn an n Kn inn inn )nn 

(a) Rear view 

MMLEM J 
ýa . u. u. u. ýo aaaa oý 

L. 

N 

50 

0 N 

-50 

1OO 

(b) Side view 

Figure 4.23: Views for the fibres parallel to the horizontal axis 
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attack a=1.2° of negative twist, a value that is in agreement with the "classical" winglet 
design requirements of a= 4° [Whitcomb, 1976]. The last case to be examined (ref. Fig 

4.19 and 4.22) had the laminate 0°-axis aligned in an intermediate position with respect 
to the two previous cases . 

The unsnapped configuration exhibited a moderate camber 

of 3.2% and 6.1% at the tip and mid-span of the winglet respectively. Also the twist 

angle was found to be negligible along the span. These results were considered encour- 

aging because, if on one side they are enough to produce lift augmentation, they are still 
sufficiently moderate not to cause flow separation. Unfortunately this had a trade-off 

with the snapped configuration in which the twist angle measured 10.2° at midspan and 
15.7°at the tip section. The cant angle also, was found to have increased from 45.3° in 

the previous configuration, to 53.1°. This level is significantly lower than the classical 

recommendation for winglet design [Whitcomb, 1976], but it is still within more mod- 

ern winglet design philosophies (45° < "y < 75°) [ESDU, 1998]. From the comparison 
between the three cases, it appears quite clearly that the orientation of the 0°-axis of 
the laminate is of great importance for the final shape and hence the performance of the 

winglet. 
The results for the "load - displacement" diagrams are shown in Fig. 4.24, where "LE", 

"CL" and "Horizontal" refer to the fibre axis parallel to the leading edge, the centre line 

and the horizontal line respectively. The diagrams are very similar to those obtained 
for the compound plate and all of the characteristics of a bi-stable laminate are clearly 
identifiable: linear-elastic regime, critical load, snap-through (negative stiffness), second 
linear-elastic region. The rotation of the laminate axis has a less pronounced impact on 
the critical load, which was found to be 22.75N, 25.20N and 18.62N for the first, second 
and third case respectively. It is not surprising that the second configuration has the 
highest critical load since, only for this case, the fibres are aligned with the elastic axis 
of the winglet and therefore this laminate has the highest strength. The values obtained 
were well within the capabilities of the test rig for the wing tunnel analysis. 

Further to these considerations, the second configuration was considered to meet the 

requirements for the proposed application best and was chosen for manufacturing and 
testing. 

To manufacture the specimen for the wind tunnel testing phase, eight rectangular 
laminae, measuring 300mm x 200mm of standard T300/914 carbon-epoxy pre-preg were 
laminated accordingly to Fig. 4.17b. After assembly of the lay-up, the panel was trimmed 
to match the planform of the winglet and then cured in an autoclave according to the 
manufacturer specifications (ref. Fig. 2.2). The resulting composite winglet was then 
removed, inspected, cleaned and readied for wind tunnel testing (ref. Fig. 4.25). 



CHAP'T'ER 4. CONCEPTS FOR APPLICATIONS 

30 

20 "" 
" r  

10 s  
v*  

c 0 

w 10 

-20 

-30 

" 

U 

man V 

A 

VA 

-100 -50 0 50 100 
Displacement [mm] 

Figure 4.24: Bistable winglet comparison: snap loads 
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Figure 1.26: Test rig assembly for winglet wind-tunnel testing 

4.2.1 Experimental analysis 

The experimental setup is shown in Fig. 4.26. The baseline wing was made of polyurethane 

foam laminated with a layer of carbon and wooden veneer to maintain an aerodynaini- 

cally robust surface finish. Attached at the quarter chord point of wing root, a purpose 

built support metal bar, 26mm in diameter, was rigidly fixed to the internal structure 

of the wing via a machined insert bedded with epoxy adhesive and secure with metal 
fasteners. A removable plate, measuring 1100mm x 760mm, was fixed 50mtn off the side- 

wall test section for the purpose of minimising the interaction between the boundary 

layer of the wall and the flowfield around the wing. The swept wing was then anchored 

to a six-axis load cell, through a 30mm cut-out in the removable plate. 

The load cell used to measure the response of the test rig to aerodynamic loading was 

an AMTI MC3A-500. The maximum lift, drag and side force capabilities of this cell were 

rated at ±2kN, f1kN and ±lkN with pitching, rolling and yawing moments specified 

at f56Nm, +56Nm and f28Nin respectively. After calibration, maximum differences 

for all six components returned prior to the wind tunnel testing was less than f2.5`h. 
Assessment of the maximum observed non-linearity as well as zero drift after a rigourous 

pre-testing programme were found to be better than +0.5%,. All data obtained from 

the load cell was digitised through a 16-bit dSpace data acquisition system, it. 1 U()OHz, 

over a period of 60s. The swept wing was installed at mid-test-section height, inside 

a closed test section, closed circuit wind tunnel with a maximum operating freestream 

velocity was 40ms-t ± 1ms-1. The freestream turbulence level at the model station was 

approximately 0.2%. Under test conditions, measurements of all six forces and moments 

(h; (a) I: yI(Ioh I1 , IIli'l11.1ti�u 
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were taken prior to increasing the wind speed, which allowed the compensation of the 

final test results for these initial conditions. To increase the aerodynamic loading on the 

winglet, the wind tunnel was brought up to speed manually and steadily by the operator 

until winglet snap was achieved. This process was repeated at several different, angles of 

attack ranging from 0° to 27.5° (position error +2°). For each of these angles of attack, 

the freestream velocity at the point of winglet snap was calculated and recorded giving 

a test Reynolds Number range between 2.8 x 105 to 4.8 X 10''. The support bar was 

attached to an externally mounted rotation stage, which allowed manual adjustment 

of the angle of attack of the swept, wing. This was mounted directly to the force and 

moment balance, which was also connected to a support frame fixed to the outside test 

section wall (Fig. 4.27). The composite winglet was mounted, on the tip of the baseline 

wing, through a machined Nylon 6 insert, moulded to Illatch the camber line of the 

winglet. Once mounted into the insert, the winglet was slotted into a recessed area of 

the wingtip. 

4.2.2 Results 

Figure 4.28, shows a summary of the aerodynamic forces (lift L, drag D, rolling moment 
1, pitching moment m and yaw moment n) before and after the snap. The results are 

consistent with usual data found in literature [Raymer, 1992], including a 'drag bucket', 

where the drag is at a minimum for small values of angle of attack (thereafter increasing, 
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angle of attack [°] Lift increase [%] 
0 438 

2.5 58 
12.5 6 

> 12.5 8.3-11 

Table 4.1: Lift augmentation generated by the winglet 

non-linearly) and an initial linear increase in lift, with increase in angle of attack. In 

this particular case of swept wing, this linear lift increase was found to persist up to a 

maximum at a= 22.5°, decreasing marginally thereafter as the wing stalls. As expected, 

side force and yawing moment both show trends significantly different from those already 
discussed. For side force, the results tend to indicate a substantial and curious degree of 
inconsistency, firstly increasing up to a= 17.5°, then linearly decreasing thereafter up to 

the maximum angle of attack tested. At the two highest angles of attack tested, side force 

is shown to reverse direction suggesting unsteady stall conditions [Orlik-Ruckemann, 

1983]. For yawing moment, results show a similar trend to that already discussed for 

lift, pitching moment and rolling moment for a< 17.5°. After this angle of attack, 
the yawing moment deviates, increasing significantly to magnitudes almost double that 

observed at a= 17.5°. 
For all angles of attack tested, most aerodynamic force and moments show a measur- 

able decrease in mean magnitude after winglet snap. From the results of lift force, the 

extra lift augmentation generated by the bi-stable winglet, was found to range as shown 
in Table 4.1. Considered that, for existing advanced high-lift system, the increase in lift 
is around 50% of the maximum lift [Raymer, 1992], only the values obtained for angle of 
attack below 2.5°compare well. However, the consistency in the lift generation indicates 
that the proposed concept performs better than wings with traditional flap [Abbott and 
von Doenhoff, 1959]. For 2.5° <a< 27.5°, all moments after snap were found to de- 

crease in the range of 15%-55% when compared to results before snap. Pitching moment 
results, in particular, compared well with the deployment of double slotted trailing edge 
flaps (DSTEF). Between deployment and retraction the typical correction required for 
the pitching moment are AC1, -0.3 at CL,,,, a, x [Abbott and von Doenhoff, 1959]. The 

values measured during the test reached a maximum of ACm .:: 0.14 with the winglet in 
the extended configuration (a = 2.5° and V= 23ms-1). 

Table 4.2 and Fig. 4.29 show the freestream velocity at which the winglet snapped for 
the different angles of attack tested. The speed dimished with increasing angle of attack 
and the maximum measured value was 27ms-1 at a= 0°. Under these circumstances, the 
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Figure 4.28: Aerodynamic forces before and after the snap 
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Figure 4.29: Snap velocity vs. angle of attack for the winglet 

Table 4.2: Angles of attack and snap velocities for the winglet 
Angle of attack I' J02.5 7.5 12.5 17.5 22.5 27.5 

Snap velocity (ms-1] 27 23 16 16 17 17 16.5 
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resultant of the aerodynamic forces generated is almost vertical. With increasing angle 

of attack, the required speed decreased rapidly reaching a minimum value of 16ms-1 at 

a=7.50. This is explained by the fact that for these values of the angle of attack, the 

increase in dynamic pressure is translated into an increase of vertical force contributing 

to the snap, hence a rapid decrease in snapping speed. With higher angles of attack, 

however, the situation is more complex as the aerodynamic resultant is no longer in line 

with the vertical and therefore both the lift and the drag contribute to the force required 

to snap. In addition, unsteady oscillations of the winglet indicate that flow separation 

might have occurred. This explains why the snapping velocity remains relatively constant 

at 16 - 17ms 1. 

Figure 4.30 shows an example of the dynamics of the aerodynamic forces as measured 
by the load cell. The values are sampled over a period of 60s, which was considered 

sufficient for the transient to decay. There is an increasing degree of unsteadiness which 
is clearly identified by the sharp peak in the response. After the snap, the unsteadiness 

remains present and it seems to be marginally increased. This might be explained by 

the interaction between the flow field and the curved configuration of the winglet, which 
is considerably more flexible when compared to the shape before the snap. 
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Figure 4.30: Response of the composite winglet and swept wing combination at a=2.5° 
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Figure 4.31 gives a more detailed view of the snap dynamics for the lift and the 
three associated moments. Immediately before the winglet snaps, the diagrams show a 
reduction in magnitude to levels consistent with those after the snap. Then, at approxi- 
mately 40.51s, the large peak in the dynamic loads occurs and after a further 0.3 - 0.4s 

of oscillatory transient, the steady response is re-established at the new value. The du- 

ration of the dynamic snap was found to last approximately for half a second, though 

more accurate measurements are required to obtain an estimate of the time constants 
involved. 

The maximum and minimum loads experienced during the snap-through are pre- 

sented in Fig. 4.32. With the increasing dynamic pressure, elastic energy is stored in 

the winglet until the winglet snaps. The snap is quite abrupt and the transient load 

measured by the load cell can reach up to 200% of the steady-state values values. From 

a design point of view, it is clear that these are the loads to be used for the design phase 

of the winglet. Furthermore, the winglet behaviour poses great problems if a control sys- 
tem was to be designed to comply with such sharp peaks. However, piezoelectric active 

systems [Portela et al., 2008, Schultz, 2008, Ren, 2007] could be used to counteract, at 
least partially, these effects. 

A detailed analysis of the snap-through dynamics is therefore important and it is 

certainly part of the work that need to be carried out for future developments of the 
device. 

4.2.3 Remarks on the Bi-stable Blended Winglet 

The Bi-stable Blended Winglet introduced a novel concept to generate lift augmenta- 
tion for low subsonic flows. The winglet was obtained through composite panels with 

a tailored unsymmetric stacking sequence. This demonstrated the great level of shape 
tailoring that is possible to achieve by modifying the fibre orientation and using unsym- 

metric laminates. Experimental tests were performed to show a significant increase in 

the lift generated in the first equilibrium shape. The second equilibrium shape, similar 
to a conventional winglet design, showed significant dynamic loadings during the snap- 
through process, suggesting the need for more in-depth dynamic analysis of bi-stable 

structures. 
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Figure 4.31: Detailed response of lift force and all moments during snap at a=2.5° 
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4.3 Variable Camber Devices 
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An efficient way to allow aircraft to perform efficiently over a wide range of airspeeds 

can be realised by cambering and de-cambering the airfoil. When soaring, for example, 

aircraft must be trimmed for high CL and for low drag should have a highly cambered 

wing. For the high speed part of flight, low cambered airfoil are preferable. Plain flaps 

widen the speed range by modifying the angle of attack at which the best combination 

of CL and CD are obtained [Simonis, 1989]. A true variable camber wing, which can 

smoothly increase or decrease the curvature of the profile, is aerodynamically superior 

to a wing with flaps [Spillmann, 1992]. Variable camber, potentially, allows the minimi- 

sation of the wing drag, an aspect that is critical for mission efficiency. Long endurance 

flight, for example, can experience weight variations as much as 50% during a typical 

mission. In these cases, significant benefits are possible through the ability of reconfigur- 

ing the airfoil to suit different airspeed and lift-to-drag ratio requirements. According to 

aerodynamic investigations, the camber variation concentrates on the trailing edge since 

because of aerodynamic as well as structural considerations, this region has the highest 

efficiency [Szodruch, 1985]. Currently, this is accomplished using articulated trailing edge 

flaps [McKinney, 1982, Statkus, 1984, Cole, 1976]. The relative rigid motion is obtained 

through mechanical joints and bearings that, even if optimised for lightweight, induce 

a weight penalty. This can be acceptable as long as the number of the joints is small, 

although it is in contrast with the need for a smooth camber variation. The greater the 

angle between two discontinuous surfaces, the higher the chance of flow separation, espe- 

cially if large angles of attack are considered. The goal of realising a variable geometry 

wing profile through a hinge-less flap that can effectively change wing camber and min- 

imise drag, have been extensively sought by both industries and researchers. Relying on 

compliant surfaces can, in principle, reduce the drawbacks produced by a non smooth 

surface. However, the load required to deform a compliant structure capable of both 

withstanding considerable aerodynamic loads, is not negligible and therefore the size of 

the actuator could offset the potential benefits. For these reasons it seemed desirable to 

look for an alternative solution relying on the characteristics of unsymmetric laminates. 

The main idea is to realise a trailing-edge-mounted device to change the camber of an 

airfoil by morphing its geometry. Since bi-stable laminates are often made of thin lami- 

nates, they still present some of the drawbacks of compliant structures (due to the well 
known relationship between bending stiffness "D" and thickness "t", D oc t3). However, 

in some of the stable configurations, this flaw is much reduced and the load bearing 

capability along certain directions can be quite considerable. In addition, it is possible 



CHAPTER d. CONCEPTS FOR APPLICATIONS 113 

U I 

Figure 4.33: Stacking sequence and principal dimensions for the basic building block 

to compensate (at least partially) for the lack of structural stiffness, by engineering the 

laminated structure with a geometric configuration that can be very stiff even if made 

of thin laminates. This is indeed achievable with any type of material, however bi-stable 

laminates have the additional possibility of "snapping" the component into a different 

configuration by means of a relatively low actuation load. This, in fact, represents the 

capability of temporarily reducing the stiffness to obtain large deformations with low 

energy consumption. The basic building block for the application proposed, consists of a 

strip of CFRP which can be considered as an extension of the compound plate described 

in Chapter 3.1. The only difference is having symmetric laminate patches on both the 

left and the right end side on the unsymmetric part. An example of the stacking sequence 
is shown in Fig. 4.33. 

A panel laminated in this way, retains most of the bi-stable properties highlighted 

for the compound plate and the two stable configurations achieved are shown in Fig. 

4.34. Both configurations are symmetric with respect to the longitudinal and the trans- 
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Figure 4.34: Basic building block equilibrium shapes 
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verse axes and similarly to the compound plate, the curvature in the y-direction (i. e. 

longitudinal) is not affected by the presence of the symmetrically laminated patches. 

The transverse curvature is considerably reduced, though still present. The transverse 

curvature (k1) for the flat shape and longitudinal (ky) curvature for the curved shape, 

are measured along the centre line and plotted against the y-axis, as shown in Fig. 

4.35. It is noteworthy that for each configuration, both short edges present virtually 

zero transverse curvature. To a first approximation, we can assume that for the "flat" 

configuration the transverse curvature is constant for the central panel at a value close 

to 1.4in-1, and quadratic along the y-axis, in the outer panels (ref. Fig. 4.35a). In 

fact, values < 0.1 in-1, are already reached at 100mnr from each edge (' 16% of the 

total length). In the curved configuration (ref. Fig. 4.35b), the longitudinal curvature is 

only present for the central panel and the two outer panels are left, undeforrned. These 

deformation patterns suggested that the residual stresses, away from the boundaries 

between the symmetric and the unsyrnmetric portion of the laminate, are very small 

and therefore embedding such a component into another structure, should not, modify 

its basic properties. In fact, a finite distance (i. e. boundary layer) exists beyond which 
both configurations are unaffected by the neighbouring structure, a conclusion which 

may seem trivial for structure with linear behaviour, but it is not so for these type of 

composites structures. 

4.3.1 'Failing Edge Device 

This compound plate offered a good opportunity for the realisation of a nnilti-stable 
trailing edge by joining two panels like those shown in Fig. 4.33 along one edge at, an 

angle, forming a wedge shaped structure. Fig. 4.36 shows the geometry and the stacking 

sequence areas for the device: the dark areas have an unsymmetric stacking sequence 

(b) (Flat c(onfiguro-itiOn, (a) Curved configuration 
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while the light, areas are symmetric. The laminate schedule is the same as the basic 

bi-stable structures with [02/902]syii and [04/904]TO>> for the symmetric and the un- 

symmetric parts respectively. It is important to note that the continuity of the laminate 

around the right edge creates a load path for the transmission of the stresses between the 

upper and the lower surface. Each unsymmetric patch is bi-stable and therefore their 

combination makes the resulting structure truly multi-stable, with four possible equi- 
librium configurations. Fig. 4.37 shows the achievable configurations obtained through 

the numerical simulation of the cool-down. The cool-down analysis always provides the 

shape shown in Fig. 4.37h. To obtain the other shapes, a concentrated load is applied to 
induce the snap-through and the load is then removed to ensure the solution is stable. 
The first two configurations (Fig. 4.37a and Fig. 4.37b) show good potential for the 

realisation of inorphing aerodynamic devices, as they can be attached to the trailing 

edge part of an airfoil providing the ability to change the profile's camber. The latter 

two configurations, (Fig. 4.37c and Fig. 4.37d ) still show a good potential given the 
large deformations achieved, however their possible application is less obvious. For the 

sake of simplicity, only the first two shapes will be considered in the remainder of the 

chapter. 

.., 

'lý, 

.ý 

Figure 4.36: FEA model for the variable camber trailing edge 

The connection between the upper and the lower surfaces of the trailing edge device 
(i. e. the right edge), represents a sensitive area from the aerodynamic point of view and 
a sharp edge would normally be preferred. From a practical point of view, this presents 
some difficulties and there are a number of ways it can be realised. A sharp edge, in 

addition, would not present any particular difficulty for the numerical model. However, 

this would incorrectly represent the real part where a small but finite radius is needed 
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(a) De-cambered configuration 

l 

LLý ý 

(c) Alternative configuration 1 (d) Alternative configuration 2 

Figure 4.37: Stable configurations for the variable camber trailing edge 

(b) Cambered configuration 
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to allow the material fibres to lap past the edge. For these reasons, it has been chosen 
to fillet the edge with a radius of 3mm. 

By taking a closer look at the De-cambered and the Cambered configurations, it is 

possible to note a few important aspects. Longitudinally, the De-cambered configura- 

tion, does not seem to present significant deformations from the original tool shape and 

the angle between the upper and the lower surfaces is unchanged. This is an important 

feature, as it mean that it is possible to start from a given airfoil, with known aerody- 

namic properties, as a basis. By examining the cross-section however, the transverse 

curvature of the unsymmetric panel, deforms the outer edges creating slightly concave 

surfaces. The overall deformation is quite small and reaches its maximum at the centre 

of the unsymmetric panel where the out-of-plane deflection is approximately 7.5% of the 

transverse dimension. Even if small variations of the profile of the wing can be tolerated, 

it is clear that there will be a flight regime (or possibly several) for which the transverse 

deformation can be quite detrimental from an aerodynamic point of view. It is possible 
to reduce the magnitude of the deflection by increasing the stiffness of the supports (i. e. 
the symmetric parts) or by adding local transverse strips of laminate onto the exter- 

nal surfaces. Unfortunately however, these methods cannot eliminate completely the 

curvature because, if they did, the bi-stable behaviour would be lost. The transverse 

curvature is a direct consequence of the residual stress field and it is generated on the 

0° and the 900 directions simultaneously; suppressing the curvature in one direction 

would significantly alter the stress distribution and hence the possibility of having two 

equilibrium states. Furthermore, to assess in detail the drawbacks associated with this 

geometry, wind tunnel tests and in-depth aerodynamic analysis would be required. A 

simple flexible aerodynamic fairing mounted on top of the worst affected areas could 

provide a simple solution. 
Fig. 4.38 shows the longitudinal cross-section of the two configurations considered. 

The amount of deflection obtainable in the Cambered configuration, is approximately 
200, similar to that currently achievable with standard flaps. The value can be increased 

or decreased by modifying the stacking sequence and the geometric dimension of the 

unsymmetric area. In addition to these modifications, it is possible to considered further 

adjustment of the Cambered configuration by mean of an actuation system. With such 
a system, the profile can be altered quite considerably by simply pulling or pushing the 
lower edge horizontally. The curved shape of the panels and its associated low bending 

stiffness in this configuration, would also have the additional advantage of requiring 
minimal power input to modify the shape. A few possible configurations are shown in 
Fig. 4.39 
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Figure 4.38: Deflection between the two configurations of the trailing edge 

Figure 4.39: Different angles obtained actuating the lower edge 
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Configuration OZ [mm] EI = öZ [Nm2] 

De-cambered 0.24 3639.5 
Cambered - upward deflection 32 27.3 

Cambered - downward deflection 70 12.5 

Table 4.3: Vertical deflection and beam equivalent stiffness 

During the operational mode, once the device is in either of the two configurations 

and the left edges are restrained from movements, the structure becomes quite stiff and 
it is no longer possible to snap between the two states. The Cambered configuration, 
because of the curvature of the surfaces, still shows some flexibility. This is more evident 
if the trailing edge is pushed downward, as this loading condition tends to increase the 

curvature of the panels. The load - displacement diagram for the two configurations 
is shown in Fig. 4.40. The diagrams are obtained by constraining the left edges and 

applying a concentrated load of 50N at the centre of the right edge, acting upward and 

successively downward. The differences in the bending stiffness for the different cases are 

evident by comparing the values shown in Table 4.3, where the deflections and the stiff- 

ness equivalent to that of a built-in beam are shown. For the De-cambered configuration 

the upward or downward direction of the load produces the same diagram, while for the 

Cambered configuration two different diagrams are obtained. This might suggest that, 

with a suitable actuation system, it is possible to "fine" tune the camber of the airfoil 
to suit different flight conditions. In addition, the energy required for the actuation is 

small because to increase the camber of the airfoil, the panels undergo bending deforma- 

tion and therefore their flexibility is quite pronounced. Conversely, if the trailing edge is 

pushed upward, the load tends to flatten and stretch the component panels and therefore 

the associated stiffness is higher, which is useful to withstand aerodynamic loads. 

The integration of the trailing edge device into a wing system to realise variable 
camber airfoils, presents some difficulties. This is clear by examining Fig. 4.38 where 
the upper edge of the trailing edge is bonded to the top of the airfoil and the lower edge 
is actuated. During the transition between the stable states, the lower edge undergoes 

a considerable translation, which is required to achieve the shape change. Leaving the 
lower edge free to move would be unacceptable for the aerodynamic performance, as 

such a big gap would certainly induce flow separation. It is required, therefore, that the 
lower surface of the trailing edge is always in contact with the lower part of the airfoil. 
A possible solution to obtain such a contact is to create a rail bonded to the base frame, 

which forces the lower surface to slide along a prescribed path. The rail should be made 
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Figure 4.40: Load-displacement diagram for stiffness estimate 
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of low friction material such as Nylon or Delrin for smooth operation and should not 

present any particular strength requirement since the main load path would be along 
the composite surfaces. This concept is better shown schematically in Fig. 4.41. A 

linear actuator is connected to the rear spar on the left and on the lower part of the 

trailing edge device through a composite lug. By changing its length, the actuator drags 

the lower edge forward and backward. The machined rail, bonded to the fixed part of 
the lower surface, ensures that there is always contact between the two sliding parts. 
An elastic seal would eventually be required to obtain a smooth surface. The actuator 

should have enough power to overcome the critical forces to snap the device and also the 

possibility to provide a suitable locking system once the desired configuration has been 

obtained. Further adjustment of the actuator could be used to increase or decrease the 

camber of the section for control purposes or to keep a reduced drag configuration for 
different flight regimes (ref. Fig. 4.39). Depending on the characteristics of the original 

airfoil, it might be more convenient to bond the lower edge and leave the upper one free 

to slide, however this is entirely dependent on the aerodynamic considerations for each 

application since, as far the variable camber device is concerned, there is no preference 
for actuating the lower or the upper edge. 

The actuation is simulated numerically with non-linear FEA in order to cope with 
the magnitude of the displacements and the multiple steps required to obtain the differ- 

ent shapes. During the analysis, the upper edge is clamped to simulate the bonding to 
the fixed part of the wing while the lower edge is subjected to the actuation load 'V and 
it is constrained to move horizontally (refer to Fig. 4.42). The boundary conditions do 

not aim at a realistic simulation of the actuation procedure but nevertheless provide a 
good engineering approximation of the system's elastic response. The load-displacement 

diagram thus obtained is shown in Fig. 4.43, assuming the Cambered configuration as 
the initial state. The actuation load is ramped linearly from 0 to ON and the vertical 
displacement is measured at the right edge. The initial application of the load provokes 
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an increase in the curvature of the lower panel, which results in a backward displace- 

ment of approximately 10mm. From this point, the diagram is almost linear until the 

top surface snaps into the flat configuration (load ^_' 20N), then a new linear region is 

encountered until the lower surface snaps as well (load 33N). At this point the transi- 

tion from the Cambered to the De-cambered configuration is completed and the "new" 

structure behaves linearly until the maximum applied load of 40N is reached. When the 

concentrated force is removed, the vertical deflection is reduced until the equilibrium 

position is reached (position (0,0) on the diagram). The total vertical deflection be- 

tween the two states can be measured by comparing the two positions on the horizontal 

axis, which are (-75,0) for the Cambered and (0,0) for the De-cambered. In this way 

a vertical deflection of 75mm is measured, corresponding to 20.5°. The actuation cycle 
is completed by reversing the applied load inducing the backward transition. During 

this process, the upper surface snaps when the load reaches a magnitude of -10N 
(the negative sign being referred to the downward direction). The lower surface snaps 

when the load is increased to ^_' -12N. After this point the load is increased to the 

maximum value of -20N and thereafter reduced to ON. The load-displacement diagram, 

besides from giving useful information regarding the maximum loads needed to actu- 

ate the structure and the energy required for a complete actuation cycle (i. e. the area 

enclosed within the diagram), highlights some of the features of the device: the non- 
linear behaviour and the asymmetry in terms of actuation loads between the two states. 
Before take-off, the device will be in its De-cambered configuration. A force of_' 12N 

is then needed to obtain a highly cambered airfoil section. After take-off, to stow the 

trailing edge in the cruise configuration, a force of = 33N will be required. In fact, due 

to the aerodynamic loads caused by the higher speed of the aircraft, the load might be 

considerably reduced, however the fact that a much higher load is needed to "extend" 

the trailing edge reflects the increased load bearing capability which is obtained in the 
Cambered configuration. This can considered a useful characteristic since it is in this 

configuration that the highest strength is needed (take-off in fact requires more lift and 
therefore higher wing loading to be generated, when compared to the cruise part of the 
flight). 

An experimental model was built to validate the obtainable deformation and verify 
the feasibility. For this purpose a tool was manufactured from of aluminium plates each 
with a thickness of 3mm. These have been bent to match the triangular shape mod- 
elled numerically and thus a male mould was obtained for the lamination procedure. 
The choice of the material and the geometry for the tool was due to the availability of 
aluminium sheets and also to the ease of manufacturing. The fabric plies had an areal 
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Figure 4.43: Load - displacement diagram for the variable camber trailing edge 
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FABRIC 
BONDING FLANGE 

ALUMINIUM TOOL 

Figure 4.44: Proposed tool and assembly procedure 

weight (i. e. mass per unit area) of 250gr/m2 and a nominal thickness 0.25mm (ref. to 

table 2.1 for typical material properties). The lay-up was continuous from the upper to 

the lower surface. It must be mentioned that this does not make a particularly practi- 

cal solution since it is quite difficult to lap fabrics past the small trailing edge radius, 

especially if considering the low drape-ability of high areal weights fabrics. In addition, 
during the cure process, the external pressure and the vacuum are quite likely to produce 

wrinkles in this region, a clearly undesired feature in such an aerodynamically sensitive 

area. The manufacturing defect would eventually result in a considerable wastage and 
therefore a different manufacturing method is envisaged. A possible solution is to lam- 

inate two identical parts on a female mould like that shown in Fig. 4.44. The tool 

should have a rebate to allow for an additional flange which will be used to bond the 

two parts together. The angle of the chamfer next to the rebate, should be equal to 
half of that required by the trailing edge. Once cured, the two parts can be bonded 

together with structural adhesive or co-cured if required. Such a construction method 
would not require particular tooling, and in addition it allows the manufacturing process 
to be carried out in a modular way ensuring a good structural continuity . 

The shape obtained with the experimental model is shown in Fig. 4.46. The dis- 

placements measured experimentally show a good agreement with those computed using 
the aforementioned technique. In fact, the experimental model achieves an angular de- 
flection of 21° while the numerical estimate is 20°. An important aspect, which has been 
highlighted by the experimental model, is the join between the unsymmetric and the 
symmetric areas. This aspect has already been discussed in Section 3.1 where the inac- 

curacies of the analytical model, in the boundary region, have been pointed out. Besides 
from the theoretical assumptions, it is immediatly apparent that the structural conti- 
nuity is compromised at the interface between the symmetric and unsymmetric areas. 
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Examining the cross section of the laminate in this area (ref. Fig. 4.45a), it is noted that 

only the layers with fibres at 00 are continuous and this reduces the strength and the 
damage tolerance of the laminate in the cord-wise direction. Modifying the interface as 
shown in Fig. 4.45b will improve the characteristics, however it is clear that the problem 

needs to be addressed carefully and the possible interference with the bi-stability should 
be considered. 

4.3.2 Variable Camber Airfoil 

The main issue with the concept just presented, is related to the integration of the 

system into the wing structure. The join between the moveable part and the rest of 
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Figure 4.46: Experimental model for the variable camber trailing edge 
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the wing presents some non trivial issues. To overcome this problem, another possible 

solution still using bi-stable patches, can be obtained by taking advantage of differ- 

ent materials to make the airfoil section. The two main characteristics of the variable 

camber trailing edge are, in fact, the multi-stability and consequently, the flexibility in 

certain configurations. These two properties can be enhanced by making use of different 

materials in different zones of the airfoil. Carbon-epoxy laminates have a very good 

stiffness/strength to weight ratio but, moreover, it is their great difference between the 

coefficients of thermal expansion al and a2 which makes them particularly suitable to 

create bi-stable components. Conversely, the high stiffness limits to a great extent the 

amount of deformation obtainable and poses more problems in the interaction with the 

surrounding structure. For this reason, using a more flexible fibre such as glass fibre, 

can be advantageous in some applications, especially if lower actuation loads and load 

bearing capabilities are sought. Glass-epoxy based laminates can help the transition be- 

tween the bi-stable and the conventional areas of the structure and therefore can provide 
a viable solution to avoid some of the issues discussed above. Exactly how this translates 
into practice is shown with the examples shown in the following paragraphs. 

A wing section obtained from a NA CA 23015 airfoil measuring 500mm x 150mm has 
been chosen as the basis for the experiment. The wing has been manufactured out of 
100 gr/m2 unidirectional plies of E-glass epoxy laminated with a quasi-isotropic stacking 
sequence ([0/90/+45/-45]SyM) as shown in Fig. 4.47. The wing section is made almost 
entirely of E-glass but for a square section on the belly measuring 150mm x 150 mm, 
which is made with unidirectional plies of 250 gr/m2 carbon-epoxy stacked with the 

usual laminate of [04/904]TOT. 

The material properties for the e-glass epoxy laminae are shown in Table 4.4 where 
it is also possible to note the much reduced difference between the coefficients of thermal 
expansion al and a2 and stiffnesses El and E2, when compared to Table 2.1. 

The basic principle is that the local bi-stability of the carbon panel (due to the high 
values of al and az of carbon) will determine the global equilibrium shape of the whole 
wing section, despite being restrained at both ends (thanks to the low values of El and 
E2 of E-glass). The cool-down is simulated with FEA using the mesh shown in Fig. 
4.48. The model contains 862 nodes and 260 elements (258 S8R 8-noded quadrilateral 
elements and 2 STRI65 6-noded triangular elements). Because the resin systems of 
the two types of laminate are the same, it has been possible to use the same curing 
process described for the previous panels and therefore the cool-down simulation has 
been carried out with exactly the same procedure. The two possible equilibrium shapes, 
obtained after the cool-down, are shown in Fig. 4.49. The "De-cambered" shape retains 



CHAPTER 4. CONCEPTS FOR APPLICATIONS 

xtýý t rýw'ý,. t 

ýýý 
ýý 

ýý 

UNSYMMETRIC LAMINATE 

31 

QUASI-ISOTROPIC LAMINATE 

410*4, 
- 

/ 

Figure 4.47: Stacking sequence of the NA CA 23015 

129 

most of the original characteristics of the base NA CA 23015 airfoil, with the exception of 

the transverse curvature in the bi-stable panel. The "Cambered" configuration is quite 

different from the base shape, particularly in the belly of the airfoil where a reversed 

curvature is achieved. 
The analysis of the actuation is carried out in the same way as the previous example. 

However, due to the intrinsic differences between the two models (i. e. geometry and 

materials), a more appropriate set of loading and boundary conditions have been chosen. 
For this experiment, the whole airfoil section has been modelled, therefore the nodes 

representing the connection between the airfoil and the two spars have been constrained 

in all six degrees of freedom (ref. Fig. 4.48). Given the flexibility of the glass fibre skin, 

this assumption has been considered satisfactory to model the interaction with the spars. 
To obtain the load-displacement diagram, it would have been useful to use an "act cation 
load" similar to that used in the previous example, for a more direct comparison. Due 

to the different geometry, however, this has not been possible and the simulation was 

obtained through a concentrated force applied to the centre of the unsyrnmetric area. 
This type of loading condition is, in fact, very similar to that, applied to model the elastic 

response of the compound plate. The main difference lies in having the forward and aft, 

edges of the panel bonded to the symmetric laminate, rather than pinned. The load- 

displacement diagram, obtained by applying a maximum force of 20N and measuring the 

displacement at the centre of trailing edge, is shown in Fig. 4.50. The starting point A 

is representative of the cambered configuration. Immediately, the high flexibility of the 
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glass skins produces a non-linear increase in the displacement, which makes it difficult, 

to identify the critical load. At point B, the transition between the cambered and the 

De-cambered configuration is completed and the structure deforms linearly until the load 

reached the maximum value of 20N in the downward direction (point C). Between points 
C and D, the load is removed and the device rests in its "De-cambered" configuration (ref. 

Fig. 4.49). At point D, a load opposite in direction is applied to the same point. During 

this phase (segment DE of the curve), the overall profile remains almost, unchanged, 

while it is the transverse curvature of the unsymrnetric part that diminishes gradually. 
At point E, the carbon laminate is nearly flat, and therefore the profile `'jumps" into 

the highly cambered configuration F. Between points F and G, the load is increased 

until the maximum value of 20 N in the upward direction is reached. At point C the 

curvature of the lower surface is highly pronounced causing the top of the airfoil to bend 

downward. This is undesireable but, because it is due to an excessive applied load, 

it can be easily avoided by limiting the actuation load. Between point, G and A, the 
load is removed and the structure goes back to the initial configuration. The diagrams 

shown in Fig. 4.50 and Fig. 4.43 summarise the characteristics of the two models. 
Both present different actuation loads for the two configurations and while the glass 
based model show a more flexible/non-linear behaviour, the carbon based trailing edge 

presents several linear segments in the actuation cycle despite the much greater range 

of deformation. 
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Figure '1.50: Equilibrium configuration 
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Table 4.4: Typical material properties for a pre-preg glass fibre lamina 

Material Eli E22 G12 v al a2 t 
[GPa] [GPa] [GPa] [1/°C] [1/°C] [mm] 

E-glass/914 28.9 6.9 3.4 0.3 7e-6 24e-6 0.1 

4.3.3 Remarks on the variable camber trailing edge 

Both solutions present advantages and disadvantages. The first concept needs an addi- 
tional sliding mechanism which can prove difficult to operate and could be more prone 
to mechanical failure, but benefits from more equilibrium states which may find a useful 

range of applications. In addition it is easier to lock the system in either configuration 

since it is not possible to induce the "snap-through" if both edges are restrained. The 

second concept, on the other hand, is particularly simple and therefore more robust 

since it does not have structural discontinuities. However it has a more limited number 

of equilibrium states and since it relies on flexible fibres, it could have lower structural 

properties. The fact that it is possible to snap it back from the cambered to the De- 

cambered configuration, is an interesting feature, but it could also prove to be a source 

of problems since involuntary changes in the airfoil shape are certainly undesireable. A 

locking system could potentially be implemented to limit this eventuality. Both concepts 

show a great potential in the range of the "shape tailoring" that is achievable by em- 
bedding unsymmetric patches of laminate. In addition, they show that one of the limits 

of the bi-stable plates, that is the limited load bearing capability, can be overcome by 

using different geometries to compensate for the stiffness. Combining stiff laminates (i. e. 
carbon) with flexible laminates (i. e. glass), appears to be a promising way to obtain the 

most benefits from the bi-stable behaviour. 



Chapter 5 

Conclusions and future work 

The aim of the current work was to investigate the behaviour of bi-stable composite 

panels and understand the implication of their possible application for the realisation 
of morphing structures. This was done through the development of analytical models, 
numerical procedures and experimental tests. 

The main achievements and results of the work are now summarised and areas need- 
ing further work identified. 

Summary of the work presented 

In the first part, the current scenario of morphing structures for the aeronautical sector 
is presented. A key requirement for successful applications, was identified which is to 

achieve a balanced compromise between flexibility and stiffness. In this respect bi-stable 

structures, realised with unsymmetric laminates are considered as one possible solution. 
In order to help in the design phase of these components, a simple analytical model 

and a numerical procedure have been developed and presented as the second part of 
the work. The analytical model is an extension of previous models which express the 
strain state, at any point of the laminated plate, in terms of constant curvatures along 
the principal material axes. A new formulation for the displacement field is used to 
predict the out-of-plane displacements and to successfully add the capability of modelling 
non-constant curvatures. This facilitates the prediction of the equilibrium shapes of 
panels with areas of symmetric and unsymmetric laminates. The results are compared 
with FEA and experimental tests, achieving a satisfactory agreement. The extended 
model is used to investigate the effects of the boundary conditions on the bi-stable 
behaviour of a compound plate, obtained by joining together two square plates with 
symmetric and unsymmetric stacking sequences. Parametric studies on the thickness 
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and the stacking sequence of the symmetric part confirm the robustness of the bi-stable 

behaviour. The numerical procedure confirms the findings of the analytical approach and 

gave further insight into the problem. The importance of the inertia effects during the 

cooling process has been shown by demonstrating that it can influence the convergence 

of the solution. In addition, the variation of the curvatures with the temperature has 

been discussed and finally a detailed modelling of the snap-through process has been 

presented. By monitoring the reaction forces during loading made it possible to obtain 

the full equilibrium path between two stable states. The analysis of the curvature- 

temperature diagram highlighted a recovery of the effectiveness of the linear theory, for 

temperatures significantly lower than the critical temperature. The results have been 

compared with different numerical schemes and experimental tests, showing satisfactory 

agreement. 
In the last part of the thesis, the feasibility of morphing structures obtained with 

bi-stable composites, has been discussed through three concepts for applications: the 

Variable Sweep Wing-box, the Bi-stable Blended Winglet and the Variable Camber 

Trailing Edge. During the research, particular attention has been devoted to manufac- 

turing aspects and efforts have been put into proposing viable solutions, which are easy 

to realise, and therefore economic. The Variable Sweep Wing-box presented a novel 

concept for the realisation of the wing-sweep mechanism, based on composite spars with 

curved cross section, interconnected with a Z-type truss rib structure. The wing-box is 

capable of achieving any sweep angle and to alter the shape of the wing by changing 

the "hinge-point" position. An experimentaall demonstrator has been built and tested 

to confirm the feasibility of the concept and investigate critical aspects. It emerged that 

the rib structure and the join between the ribs and the curved spars, are critical com- 

ponents for the performance of the wing-box. The Bi-stable Blended Winglet consists 

of a shape-adaptable device based on bi-stable panels, which can be used as a high-lift 

device during low speed operations. With increasing dynamic pressure, the device snaps 
into a configuration similar to a winglet for high-speed/cruise operations. A combina- 
tion of fibre orientation and unsymmetric and symmetric laminates has been used to 

obtain a shape to suit the aerodynamic purposes. FEA have been used to predict the 

configuration and an experimental model was built for validation. The device was then 

tested in the wind tunnel to verify its aerodynamic performance and a promising vari- 

ation in the aerodynamics forces was found in the two configurations. The tests also 
highlighted dynamic peaks in the generated forces during the snap through, suggesting 

a more in-depth dynamic analysis of bi-stable components may be required. The last 

application, the Variable Camber Trailing Edge, was aimed to realise a trailing-edge de- 



CHAPTER 5. CONCLUSIONS AND FUTURE WORK 136 

vice that changes the camber of an airfoil by morphing its geometry. The principle idea 

is to use unsymmetrically laminated patches whose bi-stability drives the shape change. 
FEA was used to investigate the possible shapes and load bearing characteristics. An 

experimental demonstrator has been built to verify the shapes predicted numerically and 
to emphasise important aspects related to the manufacturing of the device. Finally, an 

alternative configuration was presented and compared with the previous model. This is 

based on the combination of different material fibres and made it possible to alter the 

geometry of the complete airfoil without introducing discontinuity in the aerodynamic 

surface. 

Suggestion for further work 

The field of investigation is broad and therefore there are many areas which would benefit 

from a deeper level of understanding. 
From a modelling perspective, a removal of the symmetry condition in the analytical 

model will allow the equilibrium shapes of angle-ply laminates to be obtained. This would 
increase the range of shapes which are achievable with this technique and ultimately, 
by using optimisation routines, it will be possible to solve the more practical problem 

of finding the stacking sequence needed to obtain a desired shape. The experimental 

tests highlighted that the dynamic behaviour, during the transition between the stable 

shapes, is of paramount importance and therefore an accurate dynamic characterisation 
is needed to assess possible instabilities. This would be useful for the logical next step, 
that is the implementation of actuation/control systems and the aeroelastic analysis of 
the proposed applications. The snap-through behaviour is very similar to the buckling 

behaviour and therefore post-buckling techniques could be used to improve some of the 

characteristics of bi-stable laminates. 

From an application point of view, the effects of temperature (both below and above 
room temperature) and moisture should be investigated to define the envelope of usabil- 
ity of these devices. Solutions to improve the damage tolerance at the interface between 

the various lamination areas are also needed. The effects of the aeroelastic deformations 

and interactions for the presented concepts need to be investigated as well. This is par- 
ticularly important for the Bistable Blended Winglet where the aeroelastic deformation 

plays a major role in the initiation of the snap-through deformation. Finally a morphing 
wing containing some, if not all of the bi-stable structures, would point out the prob- 
lems related to the system integration, weight penalty and provide a test bed for the 

comparison with traditional structures. 



Appendix A 

Riks analysis of snap-through 

The analysis of the snap-through of unsymmetric laminates is similar to unstable collapse 

of structures, involving large deformations (i. e. displacements) and abrupt variations in 

the reaction forces. These make the numerical analysis particularly challenging and 

consequently the traditional iterative techniques, such as Newton-Raphson, fail to find 

the solution of the system of non-linear equations associated with an unstable equilib- 

rium. Modifications of the Newton-Raphson technique, such as "arc-length" methods, 

are commonly used to overcome this problem. A version of this method is implemented 

in ABAQUS and invoked through the keyword *Riks. The routine is based on the 

method that was first introduced by Wempner [1971] and Riks [1979] and later modified 
by Ramm [1980], Crisfield [1981] and Powell and Simons [1981]. The *Riks method is 

generally applicable to those cases in which the load varies very slowly and involves slow 

changes of configuration, typical of quasi-static conditions and therefore under these 

circumstances the contribution of the inertia forces can be neglected. During a Wks' 

analysis the solution is searched in a space defined by the nodal variables and the load- 

ing parameter, which is an additional unknown of the problem. During the analysis, the 
loading is always proportional and the current load magnitude is defined by P= A- Pref, 

where Pre f is the intended applied load vector. The continuous sequence of equilibrium 

states corresponding to a continuous variation of load traces out an equilibrium path in 

the displacement-load space. The progress of the solution is measured through the "arc 

length, " 1, along the static equilibrium path. Starting from a known equilibrium config- 
uration, an estimate for the next equilibrium point on the load-displacement curve, is 
determined as the tangential solution (i. e. Newton-Raphson method) at a prescribed dis- 

tance Al from the current position. Further iterations are performed to match a desired 

tolerance. The key point to obtain a successful analysis lies in the way the increment is 
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determined and generally good results are obtained with path-constraint equations. In 

ABAQUS/Standard, the initial step Al, is suggested by the user and for the subsequent 
iterations it is adjusted automatically, based on the convergence rate. The arc length 

increments are bounded between values provided by the user. In this way the control 

over the load magnitude is quite limited. The approach provides solutions regardless of 

whether the response is stable or unstable. This is a clear advantage with respect to the 

stabilised analysis, since it allows the modelling of the unstable branch of the solution. 
It is possible, however, that in some cases where the response of the structure shows a 

very high curvature, the criteria adopted for the search of the arc-length increment, will 

choose an incorrect sign of the increment. 
Unfortunately this is what has been noticed occasionally during the analysis of the 

snap-through of unsymmetric laminates performed with ABAQUS. To prove this, the 

same 8-layered compound plate analysed throughout the thesis, has been tested with 
the modified Riks method. The panel has been modelled with a rather fine mesh of 
800 S4R elements and 861 nodes in order to rule out inaccuracies due to a coarse mesh. 
The cool-down simulation has been carried out with a basic non-linear analysis to limit 

the effects of any added viscosity and to focus the attention on the snap-through step. 
After the curled shape has been obtained, the same boundary and loading conditions 
discussed in Section 3.1 have been applied to the model. As a result, the Riks method 
did not successfully snap the panel from the curled to the flat configuration, as shown 
by the diagram in Fig. A. 1 and A. 2. The applied load was automatically increased until 

a load very close to the critical (ref. to Section3.1 and Fig. 3.35 for comparison) was 

reached. At this point the load proportionality factor was reduced to almost zero and 

eventually changed in sign, forcing the numerical solution to go back on itself. Figure 
A. 3 shows a detail of Fig. A. 1, in the region of the maximum load and the sign reversal. 
The physical effects of the incorrect loading are shown in Fig. A. 4 where a few snapshots 
of the analysis are shown. 

This does not mean that the Riks method is not able to find a physical solution in any 
conditions. The critical load is, in fact, very close to that obtained with the *Stabilize 
method and there are also many cases in which the Riks analysis reached convergence 
quickly. Furthermore, the Riks method does not need any a-priori information on the 
load required to snap the structure, whereas the *Stabilize method needs to have 

a load greater than the bifurcation load to achieve a complete snap-through. This is 

particularly useful during the initial phases of the design process, when little is know 

about the structure. 
However, when a suitable combination of parameters and boundary conditions is 
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Figure A. 1: Load-displacement diagram obtained with the Riks method 

not found, the analysis is computationally expensive and requires continuous user input 

to achieve satisfactory results. It is for these reasons that this method was considered 
inappropriate for the purpose of the study presented in this thesis. 
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Figure A. 4: Intermediate snapshots during the analysis 
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